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Abstract  

Transparent lateral boundary conditions are derived and tested for two linear sys- 

tems of equations which support baroclinic waves. The first consists of a two layer model 

of two superposed immiscible fluids of different densities. The second consists of a multi- 

level model of the hydrostatic primitive equations in two (x - z )  dimensions. 

1. Introduct ion 

In a seminal paper Engquist and Majda (1977) described a method for dealing with 

'open' boundaries, that is, boundaries which are not physical, but rather mathematical 

constructs forced into the 'initial boundary value problem' by a need to solve it on a 

computer over regions of space which are not bounded by physical barriers. These re- 

gions are usually called 'limited areas' in the meteorological and oceanic communities, 

possibly because the first models of the atmosphere having open boundaries were two di- 

mensional. Although their method is very popular with other modelling communities, see 

Tsynkov (1998), it has generated only limited interest in the meteorological and oceanic 

communities. A possible reason is that although it seems to potentially work well for 

barotropic waves (McDonald, 2002) or sound waves it seems totally inappropriate for 

baroclinic waves; see section 3.2 of Durran (2001). 

The purpose of this paper is to argue that there is a way around this obstacle and 

that it is possible to construct boundary conditions which handle transparently both 

outgoing, and if desired, simultaneously incoming gravity waves. The latter is important 

for two reasons. First, it may be useful in the context of oceanic modelling, or at some 

future date in atmospheric modelling. Second, it demonstrates a method of injecting 

information accurately through the boundary, which is an issue for nested models. The 

expectation is that a similar approach will also work for more sophisticated models which 

support the dominant 'slow' waves of the atmosphere or ocean. 

Thus, in section 2.1 is shown how to build transparent boundary conditions for 

the simplest possible system of equations which support a baroclinic wave as well as a 

barotropic wave, that is, that of a model describing two superposed immiscible fluids of 



different density. That these transparent boundary conditions work well is demonstrated 

in section 2.3. In section 3.1 is shown how to make transparent boundary conditions 

for a multi-level model of the two dimensional linearized hydrostatic primitive equations, 

which support multiple baroclinic waves. The transparency of these boundary conditions 

is demonstrated in section 3.2 by integrating the equations using ten vertical levels. 

2. A two layer model. 

The purpose of this section is (a) to derive transparent boundary conditions for 

the simplest possible system of linear equations which supports a baroclinic wave; (b) to 

demonstrate via a practical integration that these boundary conditions work. 

The system of equations describes two superposed immiscible fluids of different 

density (see chapter 6.2 of Gill, 1982, whose notation is used with minor alterations). - 
The equations are 

where x and t are the space and time co-ordinates, and g = 9.81 is the gravitational 

acceleration, % is a constant advecting velocity, and 

where pl and p2 are the densities of the upper and lower fluids, respectively. The fields 

171 (x, t )  and 172(x, t )  describe the displacement of the fluid surfaces from their resting thick- 

nesses, HI and Hz, respectively. Lastly, ul(x, t) and uz(x, t)  are the horizontal velocity 

components. See Fig. 6.1 of Gill (1982). 

2.1 Derivation of the boundary conditions. 



For a detailed discussion of the following approach to the boundary problem see 

chapter 10 of Gustafsson et al. (1995). Taking the Laplace transform of eqs. (2.1) - (2.4) 

and using property 15 on page 210 of Doetsch (1971) yields 

where @ is the vector (superscript 't' denotes transpose) 

and 

- 
If a matrix Q can be found which diagonalizes A then eq. (2.6) can be re-arranged 

into a set of first order linear differential equations : 

where 

W = Q-I*, 

and Q-'AQ = A, where A is a diagonal matrix whose non-zero elements are Xk. The 

solution of eq. (2.9) is given on page 21 of Ince (1956): 

The inverse Laplace transform gives the final solution. Consider the first term on the 

right hand side of eq. (2.11). Its contribution to the solution is given on p 209 of Doetsch 

(1971) as 

Wk(x, t )  = Wk[x0, t - (5 - ~ 0 ) / X k ] ;  t > (X - ~ 0 ) / X k  2 0, (2.12) 

Let the integration region be 0 5 x 5 L and imagine an observer positioned at  

x = L/2 . If Ak  > 0 then at  any time after L/(2Xk) the solution is dictated by the 

3 



boundary value Wk(O, t )  as can be seen from eq. (2.12). At any time prior to that 

the boundary value of T.lrk does not contribute to the solution. If X k  < 0 there is no 

contribution from the boundary at  x = 0 because of condition eq. (2.13) . 

