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Summary

Supersymmetry provides a rich ground for qualitative and quantitative analy-
ses in both quantum field theory and gravity. Many supersymmetric theories
exhibit dualities such as the strong-weak coupling duality, which manifests it-
self through the equivalence of the dynamics of a theory for distinct values of its
coupling constants. The mathematical formulation of dualities in many cases
involves modular and automorphic forms, whose number theoretic properties
are often as intriguing as the dualities themselves. It is a natural problem to
determine a domain for the coupling constant parametrising inequivalent the-
ories, and finding the relations between the couplings giving rise to the same
dynamics.

In this thesis, we obtain several results on this question, particularly re-
garding the duality and modularity of Coulomb branches for four-dimensional
N = 2 supersymmetric quantum field theories. For pure N' = 2 super Yang—
Mills theory (SYM) with gauge group SU(2), the Coulomb branch (CB) can
be identified with the modular fundamental domain for the duality group of
the theory. We extend this result for higher rank gauge groups and for the
inclusion of matter.

There are several applications and further directions of study that our
results enable. First, our exact results on fundamental domains allow to de-
termine BPS spectra for a larger class of A/ = 2 supersymmetric theories.
Furthermore, our precise statements of duality allow to study the strongly
coupled regions in great detail. Finally, they provide simple and exact formu-
las for the computation of correlation functions of topological theories. We
discuss these results in more detail in the following.

To begin with, we study the asymptotically free N' = 2 SU(2) theories
with fundamental matter. The duality groups were only known for Ny = 2
and 3 massless flavours, whereas the generic mass case including the peculiar
role of massless Ny = 1 have remained elusive. We find a completely general
description for arbitrary masses m; and number N; of flavours: The space of
inequivalent couplings is a fundamental domain F(m;), endowed with a collec-
tion of branch cuts and branch points. For special choices of the masses, the
branch points annihilate and F(m;) is a modular fundamental domain. The
CB parameter u is the root of a sextic polynomial, and for certain mass con-
figurations can be determined explicitly as a function of the effective coupling.
The description incorporates all possible mass limits, such as decoupling of
hypermultiplets and merging of local as well as non-local singularities, giving
an analytic handle on the superconformal Argyres-Douglas theories.

The superconformal N; = 4 theory with gauge group SU(2) distinguishes
itself from the asymptotically free theories through a nontrivial dependence
of the theory on an ultraviolet coupling 7yv, and is a building block for four-
dimensional N/ = 2 superconformal field theories. We prove that for special
mass configurations, the order parameter u transforms as a modular form for
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the infrared coupling 7 as well as the ultraviolet coupling 7yyv. A simultane-
ous transformation on 7 and 7yy permutes the moduli spaces according to the
triality group of the flavour symmetry SO(8), and we show that the character-
istic CB functions organise into vector-valued bimodular forms. These results
allow to derive the S-duality transformations of the topologically twisted four
flavour theory.

In a different direction, we study the duality of pure N' = 2 SYM with
gauge group SU(3), where the two-dimensional space of vacua parametrises
an intricate family of genus two Seiberg-Witten curves. We prove that two
natural complex one-dimensional loci of the CB are parametrised each by el-
liptic (i.e. genus one) curves, such that these elliptic loci allow a modular
parametrisation. The locus where mutually local dyons become massless pro-
vides a natural generalisation of the pure SU(2) fundamental domain, while the
locus containing the superconformal Argyres-Douglas points is a fundamental
domain for a Fricke group.

We furthermore consider topological twists of four-dimensional N/ = 2 su-
persymmetric quantum chromodynamics with gauge group SU(2) and Ny < 3
fundamental hypermultiplets. The twists are labelled by a choice of back-
ground fluxes for the flavour group, which provides an infinite family of topo-
logical partition functions. We demonstrate that in the presence of such fluxes
the theories can be formulated for arbitrary gauge bundles on a compact four-
manifold. Moreover, we consider arbitrary masses for the hypermultiplets,
which introduce new intricacies for the evaluation of the low-energy path in-
tegral on the Coulomb branch. We develop techniques for the evaluation of
these path integrals.

When the topological version of pure N' = 2 SU(2) SYM is formulated on a
simply connected four-manifold X, it is well-known that a physical correlation
function computes the celebrated Donaldson invariants of X, which are smooth
four-manifold invariants. Based on earlier work by Marino and Moore, we
generalise recent results by Korpas and Manschot to the case where X is
non-simply connected, and show that correlation functions on such manifolds
can be evaluated using mock modular forms. For a product ruled surface
X =3, X CP', by shrinking the genus g Riemann surface >4, this allows to
make a connection between mock modular forms and the topological A-model
with target space the moduli space of flat connections on .
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1 Introduction

Theoretical physics has been enormously successful in predicting the behaviour
of nature. In the last century, two main fundamental theories have emerged.
On one hand, general relativity describes the fundamental interaction between
objects with mass or energy. On the other hand, quantum field theory com-
bines special relativity and quantum mechanics into a framework that describes
subatomic particles, which underlie the electromagnetic, strong and weak inter-
actions. The combination of both theories is necessary in order to understand
aspects of the natural world, such as the nature of black holes and the forma-
tion of the universe. Since there are many conceptual and technical obstacles
to the problem of combining both theories, it is of utmost interest to study
the intrinsic properties of candidate unified theories in great detail.

One area of such theories which is poorly understood is the problem of
strong coupling. The couplings of a theory measure the strength of the inter-
actions of its constituents. When a coupling is known to be small, we can use
the powerful method of perturbation theory to study the interactions. In many
cases, when the interactions are turned off the theory becomes rather simple
and can be solved exactly. Perturbation theory then allows to express the
effect of a small coupling as a small correction to the exact solution. This only
provides a good solution if the coupling is small compared to the quantities
involved.

When the coupling on the other hand is large, the correction to the exact
solution is large compared to the original solution, and thus does not provide
a good approximation. Therefore, perturbation theory typically becomes ob-
solete when studying strong interactions. For most relevant physical theories
such as the Standard Model, studying the physics of strong coupling in full
generality has remained an important open problem.

One way to gain access to the properties of strong coupling is through su-
persymmetry. Supersymmetry is a natural feature of many unified theories.
It allows us to study theories in a wider range of parameters (such as the
couplings), as well as to calculate interactions exactly rather than approxima-
tively. The broad motivation for this thesis is thus to study exact methods to
access the physics of strong coupling and to demonstrate that these analyses
allow to compute supersymmetric quantities exactly and in full detail.

This thesis considers the relation between supersymmetry, dualities, mod-
ular forms and topological field theory. The remainder of this first section is
devoted to giving an introduction to some aspects of these theories, which are
necessary to understand the following sections. We hopefully provide enough
references in order for the reader to fill in gaps, and also refer to the Appendix
A for more references.



1.1 Supersymmetry

Supersymmetry is a symmetry between two basic classes of particles in quan-
tum field theory: bosons, which have integer-valued spin, and fermions, which
have half-integer spin (see [6—8] for excellent introductions to supersymmetry).
They have very different thermodynamic properties. While bosons follow the
Bose-Einstein statistics, fermions obey the Pauli exclusion principle and follow
the Fermi-Dirac statistics. In a supersymmetric theory, each particle from one
class has a superpartner from the other class, whose spin differs by a half-
integer number. Moreover, the supersymmetric partners share the same mass
and internal quantum numbers other than spin.

Supersymmetry is motivated by solutions to several problems in quantum
field theory which are difficult to study in non-supersymmetric theories. Due
to the constraints it gives on the dynamics, supersymmetric theories are often
simpler to analyse. In many cases, quantities such as path integrals, correla-
tion functions etc. can be determined exactly rather than only perturbatively,
which gives an analytic handle on the physics. For instance, many supersym-
metric theories contain interesting dualities, which manifests itself through
the equivalence of the dynamics of a theory for distinct values of its coupling
constants.

One instance of a duality is the strong-weak coupling duality, relating the
dynamics for large and small values of the coupling constants. This allows in
many cases to study strongly coupled phases of quantum field theory, which
are not accessible through traditional perturbative calculations. A particularly
interesting example of such a theory is quantum chromodynamics (QCD), as
it is the theory of the strong interaction between quarks and gluons and thus
an important part of the Standard Model of particle physics. QCD exhibits
many interesting features, such as asymptotic freedom and colour confinement.
Asymptotic freedom causes interactions between fields to become weaker as the
energy scale increases. In particular, quarks interact weakly at high energies,
and therefore can be studied through perturbation theory. At low energies
however, the interactions become strong, which leads to the confinement of
quarks and gluons. Colour confinement prohibits quarks and gluons to be
isolated from each other. The supersymmetric version of QCD is asymptoti-
cally free as well, however the emergent strong-weak coupling duality allows
to study the perturbative as well as non-perturbative dynamics at both weak
and strong coupling in great detail.

Supersymmetry can be incorporated into a theory by extending the familiar
Poincaré algebra by the supersymmetry algebra. The supersymmetry algebra
is generated by spinors Q7 and (Q%)" called supercharges. Here, a are spinor
indices, while I = 1,..., N are the supersymmetry indices. The integer N
counts the number of independent supersymmetries of the algebra. Represen-
tations of the supersymmetry algebra are called supermultiplets, or multiplets
for short. They consist of a collection of fields which are superpartners.



In four dimensions, the possible amounts of supersymmetry for a quantum
field theory are N’ = 0, 1, 2, 3 and 4. For N' = 1 supersymmetry, the most
commonly used supermultiplets are the A/ = 1 vector multiplet and the chiral
multiplet. In the vector multiplet, the highest component is the gauge field,
while that of a chiral multiplet is a spinor. In N' = 2, common multiplets are
the A = 2 vector multiplet, containing the gauge field, and the hypermultiplet,
containing a spinor as the highest component. In N' = 4, the vector multiplet
contains again all the superpartners of the gauge field.

The space of theories with N/ supersymmetries depends in an interesting
way on N:

e N = 0 theories do not contain any supercharges. They are constrained
only by physical principles, and a classification is currently out of reach.

e N = 1 theories form an enormously big class of theories, and are believed
to not be exactly solvable. However, certain subsectors are dictated by
supersymmetry, such as the chiral superpotential. This allows to obtain
many exact results on the low-energy dynamics [9-12].

e N = 2 supersymmetry is a rich class of theories capable of describ-
ing many interesting phenomena, while allowing full solutions of many
aspects of the theories. For instance, the low-energy effective action is
governed by the so-called prepotential. The N' = 2 supersymmetry forces
the prepotential to be a holomorphic function of the moduli, and the per-
turbative quantum corrections can be found exactly. This is analogous
to the power of holomorphicity of conformal field theories in two dimen-
sions. This thesis will be almost exclusively about aspects of N' = 2
supersymmetry.

e The number N/ = 3 is interesting in its own right, for the following
reason. If we consider a Lagrangian A/ = 3 theory, it might not by
itself be simultaneously charge conjugate, parity and time reversal (CPT)
invariant. CPT is a possible symmetry of quantum field theories, and
generally holds for all physical phenomena. When a Lagrangian N = 3
theory is not CPT invariant, we can take instead the direct sum with its
CPT conjugate. If the theory is assumed to contain particles of helicities
bounded by 1, for ' = 3 and N = 4 the particle spectra coincide
precisely.

If we drop the requirement that the theory is Lagrangian, then it can
be shown that genuine N = 3 theories are necessarily isolated supercon-
formal field theories (SCFT) [13]. However, it was shown recently that
purely N' = 3 theories exist with an infinite family of them realised as
the worldvolume of stacks of D3-branes probing so-called S-folds [14-17].

e N = 4 theories finally are highly constrained. The most prominent ex-
ample is maximally supersymmetric N’ = 4 Yang-Mills theory (SYM),
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which is featured in the first example of the conjectured AdS/CFT holog-
raphy [18]. It is believed to be self-dual [19], that is, invariant under the
exchange of electric and magnetic charges. The physics of an N' = 4 the-
ory is generally simpler than that of an A/ = 2 theory. For instance, the
low energy dynamics obtained from the Seiberg-Witten (SW) solution is
rather trivial.

A particular feature of supersymmetry is that it can be broken to lower
supersymmetry. For instance, maximally supersymmetric A" = 4 SYM in four
dimensions can be broken to the so-called N' = 2* theory, which is an N = 2
supersymmetry-preserving mass deformation of A" = 4. This gives an analytic
handle on structures of N' = 4 supersymmetric theories that are difficult to
understand without breaking the supersymmetry. For instance, any N = 2
theory, such as N’ = 4 SYM, contains a Coulomb branch of inequivalent vacua.
The mass terms of the N' = 2* deformation break the conformal symmetry of
N =4, and give rise to a richer structure of the Coulomb branch. This allows
for instance to study correlation functions in much greater detail than without
any deformation.

Supersymmetry is an integral part of string theory, which aims to provide
a unified description of gravity and quantum field theory. Indeed, a major
motivation to study N = 2 theories comes from string theory: Many N = 2
field theories in four dimensions can be obtained from geometric engineering in
Type IIA string theory on Calabi-Yau manifolds [20-23]. While all the theories
studied in this thesis have a natural origin in string theory, our results mostly
concern ordinary quantum field theory, i.e. without gravity. We will discuss
relations to string theory sparsely throughout the text, but will expand on
those in the conclusions in section 7.

1.2 Duality

In maximally supersymmetric N' = 4 SYM, one obtains a physically equivalent
theory if the gauge coupling constant gy is replaced by its inverse 27/gywm.
To describe this duality, it is convenient to combine the theta angle # and the
gauge coupling gyy into the complexified gauge coupling,

0 27

+ 5 (1.1)

T=— .
27 Q\Q(M

It takes values in the upper half-plane
H = {r € C|Im(7) > 0}, (1.2)

since the imaginary part of 7 is positive. When the theta angle is included,
the Montonen—Olive duality acts by 7 — —1/7 [19,24]. Furthermore, the
periodicity of the theta angle 6 — 6 + 27 is translated to 7 — 7 4+ 1. These



two transformations 7 +— —1/7 and 7 +— 7 + 1 can be considered as linear
fractional transformations

ar +b
et +d’

Ty T = v = (CCL Z) € SL(2,7), (1.3)
where SL(2,7Z) is the group of unit determinant 2 x 2 matrices with integer
coefficients. In particular, for S = (9 ') and 7' = (§ 1), we have that S -7 =
—1/7and T'- 7 = 7+ 1. The elements S and T' generate SL(2,Z), i.e. any
element of SL(2,Z) can be written as a word in S and 7. Put differently,
the N' = 4 theory contains an SL(2,7Z) symmetry acting on both gyy and 6
nontrivially. If the theta angle is set to zero, the S-duality exchanges weak
coupling (gym < 1) with strong coupling (gynm > 1), which is why Montonen—
Olive duality is an example of a strong-weak coupling duality (see [25] for
a review). This demonstrates the power of dualities: Strong-weak dualities
allow to gain insight into the strongly coupled phases, which are not accessible
through traditional perturbative calculations.

The strong-weak coupling duality of N'=4 SYM is of course not the only
example of a duality in a physical theory. In fact, dualities are ubiquitous in
quantum field theories, string theory and gravity. The most basic one is per-
haps the electric-magnetic duality of electrodynamics, which is characterised
by an equivalence of the theory under an exchange of electric and magnetic
fields. One of the best-understood examples is the gauge/gravity duality, which
relates a strongly coupled quantum field theory to a weakly coupled gravita-
tional theory, and vice versa [18]. Another example is mirror symmetry, which
gives a relation between the topological A-model and B-model [26-29]. Finally,
there is a web of string dualities in string theory, M-theory and F-theory, such
as the T-duality, S-duality and U-duality. Dualities also have far-reaching con-
sequences and relations to pure mathematics, such as the study of enumerative
invariants or the geometric Langlands program [24,30-32].

We can schematically formalise a class of dualities as follows. Let us assume
that a theory 7 has a space M of couplings 7 € M. These couplings can be
considered as external parameters of 7, on which observables such as the
partition function, correlation functions etc. depend explicitly. We can denote
this dependence by T[7], which indicates the theory with a coupling 7. The
symbol T can denote a theory as e.g. a collection of correlation functions, or
a sector of a specific theory such as the infrared.! Let us make this idea more
precise in two examples.

One example carried throughout this introduction is NV = 4 SYM, for in-
stance with gauge group SU(N). This theory enjoys superconformal invariance,
and has a complex one-dimensional N' = 4 supersymmetry-preserving confor-
mal manifold. A conformal manifold is the space of couplings of a conformal
field theory (CFT) to exactly marginal operators, and thus can be understood

'We want to stress that the notions introduced below should be understood as schematic,
rather than precise.



as the space that parametrises a CFT. For N' = 4 SYM, this conformal mani-
fold may be parametrised by the complexified gauge coupling 7 (1.1). Thus an
observable O in N’ = 4 for fixed rank N depends only on 7, and as such is a
function O(7). Then by Ty —4[7] we mean the collection of observables O(T).

The main focus of this thesis is on A/ = 2 supersymmetry, which is not su-
perconformal unless it is coupled to matter in specific representations. As will
be discussed in detail below, N' = 2 gauge theories have a moduli space of in-
equivalent vacua, a component of which is the Coulomb branch. The Coulomb
branch can be parametrised by order parameters u;, which are functions of the
low-energy effective coupling 7. As an example, in this context, by Ty—z[7] we
could mean such a function u;(7).

By comparing T [1] and 7T [73], we can use the “map” 7 to test whether two
couplings 77 and 7, generate two different theories or two equivalent theories.
For instance, in N' = 4 SYM “equivalent” means that correlation functions
take the same values, and thus give rise to equivalent dynamics of the theory.
This idea naturally leads to the

Definition 1 (Fundamental domain). For a theory T with space of couplings
M, a fundamental domain F[T| is a subset of M with the property that

e for any coupling T & F[T], there exists a 7" € M such that T|r] = T[7],
and

e for any two couplings 7,7 € F[T]| with T # 7" we have that T 1] # T[r'].

Let us now assume that a group G 3 g acts on the coupling 7, which we
denote by g - 7. If
Tlg-7|=TI7] (1.4)

for all g € GG and for all 7 € M, then we say that G is the duality group of the
theory T for the action on the coupling 7 € M. When the theory has such a
duality group G, there is different way to formulate a fundamental domain, as
two couplings in M can be compared as follows:

Definition 2 (Fundamental domain). Let T be a theory with space M of
couplings and duality group G acting on M. Then F[T] is a fundamental
domain, if

o for any T & F[T), there exists a g € G such that g - 7 € F[T], and

e for any two distinct 7,7 € j-:[T], there is no g € G such that 7' =g - .

Fundamental domains are in general not unique, and there is no canonical
choice. For families of theories that are related by deformations, such as super-
symmetric quantum chromodynamics (SQCD), fixing a frame for the choice of
fundamental domains becomes important, since also the fundamental domains
must be related by certain deformations.



An important class of dualities are those which have a nontrivial action on
the gauge group. For instance, Montonen—Olive duality of N'= 4 SYM in gen-
eral is a symmetry which under a generalised S-duality 7 — —% replaces the
gauge group G with its so-called Landlands dual group *G, where ng = 1,2,3
is an integer that depends on G. For instance, for G = SU(N), the Langlands
dual is “SU(N) = SU(N)/Zy, while LU(N) = U(N) is Langlands self-dual.
When the gauge group G is not Langlands self-dual, the S-transformation
is interesting because it explains the strong coupling dynamics in terms of a
weakly coupled description of a different theory with gauge group “G. Du-
alities affecting the gauge groups are not restricted to AN/ = 4, they are also
found in N/ = 2 supersymmetric theories [21,33,34]. In our schematic setup
introduced above, we will only consider the cases where the duality keeps the
gauge group fixed.

In this thesis, we will mainly focus on the case where M is a subset of the
upper half-plane H, (1.2). On H there is a natural group action of SL(2,Z) or
any subgroup thereof, as defined in (1.3). For such subgroups, the definition
2 for a fundamental domain is widely used in the literature of modular groups
and automorphic forms. From the generators of a group, there is an algorithm
that draws a certain choice of fundamental domain (see Appendix A.3).

We find many examples where ¢ -7 is not a linear fractional transformation
for G 5 ¢ an honest group, and the action needs to be properly generalised.
Then definition 1 can be used instead of definition 2. This distinction will be
made clear in this thesis.

Let us briefly return to the above example of N = 4 SYM, whose duality
group is SL(2,Z) acting on the coupling 7 € M = H through the transforma-
tion (1.3).” The duality can be encoded in the equation

Tn=aly - 7] = T=al7], (1.5)

which is a formulation of the Montonen—Olive duality. This allows to extract
the physical consequences of the duality based on SL(2, Z) spectral theory [35].
For the duality group SL(2,7Z), there is a standard choice of fundamental
domain F, which is given in Fig. 1.

From definition 2, it can be understood as follows. For some 7 = x+iy € H,
x € R is a real number. As such, there exists a unique n € 7Z such that
T+4n € [—3, 1) lies in the unit interval between +3. Using the action (1.3), we
can write 7 +n = T"7, and the SL(2,Z) element 7" maps 7 inside this strip.
This implies that a fundamental domain F for SL(2,7Z) must be contained in
the strip —3 < # < 5. On the other hand, if |7| < 1, then | — 1/7| > 1. This
can be seen by writing a complex number as an absolute value times a phase.
Consequently, F must be contained in the region defined by || > 1. The

2We ignore several important aspects (such as modular weights, multiplier systems, 't Hooft
fluxes, spin structures, non-holomorphicity, modular anomaly, line operators etc.) in order
to give a pedagogical example.



Figure 1: The key-hole fundamental domain F of SL(2,7Z). The vertical sides are identified,
as well as the two halfs of the boundary arc on the unit circle.

intersection of both constraints from the 7" and S transformations precisely
gives the fundamental region in Fig. 1.

This explanation follows the construction of a fundamental domain as given
in Appendix A.3: First, we write down a list of generators for the group. The
modular group SL(2, Z) is generated by T and S. The generator fixing 7 = ioo
is T', and determines a vertical strip of width 1, say from —% to +%. The S-
transformation then reflects the argument on the half-circle S! N H around
7 = 0 with radius 1. The half-circle defines an “interior” and “exterior”,
depending on whether a number is contained in the disk bounded by the unit
circle or not. A choice of fundamental domain is then given by the intersection
of all exterior regions with the strip defined by the element fixing 7 = i0c0. For
SL(2,7Z), this gives precisely Figure 1.

1.3 Modular forms

A powerful tool to study dualities are modular forms. Modular or automorphic
forms are functions that satisfy a functional equation such as (1.4) or generali-
sations thereof. A part of their importance comes from the fact that if certain
growth conditions are included in the definition, they live in finite-dimensional
vector spaces. This gives powerful constraints on their behaviour, while still
being rich enough to encode nontrivial information. In this section, we present
basic aspects of modular forms and modular functions. For a pedagogical in-
troduction, we refer to the references in Appendix A.

Modular forms for SL(2,7Z) are defined as follows:

Definition 3 (Modular form). Let k be an integer. A function f : H — C is
a modular form of weight k, if



e fis holomorphic in H,
o f(y-7)=(ct+d)"f(7) forally= (%) € SL(2,Z) and all T € H,
e f is holomorphic at co.

The space of modular forms for a fixed weight & is a vector space over H,
and the third condition makes it finite-dimensional. For v =T = (} 1), the
functional equation becomes f(7 + 1) = f(7). This shows that f admits a

Fourier expansion
o0

Fr)=> anq", (1.6)
n=0
where ¢ = €2™7. The Fourier coefficients a,, € C encode the same information
as the function f itself, and in many interesting cases are in fact integers. The
expansion (1.6) does not contain terms with nonzero a,, for negative n, since
for 7 — i0o we have ¢ — 0, which would give a pole for f as 7 — i00.
When v = —1 in Definition 3, then f = (—1)*f implies that the only odd
weight modular form for SL(2,Z) is the zero function. For even k, a class of
examples are the Eisenstein series. They can be defined as the g-series

Ey(r)=1- 2k > ori(n)q", (1.7)

with og(n) = > din d* the divisor sum and By, the Bernouilli numbers. For E,
and Fg, the Fourier series reads

Ey(r) = 1+ 240q + 2160¢2 + 6720¢° + 17520¢" + O(¢"),

) \ ! i (1.8)
Ee(1) = 1 — 504q — 16632¢> — 122976¢° — 532728¢" + O(¢°).

It can be shown that for k& > 4 even, Fj is a modular form of weight k& for
SL(2,Z). For k = 2, E, is a so-called quasi-modular form, which means that
the SL(2,7Z) transformation includes a shift in addition to the weight factor
(see Appendix A.1).

If we denote the finite-dimensional vector space of modular forms of weight
k for I' = SL(2,Z) by M(I"), the direct sum

M,(T') = €D My(T) (1.9)

can be shown to be an algebra over C: A modular form can be multiplied
by a complex number, the sum of two modular forms of the same weight is
a modular form, and the product of two modular forms of weight & and £’ is
a modular form of weight k£ + k’. This gives a simple way to construct new
modular forms. One can show that for I' = SI.(2,Z), M,(T") is freely generated
by E, and Fg. This implies in particular that the Eisenstein series of weight
8 and larger can always be written as sums of products of £, and Eg. For
instance, it is easy to confirm that E? = Es, E4Es = Ejg, etc. A proof of
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these identities is given by the insight that the vector spaces My (I") are finite-
dimensional, and as such it is enough to compare a finite number of Fourier
coefficients on both sides of the equation.

These relations furthermore predict an infinite number of functional iden-
tities among the Fourier coefficients of Ej, which are given by the divisor
sums ox(n). In this way, many problems in number theory can be cast into
problems involving identities of modular forms. For instance, the divisor
sum enjoys a multiplicative property: whenever a and b are coprime, then
or(ab) = op(a)og(b).

A natural question suggested by (1.9) is whether the ring structure also
admits a division. In particular, if two functions f and f’ have weight k, then
f/f has weight 0 under SL(2,Z). However, since for a nonzero holomorphic
function f : H — C, the inverse 1/f is generally meromorphic (i.e. it contains
poles), the definition 3 needs to be adapted.

Definition 4 (Modular function). A function f : H — C is called a modular
function, if

e f is meromorphic in H,
o f(y-7)=f(r) for all v € SL(2,Z) and all T € H,

e f is meromorphic at oo, i.e. the Fourier series is of the form f(r) =
> anq™ for some m € Z.

n=-—m

From the generators E; and Eg of M,(T"), the simplest modular function
that can be constructed is a quotient of two modular forms of weight 12, which
is the least common multiple of 4 and 6. One such quotient is the modular
J-invariant,

123E3
= 2 1.10

which is a modular function for SL(2,Z),
Jjly-1)=7(7), v € SL(2,Z). (1.11)
Its Fourier coeflicients
G(T) = ¢~ + 744 + 196884q + 21493760¢* + O(¢*) (1.12)

enjoy a remarkable relation to group theory, a phenomenon called monstrous
moonshine [36]. It can be proven that the Fourier coefficients are the dimen-
sions of the graded part of an infinite-dimensional algebra representation of
the monster group M, the largest sporadic simple group of order ~ 10%*. The
Monster vertex algebra can be constructed as a conformal field theory describ-
ing 24 free bosons compactified on the torus induced by the 24-dimensional
self-dual Leech lattice, followed by a Z, orbifold [37].

The j-invariant has many other important properties. First of all, it gen-
erates modular functions for SL(2,7Z). In particular, every modular function
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for SL(2,Z) is a rational function in j, and conversely, every rational func-
tion in j is a modular function. This furthermore enhances (1.9) for weight 0
functions to an algebraic field: If g is a nonzero modular function, then f/g
is a modular function. For SL(2,Z), it can be shown that this function field
can be generated by a single transcendental function, j being an example. Up
to Mobius transformations and normalisations, such a function is unique and
traditionally called Hauptmodul.

Another property of the j-function is that it knows about the fundamental
domain F of its invariance group SL(2,Z): Its fundamental domain obtained
from Def. 1 coincides with the one from Def. 2. In other words, j : F — C is
an isomorphism. This illustrates that in the presence of an invariance group,
for a good choice of test function the definitions 1 and 2 can be equivalent.

For both modular forms and modular functions there is a variety of gener-
alisations that have been studied in great detail. The most immediate generali-
sation is to subgroups of SL(2, Z), in particular the congruence subgroups. The
most common examples are the groups denoted by I'(n), To(n) and I'(n), with
n € N. They are defined through congruences of entries of the 2 x 2 matrices,
for instance

I0(n) — {(“ Z) €SL(2,2)[b=0 mod n} | (1.13)

C

The group I'g(n) is similarly defined as the set of such matrices with ¢ = 0
mod n, while an element ~y of I'(n) satisfies v = 1 mod n for all components.
The importance of those subgroups comes from the fact that certain elemen-
tary functions transform precisely under elements of those groups, rather than
under all of SL(2,Z). The simplest class of modular forms for congruence sub-
groups of SL(2,Z) are arguably the Jacobi theta functions, which are defined
as

T‘EZ‘F?

Is(1) = > _q" ", (1.14)
neL

0a(r) =Y (~1)"g"?
neZ

They transform into each other under the action of SL(2,Z), however they
are invariant themselves under proper subgroups. See Appendix A.1 for the
transformations and further properties.

1.4 Elliptic curves

Modular forms are intimately related to the theory of elliptic curves. An
elliptic curve is a plane algebraic curve, which can be defined as the solution
space {(x,y)} of a cubic equation

E: y? =42® — gox — gs, (1.15)
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where g and g3 are called Weierstrafl invariants. The curve is required to be
non-singular, which means that it should not have cusps, self-intersections or
isolated points. Algebraically, this holds if and only if the discriminant

A = g5 — 2793 (1.16)

is nonzero. The formulation of elliptic curves over the complex numbers corre-
sponds to an embedding of the torus into the complex projective plane. This
follows from the functional equation ©'(2)? = 4p(2)> — g2p(2) — g3 for the
Weierstrafl elliptic function p. The Weierstral function is doubly periodic,
i.e. periodic with respect to a lattice A, and as such can be considered to be
defined on a torus 7' = C/A. The torus can be embedded in the complex
projective plane using the map z — [1: p(2) : $¢/(2)]. This map is an isomor-
phism of Riemann surfaces from the torus to the cubic curve (1.15), and thus
topologically an elliptic curve is a torus. The lattice A generating the torus
can be understood as the linear span of a pair of nonzero complex numbers
aq and ao. This pair defines a smallest cell, which is called the fundamental
domain® of the torus. Geometrically, the torus is then obtained by identifying
the opposite edges of the fundamental domain.

The shape of the domain and thus of the torus is described by the ratio
T = ap/ay, and is the complez structure or the modular parameter of the torus.
It is clear that a different choice 1, B of complex numbers can describe the
same torus. Indeed, this is true if

b
oy _ (@ o) (1.17)
B2 c d) \a
where v = (2%) € SL(2,Z). Since the ratio 7 = as/a; furthermore cancels
overall signs of the vector (a1, as)T, we can ignore overall signs also of v and
identify v ~ —v. In this way, we find the modular group of the torus as the

isometry group PSL(2,Z) acting on the modular parameter 7.
From the curve (1.15) we can compute the J-function

J = 1239—3. (1.18)
A
This quantity is an invariant for isomorphism classes of elliptic curves, meaning
that two elliptic curves have the same J-invariant if and only if they are
isomorphic.

The types of elliptic curves relevant for this thesis are the ones that are
parametrised by a complex variable. A particular class of 1-parameter families
of elliptic curves are the elliptic surfaces. These are obtained by promoting
the Weierstra§ invariants to functions on a base space CP*. Then the elliptic
fibration

E— 8 — CP! (1.19)

3Not to be confused with definition 1 or 2.
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is called an elliptic surface, where CP' can be understood as a compactification
of the complex plane C by adding a point co. When ¢, and g3 are polynomials
on CP', then J : CP' — C is a rational function. Let u denote a coordinate on
CP'. Then (1.18) is a rational function of u, and by the above arguments can
be identified with the modular j-invariant, which is a function of the complex
structure of the curve,

J(u) = j(7). (1.20)

This gives interesting relations between the coordinate u and the modular
parameter 7, which are of central importance for this thesis. See [38-14] for
more details on elliptic surfaces.

1.5 Seiberg-Witten theory

A beautiful synthesis of all the above introduced concepts is the full non-
perturbative solution for the low-energy dynamics of four-dimensional N = 2
supersymmetric Yang—Mills theory with gauge group SU(2), due to Seiberg
and Witten [15,46]. See [8,47-54] for reviews.

Seiberg-Witten duality can be regarded as a lift of the electric-magnetic
duality to N/ = 2 supersymmetric quantum field theory. It however cannot be
a duality analogous to Montonen—Olive duality in ' = 4, for several reasons.
The maximally supersymmetric NV = 4 SYM theory is superconformal, and as
such the gauge coupling is fixed. The pure N' = 2 supersymmetric Yang—Mills
theory has the rather different feature that it is asymptotically free, such as the
non-supersymmetric quantum chromodynamics for example is. Asymptotic
freedom is the property of a theory that causes interactions between fields to
become weaker as the energy scale increases. Correspondingly, the couplings
should be considered as a function of the energy scale A. If duality exchanged
the coupling gyy with its inverse 1/gyy measured at a certain scale A, this
would in general not be true at another scale A’. Thus rather than N’ = 2 SYM
theory itself, we can study its Wilsonian low-energy effective action. Seiberg-
Witten duality is then an exact duality that acts on the effective coupling,
rather than of the microscopic SU(2) theory.

