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EXTREMFS OF PRECIPITATION I N  PERIODS OF CONSECUTIVE WNlllS 

w 
E Dixon, BOA. 

A b s t r a o t ~  

The greates t  and l e a s t  amounts of precipi ta t ion which can ocaur during 

specified periods a r e  of great importance t o  hydrologists  and others, It 

is  desirable t o  es tab l i sh  formulae va l id  for large areas  by which the  extremes 

may be estimated from the annual mean precipitat ion.  The subject  has been 

investigated by Glasspoole, and the present paper i s  designed t o  introduce 

a simple procedure f o r  calculat ing tb rcsul ts ,  with examples from I r i s h  

meteorological s ta t ions ,  The associated theory is  discussed, inoluding 

the question of persistence of wet and dfy spel ls :  I r i s h  data  a r e  shorn 

t o  be inconsistent  with t he  idea of persistence affect ing monthly to ta l s .  

A v e q  irnperknt p rao t ica l  problem i s  determining the extremes of 

precipi ta t ion which oan occur i n  d i f fe ren t  areas, Drainage engineers must 

know j-t how much t h y  have t o  cape with. Water supply designers must 

know both extremes - w h a t  supplies they can re ly  on i n  the d r i e s t  yearng 

and how m c h  surplus w i l l  be uvuilable f o r  storage during the  wet ones. 

It i s  especial ly  desirable t o  discover fomulae which y ie ld  the  necessaq  

data fd r  regions where actual  measurements a r e  fen - i n  e f f ec t  forrrmlee t o  

provide in te rpo la t ion  between plaoes where adequately long precipi ta t ion 

rewrdo a r e  available.  

The evaluation f o r  the long established s t a t i ons  i s  laborious, but not 

d i f f i c u l t  - what Conrad and Pol ld t  [l] c l a s s i fy  s a p-tive a l h t o l o g i c g i  

characterist ic.  One merely takes the monthly precipi ta t ion f o r  each month, 

s e t  out i n  t ab les  o r  on long s t r ips ,  Idea l ly  the t o t a l  should be computed 

f o r  every possible s e t  of consecutive months, every pair, every group of 

three, of four, and so on, I n  prsct ice  i t  is easy to se lec t  the ganerally 

wet and dFy periods and concentrate on t b m ,  eventually se lect ing the n e t t e s t  

pair ,  the d r i e s t  pair ,  eta,  To plt the  r e s u l t s  into a non-dimensional form 

and to  assist comparison with f igures  f o r  o ther  places, they are then 

expressed a s  percentages of the annual mean precipi ta t ion fo r  the s ta t ion,  

I f  the  r e s u l t s  a re  p lo t ted  against  t i m  the curves (e.g, diagram 4) 

suggest an asymptotic approach t o  the normal, a s  can be expected from our 

use of the  word normal - the  average of the basia data f o r  some long period, 

The next step is  t o  express the  curves a s  mathematical functions. 

One method would be t o  find enveloping ourves suah tha t  none of the plot ted 

points f e l l  outside it. This wwld cer ta in ly  give a r e s u l t  but not one 

applicable t o  everydry problems. It would express the extreme extremes 

instead of the extremes l i ke ly  t o  be experienced i n  a cosmically short  t ime 

h r t h e r  there does not seem t o  be any rigorous method of evaluating such 

an envelope, a curve for which a l l  the  departures of the individual points 

must be of t he  same sign. Rejecting t h i s  poss ib i l i ty  we can f i t  curves t o  

* Pa-r read a t  the Dublin Meteorological and Geophysical Seminar on 20th 
January. 1955, 



the points  by the  " leas t  squares" procedure. Cumes so obtainebmust 

d e a r l y  -be i n b r p m t e d  oarofullye They ~ p ~ o e n t  l i k e l y  extremes of 

wetness and dryness and not the rea l  l imits ,  There must a l so  be sow 

dependence on the  length of the  period analysed, Thus engineers must 

allow f u r t b r  margin fo r  these f ac tomin  addi t ion t o  allowances f o r  

evaporation, percolation,  etc. 