The first implication is that any waves approaching the boundary at  x = 0 from the 

interior will be reflected if the imposed boundary fields are such that Wk(O, t )  # 0, for 

any 'k' such that Xk  > 0. The second implication is that in a nested environment where 

the desire is to ensure that only certain types of wave (say mode m with A, > 0) enter 

the integration area to the exclusion of others then the imposed boundary fields must be 

such that W,(O, t )  is finite and that all other Wk(O, t )  for which Xk > 0 are zero. 

For the boundary at  x = L the arguments are formally the same. The modes 

entering the area are now characterized by A, < 0 

The contribution of the initial state to the solution can be deduced by taking the - 
inverse transform of the second term on the right hand side of eq. (2.11) see property 159 

on p 222 of Doetsch (1971). 

The matrix Q-' can be deduced by finding the eigenvalues and associated left 

eigenvectors of A - XI, where I is a unit matrix. The four eigenvalues, written such that 

X1 > X2 > X3  > X4  are 

where 

The two 'barotropic' waves have velocities f c o  and the two 'baroclinic' waves have veloc- 

ities f cl. The associated left eigenvectors up to a normalization give the matrix 



whose inverse is 

In the appendix the practical details of translating the imposition of W on the boundary 

into boundary values for the fields q1 and qz are described. 

2.2 Discretization of the equations, 

For the spatial discretization the wind fields are staggered from the height fields, 

with the height fields a t  the end points. For the time discretization the leapfrog scheme 

is used. Thus, for example, eqs. (2.2) and (2.3) are discretized as 

(2.19) 
1 1 3 1 2gAt 

s ( i + - ,  n+l)  = ul(i+-,n-I)-- ul(i+-. n)-ul(i--, n)] -= [ql(i+l, n)-ql(i, n)] ,  
2 2 Ax 2 2 

where x = iAx, L = IAx, and t = nAt. Equations (2.1) and (2.4) are discretized in 

exactly the same way. The boundary fields, ql(0, n + I), qz(0, n + I) ,  ql(1, n + 1), and 

72(1, n + I), must be supplied. How to do this is discussed in the appendix. A Robert 

(1966) filter is used to control the computational mode. Equation (2.19) is valid from 

i = 1 to i = I - 1. Equation (2.20) is valid from i = 0 (where a right derivative is used for 

the advection term) to i = I - 1 (where a left derivative is used for the advection term) 

2.3 Testing the boundary conditions. 

In this section a practical demonstration is given of the boundary conditions derived 

in section 2.1 . First, it is shown that the boundaries are transparent to outgoing waves: 

there is no reflection. Second, it is shown that they are transparent to externally imposed 

incoming waves: they enter without distortion. 



The parameters are Ax = lOkm, At = 9.0s, g' = 4.09, g" = 5.72, HI = 5000m, Hz = 

5000m. These result in co = 294.lms-' and c, = 107.6ms-'. The values of g' and g" result 

from using the ICAO densities at 7500m (pl = 0.56kgm-3) and 2500m (p2 = 0.96k~m-~) .  

For the tests described in this section 11 = 0. The complications caused by non-zero 11 are 

probed in section 3.2. 

Two sets of integrations were performed; one with L = 1000km, I = 101 , and a 

second 'host integration' with Lh = 10000km, and Ih  = 1001. The latter integration, 

whose boundaries are so far removed that no waves can travel to them and back to the 

boundary of the guest area during the length of the integration, is used as the 'correct 

integration' with which the test integrations will be compared. It is also used to furnish 

the boundary fields to drive the integration in 'test 2' below. 