The Seiberg-Witten geometry underlies the Coulomb branch of N' = 2
gauge theory. The N = 2 vector multiplet consists of a gauge field A, a
complex scalar field ¢, and two Weyl fermions A and . They are all in the
adjoint representation of the gauge group G, which we fix to G = SU(2). The
Coulomb branch is the phase of the theory where SU(2) is broken to U(1) by a
vacuum expectation value (vev) of the vector multiplet scalar ¢. The potential
of the theory is V(¢) = g%Tr[¢, ¢']?, and we are interested in the moduli space
of flat directions. These are found by setting

¢:(8 _Oa>, (1.21)

with a a complex parameter. However, note that the Weyl group of SU(2) acts
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on a by a — —a. The gauge invariant order parameter is the Coulomb branch
expectation value of the theory in R*,

= (T (1.22)

which parametrises the moduli space of inequivalent vacua. The renormali-

u

sation group flow generates a quantum scale A, at which the gauge coupling
becomes strong.

The effective action then describes the physics of the remaining massless
U(1) supersymmetric multiplets in terms of a holomorphic function, the prepo-
tential F'. By differentiating the prepotential with respect to the coordinate a,
one finds the magnetic dual period ap = %—5. A further differentiation results
in the low-energy effective gauge coupling
B O*F
= o
which becomes a combination of the effective coupling constant and the effec-
tive theta angle, similar to (1.1). The spectrum of the theory contains so-called

T (1.23)

dyonic states or dyons, which are states carrying electric as well as magnetic
charges. The central charge of such a dyonic state with electric and magnetic
charges v = (1, ne) is given by

Z =77 =npap + nea, (1.24)

where ™ = (ap,a)T is the period vector.

The Seiberg-Witten (SW) solution provides a family of elliptic curves para-
metrised by the order parameter u, whose complex structure corresponds to
the running coupling 7 = £ + %. For the pure SU(2) theory, it is given by

1
y? =2 —ur? + ZA%. (1.25)

The curve provides exact results for the vevs of the scalar a and its dual ap
as period integrals. We have explicitly,

a—/)\, aD—/)\, (1.26)
A B

where \ is a meromorphic 1-form with % = }L/—fdf, and A and B are one-cycles
which form a symplectic basis of the SW curve. The A-cycle corresponds to a
straight line from 0 to 1, while the B-cycle corresponds to a straight line from
0torT.

As a and ap are given by period integrals of a meromorphic 1-form over
the elliptic curve, they satisfy a system of solutions to a set of Picard-Fuchs
equations. This allows to express the periods in terms of hypergeometric func-

tions [55],

(1) | (1.27)

4We momentarily set A = 1.
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At the strong coupling points, the periods w(u) = (ap(u), a(u)) become 7(1) =
(0,2) and (1) = (=%, —2). According to the central charge formula (1.24),
these values confirm that for u = 1, the monopole v = (1,0) becomes mass-
less, while for v = —1 the dyon 7 = (—1,2) becomes massless. The limits
lim, ,+; a(u) depend on the direction from which £1 are approached, which is
due to the branch cut in the hypergeometric function [55].

The curve (1.25) is not in Weierstrafl form (1.15) yet, however by rescaling

r—x+ % and y — §, we find
y? =42’ — (3u® — A%z — (S’ + fun?) (1.28)
from which we can read off the Weierstrafl invariants
g2 = 3u* — A4, g5 = 2u’ + TuA’. (1.29)
Using (1.18), we can then compute the J-invariant

(4u® — 3)°
w-1 7

J(u) = 64 (1.30)
which is a rational function of the dimensionless quantity u = 5, as a conse-
quence of the SW curve (1.25) being a rational elliptic surface.

1.6 Fundamental domains

By identifying the [J-invariant of the SW curve with the modular j-invariant
as in (1.20), the order parameter u is related to the coupling 7 through

J(u(r)) = j(7). (1.31)

Naively, u(7) should be invariant under SL(2,Z), since j(7) is (see (1.11)).
Below, we will show explicitly that this is not true. Acting with SL(2,7Z) on
(1.31) leaves the rhs invariant, and so must be the lhs. Since J(u) is a rational
function, this implies that for any v € SL(2,Z) there exists a function h,
such that u(y - 7) = h,(u(7)), which is subject to the constraint that J(u) =
J(hy(u)). In order to see this, let us solve the relation (1.31) for u. Using
(1.30), we can write (1.31) as a sextic polynomial equation

(u? —1)j — 64(4u”® — 3)* =0, (1.32)

where we suppress the 7 dependence of u and j. Since the sextic equation

2

contains only even powers of u, it is a cubic equation in u® and can thus be

solved exactly. One particular solution is

e 2 v9j B (VBTG 72)j+ 12,
8V3 i/(ﬁ\/w_'?Q)j_'— \/( >j+

(1.33)
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such that u contains square and cube roots of modular functions. The other
five solutions take a similar form. Generally, roots of modular functions are not
modular, since roots induce branch points at zeros of the modular functions,
thus spoiling the holomorphicity. However, here this is not the case. From the
g-expansion of the j-invariant (1.12), we can easily compute the Fourier series

1
u(r) = —g (a1 +20¢"" = 620" + 2166 + O(g"™")). (1.34)

It appears that up to a simple normalisation, all Fourier coefficients are inte-
gers. Considering (1.33) with convoluted roots which generally induce rational
coefficients with growing denominators, this might be rather surprising. In
fact, the g-series (1.34) is known in the mathematics literature as the McKay-
Thompson series of class 4C for the Monster group [36,56-58]. As such, it is
an example of a replicable function (see Appendix A .4 for a definition). It can
be checked to arbitrary order that the g-expansion (1.34) agrees with that of

(r) = _1192(7')4 + 93(7)*
T T 0, (n)205(r)2

(1.35)

where the Jacobi theta functions are defined in (1.14). Using the formulas given
in Appendix A.1, one may check that this function is not invariant under the
generators 1" and S of SL(2,Z). For instance, under S the functions v and 04
are interchanged, while ¥3 is invariant (ignoring the modular weights, which
cancel in this expression). Using the Jacobi identity 93 + 9] = 93 we can then
eliminate one theta function to obtain the action of the S-transformation on
(1.35),
hs(u) = 2u(u—+vu2—1) -3 '
2y/2u (VaZ =1 —u) +2

We notice that i, does not necessarily need to be rational. We can furthermore
confirm that J(hs(u)) = J(u), which is expected from (1.31). This shows that
u is not a modular function for SL(2, Z), but solving (1.31) for u instead breaks
SL(2,Z) into a subgroup.

Indeed, u can be shown to be a modular function for the congruence sub-
group I'Y(4) of SL(2,Z), which we have defined in (1.13). The group I'°(4) is
generated by T and ST~!S, and it can be checked explicitly using the for-

(1.36)

mulas given in Appendix A.1 that u is invariant under these transformations.
Furthermore, it is known that u is a Hauptmodul for T'°(4), and as such it is
an isomorphism u : H\I'’(4) — C. The quotient Fy := H\I'’(4) is the funda-
mental domain for T°(4), and a particular choice can be drawn as explained
in Appendix A.3, and we plot it in Fig. 2. The function (1.35) makes precise
in which way its inverse 7(u) is multi-valued: For any given 7 € Fy, we can
compute the infinite discrete set of couplings I'’(4) - 7, which all give rise to
the same vacuum u(7) and thus to the same dynamics.

Since u : Fy — C is an isomorphism, the Coulomb branch can equivalently
be understood from the fundamental domain. From (1.30) it is clear that the
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Figure 2: Fundamental domain of I'°(4). This is the duality group of the pure SU(2) theory.
The two cusps on the real line correspond to the strong coupling singularities of the gauge
theory, while the cusp at 7 = 700 corresponds to weak coupling.

theory becomes singular at precisely three points: u = co and u = +1. At
large 7, u is large and describes the weakly coupled region. The asymptotics
and monodromy can be found from the one-loop prepotential. At 7 = 0 and
T = 2, the low-energy theory becomes singular since either the monopole or
dyon, which were integrated out in the effective theory, becomes massless.
These are precisely the two points where the elliptic curve (1.30) degenerates,
and they correspond to u = —1 and u = 1. This can be confirmed by studying
the g-expansions of the S and T2S transformations of (1.35).

The duality group I'°(4) can be equivalently found by studying the action
of the monodromies on the Coulomb branch. Combining the periods a and ap
to the period vector m = (ap,a)” has an important property: They constitute
a holomorphic section of a flat SL(2, Z) bundle, which are characterised by the
monodromies around the singular points u = oo, u = £1:

-1 4 1 0 -1 4
o= (o0 ) = (0 0) (D)) e

They satisfy the important consistency property M, = M_1M ;. Since the
start and end point of a loop around a singular point coincide, the monodromies
must leave u invariant, and the same must be true for the action of (1.37) on
the coupling 7. Indeed, the monodromies (1.37) are in T%(4), under which u is
invariant.

In view of the fact that the monodromy matrices (1.37) generate a subgroup
of SL(2,7Z), it is not surprising that u should be a modular function of .
However, from the derivation of (1.35) from (1.33) this is not obvious. In fact,
the presentation here has been chosen to demonstrate that this property is
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quite special and should be appreciated. One result of this thesis is that when
the theory is generalised in various directions, such a correspondence

pure V' =2 SU(2) SYM <«+— TI°(4) (1.38)

of the theory and its duality group can not be found in general. The arguably
simplest generalisation is the inclusion of a massless hypermultiplet in the
fundamental representation of SU(2), for which the SW curve was found in [416].
In section 2.4, we give at least five explanations why such a correspondence
(1.38) does not exist for that theory, and thus does not exist in general. Rather,
we generalise aspects of the notion of a duality group to fundamental domains,
and then the correspondence (1.38) can be made precise.

Let us instead study why the surface (1.25) is special, and gives rise to
a modular function. One reason is that the elliptic surface for pure SU(2)
SYM is a modular elliptic surface. Such surfaces were studied in [40] and
classified in [38]. In fact, all rational elliptic surfaces are classified through their
configuration of singular fibres. Singular fibres are the loci of elliptic surfaces
where the discriminant vanishes. As discussed above, for the SW curves these
are u = oo and u = +1. Every singular fibre has an associated Kodaira type,
which is characterised by the order of vanishing of the Weierstrafl invariants
(see Appendix A.6G). The singularities u = +1 correspond to an I; singularity,
while the singularity u = oo corresponds to an I singularity. The Kodaira
configuration of the pure SU(2) theory is thus (I],2/;), which is known to be
a modular elliptic surface [38].

The singularity configuration (I}, 21;) is closely related to properties of the
fundamental domain as plotted in Fig. 2: The cusp 7 = 100 has width 4, while
there are two cusps 7 = 0 and 7 = 2 of width 1. The precise definition of a
cusp and its width is given in Appendix A.3. From a fundamental domain such
as the one in Fig. 2, the widths can be read off from the number of copies of
F that taper to a cusp. Furthermore, when a Hauptmodul for the subgroup is
known, then the width is given by the smallest 7-periodicity of the g-expansion
around a cusp. From (1.34) it is clear that at 7 = ico this is 4.

Finally, there is an algebraic explanation, which is slightly more technical.
Let us assume that f is a modular function for a congruence subgroup I' of
PSL(2,Z). Then it is known that f is the root of a polynomial over the al-
gebraic field C(PSL(2,7Z)) of modular functions on PSL(2,Z). A proof of this
statement can for instance be found in [59], and is based on the following obser-
vation: If T'is a congruence subgroup of PSL(2, Z), then PSL(2,Z) = Jj_, a,T,

where a; € PSL(2,Z) for j =1,...,n are coset representatives, with n the in-
dex of ' in PSL(2, Z). We can construct a function g(7) = [[_, (f(ey7) — X),

with some constant X. Since PSL(2,Z) transformations merely permute the
coset representatives «;, g is a modular function for PSL(2,Z). If we consider
this expression as a polynomial P(X) = []}_,(f oca; — X) € C(PSL(2,Z))[X],
then every coefficient must be a modular function for PSL(2,7Z). This shows
that f is a root of the polynomial P(X) whose coefficients are modular func-
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tions for PSL(2,Z). We discuss this aspect in more detail in Appendix A.5.
What is clear from the above discussion is that the sextic equation (1.32) con-
structed from the SW curve is one example of such a polynomial whose roots
are PSL(2, Z)-transformations of the modular function u. We study generali-
sations of this aspect in great detail in section 2.

1.7 Topological QFT

Topological quantum field theory has been one of the most important con-
tributions to mathematical physics in the 20th century, with a fruitful in-
terplay between ideas from physics and mathematics [29,60,61]. Tt provides
many insights into non-perturbative aspects of quantum field theory as well
as low-dimensional topology [52,62-69]. One example is Donaldson-Witten
(DW) theory, which is a topological formulation of the A/ = 2 supersymmetric
Yang—Mills theory on an oriented smooth four-manifold X (see [52] for an in-
troduction). Its equivalent IR (long distance) counterpart is an abelian theory,
where Seiberg-Witten geometry dictates the physics [61]. One of the most im-
portant insights is that the classical Donaldson invariants can be derived from
the Seiberg-Witten solution to N' = 2 supersymmetric Yang-Mills theory with
gauge group SU(2) [61,70-73]. In the seminal paper [73], the path integral of
DW theory was found as

Zpw = Zy + Zsw, (1.39)

where Zgw denotes the generating function of SW invariants of the four-
manifold [71], while Z, denotes the contribution to Zpw from the Coulomb
branch of the low-energy effective U(1) theory, the so-called u-plane. The u-
plane and its contribution to the path integral were studied in detail in [73-76].
The u-plane integral Z, is of particular interest since it is non-vanishing only
for four-manifolds with b3 (X) € {0,1}. In turn, such four-manifolds are of
particular interest since they are candidate topologies that probe the Coulomb
branch of the theory.

Recently, interest in DW theory, and in particular the u-plane integral,
was revived due to observations relating the latter for special four-manifolds
to the theory of mock modular forms and harmonic Maass forms [77,78]. For
more generic compact four-manifolds, it was later reformulated in terms of the
modular completion of a mock modular form [79-806].

One motivation of this thesis is to study correlation functions for topological
theories other than the pure A" = 2 SYM. Many results were already obtained
in the 1990s, for instance the generalisation to higher rank gauge groups [37],
massless QCD [88], superconformal theories [66,89], extensions to non-simply
connected four-maniolds [76,90], etc. The formulation and computation of
such wu-plane integrals has remained a challenge, and an explicit evaluation
for arbitrary four-manifolds and general 4d N/ = 2 theories has not yet been
achieved.
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The rest of the thesis is structured as follows. In the following section 2,
we discuss the generalisation of the aspects introduced in section 1.6 to the
asymptotically free N' = 2 supersymmetric QCD with gauge group SU(2).
We argue that the correspondence (1.38) does not exist when hypermultiplets
are introduced, and instead propose an alternative formulation in terms of
fundamental domains that do not correspond to subgroups of SL(2,7Z). The
obstruction is described precisely by a locus of branch points, which renders
u(7) non-holomorphic and thus non-modular. The branch points are closely
related to other Coulomb branch functions such as Z—Z or the discriminant
through a generalisation of Matone’s relation. We demonstrate our claims in
a plethora of examples that we work out explicitly.

In section 3, we discuss the four flavour SU(2) theory, which is superconfor-
mal up to mass terms. While often it is studied in the massless limit, allowing
for generic masses gives a more intricate structure of the Coulomb branch,
where the symmetry group provides an interesting permutation of special mass
configurations. This allows us to find nontrivial examples of bimodular forms
and vector-valued bimodular forms.

In section 4, we then move on to the SU(3) theory, where the Coulomb
branch is complex two-dimensional. For pure N' = 2 SYM, we demonstrate
that there is a map from the genus two SW curve to elliptic (i.e. genus one)
curves, which allows to study the Coulomb branch geometry using elliptic
modular forms. For the locus where mutually local dyons become massless, we
find a natural generalisation of the domain 2 for the pure SU(2) theory. For
the locus containing the superconformal Argyres-Douglas vacua on the other
hand, we find a fundamental domain for an Atkin-Lehner group, which is a
subgroup of PSL(2, R) rather than PSL(2,7Z). This is due to the fact that this
locus gives rise to a non-rational elliptic surface.

In section 5, we consider the topological twists of the theories studied in
section 2 and 3, mainly focusing on the asymptotically free theories. The
fundamental domains for the effective gauge coupling can be understood as
integration domains for topological correlation functions. One of the key ideas
of the map from the a-plane to the fundamental domains is that the integrand
becomes a modular function of 7. This allows us to prove that the integrand is
single-valued under modular transformations, which is an important and non-
trivial consistency check of the topological theory. We also present a formula
for the evaluation of such correlation functions.

Finally, in section 6 we study the Donaldson-Witten theory on non-simply
connected four-manifolds X. By adding a certain sum of Q-exact operators, we
show that correlation functions can be computed using mock modular forms.
This generalises recent results on the case where b;(X) = 0.

We conclude in section 7, with giving directions for future research and
suggesting extensions and applications of our results to other theories. In
Appendix A, we finally collect properties and definitions of modular forms
and elliptic curves, which are of fundamental importance for this thesis.
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2 Asymptotically free N =2 QCD

In this section, we study the duality and modularity of N' = 2 SYM with N; =
0,1,2,3 hypermultiplets in the fundamental representation. These theories
have a negative one-loop beta function and thus are asymptotically free. This
section is mainly based on [2], while parts of section 2.2 are based on [5] and
parts of section 2.6 are based on unpublished work.

2.1 Introduction

A manifestation of S-duality or strong-weak coupling duality is the equiv-
alent dynamics of a quantum field theory at distinct values of its coupling
constant [19,45,91-93]. A natural question for such a quantum field theory
is the determination of a domain for the coupling constant parametrizing in-
equivalent quantum field theories. In this section, we address this question
for asymptotically free N' = 2 Yang-Mills theories with gauge group SU(2)
and Ny < 3 fundamental hypermultiplets. To this end, we consider the order
parameter for the Coulomb branch, which is a function of the running coupling
7 invariant under S-duality [45,46,94-97]. We put forward a fundamental do-
main Fy, for 7 such that the function is one-to-one. Part of our motivation
is the u-plane integral [73,74], which is a physical approach to Donaldson in-
variants and other topological gauge-theoretic invariants of smooth compact
four-manifolds. This approach involves an integral over the Coulomb branch of
the theory. Recently, the change of variables from u to 7 has been instrumen-
tal for the evaluation of the integral for generic four-manifolds [76-86, 98, 99],
which suggests a potential fundamental role for this parametrisation of the
Coulomb branch.

The Coulomb branches of the rank 1 theories mentioned above are complex
one-dimensional, and parametrised by the Higgs vacuum expectation value
u = ——(Tr¢?), ¢ being the complex scalar of the N' = 2 vector multiplet [416]

1672
(see [8,47] for a review). In general, these order parameters are functions of the

running coupling 7, the masses m; of the hypermultiplets and the dynamical
scales Ay, generated by the renormalisation group flow.

Compared to the pure SU(2) case, in the massive theories with Ny < 3, we
find a number of new phenomena. To study these theories, we consider their
order parameters as roots of certain degree six polynomials constructed from
the Seiberg-Witten (SW) curves. These polynomials in turn encode many
of the interesting structures of the Coulomb branches. For example, their
ramification loci include the Argyres-Douglas (AD) theories, where the curves
degenerate, as well as branch points. We show that the fundamental domain
of u can be described as six or less copies of the corresponding fundamental
domain of the full modular group SL(2,Z) as displayed in Figure 1. The cusps
of these domains correspond to the singularities of the physical theory and the
width of each cusp to the number of hypermultiplets becoming massless there.
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The images of the SL(2,Z) fundamental domains under the map u(7) provide
intriguing partitions of the u-plane. See for example Figures 5, 6 and 9

Since the polynomials are order six in w it is in general not possible to
find the roots, and solve for u in terms of the coefficients. Only for special
configurations of the masses, e.g., equal masses in Ny = 2 and one non-zero
mass in Ny = 3, the polynomial splits over the field of modular functions
for a congruence subgroup of SL(2,7Z), and we can thus find explicit closed
expressions for u in terms of known modular forms, reproducing and extending
previous results [88, 100-103].

For generic choices of the masses, the function u(7) gives rise to branch
points 7y,,, where u — u(7pp) ~ /T — Top + ... does not return to itself as 7
encircles 7. While the branch points, and the inevitable branch cuts, obstruct
the identification of Fy, as a quotient I'\H with I" a congruence subgroup, they
provide a mechanism for Fy, to evolve as function of the mass. More precisely,
the branch points move in the domain Fy, upon varying the masses, and the
domain Fy, is literally cut and glued along the branch cuts. This provides a
way to analyse how the domain evolves as function of the masses. We have
studied this phenomena in detail in the following limits:

e Decoupling of a hypermultiplet:

A hypermultiplet decouples in the limit that its mass goes to infinity,
m — oo. We demonstrate that in this situation, a branch cut disconnects
(or cuts) the strong coupling cusp associated to this hypermultiplet from
the rest of the domain. At the same time, the sides of the branch cut
are identified to the sides of another branch cut. In this way, the strong
coupling cusp is glued back to the weakly coupled cusp, near ico, where
these branch points and cuts disappear in the limit m — oo. As a
result, the periodicity at 700 increases by 1 in the limit, while the cusp
has disappeared from the strongly coupled region. This is displayed for
Ny =1 in Figures 10.

e Merging of local singularities:

For a generic choice of masses, the theory with Ny hypermultiplets has
Ny + 2 distinct strong coupling singularities in the u-plane, where dyons
become massless and the effective field theory breaks down. By tuning
the masses to special values, the singularities for [ mutually local dyons
can merge in the u-plane. We demonstrate that such cases give rise to
a cusp with width [ > 1 in Fy,. Moreover, when perturbing away from
such a special value of the masses, we find that two branch cuts develop
from the cusp, which disconnect the singularity in Fy,. This is displayed
for Ny = 2 in Figure 12,

e Merging of non-local singularities (AD theories):
The dynamics is quite different if we tune the masses to special values
where singularities corresponding to non-local dyons collide in the u-
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plane. Such singularities give rise to superconformal Argyres-Douglas
(AD) field theories [104-109]. In such a situation, we find that two
branch points in Fy, typically come together and annihilate at the pre-
image 7ap of the AD singularity uap. The two branch cuts join at
Tap in the interior of TNy and disconnect a region from Fn; with the
“non-local” cusps. Thus Fy, consists then of < 6 copies of the SL(2,7Z)
fundamental domain, and the AD point is in a sense a remnant of the
disconnected region. On the other hand if we take the appropriate scaling
limit near the CFT point [105], we find that the disconnected region is
a fundamental domain for the order parameter of the AD theory. If
no other branch points remain in Fy,, the order parameters become
modular functions for a congruence subgroup.

Let us briefly return to the u-plane integral. The change of variables from
u to T, gives rise to the factor du/d7 in the integrand. Interestingly, du/dr can
be expressed in case of the Ny = 0 theory in terms of the discriminant A and
du/da [73], which is a consequence of a relation between the prepotential and
w [100,110]. Up to numerical constants, A and du/da are precisely the two
gravitational couplings of the topological theory [72,111], such that du/dr is
naturally included. Extending previous work on the massless Ny < 3 [88], we
derive a further generalisation for all cases Ny < 4 with generic masses. We
also discuss how this relation encodes interesting information on the special
points of the Coulomb branch, specifically the branch points.

2.2 Fundamental domains

In this section, we develop techniques to determine a fundamental domain for
the effective coupling of asymptotically free N’ =2 SU(2) SQCD.

2.2.1 The SW solutions

We recall a few essential aspects of the SW solutions for these theories, which
we use to analyse u as function of 7. The gauge group SU(2) is spontaneously
broken to U(1) on the Coulomb branch. The order parameter for this branch
is the vev u, defined as

U= T (Tr %) g4 € By, (2.1)

where the trace is in the 2-dimensional representation of SU(2). Topologically,
By, is the complex plane C minus 2 + N singular points (for generic masses).

The scalar field related to the photon in the low energy effective field theory
is a, while ap is related to the dual photon. The SW solution identifies these
fields as periods of a specific differential A\ over two dual cycles, A and B, of
an elliptic curve with complex structure 7,

a:/)\, aD:/ A (2.2)
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To list the SW curves of the theories with Ny < 3 hypermultiplets, let Ay,
be the scale of the theory with N; hypermultiplets, and m;, j = 1,..., Ny be

the masses of the hypermultiplets. The SW curves of the theories are given
by [46]°

1
Ny=0: y2:x3—ua:2+1/\3x,

1 1
Ny =1: y? =2 (x —u) + ~mAjx — a/\?,

4
1 1 1
Ny=2: y°=(2*—- a/\é)(w —u) + ZmlmgAgx - a(mf +m3)A3,
1
Ny=3: y=a*r—u)— 6—4A§($ —u)? — 6—4(m% +m3 +m3)A3(z — u)
1
+ Z—lmlmgmgl\gx — 6_4( ¥m3 + mam3 + mim3)A;3.

(2.3)
The family of SW curves are Jacobian rational elliptic surfaces with singular
fibres [39,40, 114, 115]. Rational in this context means that g, and g3 are
polynomials in u of degree at most 4 and 6, respectively [116].
Decoupling a hypermultiplet corresponds to the following double scaling
limit [117]

mj — 00, Ay, =0, mjA?V;Nf = A?V;(_Aif*l) (2.4)

One can directly decouple more than one hypermultiplet, where the scales of
the low energy theories are defined as

A(2) = mAQ, Aé = 77’l3/\37 A? = m2A3, (25)

and m is the equal mass of the hypermultiplets being decoupled. These curves
are constructed in such a way that their mathematical discriminants will, up
to an overall normalisation, correspond to the physical discriminant. This we
define as the monic polynomial,
Nf+2
Ay, = H (u — w), (2.6)
i=1
with u; being singular points of the effective theory, where hypermultiplets
become massless. It is a polynomial of degree deg Ay, = Ny 42 in u.” To
see this, we bring the SW curves (2.3) into Weierstrafl form by shifting x —

2
T+ i+ %53%«’ and rescaling y — y/2,

W: > =42°—gx — gs, (2.7)

5There are other formulations of the SW curve. For example the class S form is z2 =

PN, (2,u, An,,m) [20,112,113]. This has the advantage that the SW differential is canon-
ically determined as A = xdz. The analysis in the present section still holds for these
formulations.

6One important note is that in [45] another convention is used for the curve of the pure
theory. This gives the duality group I'(2) rather than I'°(4) as in the above. The I'(2)-
convention, however, turns out to not be suitable for the discussion in this section due to
multiplicities of the singularities of the curve.
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where gy = ga2(u,m,Ay,) and g3 = g3(u,m,Ay,) are polynomials in u,
m = (my,...,my;) and the scale Ay,. The discriminant Ay, is unchanged
for this change of variables, and equals

Ay, = ()N AL (g3 - 27 g3), (2.8)

where the last factor is the “mathematical” discriminant. The functions g
and g3 can be combined to an absolute invariant 7,

g5

=122
7 93 — 2793

(2.9)
As opposed to go and g3, J is invariant under admissible changes of variables.
Two curves are isomorphic if and only if they have the same absolute invariant
J. Since go(u,m,A) and g3(u, m,A) are polynomial functions of u, m and
A for the SW curves, J is naturally a rational function J(u,m,A) of these
variables. On the other hand, the modular Weierstrafl form expresses J in
terms of the complex structure 7, namely as the modular j-invariant j(7) (see
(A.9) for a definition).

J(u,m,\) = j(7). (2.10)

This allows to obtain u as function of 7, which is physically the effective
coupling constant. Cusps are points where j(7) = oo, which correspond to
7 € {icc} UQ. The j-function has fundamental domain F = SL(2,Z)\H,
which is typically taken to be the key-hole fundamental domain displayed in
Figure 1. In other words, the function j : F — C is a bijective map.

2.2.2 Partitioning the upper half-plane

We are interested in determining the fundamental domains Fy, for the effective
coupling 7 for a theory with 0 < N; < 4. Let us consider u as a function,

u: H — By, (2.11)

and study the analytic properties of this map. We will discuss later the depen-
dence of Fy, on the masses m, which we will make manifest in the notation
as Fn,(m) or more compactly F(m). We find that for Ny > 1 and generic
masses the duality group does not act on 7 by fractional linear transforma-
tions. This prevents us from defining a fundamental domain as is customary
for a congruence subgroup I' of SL(2,Z): For any point 7 € H there exists
a g € I' such that g -7 € I'\H, and no two distinct points 7, 7/ in I'\H are
equivalent to each other under I'. Rather, we can compare if points 7, 7" are
equivalent under (2.11): If we define the equivalence relation

T~ T <= u(r) =u(r), (2.12)

then the quotient set H/~ is a fundamental domain Fy, for the function w.
Upon plotting Fy, as a domain in H, we will have to introduce identifications
along co-dimension 1 segments as for F in Figure 1.
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To determine Fy,, we bring (2.9) into a more convenient form. We multiply
(2.9) by A ~; and bring all terms to one side. This gives the sextic polynomial,

Py, (X) = (g2(X,m, A)® — 27g3(X, m, \)?) j — 12°go(X)°

) . (2.13)
:O,(;X +CL5X +...+(1,1X—|—0,0,

where the coefficients a; = a;(m, A, j) are polynomial functions of m, A, and
the j function, a;(m, A, j) € C[m,A,j|. The polynomials (2.13) can thus be
viewed as polynomials over the field C[m, A, j]. As discussed in Appendix
A5, roots to such polynomials can be considered as algebraic modular forms,
generalising the well-studied class of classical modular forms for congruence
subgroups of PSL(2,Z).

We see that (2.9) is equivalent to Py, (u) = 0 for Ay, # 0, or in other words,
away from the singular locus of the theory. The roots of Py, can therefore be
identified with the order parameter of the corresponding SW curve. Recall
that we can assign U(1l)g charges [u : m; : z : y] = [4: 2 : 4 : 6] to the
quantities of the Seiberg-Witten curves [416]. Since g and g3 are polynomials
in v by construction, by bringing the SW curves to the Weierstral form and
using that [u] = 4 we have that the degrees of g, and g3 as polynomials in u
must be deg(g2) = 2 and deg(gs) = 3. Therefore, Py, is a sextic polynomial
in X.

For generic masses m, the sextic equation Py, = 0 gives rise to n = 6
different solutions as functions of j, while for special choices of m, such as
those giving rise to superconformal (AD) theories, we have 2 < n < 4 different
j-dependent solutions and 6 —n j-independent solutions. Since 7 : F — Cis an
isomorphism, the n < 6 solutions provide a multi-valued (n-valued) function
over F.

To obtain u as a single-valued function of the effective coupling, we choose a
different copy of F for each of the n < 6 branches, and appropriately identify
the boundaries of these domains. These are related to F by an element of
SL(2,Z), and their union is

Fn, =7, (2.14)
j=1

with «; € SL(2,Z). A priori, there is no canonical choice for the «a;, they are
determined up to the action of the duality group of the theory. However, some
choices are more natural than others. If we demand that F, Ny 18 connected
and take oy = 1 € SL(2,Z), there is only a finite number of choices for
Fn,. In some cases, Fy, is a modular curve I'\H for a congruence subgroup
' C SL(2,Z). In such cases, n equals the index of I in SL(2,7Z) [118] (see also
Appendix A.3 for the corresponding definitions for modular curves). For later
use, we define the set of a; as Cn, = {a;,j =1,...,n}.

For generic masses, n = 6 and Fy, has 3+ Ny cusps, corresponding to weak
coupling 7 — t00 and the 2+ Ny singularities of the theory. We find the widths
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of the cusps by expanding j(7) = J (u, m, Ay, ) for 7 near the cusp. For general
Ny € {0,1,2,3}, the cusp at infinity has width ho, =4 — N;. This is because
gt~ j(r) = J ~ w5, which implies u(r) ~ q_ﬁ (where g = €2™7),
Thus for large 7, u(7) is invariant under 747 where T : 7 + 7 + 1. Near

+)hs, where n is the multiplicity

any singularity w,, it is clear that ¢=! ~ @
of the singularity. Similarly, near us one finds u(7) — us ~ qi. Locally, the
function u(7) has period hg, giving the width hg of the cusp. The widths of

all cusps then add up to 6,

hoo + Yy =6. (2.15)

As mentioned above, the equation Py, = 0 gives six different solutions for
u. A natural question that then arises is which of these six to use as our u.
In some sense this is of course arbitrary, all of them correspond to the order
parameter u simply expressed in different duality frames. On the other hand,
the most natural solution is the one corresponding to the weak coupling duality
frame where |u| is large for 7 — ico. Since the width of the cusp at infinity is
4— Ny we see that there is still some ambiguity in this choice as long as Ny < 3,
but for Ny = 3 there is exactly one choice. We show in section 2.6 that this
has u — —oo for 7 — 700, and it turns out that this choice can be taken for
all Ny < 3 theories, and is preserved under the decoupling of hypermultiplets,
we therefore make this choice throughout. Note that this sign differs from the
conventional choice in the literature [46,88, 102].