Glasspoole [2] i n  1930 published the r e s u l t s  of h i s  calculations 

and gave the equations of t h e  curves v a l i d  f o r  Great Bri ta in  and Ire land 

a s  
I 

% 6 9,8M + 1W - 0,16X2 

% = 0,55 - 5,5&+ 40 8Slf .1+ 0 , 1 6 2 ~ ~  

where B,T and % are  respectively the grea tes t  and l eas t  precipi ta t ion 

during &•÷ consecutive months, expressed a s  percentages of the annual "normal" 

precipi ta t ion,  It appears tha t  Glasspoole evaluated Rip. and RD separately, 

This i s  an unnecessary elaboration, The curves seem to  be a symmetrical 

pa i r  and tlleory suggests that such symmetry i s  t o  be expected, 

Theory; 

The theory is  basical ly  that of random deviations from the long-period 

average, with minor correcting terns, I f  the  monthly precipi ta t ion t o t a l s  

show a Gaussian dis t r ibut ion,  a11 saa t te red  rbaat  the s m e  meanF with 

standard deviation a, the  t o t s l  f o r  II aonsecutive months ahould range bstween 
a 6 %ma M . The q $ represents t b  standard deviation I o r  the Y-olonths t o t s l  

a n d  the  fac tor  n is neoesarry as we are dealing with extremes. n~ 3 
i n  many eimilar meteorologiaal problems of extremes, e.g. Valentia Annual 

precipi ta t ion = 1618 mm. with sod. 164 prm, and the  largest  departures i n  

8qyears were +379 and -3381nm, 

A t e rn  i n  M~ i s  a lso t o  be expected, According t o  Brooks m d  

Carruthers [3] Glaaspoole included it t o  allow fop the  e f f ec t s  of pemistenoe 

but I f i nd  i t  a r i s e s  from the existence of a regular annual var ia t ion,  so 

t h a t  P var ies  from month t o  month, The point i s  e a s i l y  understood by con- 

s ider ing data f o r  Valentia Observatory, Table I gives the average preoipi- 

t a t i o n  there f o r  eaah month of the  year m d  Table I1 the resultant totals fop 

sequences of "average* months, 

March 
April 
Mar 
June 
July 
August 
September 
Ootober 
November 
December 

 yea^ 

TABLE I, Average Precipi ta t ion a t  Valentia Observatory, 
1866 - 1953 



TABLE IS  Extremes of Precipitation f o r  periods of 
consecutive months i n  n o h l  yeam at 

Valentia Observatory, 1866 - 1953 

PI1.beP of 
Months 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

The f igures  i n  Table I1 f i t  very v e l l  t o  the expressions 

* s.334 - (3.5M - .2gar2) 

as is shown by Diagram 1. 

h o e  the  ext t raes  being investigated represent extreme depastume 

from suah vuy ing  normals i t  i e  reasonable t o  expect the expressions 

fo r  &q and % t o  include a t e rn  i n  M* ar i s ing  from the existence of the 

r e g u l u  rnnvrl variation, One cpn pmdic t  a l so  that t h e  coefficient 

of 1~' .rill be largest  a t  s ta t ions having the best-mrrked rnnurl vax-i- 

ations. 

P e r s i d e m e  

It i e  well known mong meteorologiets that  wetness and dryness 

are  among the  e b s r a o t ~ r i a t i o a  which show persietenee (See e.g. ~ef .4) .  

That is, the s k t i a t i a a l  probabili ty of tomorrow being dry is grea te r  

i fto-dag.iuigra*ieuedayewe~ed~~r t h a n i t  t l i eynepere t .  Aaan 

eumple, the general p ro lab i l i ty  of a par t icu lar  day yielding under 

.04 inchee o t  rrtw at Paaswoe (Go. Wiokbw) is .62, but i f  a dry 

spe l l  of 15 ammeoutiva such days Baa been e e t a b l i a M  the chance of 

the  16th day h i e i n g  dry is .84 15). It is a nicse pamdox that the  

probability of r spe l l ' s  oon t i e~ rnee  wema t o  cpprorch unity f o r  a very 

long spel l ,  uherore ommn seam insiets tha t  there  atst be a limit 

beyond which t h e  probability drops epddenly t o  mm., 

Do persis tent  spe l l s  ooour often enough and last long enough t o  

influ- the m n t h l y  to t a l s?  O r  is them persietenae of month% = 
well as dai ly  wet- awl d m s e ?  Some evidence, suoh as t h a t  eol- 