Test 1: Are the boundaries transparent for out-going waves? - 
The initial state consisted of a bell-shape distortion of the two surfaces centered at  

L/2; see Fig. 1. The bell can be written as 

B(x,  x,, I?,) = exp - [ r'" ,.")i'l 
where x, is the starting position and r, is the half-width of the bell. Using this generic 

formula the initial state is given by 

where A = 10m. For the 'host integration' Lh/2 replaces L/2 in eq. (2.22) 

This initial state contains a combination of all four waves, the 'mode 0' waves having 

amplitude f A(2 - gHl/<) and the 'mode 1' waves having amplitude f A ( 2  - gHl/&, 

as can be seen by substituting eq. (2.22) into eq. (2.10). Once the integration starts 

the 'mode 0' waves travel in the f direction with a velocity f co, and the 'mode 1' waves 

travel in the f direction with a velocity f c l  . Thus, for instance, after 23.25 mins. the 

apexes of the 'mode 0' ('mode 1') bell-shapes will have moved a distance f 410km (f 

150km), as is demonstrated in Fig. 2. 

The eigenvalues XI and X2 are greater than zero (I  = 2 in the appendix). Thus, 

imposing WI and W2 ensures the integration proceeds correctly a t  x = 0. The eigenvalues 



A3 and Xq are less than zero. Thus, imposing W3 and Wq ensures the integration proceeds 

correctly at x = L. 

To see whether these waves will exit without reflection as the integration proceeds 

the boundary fields given by eq. (A8) with Q, = h, m = 1 ,2  are used. These are 

arrived at by replacing eq. (Al) with Wl($,n + 1) = Wz($,n + 1) = 0 and by replacing 

eq. (A3) with W3[(I - $), n + l] = W4[(I - i), n + 1] = 0. That the boundary conditions 

perform well is demonstrated in Fig. 3, which shows the rms error for q1 and 1)2 combined. 

The rms error a t  the end of the integration is 0.008 . 

To give an indication of how successful these boundary conditions are, Fig. 3 also 

shows the rms errors for the 'radiation boundary conditions' implemented using the up- 

stream scheme, which, for instance a t  x = L looks like 

for both 71 and q 2 .  Three different values of c*, namely, q,, cl, and (co+c1)/2 were tested. 

As can be seen from Fig. 3, using c* = cl worked well for the 'mode 0' waves, but not so 

well for the 'mode 1' waves, and vice versa. (It may, of course, be possible to 'tune' c* to 

get smaller errors as is discussed in Durran et al. (1993). It is probably worth remarking 

that an additional attractive feature of the boundary conditions being proposed in this 

paper is that there are no 'tuning parameters'). In Fig. 3 the maxima at  0.94h and 1.88h 

are due to the 'mode 0' waves reflected from the boundaries overlapping as they cross 

travelling in opposite directions to generate a large amplitude which the rms measure of 

error exaggerates. Similarly, the bump at  2.58h is caused by the reflection of the 'mode 

1' waves. 

Test 2: Are the boundaries transparent for incoming waves? 

The purpose of this test is to show that waves from an external source can be injected 

accurately into the integration area. Thus it is assumed that the following is known from 

data or from a larger scale model: a (I+) mode initially positioned outside the area 

at x = -L/2 crosses the boundary a t  x = 0 during the integration and is positioned 

at x = +L/4 at  the end of the integration. Can the boundary conditions described in 

the appendix accurately model this scenario? (Physically this is an unlikely scenario for 



a meteorological integration, but not so outlandish for an oceanic integration; see, for 

example, page 126 of Gill, 1982. Nevertheless, the same parameters are used as in test 1 

since the aim is simply to establish the principle that accurate nesting is achievable for 

this simple system of equations.) 

To generate the boundaries for this integration a forecast was run on the host area 

with the initial state consisting of a mode (I+) bell-shape centered at  xh = Lh/2 - L. 

This was integrated for 116 mins at which time the mode (I+) bell-shape was centered 

at  xh = Lh/2 + L/4. The field Qh(xh = Lh/2 - L/2 + Ax/2) was computed at every 

time step and written to a file. During the nested forecast this field was read in a t  each 

time step and used to generate the externally supplied boundary field W2(1/2, n + 1) in 

eq. (Al). To make the integration more challenging the same initial state was used as in 

test 1. Thus, W1(1/2, n + 1) = 0; replaces eq. (Al) and [Wi[(I - i), n + 1] = 0, i = 3,4 

replaces eq. (A3). Now, four bells will exit and one will enter during the integration. 