Different mass configurations can give different decompositions of 6. When
singularities merge, their cusps are identified under the duality group and
their widths add up. Moreover a cusp moves from the real axis to infinity
upon decoupling of a matter multiplet.

For special choices of the masses, not all singularities correspond to cusps
100 or the real line; also singularities in the interior of the upper half-plane can
occur. The theories at these points are of superconformal or Argyres-Douglas
type, and the widths of all cusps add up to n.

Yet another aspect of the parametrisation by 7 is that for special values of 7
in the interior of F, otherwise distinct solutions can coincide. These are branch
points of the solutions, where the function u(7) ceases to be meromorphic in
7. The branch points in Fy, emanate a branch cut. We will discuss these
aspects in more detail in section 2.2.3.

For generic masses the equation Py, (X) = 0 furthermore defines a Rie-
mann surface, which is a 6-fold ramified covering over the classical modular
curve SL(2,Z)\H [119]. On this Riemann surface, any root u forms a mero-
morphic map to the Coulomb branch. It would be interesting to study the
topology of these surfaces in more detail. See also Appendix A.5 and [120].

Even if the duality group is not a congruence subgroup of SL(2,Z), there
is a procedure to find closed expressions for the order parameters in special
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cases. The sextic equation (2.13) for fixed masses m and scale A can be viewed
as a polynomial over the algebraic field C(I') of modular functions on I' =
SL(2,Z). Such nontrivial polynomials define field extensions over C(I'). By the
fundamental theorem of Galois theory, there is a one-to-one correspondence
between the Galois group of the field extension and its intermediate fields.
Intermediate fields can be obtained by adjoining roots of the polynomial to
the base field. Since Py, (X) is a sextic polynomial, for generic masses m
it is not possible to find exact expressions for the roots. However, if one of
the intermediate fields is known, the polynomial factors over the intermediate
field into products of polynomials of lower degree. If the resulting degree is
less than or equal to 4, there are closed formulas for the roots.

We find below that in many cases, such as massive Ny = 2 and 3 with
one mass parameter, C(I'(2)) for the principal congruence subgroup I'(2) (see
Appendix A.1) is an intermediate field. Since the function \ = Z—% is a Haupt-
modul for the genus 0 congruence subgroup I'(2), it is the root of 2 polynomial
of degree [I' : T'(2)] = 6 over C(I'). More precisely, there exists a rational
function R with the property that R(A(7)) = j(7). It is given by

s(1+(p—1)p)?
(p —1)2p?

Instead of solving J(u, m,A) = j(7) we can then rather solve J(u,m,A) =

R(p) =2 (2.16)

R(A(7)). If C(I'(2)) is an intermediate field, the sextic equation corresponding
to this equation factors over C(I'(2)). In massive Ny = 2,3 we find that
it factors into three quadratic polynomials with coefficients depending on A,
which can be easily solved analytically. Such rational relations between the j-
invariant and Hauptmoduln exist for any genus 0 congruence subgroup, which
are classified. They allow to invert the equation J(u,m,A) = j(7) for a large
class of mass parameters, as we demonstrate in the following sections. See
also [121-123].

2.2.3 Ramification locus

The covering Fy,(m) — By, is not 1-to-1 on a discrete subset, namely at
points of Fy,(m) where the discriminant D(Py,) vanishes.” In all cases, Ny =
0,1,2,3, we find that the discriminant of Py, factorises as

D(Py,) = j* (j — 1728)* (Dy?)* DY (2.17)
We discuss each of the three factors:

The m-independent factor

"The discriminant of a polynomial p(X) = X" +a, 1 X" 1 +.. .+ a1 X +ag = H;LZI(X—rj)
is defined as D(p) = [[,;(r: — r;)?, in particular it vanishes if and only if two roots
coincide. Since we are interested in finding the zeros of D(p), we are not careful about
overall normalisation factors.
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The factor j* (j—1728)? is independent of the masses m and can be understood
from (2.13). Tt is immediate that when j = 123, every root of Py, has multi-
plicity at least 2, and if 7 = 0 every root has multiplicity at least 3. On H this
occurs whenever 7 € SL(2,Z) i or 7 € SL(2,Z) - w3, with w; = ¢*/7. On the
modular curve SL(2,7Z)\H, these orbits collapse to a point and in fact the cov-
ering 7 is ramified only over {ico,i,a}, or j € {0,1728, 0o}, respectively. This
resembles the Belyi functions, which are holomorphic maps from a compact
Riemann surface to P*(C) ramified over precisely these three points [39,124].
They can be described combinatorially by so-called dessins d’enfants. Such
dessins have also appeared in the context of SW theory [125-127]. For generic
masses, the SW family of curves do not satisfy this definition, as there are
additional ramification points.

The polynomial Dﬁlf)

The factor D]/?,]f) corresponds to Argyres-Douglas (AD) loci, where two or more
singularities coincide [104, 105]. More precisely, the zero locus of Dﬁ]];) corre-
sponds to the masses for which the Coulomb branch contains AD points. To
see this, recall that the AD points correspond to

go(u,m, \) = gs(u,m,A) = 0. (2.18)

Since g» and g3 are polynomials in u of degrees 2 and 3, respectively, we can
eliminate v from the above equations and characterise 5%3 as the zero locus
of a polynomial Dj?,lj? in m,

Ly, = {m € CY|Dy} (m) = 0}. (2.19)
These are precisely the polynomials appearing in (2.17). From the SW curves
we can easily find that they are given by
DyP =1,
DP = 27A3 — 64m?,

DyP = AS — 12mymo AL + 3(9m? + 9mi — 2m2m2)A2 — 64m3ms3,

DAP = A — 12M,A] + 168M3AS — 174MAS + 48M, A (2.20)
+ 168 My My AL — 372M2AS + 24MEAS — 640MgA3
— 24 M3 M/ A2 + 96 Ms MyA2 + 6MyM2As — 27M}As + SM:,
where for Ny = 3 we have defined the symmetric combinations
3 3
Mgk:26k2m§k, MngQHmj,
j=1 j=1 (2.21)

M) = 212 Zm?m?, M} = 2% Zm?m?, M}, = 2% mem?.
i<j i#j i<j

The type of singularity that appears for specific masses on these loci are found

by studying the order of vanishing of g, g3 and A according to the Kodaira
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classification,

IT: ord(gs,93,A)=(1,1,2) or (2,1,2),
IIT: ord(gs, g3, A) = (1,2,3), (2.22)
IV . ord(ge, g3, A) = (2,2,4).

See Appendix A.6 for more details. The zero loci of the AD polynomials can
be understood as codimension 1 loci in the space CNf 5 m [105]. For Ny = 3
such a locus is shown in Fig. 3. Argyres-Douglas loci are studied for a more
general class of SW theories in [108].
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Figure 3: The AD locus £4P for Ny = 3 with masses m = (m, m, ) in the real (m, u)-plane,
with units Ag = 1. It is a union of three smooth lines, two of them generically describing
type I1 AD points and the third one type I1I. The two I1 lines touch at a I1] point, while
both IT7 lines touch the I17 line in a type IV AD point.

In section 2.2.2, we argued that the widths of the different cusps of the
SU(2) theories always add up to n < 6. We will now argue that n < 6 if
and only if m is a zero map of Dﬁ?. It is possible that some zero of A is
also a zero of go. Then the index is given by the degree of the numerator of
7, which can be smaller than 6. In Sections 2.4.2, 2.5.3 and 2.6.4-2.6.6 we
study a few examples of AD theories appearing in the Ny = 1,2,3 theories,
and demonstrate that the curve degenerates to Kodaira types I1, I1] or IV.
Each singularity type is not exclusive to a specific number of flavours, but
appears on the discriminant divisor of the higher N; theories as well [105].
See Sections 2.6.5 and 2.6.6 for two explicit examples of this. The three types
of AD theories corresponds to 2, 3 or 4 mutually non-local states becoming
massless at the AD point. The cusps corresponding to the non-local states are
disconnected from the rest of the domain, and the branch points collide at an
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elliptic point of the duality group. As a result, the index is reduced by ord A,
which equals the number of mutually non-local states becoming massless, i.e.,
2, 3, and 4 for the theories I'I, I1] and IV, respectively. Note that the order of
vanishing of the discriminant may be larger than zero for ordinary singularities
as well, so it is not enough to simply subtract ord A from six to get the index
right but rather we should subtract the number of mutually non-local states
becoming massless at each cusp,

n = 6 — # (mutually non-local massless dyons). (2.23)

This is because for the index to reduce it is necessary for g, and A to have
a common root, such that due to (2.8) it is also a root of g3 and because
of (2.18) therefore an AD point. In the limit m — map, the 6 — n copies of
Fn,(m) corresponding to the regular singularities are removed from the funda-
mental domain. We have also found mass configurations whose corresponding
Coulomb branch contains two (type II) AD points. The correspondence (2.23)
nevertheless holds, for a similar argument as presented above.

The polynomial DR};
The last factor D]]DVI; corresponds to branch points. These are values of j for
which two solutions of Py, (X) = 0 coincide, such that the map u : Fy,(m) —
By, is not 1-to-1 on these points. The identifications are different from the
multiple images of F in By,, which identify the images of the boundary of .,
a;(0F), in Fn,(m).

The DR}; are explicitly given by

Dy =1,
D = 27jA% — 27 . 2¥m3 A3 4 220,
Dy = (m} —m3)%j2A5 — 128A5(216(m5 + m3) — 288mIm3(m] + m3)
+ 16mimy + 240m3m3A3 — 72myma(mi + m3)A3 + 9(m7 + my)A;
— 2mim3 A5 — 2mymaAS)j + 2% (16mymy — A)2 PP,
(2.24)
and we define E?\})f as the zero locus of D}D\};. The expression for Dgp for generic
masses is very long so we do not write it out here, but we can note that it is

has degree three in j. For later reference we write it out for two special mass
configurations

D (m,m,m) = 432m*A2j + (8m — As)?(16m + A3)*(64m + As),

2.25
DP(m,0,0) = 16m*A2j + (8m — A3)*(8m + As)®. (2.25)

To show that the zero locus of these polynomials really correspond to branch
points we will need some specific details of the corresponding theory and we
therefore hold off on this discussion until the respective sections below. We
can, however, note that by solving DR}; = 0 for j and plugging it into (2.13)
we get the corresponding solutions for u. For example, in Ny = 1 we find
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u = %mz and as we will see, away from m = map = %Al, this is not part of
the discriminant of the curve and therefore does not correspond to a physical
singularity of the theory. We denote a branch point of u in Fy, by 7y, and its
image in By, as upp. As explained in Section 2.3.3, for generic masses there
are two branch points 7y, and 7, with image wy,, = u(7y,) = u(7,). Since
their image in By, is the same, the points 7y, and 7, are identified in Fy,,
even though they appear as distinct points in plots of Fy, in H. A branch cut
emanates from each branch point; there can be a single cut connecting both

branch points, or two separate cuts which go to either 0o or to the real axis.

Mutually local singularities
As the masses are tuned, some of the singularities on the Coulomb branch
can collide. If we consider Ay, as a polynomial in u, its discriminant D(Ay,)
vanishes if and only if two roots coincide. It is straightforward to show that
for Ny <3,

D(Ay,) = (D;y]?)g T (s — my)?(ms + )2 (2.26)

1<J

This factorises the locus in mass space where singularities collide into two
orthogonal components: The first component is the Argyres-Douglas (AD)
locus given by the polynomial equation D]‘?]If) = 0, where mutually non-local
singularities collide [105,128]. The other component is characterised by the
equations m; = +m;, and one can check that this gives rise to mutually local
singularities colliding. Here, the flavour symmetry gets enhanced and a Higgs
branch opens up [46].

Given a mass configuration m = (my,...,my,), we can denote by k; the
weight (or multiplicity) of the I-th singularity, and by k(m) = (ki, k2, ...) the
vector of those weights. Since the Coulomb branch By, (m) contains 2 + Ny
singularities aside from weak coupling u = oo, it is clear that k(m) provides
a partition of 2 + Ny. This in turn partitions the mass space C¥f 3 m into
finitely many regions where k(m) is locally constant. As an example, in Fig.
| we plot the contours of (2.26) for Ny = 2 in the real m = (my, ms) plane.

The possible singularity structures of the rational elliptic curves (2.3) are
classified in Persson’s list of allowed configurations of singular fibres [43, 44].
From Kodaira’s classification, it follows that any solution to (2.26) gives rise
to a singularity on the Coulomb branch of Kodaira type I, 11, I11, or IV. As
described in [2,129], the solutions to 0 = Dﬁlfj give rise to AD points of Kodaira
type I1, I11 and IV. The second component 0 = [],_;(m; — m;)(m; +m;)
can be studied in more detail. These are 2(N; — 1) independent equations.
Whenever one of the factors vanishes, the SW surface contains an [ singu-
larity with £ > 2. For Ny = 2, the only possibility is I3, while for Ny = 3
singularities of type Is, I3 and I are possible. The point in the Coulomb
branch By, corresponding to an [, singularity with k > 2 intersects with
a Higgs branch of quaternionic dimension k£ — 1 > 1 [46]. Further merging
these I singularities with a mutually non-local singularity does not affect the
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Figure 4: Partitioning of the real m = (m,ms) plane in Ny = 2, in units of Ay = 1. On
the AD component the Coulomb branch By(m) contains an AD point of Kodaira type IT
(blue) or IIT (green). On the other component (orange), mutually local singularities collide.
If m is varied along a continuous path that does not cross the partitioning 0 = D(An,),
the weight vector k(m) is constant.

Higgs branch, such that the points with a I11 or IV singularity also intersect
with a Higgs branch of quaternionic dimension one or two, respectively, while
the points with AD theories of type I do not intersect with any Higgs branch.

The genus of Fy,(m)
For special choices of the masses m, F(m) coincides with the modular curve
X(I') for a congruence subgroup I' € SL(2,Z). Then the genus of F(m) is
given by that of X (I'), for which there is the formula (A.40) in terms of the
index n, the number of elliptic points € and €3 and the number of cusps €.
In all examples of such masses m discussed below, we find that F(m) is a
genus zero Riemann surface. In the presence of branch points in F(m), Equa-
tion (A.410) needs to be modified. First, we note that for an AD theory, Tap
corresponds to an elliptic point. In fact, in all AD cases studied here, (2.23)
can be expressed as”

n=06—2e3 — 3eq, (2.27)

For £, there is no simple formula since for example it is not unique in some
limit m — map, but rather depends on the direction in mass space from
which map is approached. As the map u : F(m) — B N, is between Riemann
surfaces F(m) and By, , we can consider the Riemann-Hurwitz formula (A.39),
which relates their genera g. The inverse map 7 : By, — F(m) can be defined

8The type IV AD point can be viewed as a collision of two elliptic fixed points of period 3.
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daD _ d[lD @
da ~ du/ du’

dependence of 7 on u is holomorphic everywhere [41,42]. Then (A.39) for the

through 7 = with the periods a, ap given by (2.2). The

inverse map implies that 0 = 9By, > gF(m), such that

9F(m) = 0. (2.28)

Applying this to the Riemann-Hurwitz formula for the ramified covering F(m) —
F, we find the number of distinct branch points on F(m) for arbitrary m as

> (eny—1) =ex—3+er+es. (2.29)

Thp G.F(m)

This shows that F(m) is a Riemann sphere with €., cusps, €, 3 elliptic points
of periods 2 and 3 and £,, —3+¢e5+e3 branch points. As an example, in massless
Ny =1 (see section 2.4.1) we have e, = 1 + 3 = 4, while all singularities are
on Q and thus g5 = €3 = 0. There is one branch point in F(0), which agrees
with (2.29).

2.2.4 Partitioning the u-plane

An approach to better understand the u-plane geometry is to study the parti-
tions that the map u : F, — By, produces on the u-plane By,. Let us study
the union (2.14). Now since u(Fy,) = By, it is natural to ask what

Tm =1u (U Olja]:) C BNf (2.30)

J=1

describes. The insight is that while 7 : 7 — C is an isomorphism, it surjects
the boundary onto a half-line,

J(OF) = (=00,12°] CR C C. (2.31)

This is straightforward to prove. On the half-lines z[*/?g, 00) the g-series of j is
an alternating series with the same Fourier coefficients as j and therefore real.
On the arc {e¥' | € (%, %)} the complex conjugate of j(e#') is equal to the
value of j at the S-transform of e?* and therefore equal to j(e??).

The only other region in F where j is real are the SI.(2,7Z) images of the
half-line i[1, 00) on the imaginary axis. We can directly apply this to the SW
curves, whose j-invariant J (u, m, A) is identified with j(7). The partitioning
is then

Tm = {u € By, | T (u,m, Ay,) € (—o0,12°]}. (2.32)

It is included in the level set Im 7 = 0. Let us therefore study the curves
Im J (u, m, Ay;) =0, (2.33)

which contrary to (2.32) are algebraic curves. It turns out that some of the
components of this equation do not belong to the partitioning (2.32), and it
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Figure 5: Identification of the components of the partitioning 7 in the pure theory. The
u-plane By is partitioned into 6 regions u(aF), with the o € SL(2,Z) given in both pictures.

is clear that they correspond to components of curves with j > 123. Due to
the imaginary part, it is instructive to choose coordinates u/A% ;= Ty
The equations (2.33) are straightforward to compute in terms of zero-loci of
polynomials in x and y. For fixed m, they define algebraic varieties

Tim(z,y) = 0. (2.34)

More specifically, they are an Ny-parameter family of affine algebraic plane
curves. For the pure Ny = 0 theory, one finds

Ty = zy(81 — 28822 + 3362* — 12825 + 288y? — 3522%?

2.35
—128z%y% + 336y + 1282%y* + 128y). (2.35)

The identification of this partitioning of the wu-plane for the pure theory is
shown in Figure 5. The defining equations can be computed in full generality
for any Ny, but they are rather lengthy: The polynomials T, for generic
masses have total degree 8 4 N;. For generic real masses, the polynomials T,
have 30, 131, and 1081 terms in Ny = 1, 2 and 3, respectively. If we allow the
masses to be complex, we can decompose m; = Rem; +:Imm; and the T}, are
then polynomials in x, y, Rem; and Imm,;. For generic (complex) masses in
Ny =1, 2 and 3, T}, has 93, 1310 and 48754 terms, respectively.

The polynomials T, are in general reducible. For instance, for m = (m, m)
and m = (m,0,0), T,, factors into multiple nontrivial polynomials. It is
straightforward to check that 7}, for given N; flows into T,,, for Ny — 1 by
decoupling one hypermultiplet. This allows to study the decoupling procedure
of the fundamental domains in detail.

The partitioning 7,, is a finite union of smooth curves that intersect. The
tessellation of H in SL(2,Z) images of F,

Ta= |J a0F)={recH|j(r)<12°}, (2.36)

a€SL(2,Z)
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has intersection points 7 € SL(2,Z) - €%, where j(r) = 0. From (2.10) we
see that these intersection points correspond to J(u, m,A) = 0, whose only
solutions are given by gs(u, m, A) = 0 (see (2.9)). Since g5 is a polynomial in u
of degree 2 for all curves (2.3), there are at most two intersection points in T,
corresponding to J = 0. As g9 is strictly quadratic, there is also always at least
one such point. We find below that when the branch points (as introduced in
section 2.2.3) belongs to T, they give further intersection points of Tp,.

One can study how the partitioning is deformed upon varying the masses.
For the cases where the branch points belong to 7,,, the complex u-plane is
generically partitioned into 6 regions. When going to the AD locus two or more
of these regions shrink to a point together with at least one branch point. At
precisely m = map, the u-plane is then partitioned into < 4 regions, giving
an explanation for the discontinuous decrease in the index in the limit m —
map- This can also be understood directly from the polynomials T, (x,y). For
instance, at the point m = map = 3/\1 in Ny = 1, the polynomial 7}, (z,y)
contains a factor 9 — 24z + 1622 + 16y2. Its zero locus in R? is just a point
r+iy = % = uap/A?, while the massive deformation away from map describes
a curve that encloses a region. For uy,, ¢ Ty, one needs to cut and glue interior
points of different regions and the wu-plane is therefore partitioned into less
than 6 regions. See for example Fig. 11.

2.3 Matone’s relation

In pure N' = 2 supersymmetric gauge theories, there is a relation between
instanton corrections of the prepotential F' to instanton corrections of u ~
(Tr¢?) (2.1). For the pure SU(2) gauge theory, it has been found in [110] that

u=mi(2F — a0, F). (2.37)

In combination with the Picard-Fuchs differential equations for the periods a
and ap (see [96, (2.5)] or [110, (30)]), this gives an explicit recursion relation

[100, (8)]
2 (ad?F — 9,F)3

opr =" 2.38
“ 4 (1+72(2F — a0, F)? ( )
for the prepotential F'. Using (2.37), one may write this relation as
du da\?
— = —4miA | — 2.
dr ™ <du) ’ (2:39)

where A = u? — Aj is the physical discriminant. In order to see this, one can
differentiate (2.37) w.r.t. a to find 2 = 7i(ap — a7). In the following, we will
call relations such as (2.39) Matone’s relations rather than (2.37), (2.38) or
equivalent equations.

One can furthermore differentiate (2.37) w.r.t. w to find ad, — d'ap =
%, where ' = 0,. By computing g—; = 0,0°F, this identity together with
the Picard-Fuchs equations implies (2.39). Due to its central importance,
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generalisations of (2.37) to many theories have been found. For SU(NN) SQCD
it reads

2F — (A&A 3, M0, + 3, ajaaj) F, (2.40)

which can be interpreted as an RG flow of the prepotential, AOy F' ~ wu [130—
132]. By combining m = (A,m,a)" into a vector, the prepotential satisfies
the differential equation 7w'0,F = 2F. This Euler equation characterises the
homogeneity of the prepotential. Its relations to supergravity [131, 133], the
Q-background [134,135], integrability [136-138] and 5 dimensions [139,110] are
well-known.

In N = 2 SU(2) SYM, all ingredients of (2.39) are classically modular,
while the prepotential F'is not. This is easy to see from the above relations: It
involves the period ap, which unlike a is not modular since it depends explicitly
non-modularly on 7. Picard-Fuchs solutions of massive SU(2) SQCD have been
studied in [141-143], where generalisations of (2.39) for the massless Ny =
1,2, 3 theories have been obtained. By including massless hypermultiplets,
(2.39) receives interesting corrections [88]: The physical discriminant A is
divided by another polynomial in u. For massless Ny = 2,3 it divides A,
while it does not for Ny = 1. In this Section, we derive a generalisation of
(2.39) for Ny = 1,2, 3,4 with generic masses and give an explanation of these
denominators.

Another motivation comes from the topologically twisted theory [61], where
correlation functions of the topological theory on a four-manifold X can be
computed as integrals over the u-plane [73]. The coupling of the low energy
effective theory to topological invariants of the background gravitational field
is encoded by a holomorphic function AXB?, where x and o are the the Euler
characteristic and the signature of X. For pure SU(2) SYM, the functions
A and B are A = (A%)% and B = As [72].” The function B® can in fact
be viewed as a definition of the physical discriminant [144]. Due to the pure
SU(2) Matone relation (2.39), it was realised in [73] that A = (%)%. If we
include hypermultiplets, (2.39) is modified and this argument does not work
‘;—Z)% is in fact correct when
including hypermultiplets. However, this bases on the assumption that AX is

X

a holomorphic modular form of weight —2, and has neither zeros nor poles

anywhere on the u-plane. In N' = 2 SQCD, these statements are not quite

anymore. Instead, it was argued [73] that A = (

true. We will discuss these issues in section 5.

In this Section, we derive a generalisation of (2.39) for massive Ny = 1,2, 3.
Section 2.3.1 derives expressions for da/du and Ay, as functions of 7. Section
2.3.2 derives Matone’s relation (2.52) for generic Ny < 3.

9The prefactors were determined in [73] for pure SU(2) and in [111] for the asymptotically
free SU(2) theories. We ignore them in the following.
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2.3.1 Periods and Welierstraf3 form

We proceed by deriving an expression for da/du. To this end, recall that a is
given as a period integral (2.2), and that the derivative of the SW differential
A to u is holomorphic [46]. Therefore, we can express da/du in terms of the

da \/_

@ 47T7

where v is one of the cycles of the elliptic curve. To determine this quantity
for the theories Wlth Ny < 3, we map the curve VW to the modular Welerstraﬁ
form W, A: W — W. See for example [145, Section 7.1]. The curve W reads

variables x and y of (2.7)

(2.41)

—

W 3% =433 — 427 — Gs, (2.42)

with the variables related by the map A as

T=a’z = p(2),
~ _ /
A ?‘ay_p@% (2.43)
g2 = 92,
g3 6 g3,

where @ is the Weierstrafl function and z € C a coordinate on the curve. Since
W is the modular Weierstrafl curve, the variables g, and g3 equal

Go=1"FE, Gy =T, (2.44)

with Ej the Eisenstein series defined in (1.7). We note that the variables for W
(2.7) have weight 0 under modular transformations, while in (2.42) the weights
are wt (o, 9, T, g2, g3) = (1,3,2,4,6). Using the two equations for g, and gs,
we can solve for v and . The relation

2 E
_ V2 Jor By (2.45)
3 g3 E,’

will be particularly useful for us in the next subsection. This relation can also
be derived using Picard-Fuchs equations [146].

Now it is straightforward to determine da/du (2.11) using the Weierstrafl
representation of (Z,7),

@_\/_ dx_ﬁa

= = 2.4
du dr J5 g 4’ (2.46)

where 7 is the image of the v under the map A, with the variable z of Z(z)
changing from 0 to 1.

We continue by studying the discriminants of W and W. Using E}—E2 =
123 4 with 7 as in (A.18), we find for the discriminant of W, A = (27)12 .
The discriminant of W, Ay, (2.8), on the other hand is a polynomial in u, m
and A and therefore has weight 0. The two discriminants are related by

A =a(=1)M AV Ay, (2.47)
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or substituting « in terms of da/du (2.16),

12
7724 _ 26(_1)NfA?\§;1_Nf) (Z_Z) ANf, (2.48)
which holds for 0 < Ny < 3. Similar expression exist for Ny = 4 and N =2*
Let us consider the case that W or W is singular. The curve W is only

singular at the cusps 7 € {ico} UQ, since A~ n** vanishes at the cusps and
is non-vanishing for 7 in the interior of H. From (2.47) we see that, at the
cusps of W either da/du or Ay, must vanish. On the other hand, for 7 in the
interior of H, A is non-vanishing. This means that, if W is singular (Ay, = 0)
for such values of 7, da/du should diverge. This is exactly what happens at
the AD points,

du

%(TAD) =0, ANf (u(TAD>) =0, Tap € H. (249)
We can further note that fl—Z(T) = 0 is true also for singularities that are cusps
and not elliptic points, i.e., Ay, = 0 for 7 € Q. This is because if u is not an
elliptic point then go # 0 and g3 # 0, since otherwise, from A = g3 — 27¢3,
both would be zero, giving an elliptic point. Then, from (2.46) we have that
(%)2 is proportional to % This is a meromorphic modular form of weight —2
for SL(2,7Z), and one can show using modular transformations that it vanishes
on Q. Therefore, we have that Ay, = 0 implies Z—Z =0.

2.3.2 Matone’s relation

We will now give a generalisation of (2.39) that holds also for the massive
Ny = 1,2,3 theories. Let us denote by ' the derivative with respect to u
keeping m and Ay, fixed. The derivative with respect to 7 is always given
explicitly. From the explicit expression for j as function of 7 (A.9), it is easy
to check that d%j = —2m’§—2j. Using the chain rule and (2.10), we can express
this as %j =J fl—ﬁ. This gives the first important identity,

du .E6 J
— = 9= 2.50
i~ EgT (2:50)
which holds for any SW curve. From (2.9) we can compute [J’ in terms of g5
and g4. Using relations (2.45) and (2.46), we can substitute Fg/E, in terms of
92, 93 and da/du. This gives the exact relation

du 93 J <da)2_ 8t g5 — 2793 <da)2

du

2.51
3 29293 — 39593 (2:51)

B ftad
7271 T

dr g2 J’

An analogous formula for five-dimensional gauge theories was derived from the
Picard-Fuchs perspective in [117, Eq. (4.23)]. Both factors on the rhs are only
relative invariants, but their product is an absolute invariant of the curve W.
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The numerator on the rhs is proportional to the physical discriminant. The
equation has modular weight 2, since both Z—Z and (?TZ)Q are of weight 2.
For 0 < Ny < 3, we can compute the corresponding g;, and one can rewrite

(2.51) as'’
du 16mi Ax, (da”
— = — 2.52
dr ~  4— N; PM (du) ’ (2.52)

f

where we substituted (2.8) for Ay, and defined the polynomial P}\\,Af ,

6
M _
Py = 4 — N

2Ns—8
(=)™ AN, (20205 — 39593)- (2.53)

The normalisation is chosen such that P}\\g is a monic polynomial. Explicit
computation gives,

PM =1,
P1M =u— %m%,
Pyt =u® — 3(m] +m3)u+ 2mim] + tmymaAd — LA, (2.54)

Pyt =u? = 2Mou® + (3My + 3MsAs — L MoA3) u + 55 M3A3
- 711M2M3A3 + ;%(M4 — My)A3 — 4M3,

where we defined

M, = m% + mg + m%, M3 = mymams,
My=mi+my+my, M= Z mim;. (2.55)
i<j

We note that these polynomials appear in the Picard-Fuchs equations for the
periods of these theories and their zeros give regular singular points of the
differential equations [141,143]."

2.3.3 Branch points

An important difference between Ny = 0 and Ny > 0 are the poles where P%[f
vanishes. To understand these poles as well as zeros of du/dr, note that at
such points the change of variables between u and 7 is ill-defined. We have
seen earlier that the change of variables is ill-defined at the points where the
discriminant D(Py,) (2.17) vanishes. Indeed if we substitute J (u, m, Ay, ) for
J(7) in DR};, P}Q,/; factors out.

The reason for this is the following. The discriminant of a polynomial p
vanishes if and only p has a double root. It can be computed as the resultant of

10We can in fact perform the same computations in the case of N t = 4, leading to a similar
formula.
UThe identity (2.52) does in fact not depend on the specific form of the SW curves. Given

a Jacobian rational elliptic surface, let w = f,y %x be the period of the Néron differential

on the elliptic curve. Then %% = 7w?A /(29295 — 3ghg3), with u a coordinate on P*(C).
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the polynomial and its formal derivative, D(p) ~ Resx(p,p’) (see also [106])."”
The zero locus D(Py,) = 0 of Py, (X) is then given by the solutions to the
two equations Py, (X) = 0 and Py,'(X) = 0. Since Ay, # 0, all solutions
can be found by solving the former for j and inserting into the latter. It is
straightforward to show that this gives

_p}\\g =0, (2.56)

which provides the decomposition (2.17): If go = 0 but g3 # 0, then j = 0. If
g3 = 0 but gy # 0, then j = 123. If both g, = g3 = 0, we are in Eﬁ? - E%f.
Now since the sextic equation is only well-defined away from the physical
discriminant locus Eﬁf where Ay, = 0, the true branch point locus L is the
difference of the Matone locus £} . ={u€ By, |P}\\,4f = 0} and the discriminant
locus,

LY = LN \ LR, (2.57)

On the Coulomb branch with N; hypermultiplets there are generically
2 + Ny distinct singular points. For special mass configurations m, some
singularities can collide. Then Ay, has a double root. From above it is clear
that this is equivalent to D(Ay,) = 0, which in turn is equivalent to Ay, =0
and A’Nf = 0. We can again solve the former for g, and g3 and insert into

the latter to obtain P}\\,ﬁ ~ %A ~; = 0. This implies that whenever A N; has a
double root, it is also a root of P}\\,/[f. It is also observed in all examples below.
To be more precise, if Ay, contains a root of d > 1-th order, then A’Nf has
the same root but with multiplicity d — 1. The excess factors can be extracted
by the operation ged(An,, A’Nf), where gcd is the polynomial greatest com-
mon divisor. The multiple roots are removed from the discriminant by the
square-free factorisation'’

~ Ay

Ay, = ! : 2.58
YT ged(Ay,, Ay) (2.58)

This reduced discriminant A ~, has single roots only, concretely we map ] (u—
ug)™ to [[,(u — us). This quantity is also of importance for determining
gravitational couplings to Seiberg-Witten theory [148]. One can show that
ged(Any, Aly,) always divides Py, such that

~

Ry
Pyl = _AN; Py, (2.59)

12The resultant of two polynomials over a commutative ring is a polynomial of their co-
efficients which vanishes if and only if the polynomials have a common root. It can be
computed as the determinant of their Sylvester matrix.