# 

lected by bar, Drwasmad a d  h r t h  [6], suggests a positive ansrep, 

although not  s t a t i e t i a a l l y  signifism& So= simple analyses a r e  

suf t ic ien t  t o  &on that at I r i s h  s ta t ions the menth-to-nth fltrstastiotts 

s a t i s fy  rigorous t e s t s  fo r  randomness, POP exaaple the numbem of 

spe l l s  at Valentia were counted,a spe l l  being defined as a sequence of 



months f o r  each of whieh t h e  departure fmm the  long-period average 

ass i n  the  same direction. The numbers a m  presented i n  Table I11 

and Diagpm 2, togetheP with the theoretical  r e su l t s  f o r  a random 

distribution. The theoretical  f igures  used were derived from Gold's 

treatment [7]. I f  the  chanpe of a wet month is "p" and of a dry i s  
n 

"q", the chance of a s p e l l  of n o r  more consecutive wet months i s  p q, 

TABLE I11 Seqhences of Wet and Dry months at Valentia 
O b s e ~ ~ a t o r y ,  1866 - 1953 

1 Actual I 145 66 32 15 8 3 1 0 49.98 L 9  
w e t m a t e d  139 66 31 15 7 3 2 1 I 499 I I I 

Aotual 128 62 38 20 12 I 6 2 0 5 5 4 3 6  
.a I 1''' w!lxpmted 125 66 35 18 11 5 3 1.5 554 

The s imi la r i ty  of the  actual  and expected f igures  is  much too close 
2 t o  give support t o  ideas of persistence, and X t e s t s  confirm this. 

A simpler t e s t  f o r  persistence is t o  se lec t  the  wettest and t h e  

d r i e s t  months and t o  average the data  f o r  a few months before and a f t e ~  

them, This was  done f o r  Valentia, w ing  the  f ive  wet tes t  and d r i e s t  

Januaries, Bebrusries, eta.  See Table IV, and Diag.3. 

TABLE IV Average Precipitation, a s  perclentage of n o d ,  
in  months before m d  a f t e r  the  wettest  and 

dr ies t ,  Valentia Obserssto~y, 
1866 - 1953 

1 N very wet 11061112 1 1 

N very dry  99 106 

&gain re f M  no peal evidence suppertfng persistenae. 

It lust be pointed cut tha t  t h e  methods uaed here bow eliminated 

the e f f e c t s  of  the regular  annual var ia t ion,  whiah w i l l  have a small 

influenoe i n  t h a t  the  absolutely wet tes t  months ISIS t tend to occur i n  

the rainy s e w n .  

The expressions f o r  I+, and % should therefore include three terns,  

one determined by the  normal, one by ran&pi departures fmm t h e  normal, 

and one a r i s ing  fmm the  regular annual var ia t f  on, A fourth can be 

expected, due t o  the skewness of t h e  f requeney dis t r i b u t i  on of t h e  

nopthly data, Since p ~ e e i p i t a t i o n  i s  a variable with a f ixed lower 

limit (zero) posit ive deviations e m  be  large^ t h m  t h e  negative* 

In Ireland t h i s  e f f e c t  i s  well marked i n  monthly t o t a l s ,   IN^ small im 
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t o t a l s  f o r  longer psrio8e. me e f f e r t  of qke*eess ebould be t o  * the ooeff ioieat  o f %  la~ger f o r  $ than RD and t o  lsalce it deoreoee 

with ino reu ing  SL It is fomd, h o m e r ,  t b r t  M a l t a ree t ive  

solution i s  obtulned by including a conrtant term t o  a l l o r  f o r  this 

-try* 

(1) 
15r 

Then % 
- a + bM +_(ad - dM2) and xe have t o  aeoertain the 

values of a, b, o and d irhloh give the  best  f i t  t o  t b  obeemed values 

of I+, md J+,. There are varioue short methods of f i t t i n g  a po2ywminl 
expression to  a given ourve, but they depend on the porere being * integral ,  and do not work when there is a t e rn  such a8 cY . The 