Also, after 77 mins of integration at x = 0 there will be a (I+) mode entering and a (I-) 

mode exiting simultaneously. 

In Fig. 4 is plotted the values of the four W fields after 116 mins. The (I+) mode 

has the correct amplitude and is in the correct position (the apex should be at x = 250km. 

All the other modes have invisible amplitudes, indicating that they have exited without 

reflection. The rms error for the height field confirms the picture painted by Fig. 4. It 

was less than 0.007m throughout the run. 

It is fair to conclude from the successful outcome of tests 1 and 2 that the transparent 

boundary conditions derived in section 2.1 are amenable to discretization. This inspires 

the confidence to take the next step, that is, to do the same for a more realistic multi-level 

model. 

3. A multi-level model. 

In this section transparent boundary conditions are derived for a system of equations, 

the two dimensional linearized hydrostatic primitive equations, which supports multiple 

baroclinic waves. Also, a practical demonstration is given of their transparency. 



3.1 The equations. 

The linearized inviscid hydrostatic primitive equations in x - z ceordinates can be 

written as follows. See Gill (1982) for a description of the approximations involved in 

arriving at this linearization. In particular, see see. 6.11 of his book for a discussion of 

the analytical solutions. 

In these equations the pressure p', the deniity p', and the x- and z- components of the 

winds u1 and wl ,  are small deviations from an isothermal atmosphere, whose fields are 

designated by the subscript zero and whose density is po(z). 

There are lateral boundary complications caused by non-zero horizontal velocities. 

Defining 

where uo is a constant, allows us to discuss them below. 

To reduce typographical clutter later in this section define p = p', p = pr, u = pour, 

and w = pow' . Then eqs. (3.1)-(3.4) become 



where the Brunt-Vaisala frequency, N2, is defined in terms of the density of the isothermal 

atmosphere as 

Discretizing in the vertical and defining the p and u- fields on the 'full' levels, and 

the p and .w- fields on the 'half' levels gives rise to the following set of equations. 

It is important to emphasize that p, and wrnare defined by the average of the two adjacent 

half-levels: 

1 1 
=-b ~ ( x , t ) + ~ ~ - $ ( x , t ) l ;  P m -  m+5 wrn - -[w,+;(x,~) 2 + W,-;(X, t ) ] .  (3.15) 

Also, 

At, = z,+; - 2,- $. (3.16) 

Finally, it is necessary to define boundary conditions a t  the top of the atmosphere, z i ,  
2 

and a t  the bottom of the atmosphere, z,+;, where M is the number of full levels. In the 

absence of orography the physical boundary condition at  the bottom is 

w ~ + $  = 0. (3.17) 

At the top of the atmosphere the boundary condition w l  = 0 kills the external mode; see 
2 

Kalnay (2003), p 46 . Consequently, a material boundary is used a t  the top in order to 

retain this mode : 

- Defining a$ = (1 Z!C AzN:/(2g)], multiplying eq. (3.14) by Az,, and summing over 

m yields a recursive relation for w,-i: 
2 



which, combined with eq. (3 .17) ,  facilitates the replacement of eq. (3.14) with the fol- 

The matrix -r and the transposed vector v are functions of Az,  N ~ ,  and g only. Although 

algebraically complicated they are rather easy to generate in a computer program because 

of their recursiveness. The factors in front of eqs. (3 .20)  and (3.21) are included to make 

eqs. (3.27) and (3.28) look more elegant. 

Multiplying eq. (3 .13)  by A t ,  and summing from the bottom up results in 

and acts as a reminder that the pressures a t  the top and bottom of the atmosphere are 

not independent quantities: 

Introducing the vector notation v = ( v l , v 2 ,  . . . . . v ~ ) ~  and defining of y and 9 via 

the equations to be solved become eqs. (3.26)-(3.29): 



To arrive at a solution differentiate eq. (3.29) with respect to t and substitute eqs. 