13The polynomial ged is unique only up to multiplication with invertible constants, we
choose it such that A N, is again monic.
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is in fact a polynomial. The branch point equation (2.56) is then equivalent
to Py, /Ay, = 0, which reduces to

Py =0. (2.60)

The Matone relation thus always takes the form

A 2
du 16w Ap, (da) | (2.61)

E‘M—Nﬂ% du

where both A ~; and ﬁ}\\,{, are polynomials. In the subsequent sections we show
explicitly that the roots of the denominator (2.60) are precisely the branch
points. We note that for generic masses the form (2.61) does not differ from
(2.52), because " is trivial when all roots are distinct.

As argued above, AD points correspond to points 7op in the upper half-
plane. Since they lie on the discriminant locus, we exclude them to define
the sextic polynomial Py,. We will discuss in more detail below that, if the
masses approach the AD locus, a branch point in the u-plane collides with
two mutually non-local singularities forming the AD point. The branch point
under consideration lifts, while the Ny — 1 other branch points remain for a
generic point on the AD mass locus [Q]f). Thus for a generic point on the AD
mass locus, AD points are not branch points of u(7). A non-generic example
is the most symmetric AD theory, the I'V fibre in N; = 3, discussed in more
detail in Section 2.6.4. For this theory, Tap corresponds to a singular point of
the theory as well as a branch point. As a result, the domain for 7 does not
correspond to that of a congruence subgroup of SL(2,7Z).

Since any branch point 7, induces a non-trivial monodromy, u does not
have a regular Taylor series at such a point. For instance, if the wu-plane
contains one branch point u, = u(7yp), then we have u(7) —up, = O(\/T — Tip)
as T — Tpp. 1f the leading coefficient is nonzero, then Z—Z diverges at 7y,,. Away
from the discriminant locus, this can be understood from (2.61): From (2.46)
we see that g—z is regular and nonzero at a branch point, since none of g9, g3, E4
and Fjg diverge or vanish. Thus the zeros of the denominator P}\\,/If correspond
to the singular points of j—qj, as observed.

This can also be seen directly from the J-invariant of the SW curve. It is
easy to show that
9593
A?Vf

J' =365 Py, (2.62)

which due to (2.56) vanishes at any branch point wuy,. Since for fixed mass and
scale J(u) is rational in u, it is a meromorphic function on By,. Away from
the discriminant locus it thus has a Taylor series around wy,,, where the linear
coefficient is missing. We therefore find

T (u) = T (up) = O ((u = upp)™), (2.63)
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with np, > 2. Now we identify J(u) = j(7), which relates the power series of
u and 7. For a generic 7 € H, j has a regular Taylor series at 7 with non-zero
linear coefficient. However if 7 is in the SL(2, Z)-orbit of i or €%, j has a zero
of order 2 or 3. Let n,_ € {1,2,3} be this number for a given branch point
Thp € H. Then J(u) — T (upp) = O ((T — 7p)" ™0 ), such that from (2.63) we
conclude

u(r) =y = O ((7 = )"0/ ) (2.64)

where the leading coefficient is strictly non-zero. From this we see that the
branch point 7y, does not necessarily correspond to an ny,,-th root, but since
the ratio can cancel 7, rather corresponds to a branch point of order

Npp

) 2.65
ng(nbp: n‘rbp) ( )

It is difficult to compute this integer for a generic branch point, however in all
examples discussed below it is equal to 2, which corresponds to a square root.

Ty,

If the number —2 € Q\ Z is larger than 1, then it is clear that 2 (7,,) = 0.

np
Ny

2 < 1 then 2“(7,) = co. We thus see that any branch point

Nbp T

has the property that % diverges or vanishes, such that the change of variables

Conversely, if

from the u-plane to the 7-plane is not well-defined.

The branch point locus also allows to find the effective coupling at the AD
points. In the limit where the masses approach the AD locus, m — mp, the
AD point uap is the point where branch points wy,, in the u-plane merges with
mutually non-local singularities. While away from map the effective coupling
7 of the singularities remain as distinct cusps on the real line, the branch points
move along certain paths inside H. In an AD limit m — mp, a number of
pairs of branch points, 7y, and 7y, coincide at the intersection of copies of
F, and the branch cut will then disconnect regions from Fy .. The effective
coupling of the AD point 7aop is therefore given by that of the merged branch
points. This is an efficient way to determine 7op, which otherwise can only
be found by inverting modular functions. Moreover, if the duality group is a
congruence subgroup of SL(2,7Z), Tap corresponds to an elliptic point of the
duality group.

2.4 The Ny =1 curve

To make the above discussions more concrete we will now go on to study some
specific examples. We will start by including one hypermultiplet. The N; =1
theory has been discussed in some detail in [103, 119-152].

In the massive Ny = 1 theory, there are three (in general) distinct strong
coupling singularities where a hypermultiplet becomes massless. These remain
at distinct points in the massless limit, while for special values of the mass two
of them can merge into AD points. To analyse the Ny = 1 theory we will start
by restricting to the massless case and then go to an AD mass. Here we can
find closed expressions for u in terms of well-known modular forms. Only in
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the AD case does the theory turn out to be modular. In the end we can use
the knowledge gained from these cases to draw some conclusions of the general
massive case.

2.4.1 The massless theory

Let us begin with the massless Ny = 1 theory. Using the procedure outlined
in Sec. 2.2.2 we find [101]

u(r) 3 Ey(1)
A? 97 3
L 25 Y By(r)E - Ee(r) (2.66)
1
= — 1o (@ 10477 = 73960 + O(¢*?)),

where we again have made the choice of solution consistent with our conven-

tion, such that u — —oo for 7 — ioo. This function also appears as an

order parameter in pure SU(3) SW theory (see section 1) as well as in the

description of certain elliptically fibred Calabi-Yau spaces [153]. The singular-
u’ 33

ities of the curve are AT = s They are associated with states of charges

(1,0), (1,1) and (1,2) becomlng massless. The global Zs symmetry acts as
T u(r — 1) = wau(r), with w; = e

By restricting to the imaginary axis, we can perform the S-transformation.
For this, let 7 = i with 8 > 0. We have that F,(i/3) = (iB)*E4(i8) =
B*E4(ifB). Taking the square root is unambiguous since Ej is real on the
imaginary axis and * is positive. This gives E4% (1/8) = 52E4%(Zﬁ) On the
other hand for Eg we have Fg(7) = (i8)°F4(i8) = —8%E¢(i3). This implies
that the relative sign of Ejg flips, and it holds for 7p € iR that

1

Ey(1p)?
<E4<TD)% + EG(TD)) ' (2.67)

(1 + 144q — 3456¢° + 596160¢° + O(¢")) .

uD(TD) .
A?

[\)
S
=

3

8
3

)

With the Zz symmetry u(7 — 1) = wsu(7) this confirms the strong coupling
singularities given above.
The monodromies on the massless Ny = 1 u-plane are [10]

= (—11 (1)) STS_17
=(5%3 T(TSs)™,
(_ii) TS)T(rs), .
= (2 3) = (T*S)1(T*S)~"
(3 8) =P,
where P = S? = —1. Note that these matrices generate the full SL(2,Z)

modular group rather than a (congruence) subgroup. Indeed, as fractional
linear transformations acting on the complex structure through their matrix
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representations, they do not leave u invariant. However, we can consider these
matrices as compositions of paths in the fundamental domain, and as such they
do leave u invariant. To make the connection to the discussion in [1] more direct
we can note that by using another choice of homology basis in the present case
we can construct a different set of monodromies, see for example [117], which
exactly coincides with the ones listed for the SU(3) case of [1].

Since E, has a simple zero at 7 = w3 (and SL(2,Z)-images), u(7) has a
branch point at 7,, = ws. The function u(7) does not possess a Taylor series at
Thp and is therefore not holomorphic at 7,,. Since u(my,) = 0, the branch point
of u(7) indeed agrees with what is found in (2.24). Since u is not holomorphic
on H, it can also not be classically modular. Another reason why wu is not
modular is the following. If we define x = —16/%% = ¢35 + O(q?), then one
can read off from the curve that J = 2°/(23—432). This implies that u should
be a Hauptmodul of an index 6 subgroup of SL(2, Z) with width h(co) = 3 and
width decomposition 6 = 3+ 14+ 1+ 1 (see (A.37)). From the classification
of index 6 groups in Table 4 we see that such a subgroup of SL(2,7Z) does
not exist. In fact, no index 6 subgroup of SL(2,7Z) with 4 cusps exists. This
distinguishes massless Ny = 1 from massless Ny = 0, 2,3, where the duality
groups are congruence subgroups isomorphic to I'°(4) [101].

From (2.66) one finds

3 = g
du  wiA? B} + E da ! (Ef - Eﬁ)

g R S A 2.69
dr 2% ’ du 2%\/51\1 ( )

1/ 3 3
E? (Ej . EG)

We can explicitly check that these satisfy Matone’s relation, (2.52), for massless
Ny =1,

du 16mi A [da\?
— = —— . 2.70
dr 3 u <du) (2.70)
The fundamental region
2
Fi(0) =T FUT'SF (2.71)

=0

as in (2.14) was obtained in [1]. It is shown in Fig. 6, together with its image
under u to the u-plane. We stress that (2.71) can not be written as G\H for
any subgroup G C SL(2,Z).

In the massless Ny = 1 theory, the partitioning (2.32) is contained in the
algebraic plane curve T(gy(x,y) = 0, where Al% =x + iy and

Tioy(z,y) = y(32® — y*)(272° + 1282° — 81lzy” + 384x"y* + 384x”y* + 128y°).
(2.72)
The first two factors of Tigy(x,y) contains also values which correspond to
j > 123 and they need to be sufficiently truncated. The identification of the
algebraic curve with the partitioning of H is immediate from Fig. ©.
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Figure 6: Left: Proposal of a fundamental region for massless Ny = 1. It is clear that it can
not be a fundamental domain of any SL(2,Z) subgroup if we identify the sides, 7 ~ 7 + 3.
This is because the lower boundary is not given by a union of half-disks. If we do not identify
the sides then the picture is in fact a fundamental domain for I'°(4). This is because there is
an element in I'°(4) which maps ico — 1. Right: Plot of the massless Ny = 1 u-plane as the
union of the images of u under the six SL(2,7Z) images of F as in (2.71), in units of A? = 1.
In particular, the function w is surjective onto C on this domain. The singular points sit
neatly in the interior of the strong coupling regions u(S*F), £ = 0,1,2. The origin u = 0 is
T = w3 + 7Z as discussed above, and bounds all six domains as is clear from the left figure.

2.4.2 Type II AD mass

In section 2.2.3 we saw that the Ny = 1 theory has AD fixed points in its
moduli space. To study these, we fix the mass to be one of the AD values,
m — map = %Al, specified by the zero locus of the AD polynomials (2.20).
Two mutually non-local singularities now collide at the AD point © = uap =
%A% while the third one simplifies to ug = —%A%, such that the discriminant

reads
A = (u—uap)*(u — up). (2.73)

From the curve we now find

u(r)  fse(r) +15
AZ 6

(2.74)

where f3p is the McKay-Thompson series of class 3B for the Monster group [36]
(see Appendix A.41 for an overview of McKay-Thompson series),

fon() = (%) S <%) o7

=g 5 — 124545 — T6¢5 — 243 ¢ + 1188¢5 — 138445 + O(g?).

(2.75)

The Dedekind n-function is defined in (A.18), while the functions bs ; are de-

fined in (A.14). We are again careful to choose the solution for v with the

consistent asymptotics. Substitution of the ¢ series (2.75) in (2.74) reproduces
the g-series based on [103, Eq. (4.93)].

Using Theorem 1 in Appendix A.1, we find that 7 — f35(37) is a classical

modular function for I'y(3) and therefore u is a modular function for T°(3). A
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Figure 7: Left: Fundamental domain of T'°(3), the duality group of Ny = 1 with m = map.
The AD point 7aop = v/3w2 is highlighted. Right: Plot of the Ny =1 u-plane with AD mass
as the union of the images of u under the 6 — 2 = 4 SL(2,Z) images of F forming I'°(3)\H,
as in the left figure. The complex plane can clearly be covered by 4 triangles. There is only
one strong coupling region, which is the circular region. It contains ug in its interior. The
AD point (orange) lies on the boundary of T*1F, as is clear from the left figure. The areas
with the same colours are mapped to each other in the two figures.

fundamental domain of I'(3) is

2
Fi(map) = JT'FUSF. (2.76)

=0

This is shown in Fig. 7 together with the map to the u-plane. The cusps are
ioo and 0, with widths 3 and 1, respectively. We take from [154, Table 4.1]
that T'°(3) has an elliptic fixed point of order 3.

Using the transformation properties of the n-function (A.19) it is straight-
forward to show that the locations of the singularities of (2.73) in the T-plane
are given by (w; = e2™/7)

u(ioco) = oo, u(0) = wo, u(\/gwlg) = UAD, (2.77)

where the proper limits are understood. The AD point v/3ws is stabilised by
the order 3 element (Z} 3) € I'°(3), and it is therefore the order 3 elliptic fixed
point of T'%(3). Comparing the locations to the massless case we see that the
regular singularity uy has stayed on 7 = 0, while, contrary to the massless case,
the cusps with the two mutually non-local singularities are disconnected (or
cut) from the domain for massless Ny = 1, and leaves as remnant the point Tap
into the interior of H. This procedure also reduces the index of the solution:
Indeed, from (A.32) we compute that ind°(3) = 4, where the 6 —4 = 2 AD
points do not contribute since they are not cusps. This can also be seen from

the fact that
(f38 + 3)*(fsp + 27)

= ) 2.78
j . (2.78)
Indeed, since J = 1728%, a common factor (fsg + 27)% of g5 and A has

cancelled. The last factor fsg +3 = 0in (2.78) implies j(7) = 0 and therefore
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7 = w3 mod SL(2,Z). In fact, it corresponds to u(ws) = u(ws + 1) = —3A2
and it is just a regular point in the u-plane. We can also read off from this that
ord(gs, g3, A) = (1,1,2) and therefore the AD theory in Ny = 1 is according
to Table 5 a type I singular fibre [155].
We can also study more characteristic functions of the theory with the AD
mass. Using Appendix A.1, we can differentiate (2.74) to find
du mwiA?

(1) =~ fs(T)bso(3)°. (2.79)

This implies that % is a modular form of weight 2 for I'°(3), without phases.
One can also show that

@( ) = V2i  [bsi(%)?
du’ V2TAL \ b30(3)

(2.80)

An expression for da/du in terms of oy was given in [156, Eq. (4.13)].

The g-expansion of Z—Z has growing denominators, and therefore Z—Z is not
a modular form of weight 1 for I'°(3). However, it is straightforward to check

that (Z—Z)Q is a modular form of weight 2 for I'°(3). We thus find the Matone
relation )
du 167 ~ (da
_— = Al — 2.81
dr 3 (du) ’ (281)

where A denotes the reduced discriminant. This is consistent with (2.52).

The monodromies can be found from the ones of the massless theory (2.68),

1 0
-1 1 -1 2
(2.82)
They generate the duality group I'’(3) and give the large u monodromy M; Map
PT—3. Furthermore, M, stabilises 7 = 0 and Map stabilises the AD point

7Ap = V3wis. We have that MgD = 1 and therefore 7op is indeed an elliptic

M, = STS™ = ( ) . Map = MyMy = T*(ST) ™' T2 = (_1 3) .

fixed point. The AD monodromy is conjugate to (ST)~!, which fixes 7 = ws.
Since Taop = w3 + 2, this gives a path in 7-space.

2.4.3 Generic real mass

By turning on a generic real mass, the singularities do not split compared to the
massless case since there are already Ny + 2 = 3 singularities. Therefore, the
fundamental domain of the massive theory should look similar to the massless
one of Fig. 6, but we now need to consider the presence of branch points and
cuts in more detail. We will discuss this and the limits to the pure theory as
well as the the theory with the AD mass now.

For generic mass we have not been able to find a closed expression for u
as a function of 7. By expanding J(u, m,A;) and inverting the series we can,
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however, get an expansion of u for the general massive theory near any cusp.

For example, the expansion near 7 = ioo reads (p = Aﬂl)
u(r) 1 1, (32, L (5120 , 160 5 13
- — g 3—= —_ —6 3 [ —— - _ 34+
A7 T 3u+(9u ) aq g 1Tyt ) e t0),

(2.83)
where we are careful to choose the expansion such that u — —oo for consis-
tency with our conventions. It is easy to see that this reproduces the earlier
expansions, (2.66) and (2.74), in the respective limits.

The branch point locus is given by the zero locus of (2.24). By calculating
J(u,m, A1) from the curve and plugging it into the polynomial DY we find
that the zero of the linear polynomial is u = upp = %mZ, and we recognise that
this is the polynomial appearing in the denominator of the generalised Matone
relation, (2.54), such that ‘;—g diverges here. In the massive Ny = 2,3 theories,
where the theories can be studied in detail, we argue that it corresponds to two
branch points in the closure of the fundamental domain, which are connected
by a branch cut. Motivated by these analyses, we can draw the two branch
point loci for positive mass. It is given in Fig. 8. For m = 0, the branch point
is located at the origin u = 0. At the AD point, they collide, the branch cut
vanishes and the order parameter becomes holomorphic, and even modular.
In the m — oo limit, the branch points also move to infinity.

A\
\
\
!
/
\
\
|
!
/
/

-1

Figure 8: Conjectured paths of the branch points in the fundamental domain of the massive
Ny =1 theory.

We can also confirm this from the analysis in section 2.3.3. By expanding
J (u)—T (upp) around uypp, for generic mass m, the linear coefficient is zero. The
(u — upp)? coefficient vanishes if and only if either m = 0 or m = m; == ﬁi'
For m = 0 we have 7,, ~ ws, such that n,, = 3 in the notation of section
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2.3.3. Furthermore, ny, = 6, such that the order of the branch point (2.65) is
3
6
zero at Thp, this agrees with (2.66) having a square root.

From Fig. 8 we see that the branch point loci pass through 7,, = 1 +1¢

the denominator of the reduced fraction %, namely 2. Since E,; has a simple

where m = m,, such that n; = 2. Furthermore we find ny,, = 4, and thus the
2

order of the branch point is 2. Since § = %, it is indeed again the branch point
of a square root.

For any other mass m € R\ {0,m;, map} we have ny,, = 2 while n,, =1,
such that the branch point is again of order 2. This demonstrates that the loci
in Fig. 8 are complete: there is a single branch point on the Coulomb branch
B, and for any mass there are two branch points of a square root in H, which
are connected by a single branch cut. It also implies that if an expression
such as (2.66) existed for generic mass, while it could contain higher roots of
modular forms, they can never have zeros in H (as is the case also for m = 0).

We can study the partition of the u-plane provided by (2.32) in detail. For
m # map the u-plane is partitioned into six regions, whose union of boundary
pieces is included in the algebraic curve given by the zero locus (2.34) of T7,

where T} = yTI and

Ty = 972p* + 81921227 — 2150443 2° — 1209622 + 184322 + 129622
+16128ux® + 1944 a3 + 8192122 y? + 225283 x3y? — 81922 x3y* — 34562 x2y>
+2304puxty? — 6912uzy* — 163842°%y% — 12288x1y* + 432023y% — 61442°
—12962° — 5184p°x — 7293z — 18432 xy? — 21504p3xy* — 81922 xys

— 1944 pxy® — 12962y + 475213y% + 86404%y* 4+ 6912115 + 2048y5.
(2.84)

Since the AD point m = map corresponds to a phase transition, we have to
study the two cases m < map and m > map separately.

The case m < map

From Fig. 8 we can take the location of the branch points. There is one singu-
larity u; on the negative real line, and the other two are complex conjugates
(as A; is a real polynomial). Using the definition (2.32), it is straightforward
to show that not all of y = 0 lies in 77, but rather only the real half-line with
u > wuy. Furthermore, the lines truncate at the singularities. On the upper-half
plane, the branch points can be viewed as endpoints of branch cuts coming

from 7 = % + 5% and 7 = 1. See Fig. 9. From this it is straightforward

to see how taking the massless limit gives back Fig. 6.

The case m > map

At m = map two singularities collide, and A; has a double root. Since A,
is a real polynomial and depends smoothly on m, the two singularities which
are complex for m < map are real for m > map. There is no meaningful
identification of the singular points when going through m = map, however
for large m there is a distinguished singularity u, that diverges. We can make
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Figure 9: Identification of the components of the partitioning 7., in Ny = 1 for p < pap,

here for the choice pu = %. The u-plane B; is partitioned into 6 regions u(aF), with the

a € SL(2,Z) given in both pictures. The branch point (purple) identifies two points on
OF1(m). The green/orange arcs are separated by a branch cut, and the opposite ends are
glued with the corresponding identical colour on the other side. The blue points correspond
to j = J = 0 and form the intersection points of 77.

the choice of F,,, suitable for the limit m — oo, where we should obtain Fig.
2. By studying the dependence of the partition of the u-plane on the mass,
one finds that u, is bounded by a region whose area grows as m — oco. It
squeezes into T'F and T3F and becomes T?F in the limit m — co. However,
as we want to put the singularities on the real line we need it to touch this axis
for finite m > map. In order to find the corresponding fundamental domain,
we can glue parts of the boundary 0.7, such that it not only agrees with the
geometry of the partition of the u-plane, but also the decoupling procedure is
inherent. See Fig. 10.

2.4.4 Generic complex mass

We can also consider a generic complex mass. The locus of AD masses (2.20)
is then real codimension 2. In fact, it is just w3 map, with ws a cube root of
unity. If m is not any of these three values, the corresponding Coulomb branch
has three distinct singularities.

We can decompose m = a + @b, and T}, is then a polynomial in a, b, x
and y. From (2.24) we see that if m is complex, then j(7,,) = J (upp) is also
complex, such that 7, is generically an interior point of F or an SL(2,Z) copy
thereof. The branch cuts most conveniently run from such branch points to
the intersection points of the curves, where J(u) = j(7) = 0. From (2.9) it
is clear that they correspond to the two solutions of go(u) = 0. We plot the
partitioning of the u-plane with the branch cuts for an imaginary mass in Fig.
11.

Due to the fact that uy, ¢ 71, the branch cuts run to the interior of the
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Figure 10: Identification of the components of the partitioning 7, in Ny =1 for u > pap,

here for the choice p = g. The u-plane B; is partitioned into 6 regions u(a;F), with the

a; € SL(2,Z) given in both pictures. The branch point (purple) identifies four points on
6.7:1 (m)
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Figure 11: Identification of the components of the partitioning 7,, in Ny = 1 for a complex
mass u € C, here for the choice u = %. The u-plane B; is partitioned into 5 regions, which
is due to the fact that u(F) and u(T2SF) are glued at the branch cuts (dashed). The purple
dot is the branch point in Ny = 1.
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a,; F. The four sides of the two cuts are pairwise identified, which makes points
on the branch cut smooth points on the Riemann surface. This identification
glues different regions u(a;F) together, in this case u(F) and u(T?SF). This
is clearly visible in Fig. 11, where the dashed lines in the u-planes are the
images of the branch cuts in F,,, and they do not belong to the partitioning
Ti. As a result, the u-plane is partitioned into five and not six components.
This is not in contradiction with section 2.2 because the fundamental domain
Fi(m) is still a union of six copies of F: the cutting and glueing along the
branch cuts is an additional feature of the domain.

2.5 The Ny =2 curve

Let us now move on to discuss the theory with two hypermultiplets. This
theory has four strong coupling singularities where massless hypermultiplets
appear. For general masses they are distinct points while for special mass
configurations one or more singularities can collide.

The equal mass case m = (m,m) is has been studied in [157]. Tts modular
properties, fundamental domains, and mass limits are studied in great detail
in [2]. It is also conceptually and computationally equivalent to the Ny = 3
theory with m = (m, 0, 0), which we discuss in section 2.6.1. For these reasons,
we omit the discussion here and refer the reader to section 5.1 of [2].

2.5.1 Two distinct masses

In the generic case, the two masses are distinct. As in Ny =1, we can expand
and invert the J-invariant for large u to find the series (y; = %)

u(T) 1

N 2 4 4 2,2 5
N ol T o (Hi + ) + (24(u1 +pa) + 1615 — 32ppz — 12 ) 4

3
—128 (pf + pi5) (16(py + piz) — 14puapo + 1) ¢+ O(q2).

[NIE

(2.85)
The double singularity u, in the equal mass case now splits into two distinct
singularities, uX. Due to the locus of masses giving rise to u-planes with AD
points, it is difficult to give a fundamental domain Fy(m) for any choice of
m = (my,mg). From (2.24) it is clear that there are two distinct branch
points in By. When both m; and msy are real and small, i.e. have not made
a phase transition compared to m = 0, one branch point uyp,; belongs to Ty,
while the other uy, 2 does not. However, J(unp2) = j(Top2) € R is also real
but larger than 123. A natural choice of branch cuts is along the tessellation
{r € H|j(7) € R}, which aside from (2.36) contains the SL(2,Z) images of
the positive imaginary axis. The plot of the partitioning 7,, shows a feature
found already in Ny = 1 with a complex mass (see section 2.4.4): The u-plane
is partitioned into only 5 regions, which is due to two regions u(a;F) being
glued along pairs of branch cuts (see Fig. 12). The splitting of u, into two
distinct singularities in this case does not require the two regions T'SF and
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Figure 12: Identification of the components of the partitioning 7, m,) in Ny = 2 for the

particular choice p; = % and pg = i. The u-plane Bs is naively partitioned into six regions

u(aF), with the o € SL(2,Z) given in both pictures. Two regions u(T'SF) and u(TST~1F)
are however glued along the pairs of branch cuts (dotted), running from the two singular
points u (orange, square) to the branch point 7,2 (purple, square). They do not belong
to the partitioning 7,. A natural choice for the branch cut is along the lines where j(7) is
real.

TST~1F to taper to distinct cusps, as we have that both 'S, T'ST~! : ico + 1.
The two singularities are rather split due to the branch cut, and the limit of
u(7) as 7 — 1 depends on the path from which 7 = 1 is approached. This
is different from u, # u_, where the boundary pieces near the cusps are not
identified.

2.5.2 The massless theory

When we go to the massless theory we now find

u(t) _ 105(n)  + ()t 1 1(17(5))8
n(27)

- _ a(q71/2 + 20q1/2 o 62q3/2 4 216q5/2 T O(q7/2))

This function is the completely replicable function of class 4C and is a Haupt-
modul for I'(2) [56-58]. The physical discriminant becomes A = (u+ Aé)Q(u —
%%)2. The two cusps correspond to u(0) = —Aé and u(1) = —i—%%. They are
associated with the particles of charges (1,0) and (1, 1) becoming massless.

A fundamental domain for I'(2) is given by
F5(0,0) = FUTFUSFUTSFUST 'FUTSTF (2.87)

and is plotted in Fig. 13 together with the map to the u-plane. This picture
gives rise to the dessin d’enfant of the j-invariant [158, Fig. 6], as u is a linear
function of the modular A-invariant, which has critical points A = 0, 1, cc.
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Figure 13: Left: Fundamental domain of I'(2). This is the duality group of massless Ny = 2.
All three cusps {ic0, 0,1} have width 2. Right: Plot of the massless Ny = 2 u-plane as the
union of the images of v under the indT'(2) = 6 SL(2,Z) images of F. Here, we use the
decomposition I'(2)\H = U;lg,g:o TSk FUST '\ FUTSTF. There is a Zy symmetry which
acts by u +— —u. The singularities 7 = 0,1 are both touched by two triangles each.

2.5.3 Type II] AD mass

If we choose my = my = map = %Ag, we find a u-plane with an AD theory of
type I11 located at u = uap = 3A3 [105]. Three singularities collide in this
point, while one remains at uy = —gA%. The discriminant now takes the form

A = (u — uap)*(u — ug). (2.88)
Using I'(2) as an intermediate field of the sextic equation, we can show that

u(t) _sz (%) +40 1

(¢ + 16 + 276¢"/% — 2048¢ + O(¢*?))

A2 64 64
(2.89)
where fop is defined as
24 4 4
fon(T) = (:((QTT))) = 256—193(;2 (f;ﬁ) : (2.90)

and it is the McKay-Thompson series of class 2B [56-58]. It is a Hauptmodul
for ['y(2). Therefore, u is a modular function for I'°(2). A fundamental domain
of T9(2) is

Fo(map) = FUTFUSF (2.91)

and is shown in Fig. 14. It has index 3 in PSL(2,7Z), since three mutually
non-local singularities have collided. This can also be seen from the fact that

(fo8(3) + 16)°
foB(5) '

One has that u(7ap) = uap whenever fop(¥2) = —64, whose solution

the curve reads

j(r) = (2.92)

locus intersects with our choice of T'°(2)\H in 7aop = 1+ . This can be proven
from the S-transformation of the Dedekind 7 function. It is also easy to check
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Figure 14: Fundamental domain of I'°(2). This is the duality group of Ny = 2 with masses
m = %(AQ, As). The AD point corresponds to the elliptic fixed point 7op = 1 + 4.

that u(0) = u. Taking the proper limits from N; = 2 [2] we directly find 2

da and we can check that they satisfy the Matone relation

du
du 167i ~ (da\ >
= Al == 2.
dr 2 (du) ’ (2.93)

consistent with (2.52). Both branch points of the N; = 2 theory have collided
along with the singularities where mutually non-local states become massless.

as well as

The monodromies are

1 0

— -1 _
My=STS™ = (_1 )

-1 2
) . Map=TS7'T'= ( . 1) : (2.94)
and they satisfy MoMap = M, with M, = PT~2. Furthermore, Mip = 1,
such that 7ap indeed is an elliptic fixed point of T'°(2). The AD monodromy
is conjugate to S™!, which fixes 7 = 4. Since Top = i + 1, this gives a path in
T-space.

2.6 The Ny =3 curve

We will start by discussing the Ny = 3 theory with one non-zero mass, m =
(m,0,0), where we can find an explicit expression for u in terms of Jacobi theta
functions. After this we discuss the generic mass case, the massless theory and
a number of theories with specific AD masses.

2.6.1 One non-zero mass

For the general theory it turns out to be complicated to find closed expressions
for u, but if we only keep one non-zero mass, m = (m, 0, 0), we can make more
progress. Four of the strong coupling singularities now merge in pairs of two
and the physical discriminant becomes

A= (u—uy)*(u—u_)*(u—u), (2.95)
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with

mA3 Ag 2
Uy =+ g u*:§+m. (2.96)
There are two AD points at m = map = +1:A3 and u = uap = 7gAj where

either uy or u_ merges with u, to give a type I1I singular fibre. We now find
that the sextic equation for u again splits over the intermediate field I'(2). In
this case there is only one solution that has |u| — oo for 7 — ioco, and as
mentioned before this has u — —oo. This is then the reason why we have
persistently chosen this convention in all other cases, to make the decoupling
limits from Ny = 3 consistent. We find that

w2050+ (U5 VDV
A2 6403
1 /1
= 5% (5 + (=8 +40962) 4 4(5 4 32768p* — 4194304 )q + O(q2)) ,
(2.97)
where we have defined f3 = %ﬂg +9391 and p = §*. Due to the appearance
of the square root in (2.97) u is not holomorphic, and similarly to the Ny =1

case there will be branch points in the fundamental domain. They are given
by
3 3
-bp _ (Ag - Sm) (Ag + 8m)
Jm) 16mA2 '

By plugging in the expression for J in terms of v we find that the branch

(2.98)

point lies at up, = 2m? in the u-plane, as is also found by studying the Matone
polynomial (2.51). We can also use known relations between the j-invariant
and theta functions to check that (2.98) coincides with f3 = 0, such that the
branch point of w is that of the square root in (2.97).

We see that the branch point of the square root is f3(79) = 0. Near 7y,
the expansion of f3 reads f3(7) = (7 — 70)h(7), where h(7) is holomorphic
near 79 and h(1p) # 0. Then one branch of the square root reads 1/ f3(7) =
VT —710y/h(7). Now since h(1y) # 0, we have that 7 — /h(7) is nonzero
and in fact holomorphic in a neighbourhood of 79. However, 7 — /7 — 79 is
strictly non-holomorphic at 75. This proves that u is not holomorphic at 7.

It is straightforward to calculate other interesting quantities explicitly from
(2.97), including

da  2v/2i 03

du A5 O+ 9+ 2V s (2.99)

du o9 aq an 280205 + 98 + 6093091 + 9% + 495 + 9DV f3

dr 2798/ f3

We can explicitly check that they satisfy Matone’s relation (2.52),

du A da\?
— = —16m: — ] . 2.100
dr mu—ubp (du) ( )

On the rhs, the double singularities u, and u_ have cancelled, while, as dis-
cussed in section 2.3, the branch point uy, = 2m? remains in the denominator.
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Fundamental domain

A fundamental domain can be found in the following way. The six roots of
the sextic equation give the six cusp expansions. They can be canonically
normalised to match the form of the expansion (2.97) at co. Then instead
of studying which transformations give the right values at the cusps, we can
take the cusp expansions and try to find maps «; € SL(2,Z) that take u(7)
to the functions under study. Due to the square root, this is quite subtle. We
furthermore need to take m as generic, such that the square root does not re-
solve. This allows to find the maps «; € SL(2,Z), which give the fundamental
domain

F3(m,0,0) = FUSFUST 'FUTSTFUTST>*FUTST*SF, (2.101)

shown in Fig. 15. It is valid for all masses m that do not allow the square
root to resolve. We prove below that this does not happen unless m = 0 or
M = MAp = %Ag.