straightforward least-aquares method i s  easy i f  only two ooeff isfents  

have t o  be found. i,e. i f  y = a a bx is  to be f i t t e d  t o  a number of 

pair8 of values of x and y, then the required a and b a r e  those wbf& 

nake Z (~-a-bx)? the wun of t h e  squares of the  deviations f m n  t h e  

oume,a minimum. It is eas i  ly shown tha t  the required values a m  

Cases with mom than two coefficients aan be t reated similarly 

but the a r i t h w t i e  is tedious, i t  being neoessary t o  work to  many mom 

s igni f icant  f igures than a re  required fo r  t h e  f i n d  resul t ,  

In the present oase the corplication can be avoided by asmming 

the s a m  a s  b, op d t o  be applioable to  Rw and RD. Then equationrs 

(1) oan be rearranged as 

Applying the r e s u l t  (2) to these expressions t h e  required solutions 

are obtained a s  

In the present case, i f  a t ten t ion  i 8  confined t o  periods not 

longer than a year, n = 12 and the  sunmations needed a r e z ~  = 76, 

22 * 650, zllya= 1968,35 a n d ~ l &  60710, Substi tutizg these i n  ($1 
and simplifying we obtain 



BubatitutiElg the  Valentia data as givea i n  the "actual" columps of 

Table V, the values of the  coeffioients are found to  be 

a - 6-9 
b - 7.7 
c = 1603 
a a , u  

The clpntheeis fmm these values i s  included i n  the Table i n  oolpmne A, 

and is  plotted in Diagram 4 which shows a l so  the actual data. 

The agreement i s  seen t o  be qui te  good, To t e s t  h a  f a r  ag 

simplif$ed technique approximates t o  the  r e su l t s  obtained by other 

methods, Table V incorporates under B the  r e su l t s  of separate 

calculations f o r  and using the  same form of expression, and 

under C similar calcnlations without the constant tern "aN, The last 

l ine  of  the  table gives the sms of the  squares of the  deviations 

(Observed minus Expected), It i s  seen tha t  although t lm B columns f i t  

bet te r  than the A, tbs  di i iemnoe is verg small, and A is much bet tep 

than C. 

TABLE V Actual and calculated extremes of precipi ta t ion i n  periods 
of conseoutive months a t  Valenth Obsematory 1866 - 1953 
- 

Ao t u  - 
mount 
(pmt, 1 

'TEST 
C 

6.9 f a l u  
+ 1 4 d  
-la2 



TABLE V (Contd.) 

DBIEST 

Numbe~ 
of 

months 
Date 

Actual ( 0 )  I Calculated (E 
I A I B 

% of 
d.Dmt annual 

(nmb nornal 

Other I r i sh  Stat ions 

An important t e s t  of the  usefulness of an expression such a s  that 

disouesed &we i s  ascertaining whether i t  appl ies  t o  data fo r  different  

s ta t ions,  o r  t o  da ta  f o r  one s t a t ion  a t  d i f fe ren t  periods. The co- 

e f f i e i en t s  a, b, a, d, have therefore been calculated f o r  several I r i s h  

s ta t ions and the  r e su l t s  a re  s e t  out in Table VI. 

I Stat ion 

Valentia 
Observatory 

Phoenix Park 
Wblfn 

Fassaroe 
Co. Wicklow 

f# Coefficients ealeulated from the extreme % and 4, of the sub-periods, 



Coeffioiant r aoeaw t o  be largest  at the  eastern a ta t iona,  but t he  dxskm- 

bution i s  en'ntio. A o w p r i s o n  of Ule vdms with the skewness of t h e  

annual precipi ta t ion shaved no conneation, 

lW 
CoeYfioient b should be 12 mnth s 3, and i n  most oaaes t h e  ag~eenen t  

i s  qu i te  good, The la rges t  aoo~laly is at Phoenix Park fo r  the pefiod 

1916-53, w h i a b  was exoeptional with a l l  t h e  coefficients. 