(3.27) and (3.28) in the resulting equation to get 

where 

M = u . + ~ T . + Y T  

Assume there exists a matrix E which diagonalizes M :  

where the diagonal matrix has been written as C2 for later convenience. The diagonal 

elements are defined as C,,, = c,. Using eq. (3.32), eqs. (3.26) and (3.30) can be 

re-written as 
d(E- 'u) ,  3(E-lp) ,  

dt + d x  
= 0 ,  

Defining 
1 

W: = f (E-'u), + - ( E - ' ~ ) ,  
c, 

enables the transformation of eqs (3.33)-(3.34) into a form, 

such that its Laplace transform is given by eq. (2.9) 

Thus, a t  the western boundary for instance, if any of the fields W ; ( x , t )  such that 

uo 5 C, > 0 are non-zero at any time t then L / ( u o  f c , ) / 2  seconds later this value of 

the field will have been transported to the centre of the integration area. Since in a 

meteorological context this is usually undesirable it is incumbent to make sure that the 

boundary conditions are imposed in such a way that W $ ( x , t )  = 0 for these values of 

m. It is possible to envisage scenarios, particularly in an oceanographic context, where it 

was known that particular modes were entering the integration area. Then, the particular 

W ~ ( X ,  t )  associated with these modes must be assigned their known values and the others 

associated with incoming waves put to zero. 



To put the solutions in the form of eq. (2.10), first, order the eigenvalues such that 

cl > c2 > ..... > CM > -c*, > -c,t~-, > ....... - el; second, write !P= ( ~ , u ) ;  finally, use 

eq. (3.35) to get the characteristic looking combinations for m = 1, M, 

from which the matrix Q-l can be built. The matrix Q can be built using eqs. (3.37) 

and (3.38): 

- 
For instance, Wl is the field associated with G + cl and W 2 ~  is the field associated with 

3.2 Testing the boundary conditions 

In this section a practical demonstration is given of the transparency of the boundary 

conditions derived in the appendix. First, it is shown that the boundaries are transparent 

to outgoing waves: there is almost no reflection. Second, it is shown that they are 

transparent to an externally imposed incoming wave: it enters almost without distortion. 

Equations (3.11)-(3.14) are solved using the leapfrog scheme to  discretize in time. 

For the horizontal spatial discretization the wind fields are staggered from the density 

and pressure fields, with the latter two fields a t  the end points. 



iiat 
p i  (i, n + 1) = p i  (i, n - 1) - z ( p i ( z + l , n )  - p i ( i  - 1 , n )  

1 
-%(v .u(i + , n )  - u .u(i - - ,n) , 

1 
AX 2 2 

(3.43) 

prn(i,n) = p+( i ,n )  +71.p (i,n) + 7 p  (x,t) .  (3.44) 

The boundary fields, prn(O, n + l ) ,  p i  (0, n + l ) ,  prn(I, n + 1), and p i  (I, n + I ) ,  must be 
2 2 

supplied. How to do this is discussed in the appendix. A Robert (1966) filter is used 

to control the computational mode. Equation (3.41) is valid from i = 0 (where a right 

derivative is used for the advection term) to i = I - 1 (where a left derivative is used for 

the advection term). Equations (3.42) and (3.43) are valid from i = 1 to i = I - 1. 

For an isothermal atmosphere N2 = g2/(RTO), with To a constant. The value 

To = 250K was used; R = 287.04 J kg-' K-'. For the discretization Ax = lOkm, At = 

9.0s, z i  = 10km; M = 10 and the levels are equally spaced; thus Az,,, = -1km. These - 
result incl  =281.6, c2 = 1 0 1 . 2 , ~  = 5 4 . 2 , ~  = 3 5 . 3 , ~  =24.9, c6 = 1 8 . 2 , ~ ~  = 1 3 . 2 , ~  

= 9.3, cg = 5.9, clo = 2.9, all of these having units of ms-'. 

The advecting velocity was chosen to be ii = 25ms-'. This furnishes a more severe 

test of the boundary strategy because a t  x = 0, modes 1-16 will be entering and modes 

17-20 exiting the area and at  x = L, modes 17-20 will be entering and modes 1-16 exiting 

the area. 

Test 1: Are the boundaries transparent for out-going waves? 