Let us also study the paths of branch points in the fundamental domain.
Similarly as in massive Ny = 1,2 [2], we analyse the critical values of (2.98).
We have that lim,,ojP(m) = 400, j*P(map) = 123, j*P(42) = 0 and
lim,, .o j°P(Mm) = —oo. It is easy to show that j°P : (0,00) — R is mono-
tonically decreasing and therefore injective.

Since up, = 2m?, we have that at m = 0 the branch points coincides with
uy and u_. At the AD point, m = %, it collides along with u, and u, . Finally,
for m — oo it diverges, just as u, does. This fixes the points 7 =0 and 7 =1

formzo,T:TAD:%—i-%form:mAD andeéoriooform:oo. The
1
2
around 7 = % starting from either 7 = 0 or 7 = 1, followed by a vertical path

simplest curves connecting these three points are quarter-circles with radius

from % + % to either % or £00.

The fundamental domain together with the path of the branch points found
from the above considerations is shown in Fig. 15.

The various checks of the branch points paths are analogous to Ny =1, 2.
We can plot j(7) along these curves and find that it has the same global
properties and critical points as (2.98). The intermediate value j(r) = 0
corresponds to m = % and T = % + 2—\151', which is in the SL(2,Z)-orbit of ws.
Along the branch point locus, u simplifies to

u(Tp) = ——sz;;bp), (2.102)

with fop given by (2.90). On the paths in Fig. 15 this function behaves
precisely as upp(m) = 2m?.

Partitioning of the u-plane

Finally, we can study the partitioning that the domain (2.101) induces on the
u-plane under the map (2.97). As studied in section 2.2.4, the partitioning
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Figure 15: Fundamental domain for Ny = 3 with m = (m,0,0). The dashed lines corre-
sponds to the path of the branch points on the positive ray from massless to infinite mass.

is contained in a real algebraic plane curve, which is given by the equation
Im J (u, m,A3) = 0. For generic p = 1. where m = (m,0,0), we can compute
it as the zero locus of the polynomial

Tim,0,0) =y (21 + 12827 — 256p°z — x + 128y?)
x (10616832u® + 14745618 + 672u* + p? + 21990232555522° — 1374389534722 2°
+ 879609302220825y2 — 257698037762% + 5153960755225 + 1275068416z°
— 22548578304tz — 261724569622 + 13194139533312z%y* — 1374389534722 2% y?
— 77309411328z%y% — 12976128z* + 1610612736*z> + 2097152122 + 1030792151042 23y
+ 2550136832z3y% + 4915223 — 301989888842 + 37748736122 + 159744222
+ 8796093022208z2y% + 137438953472u2x%y* — 77309411328x2y* — 536870912004 x4
— 2550136832222 y? — 917504022y — 6422 — 3774873682 — 344064z — 768>z
+ 51539607552u2xy* + 12750684162y 4 536870912u*wy? — 18874368u2zy? — 16384xy>
+ 2199023255552y% + 1374389534722y — 25769803776y° — 22548578304, y*

+ 67108864u%y* + 3801088y + 3019898881542 + 1677721644 y? + 1024004%y? + 64y2).
(2.103)

The second factor on the rhs gives a circle on the x +1y = Alg-plane with radius
|1* — 55| and centre (z,y) = (4* + 55,0). By tuning the mass x from 0 to oo,
one passes through the AD point y = 2%1 where the radius of the circle shrinks
to 0. For this mass, three regions defined through T{,, 00y = 0 collapse to a
point = + iy = %—5 = ﬁ, which is the only root over R? of the quadratic
polynomial. This gives further evidence that the domain 15 is in fact correct
for all p € (0,00)\{$}.

Limits to zero, AD and infinite mass

As in the m = (m,m) Ny = 2 theory, there are three interesting limits:
m — 0, m — oo and m — map. In the massless limit, we aim to recover
[o(4)\H. This is not difficult to see: Under T'y(4), we can identify T'ST?SF

29



with ST72SF, and similarly T'ST?F with ST—2F, since the transition maps
are in I'g(4). This gives precisely Fig. 17.

By decoupling the massive hypermultiplet, the theory flows to massless
Ny = 2. We find that u, — oo, while uy — j:%%. From section 2.5.2 it is clear
that the singularities v+ do not move in 7-space. The cusp region T'ST?SF is
identified with T'F under the duality group I'(2) of massless Ny = 2. Moreover,
the remaining differing triangle T'ST?F can be mapped to T'SF using I'(2).
This then gives precisely I'(2)\H as in Fig. 13.

Finally, in the limit m — map = 1—16A3 the singularities u, and wu, collide.
Since they drop out of the curve, we should remove all regions near those
cusps. In Fig. 15 we can remove the triangles TSTF, TST*F and TST?SF,
after which the index 3 group I'g(2) remains. This is precisely what is found
as the duality group of the m = (map,0,0) theory, as shown in Fig. 14. The
pre-image of the merged non-local singularities uap is the point 74p, which
lies in the interior of H and corresponds to the point where the branch points
have collided.

2.6.2 (Generic masses

For generic masses m = (mj, ms, m3), the order parameter reads

U 1 /1
A_§ = —ﬁ (5 + (—8 + 4096]\/[2)

+4(5 + 32768 M, + 3670016 M3 — 4194304M, — 4194304 M) q + O(qQ)),

where the coefficients M; are the symmetric polynomials defined in (2.55) for
the variables

T—S There are five generally distinct singular points.

Due to the Ny = 3 distinct branch points on the u-plane, the fundamental
domain for a given mass m has an intricate web of branch cuts. Furthermore,
the fundamental domains F3(m) change as m passes through £3P (see Fig.
3). A fundamental domain F3(m) can also change when m is varied such
that Az has any double root, and when branch points in H pass through the
SL(2,7Z) tessellation Ty (2.36).

For any given mass m one easily computes T3 from (2.33), and truncates the
plot of the level set to the region where J (u, m, Az) < 123. The branch points
upp are the zeros of PM (2.54). On the upper half-plane H, a branch point 7,
is any of the SL(2,Z)-images of (j|7) '(J (upp)). When J(upp) < 123, then
obviously 7y, € Ta. If J(upp) > 12%, then 7, € SL(2,Z) - iRso. Lastly, if
J (unp) € R, then 7, is an interior point of an SL(2,7Z) copy of F.

In Fig. 16 we plot the u-plane and corresponding fundamental domain for
three distinct masses. The five distinct singular points are partitioned into five

regions u(aF), where two of them are glued by branch cuts.
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Figure 16: Identification of the components of the partitioning 7(m, ms,ms) in Ny = 3 for
the particular choice p; = 1—10, Lo = % and pug = 15—0. The u-plane B3 is partitioned into five
regions u(aF), as those for ST~! and ST are glued by two branch cuts. The fundamental
domain is given by six copies of F, with three pairs of branch points (purple). Two branch
points (triangle and disk) lie on 73. The third (square) lies in the interior and glues the
copies STF and ST~'F. A natural choice for the branch cuts not lying in 73 (dashed) is on
the real axis in the u-plane, for which the path in H is along the tessellation SL(2,7Z) - iR~.
The singularity at 7 = 0 does not have width 3 as apparent, since due to the branch cuts
u(7) assumes three different values depending on which side of the branch cut 7 = 0 is
approached from.

2.6.3 The massless theory

When sending m — 0 from above we find

u(7) L 9s(n)*a(r)* 1 (n(ﬂ)s

A2 64 (05(n)2 —Uu(r)2)2 T 212

1 1(47) (2.105)
= ﬁ(q*1 — 84 20q — 62¢° + O(¢"?)).

It is the completely replicable function of class 4C and a Hauptmodul for
[o(4) [56-58]. The physical discriminant is A = u*(u — /2\—83), and one finds
that the singularities are located at u(0) = 0 and u(3) /2\—5 At 7 =0 a dyon
with charge (1,0) becomes massless, while at 7 = % one finds instead that a

dyon with charge (2,1) becomes massless. The massless Ny = 3 u-plane has

no global symmetries.
A choice of fundamental domain for I'y(4) is

F3(0,0,0) = FUSFUSTFUST 'FUST*FUST 2SF, (2.106)
and is shown in Fig. 17.

2.6.4 Type IV AD mass

As illustrated in Fig. 3, on the generic mass Ny = 3 u-plane, there is not only
the IV AD point but also a variety of I11 and Il points. We will give a few
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Figure 17: Fundamental domain of I'¢(4), the duality group of massless Ny = 3. The cusp

at 7 = 0 has width four, while the cusp at 7 = % has width one.

explicit examples of the u-plane of the theories with masses tuned to these

specific values, starting with the most symmetric case.
(m,m,m) and m = %Ag, four mutually non-local singularities

For m =
collide in upp = 3—12/\3 The remaining singularity is uy = —%Ag and never

collides with the other four. The physical discriminant is A = (u — wug)(u —
uap)*. One finds that

u 7+ 304

where

3
e = p3oVI+VIi—TT8 o Ei+Eg
VI V- 1728 E} — Ey (2.108)

1
= — — 120 + 10260g — 901120¢* 4+ 91676610¢° + O (¢*)

q

is the Ramanujan-Sato series of level 1 [159-161]."
Inverting (2.108) we find

* + 432)2
M (2.109)
J
Using this and a discussion similar to the massless Ny = 1 case for the trans-

formations of j* we find that the singularities are located at (w; = €27/7)

u(ioco) = 00, u(ws) =wuap, u(0)=up. (2.110)

14The Ramanujan-Sato series generalise Ramanujan’s formula for % as a series of quotients
of modular forms. They exist for level 1 up to 11 and beyond. The level 1 series is the
only one whose generating function can not be expressed by an n-quotient [162].
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TADN,

Figure 18: Left: Proposed fundamental domain of the duality group I';- of the Ny = 3
m = %(Ag, A3, A3) theory. It is a region with index 6 —4 = 1+ 1, elliptic fixed point w3 and
cusp at 0. This uniquely fixes it. Right: Plot of the u-plane for the corresponding theory
as the union of the images of u under the 6 — 4 = 2 SL(2,7Z) images of F as in the left
figure. The complex plane can clearly be covered by 2 triangles. This demonstrates that the
proposal of the left figure is indeed a fundamental domain for (2.107). The weak coupling
region is covered by u(F). The strong coupling region u(SF) contains the singular point ug
in its interior. The AD point (orange) lies on the boundary.

We can read off from (2.109) that ord(gs, g3, A) = (2,2,4) at the AD point,
such that according to Table 5 we indeed have a singular fibre of Kodaira type
IV [155].

From (2.109) we read off that the duality group I';« has index 2, which is
consistent with the previous cases in Ny = 1,2 in that a factor of (u — uap)*
has cancelled from g3 and A, and therefore does not contribute to the index.
The fundamental region of u is therefore of index 2 with 0, w3 and 700 on its
boundary. However, there is no index 2 subgroup of SL(2, Z) with two distinct
cusps [154, Table 4.1]."” This agrees with the fact that (2.107) is not a classical
modular form and the monodromy group does not promote to a modular group
since its action on u is not associative (see section 2.4.1). We can nevertheless
propose a fundamental region

Fs(map) = FUSF, (2.111)

see Figure 18.
The monodromies are found by consistency,

_ 1 0 _ -1 1
mo = STS™ ' = (_1 1), map =TS = (_1 0), (2.112)

and are unique in SL(2,Z)." They fix 7 = 0 and 7ap = e™/3 = 1 + */731‘,

respectively, and produce the large v monodromy mgmap = PT~!. Just as
in the massless Ny = 1 case, we note that as matrices they do not form a

15Tn fact, there is exactly one index 2 subgroup of SL(2,Z) and it has only one cusp of width
two. This group is sometimes referred to as I'g(1)* and is generated by T'S and T2, and
S ~ _ g (93493) (93495) (95 —93)
the Hauptmodul is given by /j — 1728 =8 FEERE .
27374
16The overall signs are fixed in the following way. The large u monodromy is PT~!. The
monodromy at myq is oriented such that it conjugates to T'. This fixes the sign of map
from the below relation.
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congruence subgroup but instead generate the whole of SL(2,Z), since my, =
PT~! and TmyT = S. However, u is not invariant under S.

2.6.5 Type II] AD mass

In the single mass case m = (m, 0,0) with map = 1—16/\3, the Ny = 3 curve has
an AD point at uap = %A%. The physical discriminant is A = (u—wuap)?(u—

up)? with ug = —35A3, which is —uap by coincidence. One easily finds

“/(é) _ _fem(D) 32 QB(Q; 52 (2.113)

with fop defined in (2.90). This fits nicely into the description as indI'g(2) = 3
is equal to 6 — 3 = 3, being the number of mutually non-local singularities
collided at uap. We find that u(7) = g is equivalent to fog(7) = 0, and one can
easily show that fop vanishes at the cusp 7 = 0. Using the S-transformation of
1, we can show that Tap = %+ % In terms of the Hauptmodul, the curve reads
j= (h‘?ﬂ. This shows that the AD point is indeed a type 111 singularity.
It also follows that J(Tap) = 123 and that 7ap is in the SL(2,Z) orbit of i.
The duality group T'g(2) is generated by g = T and go = ST?S. The AD
point is stabilised by g1go € I'g(2), which makes it an elliptic fixed point. A
fundamental domain for u is given in Figure 19. The effective coupling at
the AD point is explained through the fact that the N; = 3 branch point
collides along with the three mutually non-local singularities in uap, and the

two branch points on the upper half-plane as drawn in Fig. 15 collide at 7ap
for m = map.

TAD \

[N
[N

Figure 19: Fundamental domain of I'g(2). This is the duality group of Ny = 3 with mass
m = %(Ag, 0,0). The AD point is the elliptic fixed point of the domain, located at Tap =
Jr

N
SIS
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The monodromies are

My = ST*S™! = (_12 (1)) . Mxp = (TS)'S7'TS = (:; 1) . (2.114)

The first one describes the path around the cusp 7 = 0, which has width 2. The
AD monodromy is conjugate to S~!, which fixes 7 = 4. The path is then given
by the map (7'S)™! : i — 7ap. The matrices (2.114) satisfy MyMap = My,
with My, = PT~! and M3, = 1, such that 7aop is indeed an elliptic fixed
point for T'y(2) of order 2. They are also related to (2.94) by conjugation with
diag(2, 1), which induces the isomorphism between the I'y(2) and I'°(2) curves.

2.6.6 Type I AD mass

On the equal mass m = (m,m, m) curve we can also tune the mass to m =

MAD = —6%1/\3 to find a type II AD theory at uap = Q%Ag By fixing the mass

to this value we find
U(T) _ ng(ST) + 7

with f3g given in (2.75). At uap two mutually non-local singularities collide,
while the other three reside at up = —3>A3. The physical discriminant is

therefore A = (u — uap)?(u — ug)®. We know from section 2.4.2 that 7
f38(37) is a Hauptmodul for I'y(3), and in fact the fundamental domain is just
given by the one for I'(3) as in Fig. 7, with every point divided by 3. It also
decomposes into SL(2,7Z) images of F, see Fig. 20.

N -
~ . N
s N S]: L7 N
N ,
N ,

TAD \

o=
[N

Figure 20: Fundamental domain of I'¢(3), the duality group of Ny = 3 with mass m =
—6%1(A37 A3, As). Tt has index 4 in PSL(2,Z) and a type IT AD point located at the elliptic
fixed point 7aop = % = % + 2%@2 The width of the cusp 7 =0 is 3.

The AD point u(tap) = uap translates to f3g(37ap) = —27 which has
TAD = \/igwlg as a solution (where w; = €2™/7). The other singularity satisfies
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fs8(37) = 0 and therefore 7 = 0. In terms of the Hauptmodul of I'y(3)
the j-invariant of the curve with above given mass map reads j = (fsg +
27)(f3s + 243)3/ f35. This proves that the AD singularity is Kodaira type I7
and therefore indeed equivalent to the /7 theory in Ny = 1, see section 2.4.2.
It is interesting that both curves are parametrised by the same Hauptmodul,
as the number of singularities on the curves are different.

The monodromies are given by

1 0

My = ST?S™! =
o= ST*S (_31

). = s sy s = ().

(2.116)
which are just (2.82) conjugated by diag(3, 1). They furthermore satisfy MoMap
= M, with My, = PT~'. Since M, = 1 in PSL(2,Z), the AD point 7ap
is an elliptic fixed point in T'g(3). Its stabiliser Map decomposes into the
monodromy (ST)~! around 7 = w3, and the path (T'S)™! : w3 — Tap.

2.7 Discussion

We have studied the Coulomb branches By, of SU(2) N = 2 Yang-Mills the-
ories with Ny < 3 massive hypermultiplets in the fundamental representation.
In particular, we have considered the order parameter u as function of the effec-
tive coupling, and derive domains Fn; such that u : Fn; — BNf is 1-to-1. We
find that generically the function v has square roots appearing in the expres-
sions for u, such that Fy, is not isomorphic to a domain ["\H for a congruence
subgroup of SL(2,Z). Nevertheless, exact expressions can be determined, such
as for Ny = 2 with 2 equal masses, and Ny = 3 with one non-vanishing mass.
For other special values, branch points and cuts can be absent and the fun-
damental domain is that of a modular curve for a congruence subgroups of
SL(2,Z), as also encountered in cases in the literature [45, 100-102].

We described how the order parameters are naturally expressed as roots of
certain degree six polynomials with modular functions as coefficients. Many
interesting aspects of the theories can be read off from these polynomials:

e The degree of the polynomial tells us that the fundamental domains
of the order parameters can be described as six copies of the ordinary
SL(2,Z) domain.

e For the modular theories this further implies that the duality group needs
to be at most index six in SL(2,Z).

e The discriminant of the sextic polynomials includes the branch points as
well as the superconformal AD fixed points of the theories.

e We further discussed how one can explicitly construct fundamental re-
gions of order parameters as images of fundamental domains in Fy,. The
partitioning of the fundamental regions of the order parameters seem to
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generalise aspects of the dessins d’enfants [39, 124127, 158,163, 164] to
the case of non-modular elliptic surfaces.

Physically, the branch points and cuts provide a mechanism for Fy, to
evolve as function of the mass. This is most apparent in the limits where a
hypermultiplet decouples or multiple singularities coincide, where branch cuts
appear to “cut” and “glue” regions of Fy,. In particular near an AD point,
regions with non-local cusps are disconnected from Fy,. This makes it manifest
that on the wu-plane, not only non-local singularities become coincident, but
also branch points, which ceases to be branch points in the limit because also
the pre-images in Fy, have collided.

We believe that our methods can be adapted to many other rank one the-
ories, such as those of class S [21,113]. The present analyses could perhaps
also be used to draw lessons about moduli spaces of other theories, such as
N =2 SYM with gauge group SU(N) for N > 2 or Calabi-Yau compactifi-
cations in string theory, where in many cases similar structures should arise.
Remnants of which could perhaps be seen in [1,153]. Lastly, we hope our
methods find applications in similar geometries such as F-theory [165] and
5d SCFETs [166]. Moreover, our findings benefit the evaluation of the u-plane
integral [71,73,81,82,84], which we discuss in section 5.

We would further like to mention to explore potential physical consequences
of the branch points. It is known that the AD points correspond to critical
points of a second order phase transition [157, 167, 168]. It might then be
natural to think of the branch cuts in Fy,, as in for example Fig. 8, as
boundaries over which a first order phase transition takes place. Since branch
points and cuts seem to be a generic feature, it would suggest that similar
points appear in all theories with these kinds of superconformal fixed points.
It would of course be very interesting to study this further and we leave that
for future work.
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3 Four flavours, triality and bimodular forms

In this Section, we study the ' = 2 supersymmetric SYM theory with Ny = 4
fundamental hypermultiplets. Together with the asymptotically free theories
investigated in section 2, it completes the study of SU(2) theories with funda-
mental hypermultiplets and non-positive one-loop beta functions. This section

is based on [3].

3.1 Introduction

The N = 2 supersymmetric Yang-Mills field theory with gauge group SU(2)
and N; = 4 fundamental hypermultiplets is distinguished for various reasons
[46], including:

e The theory is superconformal up to mass terms for the hypermultiplets,
and is a benchmark for four-dimensional SCFT’s with A/ = 2 supersym-
metry [105, 169-171].

e The theory is a building block for other four-dimensional N = 2 SCFT’s
and the 2d/4d correspondence [21,172].

e The theory exhibits an intriguing electric-magnetic duality group includ-
ing triality [46]. This duality group acts on the UV coupling 7, and
running coupling constant 7, and contains elements which act simulta-
neously on the two couplings as well as separately.

e The theory is a “parent” theory from which the asymptotically free
N = 2, SU(2) theories with N; < 3 hypermultiplets can be obtained
by decoupling one or more hypermultiplets [45,46].

The focus of the present section is on the third bullet point. We analyse
duality groups for the couplings 7, and 7 of the Ny = 4 theory as function
of the masses. To this end, explicit expressions for the order parameter u =
(Tr ¢?), with ¢ the complex scalar of the vector multiplet, are determined as
function of both 7, and 7. We identify several loci in the space of masses
where u transforms as a modular form for both 7, and 7. This extends
section 2 on theories with Ny < 3 to Ny = 4. In section 2, we determined
fundamental domains for the running coupling 7 for the asymptotically free
theories by analysing in detail the order parameter u as function of the effective
coupling 7 € H. We have demonstrated that for generic masses this function
has branch points, with the consequence that the fundamental domain for 7 is
in general not of the form I'\H for a congruence subgroup I' C SL(2,7Z). Only
for specific values of the masses, such as those giving rise to Argyres-Douglas
(AD) points, the order parameter is (weakly) holomorphic as function of 7,
and the fundamental domain is that of a congruence subgroup. In this section,
we find that these features are present as well for the Ny = 4 theory, but with
an additional dependence on 7.
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At special modular loci, some properties of the Ny = 4 order parameters
are similar to that of the N = 2* SU(2) theory, i.e. the superconformal theory
with a single adjoint hypermultiplet. The N' = 2* order parameter transforms
as a modular form under the group I'(2) x I'(2) with the first factor acting
on 7 and the second on 7y, while it also transforms as a modular form under
simultaneous SL(2,7Z) transformations of 7 and 7, [148, 173, 174]. It was
later clarified that w(7, 7yy) is an example of a meromorphic bimodular form
[85]. Such functions have appeared, although sporadically, in the mathematical
literature [175—177].

The SU(2) Ny = 4 theory exhibits a richer structure: It has four mass
parameters that give rise to seven singular vacua on the u-plane. For special
choices of the masses, the u-planes contain any of the three SU(2) Argyres-
Douglas superconformal points (A, As), (A1, A3) and (A, Dy), while in the
massless case there is a non-abelian Coulomb point with a five quaternionic-
dimensional Higgs branch [104, 105]. For generic masses, the singularities are
roots of a sextic polynomial, for which there is no known expression. The
flavour symmetry SO(8) becomes the universal cover Spin(8) in the quantum
theory. It has a triality group Out(Spin(8)) of outer automorphisms, which
is isomorphic to the symmetric group S3 on three letters. The full symmetry
group of the Ny = 4 curve is then the semidirect product Spin(8) x, SL(2, Z),
which is induced by the group homomorphism ¢ : SL(2,Z) — Out(Spin(8)).
As the triality group is of order |S;| = 6, the orbits of the group action on mass
space C* generally have six elements. However, there are specific mass config-
urations with enhanced global symmetry that are invariant under subgroups
of the triality group, for which the orbits collapse, either to three elements or
to a single element.

We study four such configurations in detail, and show that their order
parameters, periods and discriminants are bimodular forms for subgroups of
SL(2,Z). For the triality invariant case (mq, mg, ms, ms) = (m,m,0,0) we find
that the order parameter is a bimodular form of weight (0, 2) with I'(2) acting
on both 7 and 7y individually, while it is also bimodular for SL(2, Z) acting on
7 and 7y simultaneously. If all four hypermultiplets are rather given an equal
mass, the triality orbit has three elements. The u-planes for these three mass
configurations are modular curves for the three subgroups of SL(2, Z) conjugate
to T%(4). The order parameters, periods and discriminants are permuted by
triality, and can thus be organised into vectors to form one-parameter families
of vector-valued bimodular forms for SL(2,7Z). We further give some examples
of exact expressions for order parameters of more complicated theories with
two independent mass parameters. These theories then include both AD points
and branch cuts.
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3.2 Four flavours and triality

The one-loop beta function of A/ = 2 supersymmetric Yang-Mills theory with
Ny < 4 hypermultiplets in the fundamental representation is Sy, (gym) =

—192}7?42 (4 — N¢). The gauge coupling gyy is combined with the theta angle
8mi

0 in the Lagrangian as 7 = % + P This complexified gauge coupling can
be considered as the expectation value of a background chiral superfield. In
the renormalisation scheme where the superpotential remains a holomorphic
function of all chiral superfields, the one-loop running coupling at the energy

scale E can be expressed as [10]

4—N; E
E) = — 1 .
T( ) Tov 271'2 o8 AU\/

(3.1)

It is one-loop exact in the holomorphic scheme, and thus for Ny < 4 the
combination

AN = Ay ey (3.2)

of the scale Ayy and the coupling 7y is invariant to all orders in perturbation
theory. This complexified dynamical scale Ay, sets the overall scale of the
theory. For Ny = 4 on the other hand, there is a distinguished dimension-
less parameter 7y, on which the theory depends nontrivially. To shorten the
notation, we will also set 7 := 7yy and qp := €2™™ in the following.

3.2.1 The curve

The low-energy physics of N =2 SYM with Ny = 4 massive hypermultiplets
has been determined in [46, 148,173, 178-180]. Similar to the asymptotically
free (Ny < 3) cases, the physics is encoded in an elliptic curve which depends
holomorphically on the Coulomb branch parameter v € B,. This coordinate u
parametrises the Coulomb branch By of the Ny = 4 theory. Let us first define
the symmetric mass combinations

4
[mi] =) _mf, [mim3] = mim]

i<j

=1
4927 _ 42 2 92 on _ 2 2 92 (3.3)
[mim3] = E mim;,  [mimim3] = E m;m;my,
i#j i<j<k

Pf(m) = M1MoM3My.
The Ny = 4 curve for generic masses is then [40]

y? = WiWoWs + A (Wi Ty (e — e3) + WaTh (es — e1) + WaTs (e1 — e3)) — A%N,
(3.4)
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where

W, = z—eu— e?R,
A = (61 — 62) (62 — 63) (63 — 61) s
R

— 5[
T, = o [mimd] — 5[],
T3 = 3F§Pf(m)—214 1m2]]+48 [m1]
No= 2 [mdmdd] - o mimd] e 8], 35)
and the half periods
S L), e= R =L@ (0

are functions of 7y = 7y, with e; + e3 + e3 = 0. The Jacobi theta functions
¥; are defined in Appendix A. Since the rhs of (3.1) is a cubic polynomial
in z, it is indeed an elliptic curve. We obtain the low energy theory with
Ny = 3 flavours by taking the limit 7, — 0o (or, equivalently, go — 0) and

1
m4 — oo while holdingtuasl2z As = 64¢q;my fixed. The order parameters are
then related as [40]

1
UN;=4 + 161 [[mﬂ] — UN;=3. (37)

See (2.3) for the corresponding curves.

Let us study the singularity structure of the Coulomb branch. For generic
masses m = (my, my, mg, my), there are six distinct strong coupling singulari-
ties. By tuning the mass, some of those singularities can collide. If we weight
each singularity by the number of massless hypermultiplets at that point, the
total weighted number of singularities on the u-plane is thus always 6. Denote
by k; the weight of the [-th singularity, and by k(m) = (ki, ks, ...) the vec-
tor of those weights. In Table 1, we list a selection of specifically symmetric
mass configurations. One notices that certain a priori unrelated cases have the
same weight vector k and global symmetries, such as the cases {B, C, D} and
{E, F, G}. This will be explained in the next subsection. It is also clear that
k(m) gives a partition of 6, the total number of singularities on B,.

3.2.2 Triality

Let us study the symmetries of the Ny = 4 curve (3.4) with mass m =
(m1, mg, m3, myg). Scale invariance, the U(1), R-symmetry and the SL(2,7Z)
symmetry acting on 7y are explicitly broken by the masses. There is a rem-
nant scale invariance on the Coulomb branch, which manifests itself in the
J-invariant B, x C* x H — C of the curve being a quasi-homogeneous rational
function of degree 0 and type (2, 1,0),

J(s*u, sm, 1) = J(u,m, ), scC* (3.8)
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Name m k(m) global symmetry

A (m,m,0,0) (2,2,2) | SU(2) x SU(2) x SU(2) x U(1)
B (m,m,m,m) (4,1,1) SU(4) x U(1)
C (2m,0,0,0) (4,1,1) SU4) x U(1)
D (m, m,m,—m) (4,1,1) SU(4) x U(1)
E (m,m, w, 1) (2,2,1,1) | SU(2) x SU(2) x U(1) x U(1)
Fol(m+u,m-—p00)|(2,21,1)| SU2) x SU(2) x U(1) x U(1)
G (m,m, g, — ) (2,2,1,1) | SU(2) x SU(2) x U(1) x U(1)

Table 1: List of some mass cases with enhanced flavour symmetry in Ny = 4, with p # m.
The vector k(m) lists the multiplicities of all singularities on the Coulomb branch B, with
mass m.

The Ny = 4 theory has an SO(8) flavour symmetry, which becomes the uni-
versal double cover Spin(8) in the quantum theory. In particular, there exists
a short exact sequence

1 — Zy — Spin(8) — SO(8) — 1 (3.9)

of Lie groups. The cover Spin(8) has an order 6 group Out(Spin(8)) of outer
automorphisms, which is isomorphic to Sz [181,182].'

This group of outer automorphisms acts on the Ny = 4 theory as follows.
The states with (nm,,n.) = (0,1) are the elementary hypermultiplets, which
transform in the fundamental vector representation of Spin(8). The magnetic
monopole (1,0) transforms as one spinor representation, and the dyon (1,1)
transforms as the conjugate spinor representation [16]. By an accidental iso-
morphism, these three representations are all 8-dimensional and irreducible,
and they are permuted by the outer automorphism group Out(Spin(8)) = S;.
It is generated by

T = (3.10)

-1 1 =1\
-1 -1 1

o O O
O O = O
O = O O
— = = =

which act on the column vector m € .# = C* from the left [46,183,184]. The
map 7T exchanges the two spinors keeping the vector fixed, while S exchanges
the vector with the spinor, keeping the conjugate spinor fixed. This is depicted
in Fig. 21.

The generators (3.10) satisfy the algebra

T?=8*= (ST =8T*S =1, (3.11)

For any Lie group G, there are three associated groups. Aut(G) is the Lie group consisting
of all automorphisms of G (i.e. group isomorphisms G — G), Inn(G) is a normal subgroup
of Aut(G) consisting of inner automorphisms given by ay,(h) == ghg™"! for any g € G, and
Out(G) = Aut(G)/Inn(G) is the quotient group. The automorphism group of Spin(8) is
Aut(SO(8)) = PSO(8) x S5 [181].
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|

) ad

S S

Figure 21: Dynkin diagram of 9, = Lie(Spin(8)). The group 7 2 S3 of outer isomorphisms
acts by permutations on the three conjugacy classes of irreducible representations v, s and
5 attached to the nodes of the diagram. The 28-dimensional adjoint representation is left
invariant by 7.

which is a presentation of the symmetric group Ss;. Since 77 = STS =1
but det 7 = det S = —1, the matrices 7 and S generate a subgroup

T =(T,S) (3.12)

of the orthogonal group O(4,C), isomorphic to S3.'® As a consequence, they
leave the inner product [m?] (3.3) invariant.

The flavour symmetry mixes with the SL(2,Z)-symmetry acting on the
UV-coupling 7y in an interesting way. To see this, notice that the reduction
Z — Zs modulo 2 induces a homomorphism SI.(2,Z) — SL(2,7Z/27Z). Since
SL(2,Z/27) = S; are isomorphic, by transitivity we have a group homomor-
phism

¢ : SL(2,7Z) — Out(Spin(8)). (3.13)

The full symmetry group of the N; = 4 theory is the semidirect product [46]"
T = Spin(8) x, SL(2,Z). (3.14)

The group (%, e) consists of elements (A, ) € Spin(8) x SL(2,Z), with group
operation

(A,7) @ (A,7) = (Ap(7)(A),7 © 7). (3.15)
The action of (3.10) is thus accompanied with an action of SL(2,Z) on 7 and 7.
From (3.11) we find that 72 and ST2S leave any mass configuration invariant.
This implies that the theory should also be invariant under the simultaneous
action of 7% and ST?S on the two couplings. These two matrices in SL(2,Z)
generate the principal congruence subgroup I'(2). From this it is also clear
that
SL(2,2)/T(2) ={I,T,5,TS,ST, TST} = S5, (3.16)

which is another way to see that the group of outer isomorphisms is Sz [184].
This action is depicted in Fig. 22. The subgroup I'(2) is the kernel of the

18They actually form a subgroup of O(4,Q), but act on m € C*.