Coeffioient 0, dependent on tfie deviat ions  f l pp  normal, is the  m a t  

interesting.  The theore tical o = n b where u i s the  staadaFd deviat ion 

of monthly preoipi ta t ion,  o r  n c A  where UA i s  the  standard deviation of 

annual precipitat ion.  The va l  $ of n should be about 3 f o r  s h o d  periodaa 

and not m h  g rea t e r  f o r  long ones, judging by other meteomlogiosP resu l t s ,  

Table V I I  s e t s  out the re levant  f igures  f o r  the  da ta  used i n  t h i s  p a p &  

TABLE V I I  

Standard Deviation 
Stat ion PePiod of annual ploofpf- 

Valentia 

The values of n f o r  the periods ending 1915 a m  remarkably consistent  

exoept f o r  PhoenFr Park, which i s  a l so  exceptional i n  having the only 

value l e s s  than 3, It is e l e a r  t ha t  the  yeam since 1915 have had 

l e s s  e x t m m  oonditions than those before, and t h a t  IFLO is  l i k e l y  

t o  be a good approximation a t  both ea s t e rn  and western s ta t ions ,  when 

sUf f i o i ep t ly  long moords ape examined, 

Coeffioient d i s  la rges t  a t  Valentia, oonsistent  with t h a t  s t a t i o n  having 

the simplest annual f luctuat ion of precipitat ion.  Elsewhere t he re  i s  a 

Summer maximum a s  well a s  a Winter one, and i n  some places August i s  the  

wettest  month of t he  year. I t  seems l i k e l y  t h a t  t h e  %I2 term can be 

negleoted a t  eas tern and midland stat ions,  but  must be allowed f o r  in 

western regions. 

Extension t o  periods of more than 12 months 

The analysis  can obviously be extended to  periods of mope thsn 12 

months, but i t  i s  mom d i f f i cu l t  t o  f i t  a formula t o  the  figures,  
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Qlss%poole published values of % and % f o r  M up to  4.0, but without a8;y 

derived f orrsulae. The d i f f icu l ty  is that  f o r  M 2 12 the term dependmg 

on the regular annual var ia t ion nust  be a periodic one, which complicates - 
tb oalculations unduly. The al ternat ive i s  t o  omit the t e r n  i n  ?JL but 

the resul tant  f i t  i s  not very satisfactory,  A s  an example the Y s l m t i a  

data  a r e  given f o r  up t o  24 nonthe, i n  Table V I I I  and Diagpm 5, 

TABLE V I I I ,  Aotual and calculated extremes of precipi ta t ion i n  
periods of consecutive months at Valentia Obeeaatory, 

1866-1953 as pementages of t h e  normal irnnual total 

No. of 
mont ha 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

Actual 

26 
I;o 
58 
69 
73 
83 
91 

101 
108 
114 
122 
133 
145 
156 
167 
174 
184 
194 
198 
204 
2 4  
225 
239 
248 

The deviation of t h e  aotual f igures  from the cume of bes t  f i t  i s  most 

notioeable at the  top of the curve, and i t  i s  c l ea r ly  useless f o r  

extrapolation, 
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NUMBER OF MONTHS 

Fig, 1, Extremes of Prec ip i ta t ion  i n  periods of consecutive 
months during "normal" years, Valentia 1866-1953, 



Fig. 2a, Sequences of wet bontha a t  ~ a l e n t  ia Observatory, 
' 1866-1953, 

Fig. 2b, Sequences of' dry months a t  Valentia Observatory, 
1866-1953, 



Fig. 3. Precipitation variations before and after individual w e t  
and dry mnths. Valentia 1866-1953, 



2 3 4 5 6 7 8 
NUMBER OF MONTHS (M) 

b Ektremas of Precipi ta t ion t o t a l s  fo r  M consecutive 
months a s  percentages of t h e  annual mean. 
Valentia 1866-1953- 



Kg, 5. Extremes of Precipitation t o t a l s  for H consecutive 
month as percentages of the snmurl memo 
Valentia 1866-1953. 