The initial state contains of four modes: W3, (ii+c3 = 79.2), W7, (ii+c7 = 38.2), W19, (ii- 

c19 = -76.2), and Wzo, (fi - czo = -256.6). In the x-direction the fields are bell-shaped 

and centered at L/2. Defining 

and 
M 

5;" = =[T EC-~E-']~ jpy (3.46) 
j=1 



the initial state, for which the u' field is displayed in Fig. 5, is given by 

u ~ ( x ,  0) = (A& + A7C: + A l g ~ : ~  + A20t$O)B(x, L/2, L/10), 

P~(x ,  0) = (A3# + A7i$ + A~lgi#~ + AzoPfO)B(x, L/2, L/10), 

PL(X, 0) = (A35; + A7i$ + -4196:~ + Azo~$O)B(X, L/2, L/10), 

pf (x, 0) = (A34 + A761 + A19@i9 + AZ,&~)B(X, L/2, L/10), 
2 2 2 .  

where the amplitudes A, were chosen such that the maximum value of lul(x, 0)l equals 

10ms-'. 

The sole reason for choosing this initial state is to generate reasonably clutter-free 

and interpretable figures. (Modes 6-15 move at  similar speeds and they contain between 

5 and 9 nodes. Including large numbers of-these modes makes for hopelessly cluttered 

figures). 

Since, for the purpose of this test all incoming modes are being regarded as undesir- 

able 'noise', it is necessary to ensure none of them are excited by the boundary treatment. 

This is accomplished as follows. Modes 1-16 are travelling in the +x direction. Thus, as 

was argued in section 2.1 imposing Wl-Wl6 at  the western boundary ensures the integra- 

tion proceeds correctly there. To ensure none of these modes enters the area replace eq. 

(Al) in the appendix with W, = 0; m = 1,16, and build the boundary fields as described 

there (with I = 16). Also, modes 17-20 are travelling in the -x direction and imposing 

WI7-Wz0 at  the eastern boundary ensures the integration proceeds correctly there. To 

ensure none of them enters the area replace eq. (A3) with Wj = 0; j = 17,20 in the 

appendix and follow the derivation there. 

After 32.4 mins. of integration time had elapsed the apexes of the mode 3, 7, 19, 

and 20 waves had travelled distances 154km, 74km, -148km, and -499km respectively, as 

canhe seen in Fig. 6, which shows the u'-field. The apex of mode 20, which has no nodes, 

has reached the western boundary; notice the absence of reflections. Mode 19, which has 

one node, is easily recognizable; its apex is a t  x =352km, as it should be. Modes 3 and 7 

are still intertwined. 



After 108 mins. of integration time had elapsed the apexes of the mode 3; 7: 19, 

and 20 waves had travelled distances 514km, 248km, -494km, and -1663km respectively. 

Consider Fig. 7, which displays the u' field a t  that time. Mode 20 has successfully 

exited the area with no visible reflections. The apex of mode 19, which has one node, 

has just reached the western boundary; notice the absence of reflections. The apex of 

mode 3, which has two nodes, has just passed the eastern boundary; notice the absence of 

reflections. Mode 7, which has 6 nodes is now easily recogniiable; its apex is at x =747km, 

as it should be. 

After 237.6 mins. of integration time had elapsed the mode 3, 7, 19, and 20 waves 

had travelled distances 1130km, 545km, -1086km, and -3658km respectively. Fig. 8 

displays the u' field a t  that time. Modes 20, 19, and 3 have successfully exited the area 

with no visible reflections. The apex of mode 7; which has six nodes, has already passed 

through the eastern boundary; notice that i f  there were any reflections their maximum 

value is less than 0.5ms-' because the contouring package rounds upward. 

A discussion of the quantitative size of the errors is given after test 2 has been 

described in order to avoid repetition. 

Test 2: Are the boundaries transparent for incoming waves? 

The purpose of this experiment is to show that waves from an external source can 

be injected accurately into the integration area. Thus it is assumed that the following 

is known from data or from a larger scale model: a ' mode-4 bell ' initially positioned 

outside the area a t  x = -L/2 crosses the boundary at  x = 0 during the integration. Can 

the boundary conditions described in the appendix accurately model this scenario? 

Two sets of integrations were performed; one with L = 1000km, I = 101 , and a 

second 'host integration1 with Lh = 10000km, and Ih = 1001. The latter integration 

furnished the boundary fields describing an incoming mode. 