YRecall that for two groups G and H, a group homomorphism ¢ : G — Aut(H) de-
fines a semi-direct product H %, G C H x G with the multiplication (h1, g1)(h2,g2) =
(h1¢(g1)(h2), g1g2). For (h,g) € H x, G, the inverse is found as (¢(g~')(h™1),g71).
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/ N
N\ F

ST «—— T'ST
Figure 22: Action of SL(2,Z) on SL(2,Z)/T(2) = Ss

above group homomorphism SL(2,Z) — SL(2,Z/27Z), such that it is in fact a
normal subgroup I'(2) <t SL(2,Z).

The moduli spaces of the cases A-G of Table | are related by .7 in the
following way. We have that my, mq, mg are invariant under 7. Case A is
invariant under both 7 and S§. The S-transformation relates cases B and C,
as well as E and F, while leaving cases D and G invariant. We depict the
relation among cases B, C and D in Fig. 23. For the cases E, F and G, there
is an analogous diagram. An instance of these relations is that the weights of

Figure 23: Relation among mp = (m,m,m,m), mc = (2m,0,0,0) and mp =
(m, m,m, —m).

the singular structure on the Coulomb branch are invariant under those spaces
that are related by triality,

k(Tm) = k(m). (3.17)

Using the action of the SO(8) flavour group, a large range of masses with
equivalent duality diagrams can be reached. For example, the mass m =
(2m, 0,0,0) is related to m = (0,0,0,2m) by an SO(8) rotation. The first one
is invariant under 7 while the second one is not. The orbit under 7 and S for
the case m = mp = (2m,0,0,0) is, as we have just discussed, given by Fig.

23, while that of m = (0,0,0,2m) is given in Fig. 24. We see that it is of
order six, and includes different relative signs compared to m, and mp. On
closer inspection, we note that the mass vectors come in pairs differing by an
overall sign, which is an element of SO(8). Thus identifying the mass vectors
related by SO(8) in diagram 24, we find that it is equivalent to diagram 23.
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(0,0,0,2m) «—=—— (m, —m, —m,m)

T T
(0,0,0,—2m) (m,—m,—m,—m)
S S

(—m, m,m, —m) — (=m,m,m, m)

Figure 24: Orbit of the mass vector m = (0,0,0,2m) under 7 and S.

3.2.3 Group action

The action

T X M — M

(3.18)
(g ) m) —g-m
of the triality group 7 on mass space .Z can be studied in great detail. It is
easy to check that the action is faithful®’, but neither free’! nor transitive’”.
Up to conjugation, S3 = 7 has four subgroups. They are: the trivial
group Zi, the symmetric group Sy = Zs, the alternating group As = Zs,
and Ss itself. They have order 1, 2, 3, and 6, respectively. All three proper
subgroups are abelian. For a given m, triality thus not always acts by the
full S3 but rather by a subgroup. For every m € .# we can study the orbit
T -m={g-m|g € T}. The sets of orbits of .# then give a partition of .#
under the action (3.18).
First, notice that since .7 is a finite group, all elements have finite order.
In particular, 72 = 8% = (TST)? = 1 and (ST)? = (TS)? = 1. The stabiliser
subgroup of a mass m € .# is defined as 7, = {g € T | g-m = m}. By the
orbit-stabiliser theorem

T - m| = |T|/[Tml, (3.19)

it suffices to study the fixed point equations in order to identify the stabiliser
subgroups {Z1, Sz, A3, S3} with the subgroups of 7. It is straightforward to
identify the fixed point loci
Lr={me #|my =0},
Ls={m € .4 |mi=ms+mg+my}, (3.20)
Lsrs ={m € A |m; =mg+mz—my},

£ST:£ng{m€///\m1:m2+m3 andm4=O},

20For every g # h € .7 there exists an m € .# such that g-m # h-m.

2LA group action is free if it has no fixed points, but m = 0 is a fixed point for any g € 7.

22For each pair m,mm € .4 there exists g € .7 such that a g -m = m. A counterexample
would be m = 0 and m # 0.
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where £, = {m € #|g-m = m}. For m in precisely one of Ly, Ls or
Lsts, one finds that |7 - m| = 3. From (3.19) it then follows that |.7,,| = 2,
such that 7, = S,. In fact, since T, S and ST S are all order 2 elements of
7, the stabiliser groups 7, for m in either of the three loci are precisely the
three order 2 conjugate subgroups of .7 = S3.%*

The intersection

Li=LrNLs={m e .#|my =my+mgand my =0} (3.21)

is the locus of triality invariant masses, .7 - m = m. Thus, according to
(3.19) we have |7, = 6 for such masses, such that indeed .7, = .7. For the
last locus in (3.20), we see immediately that Ls7 = L7s = L+ N Lg contains
precisely the invariant masses. Therefore, if m is kept fixed by either 7S or
ST then it is also fixed by both 7 and S and therefore by all of 7. Since
ST and TS are the only elements of .7 of order 3, there is actually no mass
m such that .7 - m has 2 elements, and so there is no stabiliser subgroup
isomorphic to Az. By case analysis, it is also easy to prove that the set 7 -m
has 1, 3 or 6 elements.

Let us summarise. If m € Ly, it is invariant under .7. If m is in any of
Ly, Ls or Lsts, it could be in the intersection of any two of them. These
intersections are however all equal to £;, which is of course because any two
elements of {7,S,STS} generate 7. This is depicted in Fig. 25.

My

L4

Figure 25: The loci (3.20) with nontrivial stabiliser groups on the subspace mg = mg = 0
in .. They all mutually intersect in the locus £; of triality invariant masses.

If m is then an element of
L3=LrULsULsts \ L1, (3.22)

then the stabiliser group of m is isomorphic to Ss. If m does not lie in either
Ly or L3, then there is no remaining symmetry. It lies in

Lo= M\ L1U Ls, (3.23)

231f we represent S3 in cycle notation of permutations of {1,2, 3}, the three order 2 conjugate
subgroups of S are {(), (1,2)}, {(), (1,3)} and {(), (2,3)}.
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and its stabiliser group is trivial.

3.3 Order parameters and bimodular forms

For the Ny = 4 SW theory, there are other curves than the one introduced by
Seiberg and Witten [20,21,111,113,148,179,185-187]. In this section, we focus
on the modularity of the original SW curve (3.4). We proceed by studying the
mass configurations with the largest flavour symmetry groups, A, B, C and D.
In all these cases, u is a weight (0,2) bimodular form, which we define below,
for a triple of groups related to the duality group of the decoupling theory
where the mass of the hypermultiplets is infinitely large, and the stabiliser
group of the mass under the triality action. Since case A is triality invariant,
w in that case transforms under the full SL(2,7Z) group. The other cases B, C
and D are permuted by triality, and furnish a vector-valued bimodular form.
The massless case where mg = (0, 0,0, 0) is very simple, as j(7) = J (u, 0, 7)
= j(10) and therefore
T(u) = 79 (3.24)

is constant over the whole Coulomb branch B; > w. In other words, the
coupling 7 is fixed and thus does not run, which is a consequence of the massless
Ny = 4 theory being exactly superconformal. There are six singularities, which
all sit at the origin u = 0 and form the non-abelian Coulomb point with a five
quaternionic-dimensional Higgs branch [105].

3.3.1 Case A

For the mass ma = (m,m,0,0), this allows to express u as a rational function
in Jacobi theta functions of 79 and 7. There are in fact six solutions to the
correspondence J(u(7),m,79) = j(7). A consistent way of choosing which
solution to use, which we will employ throughout, is to take the one that has
the right decoupling limit when decoupling the massive hypermultiplets, i.e.,
the one that decouples to the order parameter of massless Ny = 2, Eq. (2.86).

In view of the more complicated mass cases, we can further simplify the
rather lengthy expression. The dependence on 7 is in fact only through A\ = %.
This is not quite true for 7y, for which u has weight 2 [148]. This weight factor
can be extracted by eliminating 94(7) through the Jacobi identity (A.12) and
Us(70) through the definition of A(7p). This gives

B m? AAT0)2+2 (A1) — 1) A7) — A7)
ua(7:70) = _?193(70) (o) — A(T) .

(3.25)

The simple mass dependence of u, is a consequence of the scaling symmetry
(3.8). The second prefactor ¥3(79)* gives the weight 2. The remaining quotient
is written in a manifestly invariant fashion. Let us denote by I'; (I';,) a group
acting by linear fractional transformations on 7 (7). As ¥3(79)* is a modular
form of weight 2 and A(7) a modular function (of weight 0) for I'(2),,, one
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can easily see that ua(7,79) is a weight 2 modular form for I'(2),, for fixed T,
and a modular function for I'(2), for fixed 75. We thus have that

a; bl
up (1T, 7270) = (270 + do)*ua(7,70), i = (C' d-) e I'(2) (3.26)

for i = 1,2. We call upy modular for I'(2), x I'(2),,, where the occurrence of
two groups indicates that they act on both variables 7 and 7y separately.

The mass m, is invariant under the triality group (3.12). As triality acts
on 7 and 7y together, this suggests that ua transforms under a simultaneous
transformation of SL(2,Z). Indeed, if one acts simultaneously on 7 and 7
with SL(2,Z), it is easy to check from T : A — ;2 and S : A — 1 — )\ that
ua (7, 7o) transforms as

a b

) d) €SL(2,Z).  (3.27)

urlrm) = (em + AP un(rim), = (
We call uy modular for SL(2,Z)(- ), where the notation indicates that the
single group SL(2,7Z) acts on both 7 and 7y simultaneously. The two transfor-
mations (3.26) and (3.27) are characteristic properties for functions known as
“bimodular forms” [175-177]. For our application to Ny = 4 SQCD, we will
adopt the following definition:

Definition 5 (Bimodular form). Let (I'1,T'9;T") be a triple of subgroups of
SL(2,R) commensurable with SL(2,7Z).”* A two-variable meromorphic func-
tion F': Hx H — C is called a bimodular form of weight (ky, ko) for the triple
(T'1,To; 1) of it satisfies both Condition 1 € 2:

e Condition 1: For all ~; = (‘Zz Z’Z) ely,i=1,2, F transforms as
F(y7i,7272) = x(1,72) (i1 + dl)k1<c27'2 + d2)k2F(7'17 Ta), (3.28)

for a certain multiplier x : T'y x I's — C*. We call this the separate
transformation of F under (I'1,T'y), and denote it by (') X (I'2),,.

e Condition 2: For ally = (%%) €T, F transforms as
F(ymi,ame) = 6(y) (eri + d)" (e + d)* F (11, 7), (3.29)

for a multiplier ¢ : I' — C*. We call this the simultaneous transformation
of F' under I', and denote it by I'(7, ).

Note that condition 2 follows from condition 1 if I' is the intersection of I'y
and I'y, I' =Ty N[y with ¢(v) = x(v,7), v € I

24 A subgroup I' C SL(2,R) is commensurable with SL(2,Z) if I' N SL(2,Z) has finite index
in both SL(2,Z) and SL(2,R). This includes in particular all congruence subgroups of
SL(2,7Z).
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This definition contains the main aspects of other definitions of bimodular
forms in the literature [85, 175-177].

The definition above for the triple (I'y,T'9;T'; N T'y) is equivalent to the
definition in [176]. For the triple (I';,I'1; SL(2,Z)), our definition is equivalent
to the one of [35]. Finally, for k; = ks and the triple (I'y, ['y; '), our definition
is equivalent with [177]. Finally, the definition of Stienstra and Zagier [175],
as cited in [176], does require Condition 2 without requiring Condition 1.

From definition 5, we find that us : H x H — C in (3.25) is a bimodular
form of weight (0,2) for the triple

(['(2),T'(2); SL(2,Z)), (3.30)

with trivial multipliers y and ¢. In fact, m — wup is a 1-parameter family of
such bimodular forms.

The function (3.25) can be easily expanded in either ¢ = e*™ or gy = €*™™.
When expanding ua around ¢y = 0, every coefficient is a modular function for

['(2),. If we denote the vector space of holomorphic modular forms of weight

k for I' C SL(2,Z) by M(T"), then uy € MO(F(Q))[[qé]]. Conversely, we have
that us € My(D(2))[q7].

Recall that I'(2) is a genus zero congruence subgroup. As such, its Haupt-
modul A is the single transcendental generator of the function field of I'(2)\H*.
Since ua is modular in 7 as well as 7y for I'(2) and no larger subgroup of
SL(2,Z), the transcendence of A then implies that (3.25) cannot be simplified
further.

The Coulomb branch B, for the mass m = m, has six singularities that

come in three pairs of two. By expanding A(7) around the cusps, one easily
finds

2

UA(%77—0) = —%03(7'0)4()\(7'0) —2),

m2

ua(0,70) = —?193(70)40\(70) +1), (3.31)

ua(1.70) = —5-0a(r0)* (~2A(m) + 1)

Notice that the singularities are holomorphic modular forms of weight 2 for
I'(2),,, and are permuted by elements of (SL(2,Z))/I'(2)),,. The reason for
ua(3,70) = ua(ico, 1) is explained in section 3.4.2. Since X is a Hauptmodul
for I'(2), for given 7y € I'(2)\H there is exactly one 7 € I'(2)\H where u has a

pole. It is where 7 approaches 7y, ua (79, 79) = 00.

We can furthermore compute the period j—z. Actually, Z—Z is not invariant

under the monodromy around oo, but multiplied by —1. Instead of ZlTZ’ we may
consider (3—3)2, which is monodromy invariant [2, 146]. In the pure (N; = 0)

SU(2) case, it is a modular form of weight 2 for I'°(4). The weight is the same in
Ny = 4, however it also transforms well under fractional linear transformations
of 75. More specifically, we find that

da\? 1 d3(r)* A(T) — A

du) (T.70) = 5.2 93(10)8 A7) (M(70) — 1)
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The normalisation may be checked from the fact that Z—Z ~ \/LBTJ for u — oo,
which due to (3.25) corresponds to 7 — 75. Since 93 is a modular form of

weight 2 for IT'(2), it follows that (fi%)i satisfies condition 1 of definition 5 with

weight (2, —4) for I'(2),; x I'(2),,. As my is left invariant by triality, (g—g)i
must also be modular for SL(2,Z). Indeed, one easily finds that (Z—Z)i also
satisfies condition 2, such that it is a bimodular form of weight (2, —4) for the

triple (I'(2),I'(2); SL(2,Z)).
We can also compute the physical discriminant, which for the case A reads

Ap = (u— uA(%, 70))%(u — ua (0, 70))? (u — ua (1, 7'0))2. (3.33)

Since the singularities (3.31) themselves are modular forms for 7y, it is again
a bimodular form. One easily computes

A(T)*(A(T) — 1)*A(m0)*(A(0) — 1)*
(A(7) = A(70))° '
As 92* is a modular form of weight 12 for I'(2), this shows that A has mod-

ular weight (0,12) under I'(2), x I'(2),,. With the same reasoning as above,
we find that A, is a bimodular form of weight (0, 12) for the same triple (3.30).

Ap(T,70) = mt2, (7’0)24

(3.34)

The SW curve for the N’ = 2* theory with mass m is identical to the one
of Ny =4 (3.4) with $my = (2, %,0,0) [46]. A reason for this is that both
theories have three singularities each with monodromy being conjugate to T°2.
This was in fact the ansatz of Seiberg and Witten to determine the curve with

generic masses. This allows to easily find the order parameter for N' = 2*,

1
Upn=2+ (T, T0) = ZUA(T, To)- (3.35)
In particular, it is a bimodular form of weight (0, 2) for (I'(2),I'(2); SL(2,Z)).
The derivative Z—Z also only receives an overall normalisation from Ny = 4. In

N = 2* the singularities each have degeneracy 1 and not 2 as in Ny = 4 case
A. Therefore, we have that Ax—s- = v/A4, which is a polynomial of degree 3
in u and a bimodular form of weight (0,6) [35].

The expressions for up—o+ in the literature [85, 148,173, 188,189] are related
to ua (7, 70) by a transformation in (3.16), which corresponds to the choice of a
different solution of the sextic equation associated with the N" = 2* theory [2].
The different choices can be absorbed in the double scaling limit. The counting
of the number of poles of ua is immediate from our expression (3.25) (see
comment on the transcendence of A in section 3.3.1).

3.3.2 Case B

The equal mass case mp = (m, m,m,m) can be treated with the same tech-
nique as in the previous subsection. Since N; = 4 with four equal masses
flows to Ny = 0 for m — oo, we can express the 7 dependence through the
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Hauptmodul f = 193;2;2% of I'’(4). In fact, the Ny = 0 order parameter (1.35)
273

is just Alg = —% f. The order parameter ug reads

un(rym) = = 0ot 2L LSO 212

which thus does not involve 4. Since 95(79)?93(79)? is a holomorphic modular
form of weight 2 for '°(4),,, we find that ug(7, 7o) has bimodular weight (0, 2)
for the separate transformations under T'°(4), x T'°(4),,.

(3.36)

As T : mp — mp, there is no simultaneous action of 7" on 7 and 7
leaving ug invariant. Also, since S : mg — mg, S does not leave ug invariant.
However, a subgroup ,, of .7 leaves myp invariant: Out of the six elements
of 7, mg is left invariant by 1 and 7S7T. As the action of .7 is combined in
(3.14) with a simultaneous action on 7 and 79, we find that ug is expected to be
invariant under a simultaneous transformation of T'ST € SL(2,Z). However,
due to the algebra (3.11), the same holds for T?. These two matrices generate
the congruence subgroup I'°(2) of SL(2,Z). It is straightforward to check from
the explicit expression (3.36) that up transforms with weight (0,2) under a
simultaneous transformation on 7 and 7y of I'°(2) ;). This proves that ug is
an example of a bimodular form of weight (0, 2) for the triple

(I0(4), T0(4);T°(2)). (3.37)

As classified in section 3.2.3, the stabiliser subgroup ;,,, = {1, 7ST} for the
mass mg is isomorphic to the group Sy = Zs of order 2. This agrees with the
fact that SL(2,Z)/T°(2) = S,.

The singularities are

up(1,70) = 5 1a(70)Pa (7o) (= (o).
s (0,70) =~ 01005 (25 () +6), (3.38)

un(2, ) = -0 (70)*Da(70) (2 () — )

which again are holomorphic modular forms of weight 2 for I'°(4),,. Due to
the duality group I'°(4),, we have that ug(1,79) = ug(ico, 79). This singularity
has degeneracy 4, and flows to oo for m — oo. The singularity in the interior is
up(70,70) = 00. One can also check that the singularities (3.38) never collide:
The conditions ug(1,79) = up(0,7) or up(1l,7) = up(2,7) are equivalent to
f(70) = %2, whose only solutions are the two cusps 7" = 0 and 7, = 2 of
['(2). Since the SW curve is singular for those values of 7y, the singularities do
not merge for any finite masses.

Similarly as before, one finds

(Z_Z): (7,70) = 8;2 02(;3(2:3@2

(f(7) = f(0))- (3.39)
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Since f is a Hauptmodul, 9293 a modular form of weight 2 and 9§ a modular
form of weight 4 for I'°(4), it follows that (Z—Z)QB
(2, —4) for the triple (3.37). Finally, the physical discriminant reads
f(1)? = 4)(f(r0)* — 4)°

(f(r) = f(m))®

which is a bimodular form of weight (0, 12) for the triple (3.37).

is a bimodular form of weight

Ag(T,70) = m12194(7'0)24( (3.40)

3.3.3 Case C

Let us study the case where only one hypermultiplet is massive, that is, m¢
= (2m,0,0,0). The particular normalisation of m¢ is chosen such that the
diagram 23 holds without any prefactors. Since in the limit m — oo we get
massless Ny = 3, we can express the 7 dependence through the Hauptmodul
~ 2,92

f= % of I'y(4). The order parameter of the massless N; = 3 theory

reads 15 = —G%f (2.105), and the functions f and f are related by f(47) =
- 3
16f(7) + 2. One finds for the order parameter uc,

vy — g 2y 20+ A0S D) +20(0)

3 f(m0)(f(10) — f(7))

which is independent of (7). Again, the factor ¥3(7)*94(79)? is a modular

form of weight 2 for I'y(4),,, and the quotient is a meromorphic modular func-
tion of I'g(4) for both 7 and 75. Thus uc satisfies condition 1 of definition 5
with weight (0,2) for I'g(4), X T'o(4) .

Since T : m¢ — myg, there is a simultaneous T-duality

T uc(t+ 1,70+ 1) = uc(r, 70), (3.42)
which is straightforward to check from (3.41). As & : m¢ — mg, this ex-

changes the order parameters

UC(_ql-v _%) = T(?UB(T7 7—0)7 <343>

which we can also explicitly check. We can again study the stabiliser subgroup
of T of F. Tt is the group generated by 7 and ST?2S, such that uc is
expected to transform simultaneously under 7' and ST?S. These two matrices
generate the congruence subgroup I'g(2) of SL(2,Z), which is conjugate to
I'%(2). Thus we find that uc is a bimodular form of weight (0,2) for the triple

(To(4), To(4); To(2)). (3.44)

Lastly, we can also study

da\? 1 95(r)204(7)? f(7) — f
<_a’) (T, 7_0) — 5 3(7_) 4(87_> f(z—) ~f(7—0) . (345>
du /¢ 8m? (7o) f(T)f(70)
It is straightforward to check that (Z—Z)QC is a bimodular form of weight (2, —4)

for the triple (3.44). For the discriminant A¢ there exists a similar expression
to (3.40), and it is a bimodular form of weight (0,12) for (3.44).
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3.3.4 Case D

Let us finally also study the case mp = (m, m, m, —m). It is related to cases B
and C as in Fig. 23. We have that mp € Lg, while mg € Ls7s and m¢ € L7.
From the SW curve one easily finds

~ ~

m?* 2 22f(10)% + f(T)f(To) —12
Up\7,Tp) = ——2192 T0 194 T0 = = s 3.46
(7.7 = =it o) = (3.46)
where p iy .
Fr) = flr41) =20 = V) (3.47)

Vo (7)204(7)*
Since f is a Hauptmodul for I'°(4), f is a Hauptmodul for a subgroup of
SL(2,Z) conjugate to I'°(4),

—~—

[0(4) =TT°4) T~ ! = (T*, ST?). (3.48)

—~—

A fundamental domain for I'9(4) is given by

M4)\H=FUTFUT*FUT*FUTSFUT?SF, (3.49)

with F = SL(2,Z)\H. It is straightforward to check that up(7, ) transforms
with weight (0, 2) under I:O\(Z)T X I:O\(Z)TO.

The subgroup ,, C 7 leaving invariant mp is generated by S and T2
The two corresponding SL(2,Z) transformations S and T? generate the theta
group F/U\(E) = Ty (A.2), which is a congruence subgroup of SL(2,7Z) with
index 3, conjugate to I'g(2) and T'°(2). Thus we find that up is a bimodular
form of weight (0,2) for the triple

—~— ~—

([0(4), T0(4); 1(2)). (3.50)

The three groups {I'y(2), °(2), 1%} 5 I' are in fact the three groups SL(2,Z) D
I' D I'(2) with index 3 and 2 cusps, and they correspond to the three conjugate
order 2 subgroups of Sj.

3.4 Vector-valued bimodular forms

The analysis of the A, B, C and D theories may suggest that the order param-
eter u,, for a generic mass m transforms with weight (0,2) under G, x G,
for some subgroup G C SI(2,Z). This is however not true in general, as for
generic masses there are branch points and associated branch cuts, which spoil
the modularity [2]. The discussion in section 2 for Ny < 3 suggests that for a
fixed 7 or fixed 79, there is a natural choice of fundamental domain F(m) C H
for w,,, such that w,, : F(m) — By is one-to-one. For a generic choice of
masses, monodromies on the u-plane give rise to monodromies of F(m), but
these do not generate a congruence subgroup of SL(2, Z) for a generic mass. For
special cases however, F(m) is equal to I'\H for some subgroup I' C SL(2,Z),
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such as when m is equal to my, mg, mc or mp, for which T is T'(2), T°(4),
[o(4) or I'9(4). If the mass m is such that B, contains a superconformal
Argyres-Douglas point, I' C SL(2,Z) can also be a subgroup of index smaller

than 6 [2,3,129].

3.4.1 Generic masses

In the above discussed examples A-D, the duality groups I'y of 7 and I'y of
7o are identical. This is not generally true, even if u(7,7y) is modular in 7
and 79 [3]. However, we can demonstrate that 'y C T';. A common non-
perturbative definition of the UV coupling constant is the low-energy effective
coupling 7 in the limit where the order parameter is large,

o = lim 7(u). (3.51)

U—00

Since it is not associated with a singularity, it is neither a cusp nor an elliptic
point and therefore an arbitrary interior point in the space of 7 € H. If I'y C T’y
is not a proper subgroup, then in general 7y € I's\H is not an element of a
choice of fundamental domain I';\H. However, there exists a 7, € I'y with the
property that 7,79 € I'1\H. Since u(7, ) has weight 0 in 7, we notice that

U(’YlToaTo) = U(TOaTO) = 00, (3'52)

which is the weak coupling region in B,. If I'y; C I'; however, then there exist
two points 79 # 7o in the fundamental I';\H, which are not related by any
element v, € I'y. Then u(7, 79) and u(7, 79) are two distinct points in By. This
contradicts the fact that the Ny = 4 Coulomb branch B4 only contains one
such singularity. This shows that indeed I'y C T's.

The weight (0,2) of u can be explained as follows. Monodromies on the
u-plane act on the low-energy effective coupling 7 and by definition leave u
invariant. Thus u(7, 79) is required to have weight 0 in 7. For 79, recall that the
order parameter relates to the prepotential I’ of the theory by a logarithmic
derivative with respect to the instanton counting parameter [110, 130132, 190,
191] , )

F F
u = 4mq08_qo = 28_7'0' (3.53)
As the prepotential F' has weight 0 in 79, this shows that u(7, 79), has weight
2 in 7.

The other possible modular transformations are those involving the masses,
which is the action of the triality group Spin(8) <, SL(2,Z). From the above
analysis, we expect that for generic mass m the order parameter u,,, transforms

as
T UmT“—l,T"’l = UTm\T,70),
(r+1,7 +1) = () (350
S: um(—;,—T—O) = 7§ Usm (T, T0)-

Due to the branch points and cuts for generic masses, these transformations
are again very subtle to perform. From (3.11) and in particular 72 = 1, (3.54)
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implies
T?: U T+ 2,70 +2) = um (7, T0). (3.55)

We can check explicitly that it is true for example for case B as in (3.36),
which is not T-invariant.

As discussed in section 3.2.3, the group action .7 X .# — .# partitions the
mass space .# > m into three regions L1, L3 and Lg, where the orbits .7 - m
have length 1, 3 and 6. The stabiliser subgroups of m are then subgroups of S3
of order 6, 2 and 1, i.e. isomorphic to S5, Se or S; = {e}. The homomorphism
¢ (3.13) between SL(2,7Z) and .7 = Out(Spin(8)) then dictates the subgroup

¢ [Tl (3.56)

under which u,, is simultaneously invariant. The preimage of the stabiliser sub-
group under ¢ thus constitutes the third component I" of the triple (I'y, T's; T")
in definition 5.

The case m € L,

When m € L, then the stabiliser group of m has six elements and the orbit
T - m consists of m only. Then there is only one function in (3.54), and u,,
transforms with weight (0, 2) under SL(2,Z) ;. ,), as in condition 2 of definition
5. An example is ua as given in (3.25), and the transformation is checked in
(3.27).

The case m € L5

The case m € L3 is most interesting, as it is not trivial (m € £;) and not
generic (m € Lg). Namely, when the orbit .7 - m contains three elements, the
stabiliser group is isomorphic to the symmetric group Sy with two elements.
Then the three functions associated with the three elements of the orbit .7 -m
form a vector that transforms under SL(2,Z). An example for this are the
functions ug, uc,up found in Sections 3.3.2-3.3.4. As is clear from Fig. 23,
they are related to each other by triality. If we organise usz = (ugp, uc,up)’,
using (3.36), (3.41) (3.46) one can prove that

0
’U;3(7'+1,7'0+1>I 0
1

(3.57)

As the matrices are in GL(3,C), there exists a 3-dimensional representation
SL(2,Z) — GL(3,C). This shows that wus(7,79) furnishes a vector-valued
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bimodular form of weight (0,2) for SL(2,Z), agreeing with the following defi-
nition:*’

Definition 6 (Vector-valued bimodular form). Let

Fy
F=| : | HxH=>C (3.58)
F

p

be a p-tuple of two-variable meromorphic functions, p € N. Then F' is called
a vector-valued bimodular form of weight (ki, ko) for T' C SL(2,7Z), if

e cach component F; is a bimodular form of weight (ki, ke) for some triple
(14, T5:;T9), as in definition 5, and

e there ezists a p-dimensional complex representation p : I' — GL(p,C)
such that

F(ymi,7m) = (e + d)" (cra + d)p(7)F(ri, 1) (3.59)
forally=(2Y%) €Tl and all 7,7 € H.

Since ug is parametrised by the mass m € C, m +— wugz(m, 7, 7) is in fact
a l-parameter family of vector-valued bimodular forms of weight (0,2) for
SL(2,Z). The triality action of SL(2,7Z) permutes the triples (I, T%;TY) in
an interesting way. The action of the SL(2,Z) generators on u is given by
(3.57). As I =TI} for the cases B, C, D, both I and I} are conjugated by
the corresponding element of SL(2,Z). An instance of this is the group 1'/‘6\(1)
(3.48), which is the set of elements of I'°(4) conjugated by 7. Similarly, we have
that T°(4) is conjugate to ['y(4) by conjugation with S. The same is true for
the three groups I'°(2), I'y(2) and F/OZE) that the cases B, C, D simultaneously
transform under, these three conjugate subgroups are permuted under SI.(2, Z)

—_—~—

just as T9(4), Ty(4) and T9(4) are.

The case m € Lg

The remaining case is that m € Lg, where .7 - m has six elements. Then we
can organise Ug = (U, UTm, USm, UTSm, USTm, uTng)T, which is a collection
of six pairwise distinct functions. By studying the action of 7 and S on the

25Tt is customary to define vector-valued modular forms for SL(2,Z), however vector-valued
modular forms for proper subgroups I' of SL(2,Z) are familiar in rational CFTs [192-194]
and so we leave our definition more generic.
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vector (m, Tm,Sm, TSm,STm,TSTm)", we find the transformations

01 00O0O

1 00 00O

0001O060
’U/6(T+1,Tg+1) = 001000 ’LL6(7',7'0),

0 00 0O01

000O0T1PO0

(3.60)

001 00O

000 O0T10Q0

1 00 00O
ug(—1/7,—1/7) = 7_02 00000 1 ug(T, o).

01 00O0O

0 001O060

The vector ug is not a vector-valued bimodular form for SL(2,7Z), because
the components of ug do not transform as modular forms under the separate
action of F{?, j =1,...,6 due to the branch cuts, as discussed for the Ny < 3
theories in section 2. The simultaneous action of SI(2,Z) on 7 and 74 is not
obstructed by the branch cuts of u(7, ) [3].

The matrices in (3.57) and (3.60) are not only in GL(n,C), but they are
in fact permutation matrices: Because triality permutes the respective moduli
spaces, the order parameters are merely permuted and there are no phases.
Thus we have that

w(yr,y10) = (e10 + d)QPﬂ(,Y)u(T, 7o), (3.61)

where Py, is the permutation matrix for the permutation m(y) € S|7.m,
which can be found from the action of .7 on m.
For the period (%)2, there are similar results. For instance, one can check

that -
a 2 a 2 a 2

()5 (e (22)5) (3.62)
is a vector-valued bimodular form of weight (2, —4) for SL(2,Z). As u has
weight (0,2), it is not obvious how the discriminant A transforms since it is a
polynomial in u. However, because triality acts on the 6 singularities as well, in
general A is a vector-valued bimodular form of weight (0, 12) for SL(2,Z). This
can be checked explicitly for the cases B, C, D, where Az = (Ap, Ac, Ap)T

is a l-parameter family of vector-valued bimodular forms of weight (0,12) for
SL(2,Z).

3.4.2 Fundamental domains

In the asymptotically free theories we argued that the u-planes can be identified
with fundamental domains Fy, (m). For this we make the correspondence that
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the number of singularities gives the number of rational cusps, the number of
BPS states becoming massless at each singularity gives the width of each cusp,
and the width at ioo is given by 4 — Ny. Then, the sum of all cusps is RG
invariant. By following the RG flow from N; = 3 to Ny < 3 we find that
gradually a singularity at strong coupling (a rational cusp) moves to infinity
and is identified with the weak coupling region (icc). Reversing this argument
implies that for Ny = 4 there should be six rational cusps and the width at
infinity vanishes. This is consistent with the fact [46] that « = oo does not
correspond to a cusp of the curve anymore. Rather, it lies in the interior of
H > 7.