To make the integration more challenging the same guest area initial state was used 

as in test 1. Thus, there were 5 waves exiting and one entering the guest area during the 

integration. To generate its boundaries a forecast was run on the host area with the initial 

state consisting of the same four modes as in test 1 centered at  xh = Lh/2 plus a mode 4 



bell-shape centered at xh = Lh/2 - L. This was integrated for 9h, a t  which time the mode 

4 bell-shape was centered at  xh = Lh/2+1954km. The field rkh(xh = Lh/2- L/2+Ax/2) 

was computed at  every time step and written to  a file. During the guest forecast this field 

was read in a t  each time step and used to  compute the field W4(1/2, n + 1) for eq. (Al). 

All the other W, associated with incoming waves were put to zero, as described in test 

1. 

The chart of the u' field after 237.6 mins is shown in Fig. 9. In it the mode 4 field, 

correctly situated at  x = 360km is easily recognizable from its three nodes. Comparing 

Fig. 9 with Fig. 8 it is clear that the added complication of the entering wave has not 

visibly corrupted the integration. 

In order to gain more insight into the level of transparency of the boundaries the 

rms difference between the W, and zero, Wi( i , n ) / I ,  for each mode m = 1,20 - 
was stored at  each time step. The result is shown in Fig. 10. As can be seen, mode 4 has 

entered and exited without exciting any visible spurious errors. Also, each of the modes 

3, 4, 7, 19, and 20 has exited without exciting visible reflections in any of the potential 

incoming modes. In fact, a t  the end of the forecast, after 9h, the largest reflection is into 

mode 14 ('mode 7-', so to say); the value is 0.033. Since the initial value is 7.71, then by 

this measure only 0.4% of mode 7 is reflected. 

6. Conclusion 

This study is part of a program within the HIRLAM group whose ultimate objective 

is to find the best possible boundary conditions for a nested non-hydrostatic model. The 

results presented here are sufficiently encouraging to retain faith in the approach of En- 

gquist and Majda (1977). A concluding quotation from page 431 of Oliger and Sundstrom 

(1978) seems apposite. 'For the hydrostatic equations well-posed problems can only be 

obtained if the boundary conditions are formulated in terms of local eigenfunction expan- 

sions ...... '. 
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APPENDIX 

This appendix explains how to transform the externally sourced mode fields, Wh, 

into boundary values for the physical fields, *. For example, consider the situation for 

the two-layer model when ?I = 0. At the western boundary only two boundary fields, 

Wl and W2 are permitted. However, each of these is linear combination of the four fields 

q1,q2,u1, and u2,. The question to be addressed is: how can these externally sourced 

fields Wl and Wz he transformed into boundary values for 171 and 172 that knit together 

seamlessly with ul and uz, which are internal fields on the staggered grid? 

In general, let the Aj be tabulated such that A1 > X 2  > .... > AK. (For the two layer 

model K = 4, but the argument is general). Suppose X j  > 0 for j = 1,l and X j  < 0 for 

j = l + l , K .  

Thus, at the western boundary the '1' fields Wj, j = 1,1, associated with the incoming - 
waves are imposed. In order to translate the imposition of these mode fields into conditions 

on the physical fields first build the fields W such that they are the correct combination 

of externally imposed fields, designated by the superscript h, and internal fields: 

where * = ( q , u ) ~  for the two-layer model and JE = (p, u ) ~  for the multi-level model. 

At the Eastern boundary, where the ' K  - 1' fields Wj,  j = 1 + 1, K ,  associated 

with the incoming waves are imposed, the same procedure is applied with the appropriate 

alterations to the eqs. ( A l )  and (A2): 

Now that the correct modes have been designed for the boundaries it only remains 

to reconstitute the model fields: 

JEr = QW. ('45) 



where the superscript T indicates that the physical fields have been 're-constituted' as a 

combination of interior and exterior fields. 