It is found in the above subsections that depending on the mass configu-
ration, the fundamental domain for an order parameter is related to the one
of the underlying theory where all massive hypermultiplets are decoupled. We
can depict those domains in an equivalent way that is more suitable to our
description. For this, one chooses an equivalent fundamental domain with the
property that the width at ioco is zero and the number of rational cusps is
equal to the number of singularities, with according width. For instance, in
case A where m = (m,m,0,0) the duality group is I'(2), whose cusps in the
decoupling limit (with the same duality group) we choose as {ic0,0,1}. In
Ny = 4 it is more suitable to represent toco by a rational number. For this

1

we can use that I'(2) 3 ST72S : ico 5, being a preferable representative

of the third cusp. As it necessarily also has width 2, both F and T'F can be
1

mapped to the region 7 = 5. This is depicted in Fig. 26. The decoupling
to massless Ny = 2 is illustrated in Fig. 27. The domains in this case are
exactly equivalent, Fig. 26 merely allows to extend the Ny < 3 description of
the cusps to Ny = 4.

We stress that the decoupling limit for Ny = 4, with the order parameter
a bimodular form as (3.25), is quite different from the asymptotically free
theories with Ny < 3. In the latter theories, u(7) is not holomorphic and
modular except for special points in mass space (complex co-dimension Ny) [2].
The decoupling of a hypermultiplet is in these theories accompanied by a
branch point moving to infinity. In this way, a singularity merges with the
weak coupling cusp. For cases A, B, C and D in Ny = 4 on the other hand,
there is no branch point for any value of the mass m, and in particular there

is also none for m — oc.

3.5 Discussion

In this section, we have studied in detail the Coulomb branch of the supercon-
formal Ny = 4 theory with gauge group SU(2), which has remained of great
interest throughout the years [21,46,50,73, 77,105, 111,113, 148,173, 178-180,
183-187,195,196]. For the mass configurations with the largest flavour sym-
metry group, such as when one, two and four hypermultiplets have an equal
mass, we show that the Coulomb branch is parametrised by a function u(r, 7o)
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SIS

Figure 26: Fundamental domain of Ny = 4 case A with m = (m,m,0,0).

N
el
N
[
[N

Figure 27: Decoupling the two massive hypermultiplets in Ny = 4 case A gives the domain
of massless Ny = 2 (blue). Two of the differing regions (gray) are the regions near 7 = 3,
which are mapped (orange) to i0o. The remaining two are merely mapped to I'(2) equivalent
regions near the same cusp such that the resulting domain is connected. Alternatively, the
fundamental domain in this figure is the image of ST~1ST'S acting on the domain in Figure

26.
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that is not only invariant under separate modular transformations of 7 and 7,
but also exhibits invariance under a simultaneous transformation under 7 and
To. By restricting to the stabiliser subgroup of a given mass under the trial-
ity action, such order parameters constitute nontrivial examples of bimodular
forms (see (3.25) for example). Furthermore, the moduli spaces are permuted
under triality, and the order parameter, periods, discriminants etc. furnish
vector-valued bimodular forms, which we also introduce (see definition 6).

The analysis of other mass configurations can be done using the tech-
niques established in section 2. As more complicated mass configurations m
inevitably introduce branch points and cuts, in general u,, is not a bimodular
form. A simultaneous transformation of 7 and 7y is yet to be expected by
triality, while the separate transformations are induced by monodromies and
as such do not in general lie in SI.(2,Z) [16]. However, even in such cases the
action of the monodromy group of the u-plane can be understood as paths
in the fundamental domain for 7. See section 4.3.3 for a discussion of these
aspects for gauge group SU(3).

Our results allow to study the topologically twisted theory on a four-
manifold X [52,61,72-74], where the the path integral can be expressed as
an integral over the fundamental domain for the effective coupling 7. In fact,
a closed expression for the order parameter is enough to define the integrand.
The modularity for 7 allows to show that the integral measure is well-defined.
The triality action then gives the S-duality orbit of the Ny = 4 theory on
X [197].

It would also be interesting to apply our results to other theories with an
IR moduli space of vacua as well as a non-trivial conformal manifold. Such
theories may include subsectors with triality symmetry, such as F-theory [198],
quiver gauge theories [21], the AGT correspondence [172], little string theory
[199] and string/string/string triality [200].
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4 Elliptic loci of SU(3) vacua

In this section, we investigate the modularity of the pure SU(3) SW theory.
While in the SU(2) theories of Sections 2 and 3 the obstruction to modularity
is due to the hypermultiplets, we show here that for rank two the modularity
is broken in specific cases even without hypermultiplets. This section is mainly
based on [1], and section 4.6 is based on unpublished work.

4.1 Introduction

Many observables in supersymmetric theories can be determined non-pertur-
batively in terms of hypergeometric, modular or other special functions. The
best understood example is NV = 2 supersymmetric Yang-Mills theory with
gauge group SU(2) [45,46], which we introduced in detail in section 1.5. Its
space of vacua is parametrised by the vacuum expectation value (vev) u =
+(Tr ¢?), where ¢ is the complex scalar in the A" = 2 vector multiplet. The
renormalisation group flow generates a quantum scale A, at which the gauge
coupling becomes strong. In the weak-coupling region |u| > A?, the semi-
classical BPS spectrum consists of massive monopoles and dyons. The theory
can be solved non-perturbatively in terms of the Seiberg-Witten (SW) curve
[45]. This solution demonstrates that the effective abelian gauge theory breaks
down at two special points, u = A% The electric-magnetic duality group is
generated by the monodromies around these singular points. It is a subgroup
of SL(2,Z), which acts by linear fractional transformations on the effective
coupling constant 7. With the SW solution, various physical quantities can be
exactly determined as functions of 7 using modular functions [73, 74,101, 103,
201].

Similar non-perturbative solutions have been developed for gauge theories
with matter multiplets [16] and theories with other gauge groups [94-97,202—
204]. In pure Yang—Mills theory with compact gauge group G, the Coulomb
branch has complex dimension r = rank(G). Classically, the moduli space
is parametrised by the vevs uyy; ~ (Tr¢!™), I =1,...,r. The r(r +1)/2
couplings 77; are determined by the r order parameters uw;. The electric-
magnetic duality group is a subgroup of Sp(2r, Z), generated by monodromies
around singular loci. While this also demonstrates a link to modularity, the
connection has remained more elusive, and the connection is best established
for the superconformal theories [178,205-208].

One complication for asymptotically free theories is that the structure of
the singular loci is in general quite intricate. This section focuses on the
asymptotically free SU(3) theory without hypermultiplets, whose singular loci
have a rich structure [104,105,128,209,210]. There are six singular (complex)
lines which intersect in five points. A particularly interesting phenomenon
occurs at two of these five vacua, namely those where three mutually non-local
dyons become massless, such that there is no duality frame in which all of these
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states only carry electric charge. This indicates that the system is in a critical
phase, which led to the discovery of new superconformal theories [104,105,128].

Another complication for SU(N > 2) is that the number of couplings ex-
ceeds the dimension of the Coulomb branch. The observables are therefore
defined on a subspace of the genus N — 1 Siegel upper half-space Hy_;. For
the SU(3) theory, the Coulomb branch is parametrised by two order parameters
which determine three coupling constants, 711, 712 and 795. The curve and the
SW differential for pure SU(NV) gauge theory have first been proposed in [94].
As a first step to explore the modularity of the SU(3) theory, we relate the hy-
perelliptic Seiberg-Witten curve to the Rosenhain form, which is an algebraic
expression in terms of Siegel theta series. To exactly match the Rosenhain
curve and Seiberg-Witten curve, we use the fact that the complexified masses
ar and ap = g—£ are solutions of second order partial differential equations
of Picard-Fuchs (PF) type. The solutions to such equations can be expressed
in terms of the generalised hypergeometric function F; of Appell [96]. The
Siegel theta series and their modular transformations can provide insights for
the analytic continuation and monodromies of the solution in terms of Fj.

The Rosenhain curve allows us to characterise the SU(3) Coulomb branch,
parametrised by the two Casimirs u = uy and v = ug, as the zero-locus of three
equations inside a five-dimensional space. The structure of these equations
simplifies on one-dimensional loci of the Coulomb branch. We study two of
these loci in detail, namely &, where v = 0 and &, where u = 0. On each
of these loci, the equations reduce to two algebraic relations of Siegel theta
functions, relating the couplings 77 to a single independent one. Interestingly,
each of these loci in the space of genus two curves also parametrises a family of
(genus 1) elliptic curves. Both loci interpolate between a weak-coupling regime
with large order parameters and a strong-coupling regime where u/A? and v/A3
are O(1). Locus &, contains three cusps where mutually local dyons become
massless, while locus &, contains two special points where mutually non-local
dyons becomes massless. The latter are the superconformal Argyres-Douglas
points.

Since an elliptic locus parametrises a family of elliptic curves, there must
be a coupling 7 valued in a fundamental domain (or modular curve) for a
discrete group in the upper half-plane H. We derive the generators of the
discrete subgroup from the monodromies of the SU(3) theory. We provide two
solutions for the locus &,. The coupling for the first solution is 7. = 71 — 79,
while 799 = 71. The order parameter u equals a modular form u_ for the
congruence subgroup I'’(9) C SL(2,7Z) (4.49),

u=u_(1_). (4.1)

The cusps of the fundamental domain of T'°(9) map exactly to the singular
points on this locus. The coupling for the second solution is 7, = 71 + 712. In
terms of this coupling, Equation (4.59) expresses u as

u=ui(r), (4.2)
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where u, is expressed in terms of roots of modular forms, while it is not a
modular function for a congruence subgroup of SL(2,Z). We call it a sextic
modular function since it is a solution to a sextic equation. The inverses of
the identities (4.1) and (4.2) provide all order u-expansions for 77 = 79 and
712 on this locus. The function u, appeared earlier as the solutions for the
order parameter on the Coulomb branch of the N' = 2, SU(2) theory with
one massless hypermultiplet [101]. While this Coulomb branch and &, are
isomorphic as four punctured spheres, it is striking that the solutions of the
order parameters are identical.

We find another intriguing structure for the second locus &, where u = 0.
We are able to demonstrate for this locus that v is left invariant by the action of
the principal congruence subgroup I'(6) C SL(2,Z). The fundamental domain
['(6)\H has 12 cusps, where v diverges. Surprisingly, this appears to imply
the existence of strongly coupled vacua in the region where v is large, which
is unexpected since large v is known to correspond to weak coupling. The
paradox is resolved by realizing that v is invariant under a transformation
which is not contained in SL(2,7Z), namely a Fricke involution 7 — —1/nt
for integer n > 2. This transformation maps the putative cusps to t0o. The
result is that v is a modular function for a discrete subgroup I', C SL(2,R)
of Atkin-Lehner type, and we show that the non-trivial monodromies on this
locus do generate this group.

We demonstrate furthermore that the elliptic curves underlying the two
loci &£, and &, are related to the genus two curve in a precise way. For a genus
two curve X, a holomorphic map ¢ : ¥y — X; to an elliptic curve ¥; may
exist. Such maps were studied in the classic works by Legendre and Jacobi,
and more recently in [211,212]. The existence of the map ¢ depends on the
complex structure moduli 7;;. The family of such curves spans a complex
co-dimension one locus L, in the complex three-dimensional space of genus
two curves. At the elliptic loci of the Coulomb branch of the SU(3) theory
mentioned above, Ly intersects the SU(3) Coulomb branch, such that for any
point on the elliptic loci, there is a degree two map from the genus two curve
to an elliptic curve, or in other words the genus two curve is a double cover
of the elliptic curve. Besides &, and &,, L5 also includes a third elliptic locus,
& (4.91), which does not contain any of the singular points of the Coulomb
branch.

Our work motivates a similar analysis for SU(N) gauge theories, whose
Coulomb branch parametrises a curve of genus N — 1. The order parameters
ur, I =2,..., N, are expected to be given by higher genus modular functions
of the coupling matrix 7;7;. They should furthermore be invariant under a
subgroup of Sp(2r, Z) generated by the monodromies. The existence of maps to
elliptic or lower genus curves is however more subtle for such theories [213,214].
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4.2 The SU(3) Coulomb branch

We study in this section the SU(3) Coulomb branch. We first recall the Seiberg-
Witten geometry in section 4.2.1 following [94,96,215]. Section 4.2.2 reviews
the Picard-Fuchs solution for the complexified masses and couplings. Section
4.2.3 uses those results to write the curve in Rosenhain form.

4.2.1 Seiberg-Witten geometry

The vector multiplet scalar ¢ can be gauge rotated into the Cartan subalgebra
of SU(3). Then, ¢ can be expanded in terms of the two Cartan generators Hy,
I =1,2 as

¢ = a Hy + as Hy. (4.3)

Non-vanishing vevs of ¢ break the gauge group in general to U(1)2. The central
charges of the gauge bosons are then given by

Zl = 2al — Ay,

ZQ = 2@2 — aq, (44)
Zg = ay + as.
We denote electric-magnetic charges under U(1)? as v = (my,ma, ny,na),

where m; are the magnetic and n; the electric charges respectively, and the
period vector as T = (ap1,ap2, a1, ag)T. The central charge for a generic v is
then given by Z, = « - m, where - is the standard scalar product.

The Coulomb branch is parametrised by vevs of Casimirs of ¢, uy ~ (Tr¢!),
I =2,3. Gauge invariant combinations for SU(3) are

1
U =uy = §<Tr(¢2))R4 =al + a3 — ajay,

2 (4.5)
V=Uu3 = §<Tr(¢3)>R4 = araz(a; — ay).

These relations can be rewritten in terms of two cubic equations for a; and as
as
3
a; —ua; —v =0,

(4.6)

a3 —uay +v = 0.

There is a spontaneously broken global Zg symmetry acting on v and v by

2mi/3

u — au and v — —ov, with a = e . Classically, the discriminant is the

determinant A jassical Of the matrix By = %“T’jl. It reads
Aclassical = det BIJ = (al - 2&2)(20,1 - a2)(a1 + a2)7 (47)
and vanishes when one of the gauge bosons (4.4) becomes massless.

Let us denote the space parametrised by u and v by . We parametrise
points on this space by (u,v) € U, where u is the normalised parameter,
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u = 3 %u. The moduli space U parametrises a complex two-dimensional

family of hyperelliptic curves of genus two [94,215],
y* = (2 —ux —v)? — A5, (4.8)
which has discriminant
Ay = AB(4u® — 27(v + A*)?)(4u® — 27(v — A?)?). (4.9)

This can be viewed as a product of the discriminants of two elliptic curves
whose v parameters are separated by 2A3. Note that the Zg global symmetry
leaves the discriminant invariant. It vanishes if and only if u® = (v+ A3)% We
will frequently use units where the dynamical scale A = 1 and we note that it
can always be restored from dimensional analysis.

If we restrict to Imv = 0, the zero locus of the discriminant describes six
singular curves which intersect in the following points. On the v = 0 plane,
there are four singularities, namely u € {00, 1,a, @*}. On the other hand for
u = 0, there are two singularities at v = 1. These are the Argyres-Douglas
points, where mutually non-local BPS states become massless and the theory
becomes superconformal [104]. Figure 28 sketches the singular lines on the
subset of U where Imv = 0. The singular lines represent regions in U where
the effective action of the pure N = 2 theory becomes singular, and they are
associated with vacua where hypermultiplets become massless.

Similarly to the SU(2) case, the periods transform under monodromies
which generate the duality group of the theory. The classical part of the mon-
odromy group is given by the Weyl group of the SU(3) root lattice, which acts
as reflections on lines perpendicular to the positive roots. The perturbative
quantum correction comes from the one-loop effective action. It contributes
to the prepotential as

i
Fictoop = 5 > Z21og Za, (4.10)

where the sum runs over all positive roots ay, as and az = a3 + «as. Here, Z,,
are the central charges (4.4) of the gauge bosons.

4.2.2 Picard-Fuchs solution

One way to find the non-perturbative solution is to notice that the periods
satisfy second order partial differential equations of Picard-Fuchs (PF) type,
whose solution space is spanned by the generalised hypergeometric function
Fy of Appell [96]. We review some aspects of the PF solution in the following,
and more details can be found in [1]. We study two interesting regions, one
where u is large and v small, and the other one where v is large and u is small.

In the limit of large v and small v, reference [96] determines the a; and
ap,r non-perturbatively in terms of the fourth Appell hypergeometric function
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Figure 28: Singular lines A(u,v) = 0 in the SU(3) moduli space with Im v = 0, associated
to massless dyons [96]. The red dots represent the strong coupling points (u,v) = (1,0),
(a,0) and (a?,0) on the v = 0 plane &,, where two singular lines intersect. The blue dots
represent the AD points (u,v) = (0,1) and (0, —1) respectively, where three singular lines
intersect. They lie on &,, which is represented by the Rewv axis here. The two loci £, and
&, intersect in the origin (u,v) = (0,0) (brown).

Fy(a,b,c,d;z,y). For \/|z| + /]y| < 1, this function is given by

a)m+4n b m+n _m n
Fy(a,bc.diz,y) = > %x y", (4.11)
m,n>0 o m n
where (a),, = L (lf;:l;n) is the Pochhammer symbol. We will also need expansions

of F}, for large y, which can be achieved by replacing the sum over n by the
hypergeometric series o F,

F4(CL, b,C,d;I‘,y) = Z

m>0

(@) (b)m oFi(a+m,b+m,d;y)z™. (4.12)

m! (¢)m
While analytic continuations are known for 5 F}, they are not well established
for Fj.

In order to match the Picard-Fuchs solutions with the periods, we need to
expand the periods around the classical solutions in (4.6). We therefore need
to find the roots of these two cubics.

The general formula for the roots of a depressed cubic equation, az® + bx +
c =0, is given by

1 . Ay
& = —3 (a C+ &kc) , kef{0,1,2}, (4.13)
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where a = e2mi/3, (3 = 21EV 1715 Vﬁr{_ﬂo, A¢ = —3ab and A; = 27a%c [216]. The
choice of sign in front of the square root in C' is arbitrary, in the sense that it
only corresponds to a permutation of the roots.

It is however important to fix the ambiguities in taking the square and
cubic root. We fix the ambiguity in the square root by the following choice
for the branch of the logarithm: For any complex number z € C*, we set
log(z) = log|z| + iArg(z) with —7 < Arg(z) < m. The ambiquity in the cubic
root of a complex number z is fixed by demanding that the real part of /z
has the largest absolute value among the three solutions to p® = z. Thus
V1 =1 and /—1 = —1. Two of the cube roots of i and —i have equal real
parts. We fix the remaining ambiguity by setting v/i = e™/6 = ‘/7?: + % and
Yoim el =L

To list the roots of our two equations, we define

b b  a?

Using Eq. (4.13), we then find that the roots of (4.6) for a; are given by

&1(u,v) = sy (u,v) + 5_(u,v),

E(u,v) = a sy (u,v) +a?s_(u,v), (4.15)

&(u,v) = o® s, (u,v) + as_(u,v),
and the roots for as by —&;(u,v). This gives the 3 x 3 = 9 solutions to
the equations in (4.6). However, (4.5) is supposed to have only 2 x 3 = 6
solutions. Let us determine the 6 solutions in one of the regimes of interest

for SU(3) Yang—Mills theory: we assume u is large and close to the positive
axis: u = A — e\ with A real and very large and 0 < ¢ < 1. Note that in this

regime
fud v (4.16)
U 'U \/ + 2—7 — Z

Furthermore, s (u,v)s_(u,v) = u/3 and

s_(u, —v) = e ™3s, (u,v) = —asy (u,v) (4.17)

hold. For v = 0, we have s, (u,0) = ¢™/%\/u/3 and s_(u,0) = e ™/%,/u/3,
and thus

&a2(u,0) = —Vu, (4.18)
fg(u, 0) = 0

This demonstrates that the solutions to (4.5) for (a1, as) are given by

(&1, —62), (&1, =8), (§2, =), (&2, —63), (&3, —E61), (&3, —&2). (4.19)
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The non-perturbative effective action is characterised by the holomorphic
prepotential F, which allows to define the dual periods ap; = ngI. Both
periods a; and ap ; are given by linear combinations of Appell functions. The

large u expansion reads [90]

ap(u,v) = —iﬂ (\/ﬂ+ %) log(2—7> — % (3 +2a1> Vu+..o,

2 (4.20)

with apa(u,v) = api(u, —v), az(u,v) = a1(u,—v) and a; € C a constant.

. d . . .
The coupling constants 7;; = gff are determined using the chain rule,

1 v 129 63iv?
(U, v) = To2(u, —v) = - log(8u”) + gu_?’ﬁ - <— + ) ut

327 8
(4.21)
The off-diagonal 75 is given by the series
711 (w, v) + T2 (u, v) 1 1 27
= — ——1 _ 4.22
where
(1-— 41}2) _3 453 o 31 4\ g
=7 — =3 - — e 4.23
fu,v) g U + Tooa ~ 30 Y )¢ + (4.23)

Similarily, we find that the large v expansion of the coupling matrix reads
(w — €7ri/6)

w5

: i 4
T1p ~ L log(108v?) — 1 + Cuv P 4 g2y ( ! L3
7T 7r 6

Al & -2
137 277ru v ot

(4.24)
and 72 and Too are given by similar series. At u = 0 we have 711 = 790+ 1 and

T12 = _T;_l_'_l

™

4.2.3 Seiberg-Witten curve in Rosenhain form

In this section, we will relate the SU(3) Seiberg-Witten curve to the curve in
Rosenhain form, which is a degree 5 equation. Every genus two hyperelliptic
curve can be brought to the Rosenhain form [217]

y* = x(z —1)(z — \)(z — X)) (2 — A3). (4.25)

The three roots \; of the polynomial are also referred to as Rosenhain invari-
ants. These invariants are complementary to the Igusa invariants [218,219].

By a lemma of Picard, the Rosenhain invariants can be expressed in terms
of even theta constants as

ety | _eier | eel
e T eres, M eren

A (4.26)
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The functions ©; are instances of genus two Siegel modular forms,

© {Z] Q) = Z exp (mi(k +a)"Q(k + a) + 27mi(k + a)" b) (4.27)

where the entries of the column vectors a and b take values in the set {0, %}
The argument €2 is a 2 x 2-matrix

0= (T” Tl?) , (4.28)

T2 T22

valued in the Siegel upper half-plane H,. We refer to Appendix A.2 for a
precise definition and references. The moduli space of genus two curves My
is complex three-dimensional. Since the SW order parameters u and v are
two complex parameters, the SU(3) Coulomb branch maps out a complex two-
dimensional space U C M in the moduli space of genus two curves. In other
words, U is a divisor of M.

To relate the Rosenhain curve (4.25) to the Seiberg-Witten curve (4.8), note
that a degree 5 polynomial as in (4.25) can be obtained by a linear fractional
transformation of a degree 6 hyperelliptic equation y? = H?Zl(x — r;), which
maps three of the roots to oo, 0 and 1. Linear fractional maps leave cross-ratios
invariant, which is a convenient way to relate the A; to v and v. Let us define

the cross-ratio of four points z; € CP' as

(21 — 23)(22 — %)
(21— 2j) (22 — 23)

C(z1, 22, 23, 25) = (4.29)
such that C'({c0,0,1,\;}) = A;.

Note that we have 120 different possibilities to map three roots among the
{r;} to 0,1, 0o, and another 3! possibilities to identify the three cross-ratios in
the hyperelliptic setting with the ;. By studying the large u expansions of
these for non-zero v, one can easily identify which cross-ratios, in terms of the

2mi/3

r;, correspond to which A;. To this end, let a = e as before. The roots of

the rhs of (4.8) are then given by (with A = 1)

r=sy(u,v+1)+s_(u,v+1), ry =Sy(u,v—1)+s_(u,v—1),
ry =as (u,v+1)+a?s_(u,v+1), r5=asp(u,v—1)+a?s_(u,v—1),

r3=a’s, (u,v+1)+as_ (u,v+1), r5=0ac’s (u,v—1)+as_ (u,v—1),

(4.30)
where
3/ v v u?
=\ =+ — - = 4.31
To simplify notation, let us set syq = si(u,v £ 1). The large u, small v
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expansions for the roots are

1+wv 1—w

Tl:\/a—f— —f-, 7"4:\/6_ +7
2u 2u
1+ 1—-w
o = —/U + +..., 5= —u— +..., (4.32)
2u 2u
1+ l-w
rg = — —I—, e — + ...,
U u

Plugging the weak-coupling expansions (4.21) into the Rosenhain invariants
gives the leading behaviour for the A;. From this we can see that each invariant
A;j approaches 1 in the large u limit.

We continue by determining which of the 720 possible sets of cross-ratios
matches with the theta constants. We have to determine which roots corre-
spond to the first three points z;, i = 1,2, 3, in the cross-ratio (4.29). Since
the three theta constants approach 1 in the large u limit, we should take for
{71, 22} in (1.29) the roots which vanish in this limit, thus {rs,r¢}. Together
with the choice of 29, this reduces to 8 possible triplets. From a further com-
parison between the Rosenhain invariants and the cross-ratios, we determine
that 21 =16, 22 = r3 and 23 = 9. With C; = C(rg,rs,re,r;) for j =1, 4 and
5, we arrive at

M=0Cs,  A=Ci,  A3=0C (4.33)

These are three equations for five unknowns, namely 71, 712, T2, u and v. To
make it more manifest that the right hand side depends on only two variables,
let us express the cross-ratios C; in terms of s,

Cy = o sy +soo — sy —asy][siy — 0437+]7
[a%si— +as_— — sy — s 4] sy — si4]
Oy = — sy + s-— —spp —asy][o?si tasy — s — 5——]’ (4.34)
B[sy- —as_Jls_q — 544
O = a2 sy +s_— —syp —as_y]lasiy+S5 4 — 54— —as__|
Blsoo = sy] s — s44]

Note that these expressions are true on the full moduli space. For u # 0,
we can define

X="t oy (4.35)
u/3 u/3

such that X' = s, /\/u/3 and Y™! = s__/y/u/3, since s,+s 1+ = u/3.

The cross-ratios can then be expressed as

Oy = — a2X<X —aY)(X - Y H(X —OCX_I)’

(X2 - 1)(X — a2Y)(X —aY 1)
1 L (X —aYV )X =Y ) (X —ay )
Ci=— 30 XX DY —ay1) (4:36)
o~ LEX—aY)(X - YN - a?Y)
T3 X(X2-1)(Y =Y~
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We thus see that the Coulomb branch can be identified with the zero-locus
of the three equations (1.36) inside the space (A1, A9, A3, X,Y). One may in
principle eliminate X and Y to arrive at a single equation in terms of the A;. In
the following two sections, we will restrict to the two one-dimensional sub-loci
&, and &, of the solution space of (4.33), where v = 0 and u = 0 respectively.

4.3 Locus &,;: v=0

In this section we analyse the locus v = 0. We will demonstrate that the
order parameter u can be expressed in terms of classical modular forms on
this locus. In fact, we will arrive at two distinct expressions depending on a
choice of effective coupling. In Section 4.5, we will discuss these aspects from
the geometric point of view.

4.3.1 Algebraic relations

On the locus v = 0 we have that 71;(u,0) = T92(u,0) and 7y2(u, 0) is given by
(1.22). Let us analyse these coupling constants, now from the perspective of
Section 4.2.3. For u large and positive, s, 4 has a large magnitude and phase

—7i/6

e™/%. Similarly, the phase of s_. is approximately given by e . This means

that
_ _ 2 P RO
S_._=—aSyy, Sy =—a“s_y, X=—-a"Y " (4.37)

Using this and (4.35), we find that (4.36) now turns into

o - (X +XH(X —aXx)
! (X - X 1) (X +aX-1)
(XX
Ca=—3 XX (4.38)
O IX+ X (X 4+aXTh
Cs=+3 (X —aX-1)(X —X1)

Since the rhs of (1.38) depends only on one variable X, the cross-ratios C; sat-
isfy two algebraic equations, which can be determined by solving the equations

for X2. One finds

Ci1C5 —Cy =0,

(3C1—C1)* = Cu(Cr+1)> = 0. (4.39)

Using (4.33) and (4.26), the cross-ratios are identified with quotients of Siegel
theta functions (see Appendix A.2), and the above equations take the form

0=01-0j, (4.40)
0 = ©703010] — 0302032,01 + 801030302032,03 + 0020107, — 901010267,

The two systems of equations above are equivalent given that none of the A;
vanish or are infinite, which is an assumption of Picard’s lemma (4.26). We
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can use the second relation of (4.38) to solve for u,

5 V27 (3Cy+1)3
T T TG~ 1)

and in terms of theta constants this gives

(4.41)

2 ©,036,07,(0707 — 0267) |

This can be viewed as a generalisation of the rank 1 result (1.35), in the sense
that we can write the parameter u as a rational function of theta series. It
follows naively that u transforms as a weight 0 function under a subgroup of

Sp(4,7Z).

4.3.2 A modular expression for u

The solutions to the algebraic relations (4.40) are not unique due to the peri-
odicity in the 77;. The first equation implies 717 — 79 = 2k with & € Z, but
we know from (4.21) that £ = 0. From (4.22) we can make a power series
expansion for 715 in terms of p = 2™, One finds

1 1 1 27
T12 = —57'11 — 2_7'(‘1, 10g(8) + 2—mzh<p), (443)
with 63 1447 5 307679
1 3 5
hp) =p? = 5P+ 1P ~ 5018 P’ + O(p2), (4.44)

by satisfying the second relation in (4.40) order by order. Substitution of (4.43)
in (4.41) gives the following p-expansion for w,

1 1+ 43 1+ 2923 5 1713 4 11

u:§p 6—{—§p3— 123 p6+ 16 p3 —f—O(pﬁ) (445)

One can verify agreement with the Picard-Fuchs approach by substituting this
expansion in Eq. (4.21). As this series is only an expansion for small p, it is
not very elucidating. To arrive at a closed expression, we aim to express u as
a function of a “coupling constant” which transforms well under the duality
transformations. This is not the case for 7.

However when 711 = 799, the inversion S = (9 ') € Sp(4, Z) acts naturally
on the linear combinations 7. = 77 & 712, which are in one-to-one correspon-
dence with 7; and 72. From (A.24), we deduce for the action of S on 74

1

S T T11 :i:’7'12 —_ =
T £ Ti2

(4.46)
That is to say, it reduces to the ordinary S-transformation 7. +— —1/7..
Moreover, 7+ € H for both +. To see this note that since Im(£2) is positive
definite, we have that y;; > 0 and yi1y00 — 325 > 0, where y;; = Im(775).
Whenever y1; = 922, the latter inequality implies that y?, > y3,. Since y;; > 0,
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it implies y11 > y12 and y;1 > —y12 simultaneously. From this we learn that
Y11 — Y12 and y11 + y1o are both positive and therefore 7. = 797 + 75 € H.

We will proceed by considering 7 =: 7, leaving the discussion on 7 for
section 4.3.3. To determine u as function of 7, one can first find the series ex-
pansion for 7 in terms of p, invert and substitute p(7) in (4.45). Alternatively,
one can revert to the Picard-Fuchs solution, by inverting the series (4.21) for
v =0,

. 1
q = eZrim—ma(W) — 73 L 45U* 4 15120° 4+ 4567208 +..., U= el
U
(4.47)
Either method gives us the following series for w,
Vlu=q9+5¢5 —Tqs +3¢5 +15¢9 —32¢9 + O(¢q?). (4.48)

This expansion is also known as the McKay-Thompson series of class 9B for
the Monster group [36,56-58]. Thus similarly to the u for rank 1 (1.35), we
find a McKay-Thompson series. We then have

u=u_(1)= {’/% Z:? é; ; (4.49)

where b3 ; are theta series for the As root lattice,

baj(r)= Y. gitRTRR e 10,1}, (4.50)

k1,ko €2+

The theta series by ; transform under the generators of SL(2,Z) as (a = €27/3)

S b37j (-—) Z 2jl b3l
l mod 3 (451)
T : bg’j(T -+ 1) = CYJ bg,j<7').

The solution u_ can also be expressed in terms of the Dedekind n-function

(A.18) as
u(r) = /% (1 + %:’725)) ) . (4.52)

Using Theorem | in Appendix A.1, one finds that u_(97) is a modular

function for the congruence subgroup I'g(9) (also defined in Appendix A.1).
This implies that u is a modular function for T'°(9), which is generated by
the matrices 7%, STS and (T3S)T(T3S)~'. In fact, it is easy to see from
(1.51) that u_(7 — 3) = au_(7) for all 7 € H. Furthermore, u rotates as well
under TST~2, u_(Z=2) = au_(7). The two elements 7% and T'ST 2 generate

I'%(3) and u can therefore be interpreted as a modular function for I'(3) with

multipliers o.
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Let us analyse the strong coupling singularities u? = % for v = 0 in terms
of the variable 7. We will demonstrate that these correspond to 7 — 0,3 and

—3. Using (4.51), one finds that the expansion around 0 takes the form

3 /i w D(TD) _ b370<3TD) + 2b3,1<37-D)
S bs0(37p) — b3 1(37p) (4.53)

=1+9qp +27¢5 +81q% + 19845 + O(q}),

with 7p = —1/7, qp = €*™ and u_p(7p) = u_(—1/7p). In the same
notation we can invert the series to find

qp = x — 3% + 9% — 22x* + 21x° + 207x° + O(x"), (4.54)

where x = ({/4/27u — 1)/9. It follows that ¢p — 0 for {/4/27u — 1 or
X — 0. This can be directly confirmed by analytically continuing the Picard-

Fuchs expansion around u = {/27/4.