There remains the problem of how to handle the staggering of the grid. The least 

extrapolations are required if W is constructed at the u - points immediately adjacent to  

the boundaries. Consider the Western boundary. To make Qm(Ax/2, n + l )  form = 1, M 

an interpolation is required for the external host fields and an extrapolation for the internal 

guest fields. The simplest possible are used in eqs. ( ~ 1 ) - ( ~ 4 ) :  

On the c-grid no extrapolation is required for Qi(Ax/2, n + 1) for i = M + 1, K since 

u(Ax/2, n + 1) has already been updated. 
- 

For m = 1, M the fields Q,(Ax/2, n +  1) re-constituted in eq. (A5) are extrapolated 

to x = 0 via 

Q,(O, n + 1) = 2@L(Ax/2, n + 1) - '$,(Ax, n + 1). ('48) 

This completes the task for the two layer model. For the multi-level model there 

is an additional problem, that of deriving the values of p and p i .  To see how do this 
2 

multiply eq. (3.27) by r- ' ,  multiply eq. (3.34) by E C-2 and subtract: 

Thus provided 'dldt # 0', 

p = E C - ~ E - ' ~  ('410) 

Also, multiply eq. (3.34) by E C-2 and substitute the resulting value of 8u/8x in eq. 

(3.28) gives the result 

I = v E C - ~ E - ' ~  p 5 (All)  

again, provided ' d l d t  f 0'. It  is easy to show that these are compatible with eq. (3.29). 

In the integrations described in section 3.2 pr(Ax/2,n + 1) and pl(Ax/2,n + 1) 
2 

were generated via eqs. (A10) and (Al l )  and subsequently extrapolated to x = 0 using 

the same extrapolation as in eq. (A8). 



The extrapolations at the Eastern boundary are done in the same way. 
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Figure 1: The fields 71 (top picture) and Q (bottom picture) at the initial time. 

Figure 2: The fields 71 (top picture) and 72 (bottom picture) after 23.25 mins. 
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Figure 3: The combined rms error of 171 and 172 using radiation boundary conditions with 

three different values of c* and transparent boundary conditions. 

Figure 4: The jelds Wl (diamonds in  the top picture), Wq ( plusses in the top picture), 

W* (squares in the bottom picture), and W3 (exes i n  the bottom picture) after 116 rnins. 
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Figure 5: The wind anomaly u' at the initial time. 





Figure 9: The wind anomaly u' after 237.8 mins. now showing that mode 4 has successfully 

entered the integration area 
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Figure 10: The n n s  difference between the each of the mode fields W,,m = 1,20 and 

zero. 



List of Met ~ i r e a n n  Technical Notes. 

44. Lynch, Peter, 1984: DYNAMO-A one dimensional primitive equation model. 

45. Lynch, Peter, 1984: Initialization using Laplace Transforms. 

46. Lynch, Peter, 1984: Initialization of a barotropic limited area model using the Laplace 

Transform technique. 

47. Leech, L S, 1985: A provisional assessment of the recreational quality of weather in 

summer, in terms of thermal comfort and the adverse effect of rainfall. 

48. Lynch, Peter, 1986: Numerical forecasting using Laplace transforms: Theory and 

application to data assimilation. 

49. Hamilton, J, P Lennon and B O'Donnell, 1987: Objective analysis of climatological 

fields of temperature, sunshine and rainfall. - 
50. Lynch, Peter, 1987: The Slow Equations. Part I: Derivation and Properties of the 

System. Part 11: Application to Continuous Data Assimilation. rainfall. 

51. Logue, J J ,  1989: The estimation of extreme wind speeds over standard terrain in 

Ireland. 

52. Lynch, Peter, 1991: Filtered Equations and Filtering Integration Schemes. 

53. McDonald, A, 1991: Semi-Lagrangian methods. 

54. Lynch, Peter, 1996: The elastic pendulum: a simple mechanical model for atmo- 

spheric balance. 

55. McDonald, A, 1998: The origin of noise in semi-Lagrangian integrations. 

56. Lynch, Peter, 1999: Resonant Motions of the Swinging Spring. 

57. McDonald, A, 2001: A step toward transparent boundary conditions for meteorolog- 

ical models. 

58. Lynch, Peter, 2001: Resonant Rossby Wave Triads and the Swinging Spring. 

59. Sheridan, Tom, 2001: Analysis of trends a t  some Irish rainfall stations. 

60.. McDonald, A, 2004: Transparent lateral boundary conditions for baroclinic waves I: 

the foundations. 