The expansion around +3 can then be obtained from the one around 0 by

shifting the argument 7p 1 = —% +3, and one finds using the T-transformation
(4.51) that
bs0(37p) + 2b31(37p)
= Flp/2n 300D 22D 4.55
u-p(Tpz) =& * b30(37p) — b31(37p) (455)

The expansions around the points 3 and —3 differ from the one around 0 only
by the phases ™! = o and «. Together with (4.53), this proves that indeed
7 — {0, -3, 3} corresponds to the three singularities u — {1, o, a*}. Due to
the T°-invariance of the solution (4.49), there is an ambiguity in identifying the
T-parameter with 7 4+ 97Z. These Z, points are studied in detail in [215,220].
They correspond to the 3 vacua of the N’ = 1 theory after deforming the N = 2
theory by relevant or marginal terms.

The modular analysis is completely analogous to the SU(2) theory, as re-
viewed in section 1.5: The cusps of T'°(9) are {0, —3, 3,900}, which is exactly
where u assumes the Zs vacua and the semi-classical limit. The fundamental
domain of T'°(9) is given in Figure 29 and is the union of 12 images of the
SL(2,Z) fundamental domain F = SL(2,Z)\H,

4
MON\H= | J TF U SFUT*SFUTSF. (4.56)

{=—4

Using (4.52), we can find the exact coupling at the origin of the moduli
space. We have that u(ry) = 0 for the T'°(9) orbit of

To = V3w = g + \/;z (4.57)

with w = €™/6. The point 7, lies on the boundary of the fundamental domain,
on the point where the boundary arcs from different cusps meet. The elements
(STS)* € T°(9) map 7 > 79 — 3k for integer k, which identifies the “corners”
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THF | T°F | T?F | T'F F TF | TF TF  T'F
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=5 —4 -3 -2 -1 0 1 2 3 4 5

Figure 29: Fundamental domain I'’(9)\H of the congruence subgroup I'°(9). It consists of
12 images of the key-hole fundamental domain F.

in Figure 29. This is compatible with the global Z3 symmetry, which also acts
by T—3 and leaves the origin invariant. It is in complete analogy to the SU(2)

picture: We find the nice picture that the cusps of T'°(9)\H are in one-to-one
3 _ 21

T4
symmetric point where the boundary arcs meet.

correspondence with the singularities u and u = oo and the origin is the

4.3.3 wu as a sextic modular function

While we chose in the above the modular parameter 7 = 71 — 72, Equation
(4.46) shows that we could equally well consider 7, = 797 + T12. We will
consider the variable 7 := 7, in this subsection. We can determine the first
terms in the g-expansion of u, which results in

1
u=uy(r) = ; (7% + 104 ¢** — 7396 ¢°/* + O(¢*?)) . (4.58)

This series can be recognised as the g-expansion of

w () = o/ B
! 2 (Ey(7)*? = Eg(r))V/*

(4.59)

where E4 and FEg are the Eisenstein series (1.7). We will derive this explicitly
in section 4.5. The function u, is a root of the sextic equation

6 (1) s, 275(7)

X° — 64X+ 556 =0, (4.60)
where j is the j—invariant (A.9). Since the coefficients of this sextic equation
are modular functions for SL(2,7Z), we call uy a sextic modular function (see
also Appendix A.5). Due to the fractional powers in (4.59), uy is not a mod-
ular function for SL(2,Z). In fact, E;> and u, are not invariant under any
subgroup of SL(2,Z). One way to see this is that F4 has a simple zero for
T = «, such that the square root introduces a branch cut. While the family
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of sextic modular functions thus includes functions which are not modular for
SL(2,7Z), this family also includes functions which are modular for an index 6
congruence subgroup of SL(2,Z). The order parameter for SU(2) (1.35) is an
example of the latter. One can thus view the family of sextic modular func-
tions as an extension of the family of modular functions for index 6 congruence
subgroups.

Interestingly, u, is up to an overall factor the same function as the order
parameter of the massless Ny = 1 theory with gauge group SU(2) [101,103,221],
see (2.66). This aspect distinguishes massless Ny = 1 from Ny = 0,2,3,
since for the latter theories the order parameters are modular functions for
congruence subgroups isomorphic to I'%(4) [101]. On the other hand, it is
known since the time of Fricke and Klein that similar fractional powers of
modular forms as in u, do appear in the context of Picard-Fuchs equations
and hypergeometric functions [222,223].

As mentioned before, the fractional powers in (4.59) are incompatable with
any subgroup of SL(2,7Z). Nevertheless, if we choose a basepoint, we can show
that u, is invariant under transformations of 7, which combine to a closed
trajectory with starting and endpoint equal to the base point. We choose the
base point 7, with Re(r,) = 0 and Im(7,) > 1. First, using the modular
transformation of F, and Ejg, we find for the expansion of 7 near 0,

T—0: us(7) = uy p(—1/7), (4.61)
with
_ 3/t E4(7'D)1/2
u+,D(TD) — V2 (E4(TD)3/2 n Eﬁ(TD))1/3 (4.62)

N

3

T (1+ 144 qp — 3456 q7, + 596160 g3, + ... ) .

|

The S-transform wu, p is also a solution to (41.60) and thus also a sextic modular
function. From Eq. (4.58) we see that u, is invariant under 7 — 7 + 3 at
weak coupling, Im(7) > 1. Let us introduce T,, for the translation at weak
coupling. Moreover at strong coupling, 0 < Im(7) < 1, u, is invariant under
p = —1/7 — 7p + 1. Let us introduce Ty for the translation at strong
coupling. We can get the monodromies around the other cusps, 7 = £1 from
conjugation with 7,,. We then find that u is left invariant by

T (TSTITS)™,  Lnel, (4.63)

where S is the usual inversion 7 +— —1/7, mapping 7 from weak to strong
coupling. These transformations are sketched in Figure 30 for n = 1 and
(=0,=+£1.

We denote the invariance group of uy by I It is generated by the

Ut
elements in (1.63) with n = 1, and ¢ = 0, 1. From the invariance under (1.63),

one derives that a fundamental domain is given by

1
| T*FuT'sF. (4.64)

{=—1
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It consists of six copies of F, which is directly related to u, being a sextic
modular function. This fundamental domain is the grey area in Figure 30.
The domain is clearly topologically equivalent to the fundamental domain in
Figure 29. The expansions of u; and uy p demonstrate that u, (ico) = oo,

A
T, Th
)
T : T,
s Sy S
\/—7 ] /
T, T
) -1 1 2

Figure 30: Fundamental domain for uw,. The vertical lines at 7 = +3/2 are identified, as
well as each pair of the two arcs meeting at a cusp —1,0 or 1. The point 73 is the base point
for the monodromies, which are compositions of T,,, Ty and S. T, is a shift 7 — 7+ 1 at
weak coupling, T circles around a strong coupling cusp, and S maps 7 from weak to strong
coupling.

u(0) = {’/% and uy (£1) = oF /2. We will derive uy from the SW geometry
in section 4.5.

Because uy is not a weakly holomorphic modular form, but involves frac-
tional powers of modular forms, it is problematic to identify the transforma-
tions (41.63) with elements of SL(2,7Z). One way to see that this identification
is problematic is that the composition of S, T,, and T, does not satisfy the

relation (ST)® = —1, if we identify T,, = T, = T = ( é 1 ) To further
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study this aspect, let us list the SL(2,Z) matrices corresponding to (4.63),

s 1 3

N0 1)’

4 (10
st (10,

(4.65)
sy =( 05 ).

-1 2

(T S)T(T15) = < _21 é ) .

These matrices fix each of the cusps {00,0,1,—1}. On the other hand, wu,
is not invariant under the modular action of the matrices on 7, 7 — (a7 +
b)/(cT + d) except for T3". For example, ST'S™' would map 7 = ico to —1.

The values of u, are however different for these two arguments: u, (ico) = 00

5 [27
L
modular group SL(2,Z).

and uy(—1) = « Furthermore, the matrices (1.65) generate the full

The origin u,(79) = 0 of the moduli space is again given by the points
where the boundary arcs meet: At 79 = a we have that F; vanishes but FEj
does not. From (4.59) it is then clear that 7y + Z are indeed the zeros of u..
This is also compatible with the Zj global symmetry, which according to (1.58)
acts as T~1 and leaves the origin invariant.

4.4 Locus &,;: u=0

We will now consider the second elliptic locus, namely where v = 0. By doing
a similar analysis as in section 4.3 but now for large v, we find that the correct
matching between the cross-ratios and the Rosenhain invariants for this limit
is

)\1 = 05, )\2 - 04, )\3 - 01. (466)

Note that the only difference from before is that the roles of Ay and A3 have
been interchanged. One could perform a change of symplectic basis to have the
same matching as (41.33). This can be be done by acting on the periods with
the matrix T = (§¢) € Sp(4,Z) with 8 = (3' 2,).”" This would however
also change the Rosenhain form, and we therefore prefer to continue with the
identification in (4.66).

We will proceed by deriving the relations satisfied by the couplings 7;; on
the locus u = 0.

4.4.1 Algebraic relations

To determine the algebraic relations among the theta constants, we assume
that v is real, large and positive. In this limit we find that s, + = /v &1 and

26Note that there is an ambiguity in the choice of Ty. The A; are invariant under a subgroup
of Sp(4,7Z). Multiplying 7p with an element of this group thus gives the same result.
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s_4+ = 0. The cross-ratios (4.34) simplify, and one finds

1 =9 —
C S a“s

o’ (sp4 —as, )’

Cyp=—— ,
4 3 s ) (4.67)
1 — _ —a?s,
Cs =+ _(5++ asi—) (s4+ — sy )
3 S48y

From this we find two algebraic relations between the cross-ratios, namely

C,C5; — Cy =0,

4.68

Writing these in terms of the theta constants, we have

4\204 4\204 202020202 10200202 (469)
O = @2@3@8 + @1@3@10 - @1@2@3@8@10 - @2@4@8@10'

4.4.2 Modular expression for v

Our next aim is to determine a modular expression for v on this elliptic locus.
The first relation in (4.69) implies 717 = T2 + 27 + 1, while the second one
implies 1o = :E%TH + Z. We claim that these are all the solutions. As in the
case v = 0, the PF solution (4.241) fixes these relations,

-
Ty = To2 + 1, Tl2:_§+1' (4.70)

In contrast to the locus &,, these linear relations between the 711, 79 and 79
are exact on &,. Using the first equation in (4.67), we can solve for v,

i (G = 2)(C 4 D20, — 1)
- o) . (4.71)

This can again be written as a rational function of Siegel theta functions,

o i (03 —26%)(63 + ©1) (26 — O}y (4.72)
V27 OF07,(0% — ©1))

As a function of 7 = 71; — 79, one finds (¢_ = *™"-)

_1 1 1 5 T
(aq 6—33a2¢i—15hﬁ-—ﬂsaq3+qu9>. (4.73)

1
24/27
The expansion in terms of 7, = 797 4+ 72 is very similar. One can recognise
these series as

(4.74)
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where

- (n ) (Z 83)6 (4.75)

=q ' —=33¢—153¢> —713¢° — 2550 4" — 7479 ¢° + O(¢').

The function m is known in the literature as the completely replicable function
of class 6a [56-58]. The perturbative expansion (4.73) can also be verified from
the Picard-Fuchs solution by starting from Eq. (4.24) and setting u = 0. Then,
expand g = e2™(M1(")=72(")) a5 a series in v and invert it to find (4.73).

4.4.3 The Zs; vacua

Let us study the solution (4.74) near the strong coupling vacua. To this end,
we eliminate the phases in (4.73) by substitution of 7 := 7_ + 1 in (4.74). In
the new variable 7, the solution reads

v = —#ﬁ m(Z). (4.76)

It can be shown that the values of 7 at the Argyres-Douglas (AD) vacua

3 31
TAD»l = -3 2 ’ 3w57
; 3i (4.77)
1

and the origin (u,v) = (0,0) is located at 7, = v/3i. This can be rigorously
using the properties of m.

The solutions to v = 1 and v = —1 are not straightforward to obtain. Let
us start with the point (u,v) = (0,—1). In the following, all arguments are
those of m. Due to the prefactor in (4.76), v = —1 is in fact a quadratic
equation with zero discriminant and therefore satisfied if and only if

<Z§§,g)6 — V2T, (4.78)

A solution to this equation can be found to be

w 1 1 TAD,2

Ti=——=4—— = :
"To3 443 6

as before and 7pp o the argument of v in (4.77). The other AD

(4.79)

with w = /6

point can be found using the symmetry of m, and it is given by

w5 1 1 TAD,1
== o L TADL 4.80
The zero of m (and therefore of v) is given by
l
o= ——. (4.81)



Note that all these numbers have the same absolute value ﬁg
Let us prove (4.79) first: In order to compute both the numerator and the

denominator, we can resort to the S- and T-transformations of 7 as given in
Ald,

1(2r1) = Blwe By + ) = 3ieBn(a) (45)
n(671) = (3 + %) = e p(a)

Equation (4.78) follows immediately.
In order to find the point where v = 41, we can make the observation that
m(—%) = —m(5). This implies that under the Fricke involution ([} '), the

solution receives a minus sign,

m( ! ) — (7). (4.83)

127
Using the T-transformation of 7, one also finds that m (7 £+ 3) = —m(7). We
can use either of those maps, 741 =71 — 3 = —12;1 to obtain (4.80).

We can also study the zeros of v. Every root of m(7) is given by the
equation n(27)'? = 27n(67)'2. A solution to this equation is (4.81), which we
can prove: Using the S-transformation, we find

n(2m0) = 1) = 3in(V/3i) = 31y (6m). (4.84)

The result follows immediately. Another proof follows simply from the fact
that 7 is the fixed point under (4.83).

The modular group of v is closely related to the duality group of the SU(3)
theory on this locus. It can be shown that v is a modular form for the prin-
cipal congruence subgroup I'(6), as defined in Appendix A.l. However, the
fundamental domain of this group has twelve cusps, and v diverges at all of
them. This suggests that we found strongly coupled vacua in the region of the
moduli space where v is large. But from the discriminant Aylg, = v* — 1 we
expect the only singularities to be at v € {1, —1, 00}.

To resolve this problem, let us study the function m in more detail. It
is a linear combination of eta quotients, whose modular properties have been
studied extensively [224,225]. Applying Theorem | in Appendix A.1, one finds
that m is a modular function for the Hecke congruence subgroup I'g(12). In
addition, it satisfies the following non-SL(2,7Z) transformations

m(r—13) =-m(r), (4.85a)

m(—m) =-m(7). (4.85b)

The transformation (4.85b) is also known as a Fricke involution. Translating
both equations to the argument of v, we find that v picks up a minus sign
under both 773 and F = ({ *). Taking products, we find that v is properly
invariant under FT7* = (}23) and 77%. Let us normalise the former to
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X = \}3 ((1) ), and denote the subgroup of PSL(2, R) generated by these two

elements as

I, =(X,T7°). (4.86)

This group is a proper subgroup of the modular group I'°(6]2) + 3 of Atkin-
Lehner type, in the notation of [58]. This Atkin-Lehner group extends the
ordinary congruence subgroup I' 0( ) by elements in PSL(2,R). See Appendix
A1 for the precise definition. If we allow for a non-trivial multiplier system,
the modular group associated with m is T°(6]2) + 3 [58] . The latter contains
for example T3, under which we have shown that v is anti-invariant. We can
write a similar set of matrices as (1.65),

W (2 2) e (53) e (} )
1 0 -1 3 0 1

(4.87)
under which v ~ m(7/6) is invariant. If we consider their normalisation to
unit determinant, I1(M;) = |det(M;)|~/2 M;, they lie in the group I, (4.86),
and furthermore satisfy

(M) M) = M. (4.88)

A fundamental domain for I', can be drawn using the algorithm given
n [58], and it is shown in Figure 31. The element T° contains the domain to
|Re 7| < 3. X identifies the interior of the circle with radius v/3 centered at
0, with a region inside the blue domain in Figure 31. Similarly, the interior of
the circles centered at +3 is identified with a region of the blue domain. We

conclude,
1

T\H={z € H| [Re 2| <3}\ | D5(30. (4.89)
=—1
where D,(c) is the closed disc of radius r and center c.

The Argyres-Douglas vacua v = 1 and v = —1 correspond to the spe-
cial points Tap; (4.77). They are stabilised by M; and Ms, respectively.
This makes the AD vacua elliptic points of I',. They are in fact expected
to not get mapped to cusps of v, since their coupling matrix lies inside the
Siegel upper half-space Hy [1]. This is a familiar property of superconformal
points [104,155]. Tt is different from the Zs points where the coupling matrices
are located on the boundary 0Hy and therefore mapped to the real line OH].
The origin 7y = v/3i is mapped under FT—3 to 7y — 3, which is identified with
7o since v = 0 is a fixed point under 772 : v — —v. The anti-invariance under
T3 is in fact directly derived from the Z, symmetry p : v + e™v [1]. The
large v monodromy p? acts on 7 as 7%, under which v is invariant. The origin
of the Fricke involution can therefore be understood from the global structure
on the u = 0 plane.

The discussion is similar for the parameter 7, = 71 + 112. If we introduce
here 7 =7, — 1, v equals —5—=m m(7/2), which is again invariant under I'(6).
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TAD,1 TAD,2

-3 -2 -1 0 1 2 3

Figure 31: Fundamental domain I',\H for the group I',. The values of the special points
are: Tap1 = V3w’ and Tap 2 = V3w.

It is multiplied by a sign under 7" as well as under the Fricke involution F' =
(975'). This means that it is invariant under 7% together with the involution
X =FT!'= (g - ), which again generate an Atkin-Lehner type group. The
fundamental domain of this group equals that in Figure 31, but with all points

divided by 3.

4.5 Elliptic curves for &£, and &,

It is natural to expect that the complexified couplings 7 for both loci &, and
&, have an interpretation as complex structures of elliptic curves. Moreover,
these elliptic curves are expected to be related to the geometry of the genus
two Seiberg-Witten curve (1.8). We will make these expectations precise in
this section.

Recall that the moduli space My of genus two curves is complex three-
dimensional. The moduli space My contains two-dimensional loci Lo C Mo,
for which the genus two curves can be mapped to genus one with a map of
degree 2 [226]. The map can be lifted to a map of the Jacobians of the curves.
The Jacobian of the genus two curve is a four-torus, while the Jacobian of
a genus one curve is a two-torus. For the curves contained in Ly, there is a
degree two map from the genus two Jacobian to the genus one Jacobian. The
Jacobian of a curve in £, factors, T* = T? x T?, which demonstrates that for
a generic curve in Lo, there are two distinct maps ¢; : 3o — X1, j = 1,2 to
two elliptic curves ¥, ;. We will see in this section that these elliptic curves
>1,; have precisely the complex structures 71 introduced above.

The locus Ly of genus 2 fields with elliptic subfields of degree 2 reads
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[211,212,227]

8748.J10.J5 J& 4 5073840002, T3 Jo — 1924560072 J4J5 — 592272.J10J4 J3 + T7436.J10.J3 J3
— 81.J3J¢ — 3499200.J10J2J¢ + 4743360.J10.J3 JoJs — 870912.J10.J3 T3 Js + 3090960.119J4 T3 T2
— 78J3J5 — 125971200000.73, 4 384.J5 J5 + 41472.J10J5 + 159J5.J3 — 236196.J2,.J5 — 80.J} J>
— 479525 4 J§ + 10497600072 J2 Jo — 172803 Ja Js + 604874 JoJg — 9331200.J10.J3 T2
+ 125 T3 Jg + 2937603 J2 Jg — 8910J3 J3 Jg — 209952000077, J4Jg + 31104.J3 — 6912735 Jo
— J3 T} — 583201005 JuJs — 54J5 JEJE 4+ 10805 J4JE + 972J10J8 JF + 133205 T} Js = 0.
(4.90)
It is the zero locus of a weight 30 polynomial in the genus two Igusa invariants
Jo, Jy, Jg, J1o- The Igusa invariants of a generic sextic curve can be found
in [228], for example.
Additionally, the SU(3) vacuum moduli space also corresponds to a two-
dimensional locus U in My. On U the weight 30 polynomial factors in three
terms, such that & and L, intersect in three one-dimensional loci:

E =&, v =0,
E=E&,: u=0,
& D 784w’ — 248 (2970 + 553) — 15u® (7290 + 54540* — 4775)
+8(270* — 25)° = 0.
(4.91)
Not suprisingly, we have seen the first two of these loci before. The latter is

2

a cubic equation in v? as well as in u?, which does not reduce further. It does

not include special points of the SU(3) theory. For v = 0, the equation reduces

to the points u® = 8 and u® = % in the u-plane, and for u = 0 it intersects in
v? = 2 on the v-plane.

The locus £, can also be characterised in terms of Rosenhain invariants of
the curve [211, Equation (18)]. By plugging in the cross-ratios we can check
that the SU(3) Seiberg-Witten curve is not in £y for generic u,v. For v =0
we rediscover the first algebraic relation (4.39), while for u = 0 we find both
relations (4.68). This arises from an additional symmetry of the u = 0 curve,
which we will comment on below.

4.5.1 Elliptic curves for locus &,

In this subsection we will establish two elliptic curves corresponding to the two
modular parameters 7. in section 4.3. The curves described by the locus Lo
can be written in the form [211]

V2= X0 — 51 X 45X~ 1, (4.92)

with s; and sy complex coordinates for L£,. This family of curves is left invariant
by a non-trivial automorphism group, which contains the Klein four-group
Vi [229]. Namely, the curve (4.92) is left invariant by (X,Y) — (—=X,Y) and
(X,Y) — (X, =Y, which generate the dihedral group Dy =V, = Zy X Zy. We
interpret this group as the symmetry group of BPS/anti-BPS spectrum, and
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more precisely the central charges of the W-bosons Z; (4.4) and their charge
conjugates. For v = 0, Eq. (4.20) shows that a; = ay = a, such that Z; =
Zy = a, and Z3 = 2a. One Zy C D, corresponds to the charge conjugation
symmetry, while the other Z, corresponds to the a; <+ a; symmetry on &,.
Note that the automorphism group of a generic genus two curve is Zs, which
is consistent with the charge conjugation symmetry for arbitrary (u,v).

For v = 0, the Seiberg-Witten curve Y? = (X3 — uX)? — 1 is of the form
(4.92), with s; = 2u and s, = u?. The degree two map to an elliptic curve is

(z,y) = (X2Y), (4.93)
which maps the algebraic equation (4.92) to
y? = x(r —u)® — 1. (4.94)

We can determine u in terms of the complex structure 7 of the curve from the
j-invariant, j = 256u%/(4u® — 27). This gives

du(r) = ¢~ +104¢* — 7396 ¢ + O(¢*). (4.95)

We immediately recognise this function as the function u, (4.58), which was
obtained from the Picard-Fuchs solution for the modular parameter 7, = 711 +
T12. The curve (1.94) is exactly the Seiberg-Witten curve for the SU(2) theory
with one massless hypermultiplet in the fundamental representation and scales
related by Agu(2) = 2Agu(3) [46], which clarifies the observation in section 4.3.3.

The curve that corresponds to 7. = 711 — 712 can be constructed as follows.
On the curve (1.92), the transformation (X,Y) — (%, 45) interchanges s; and

sy. Interchanging those coefficients, s; = u? and s, = 2u, and setting again
(r,y) = (X?%,Y), we obtain

y? = x(2® — v’z + 2u) — 1. (4.96)
One finds j = 256u3(u® — 6)3/(4u® — 27), which reproduces the solution u_ for
the T°(9) curve (4.49). Note that the equation for j shows that u_ is the root
of a degree 12 polynomial, which matches with the number of copies of F in
Figure 29. Another way to obtain this curve is to set z = X? and y = XY,
from which one gets a quartic curve with the same j-invariant.

We have thus demonstrated that the two natural choices 7 of the mod-
ular parameter indeed correspond to the complex structures of two elliptic
curves covering the hyperelliptic curve. The physical v is given in terms of two
different functions uy : H — C with arguments 7.

4.5.2 Elliptic curves for locus &,

The Seiberg-Witten curve Y? = (X® —v)? — 1 for u = 0 is not in form (4.92)
for a curve of £5. However, the discussion around (4.91) suggests that it can
be written in this form. We can achieve this by comparing the invariants of
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the u = 0 hyperelliptic curve and (1.92), and solving for s, s,. Just as two
elliptic curves are isomorphic if and only if their j-functions are equal, genus
two curves are isomorphic if and only if their absolute invariants

Ju JoJy — 3Js Jio

7, = 144 T T —1728 o T 486 7 (4.97)

are equal [212,218,219]. On L, there are only two independent invariants.
For the curve (1.92), we find [212]

9405 + (a — 126)a + 12b

X1

4 (15 + a)? ’
27 (a3 + 7290 + 4131a — 36(39 + a)b — 3645
To = — (a * @+ ¢ ( i a) )a (498)
8 (15 +a)?
243 (27 — a(18 + a) + 4b)?
Ta =
778192 (15 + a)® ’

where a = s183, b = s} + s3 are the dihedral invariants. Comparing these
absolute invariants with those of the SU(3) curve for u = 0, we arrive at

s152=9(25 — 24v%), s} +s5=54(216v" — 3400° +125) . (4.99)
To solve the two equations in (4.99), let us denote
O (v) = 27 (2161}4 — 3400* + 125 £ 8v (270 — 25) Vo2 — 1) . (4.100)

Then, one of the six solutions is given by

25 — 2402
+ 3 +
s =vVOF(v), s5 =9———. 4.101
1 ( ) 2 \S/QT(’U) ( )
In order to get an elliptic curve, we again take the map (x,y) = (X?,Y). This
gives us the two curves

Yy =2 — sttt sjr— 1 (4.102)
with j-function

5% = —432 (145800 — 2673v* + 134007 — 125 20 (720" — 97207 + 275) /o2 — 1)

(4.103)
and discriminant A = v? — 1. By inverting (4.103), the resulting function v
matches precisely with (4.74) in section 4.4.2. Note that j* vanish at the AD
points v = £1 and the curve (4.101) becomes a cusp y* = 3. This implies that
the AD points are elliptic fixed points and are in the SL(2, Z) orbit of «, which
is easy to check from (4.77): We have that 7aop1 = a — 1 and Tapp = o + 2.
See also Figure 31. They do however not fall into the (classical) Kodaira
classification of singular fibers, since the Weierstrafl invariants of (4.101) are
not polynomials in v and their order of vanishing is half-integer rather than
integer.
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In general, the j-invariants of the two elliptic curves for (1.92) are the two
solutions of [212]
2a° — 54a® + 9ab — >+ 270 . s (a® +9a—3b)°
@+ 18a—4b—271 7 (@ + 18a — 4b— 27)2
Since the equations for s; and sy always have solutions, one elliptic curve is
found by substituting (z,y) = (X?,Y), such that it becomes

j2+28 0. (4.104)

y? =% — 5127 + spr — 1. (4.105)

The other elliptic curve is found by relating (z,y) = (X?, XY'), such that
y* = x(2® — x12% + spx — 1). (4.106)

Returning to the curve for &,, we notice that Y2 = X¢ —20X3 +0% — 1 for
u = 0 has enhanced symmetry compared to the Klein four-group for (1.92).
Since v? — 1 is the discriminant, we can divide and rescale X to find

2v 3
mX + 1. (4.107)
It is easy to show that any curve of the form Y? = X% — a X3 + 1 is invariant
under (X,Y) — (+,+5) and (X,Y) — (aX,-Y), where again o = €*/3.
These order 2 and 6 elements generate the dihedral group Dj,. Similarly

V=X -

to the enhanced automorphism group for &£,, we interpret this group as a
symmetry group of the BPS/anti-BPS spectrum. On the locus &,, we find
that the periods a; and ay are related as as = —aa;. The central charges Z;
(4.4) of the W-bosons, together with their charge conjugates, span therefore a
regular 6-gon, whose symmetry group is Dys.

Hyperelliptic curves C' € Lo with Aut(C) = Dis satisfy an additional
constraint, it is given by the zero loci of a weight 12 and a weight 20 polynomial
in the Igusa invariants [227, Eq. (24)],

0= — JuJy +12J3J5 — 52J7 T3 + 80J; + 96024 Js — 3600.J¢,
0 = 864.J10.J5 + 3456000.J19.J7 Jy — 43200.J10.J4J5 — 233280000073, (4.108)
— J3JS — 76814 J5 + 4815 Jy + 4096.7;.

Moreover, the elliptic subcovers of hyperelliptic curves with Aut(C') = D;4 are
3-isogenous [211]. We can check explicitly that the u = 0 curve is of this form.
Another check on the Djo symmetry is [211]

0 =a*—110a — 4b + 1125, (4.109)

This explains why the elliptic curves for the two complex structures produce
a single modular function (4.74), rather than the two independent functions
uy for £,. On &, the first algebraic relation in (4.39) holds and places the
curve in Lo. On &, both relations (4.68) hold, where the first one projects into
Lo and the second one gives the augmented D;5 symmetry. This is consistent
with the argument of Section 4.3.2 that the maps ¢, should exist as long as
Im(7y1) = Im(7ee), such that it is possible to define 7 = 797 = 715 € H. The
first relations in both (4.39) and (4.68) are equivalent to this condition.
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4.6 SU(3) theory with matter

With the technology set up in section 4.5, it is in principle straightforward to
study other theories characterised by genus two hyperelliptic curves. One such
class of theories are the SU(3) theories with N; < 6 hypermultiplets in the
fundamental representation.

When Ny < 5 and all the masses are equal to m, the curves are given
by [1283,230]

Y2 — C<X)2 o A2N37Nf<X +m)Nf,

Ny—N,
1 (4.110)
C(X) = X® —uX — g+ QAP 57y (]\@ k.

k=0

These theories are also studied in [3, 178,205,231, 232]°".
Let us thus study the SU(3) curve for N' = 2 gauge theory with Ny > 1
hypermultiplets in the fundamental representation.

Ny=1
The locus £, intersects with the m = 0, Ny =1 curve in

0 = — 6165504u'2v? — 73809792u°v? — 111484512u8v® + 1092204001 v?
+ 1796349312105 — 81969459841 v° + 9010440000u*v* — 6598371456u0®
— 462678750000 + 3826375200uv” + 1261406250u>v* + 2581632u!tv
— 27737500080 + 2048u"® — 2717841 + 2162500u° — 492075000uv°

— 175781250uv — 18366600960 — 592312500° + 9765625,
(4.111)

and in particular neither u = 0 nor v = 0 are in L£5. This is also the case for
generic masses, for which the equation because much more complicated.

Ny =2

For Ny =2, v = 0 is in fact a singular surface. It intersects with the singular
locus Ay = 0 in the points u? = 1. In fact, v = 0 is a sublocus of £,. However,
since it is singular, the usual maps ¢; : ¥ — X;; are degenerate. Thus the
map to the elliptic subcover is ill-defined.

Ny=3
For massless Ny = 3 we find that only v = 0 is in £,. The discriminant is

Ap = (4v —1)? (=3456u*v® + 3888u’v + 256u° — 729u” + 116640 — 29160°)
(4.112)

and therefore © = 0 is not a singular locus. Rather, u = 0 intersects with

Ajx = 0 in the two vacua v = 0 and v = %; We can compute the absolute

2TThe article [205] clashes with both [231] and [230].

118



F TF mE

N
/
/ . K N\
/ STF %\ /. STUF \
/ \ , \
/ \ / \
/ \ / \
/ o \
/ g TAD Y
/ B Vi N \
/ Ny . \ TAD
/ ’ e K I
i . ¢ \ |
i R \ \
i ! \ i
i ! . i
—1 1 0 1 1
3 B .
-1 0 1 2 3

Figure 32: Fundamental domain of T'g(3) (Fig. 32a) and I'°(3) (Fig. 32b), both the domains
are for (u=0) € Ly for Ny = 3.

invariants of the u = 0 curve and compare with (41.98). This gives the dihedral
invariants
9 (48v? — 26v + 3)

a=— , b=
2v

27 (69121}4 — 3968v3 + 115202 — 248v + 27)
1602

(4.113)
One can then either proceed to compute s; and s, which gives fractional
powers of v, or insert (4.113) into (4.104) and compute the j-invariants of the
two elliptic curves. This gives

. 27(4v — 9)3(4v — 1) 27(4v — 1)(36v — 1)3
J1=— 647}3 y J2 = — 4’0 s (4114)
demonstrating that the underlying elliptic surfaces are rational. From this,
one finds
_ f3B(37)
I
4.115
v — _J38(7) (4-115)
? 108

where f3p is defined in (2.75). This proves that v; is a Hauptmodul for I'y(3),
while vy is a Hauptmodul for T°(3). The fundamental domains are drawn in
Fig. 32. We can see that they are topologically equivalent.

The singular point v = 0 translates to a root of fsg for both v; and v,
which holds at the cusp 7 = 0. For vy, we have that v; = }l if and only if

38(37) = —27, and therefore 7 = —-w: This is an AD point. For v, we get
V3

fs(7) = —27, such that 7 = V/3w. Tt is precisely the same parametrisation as
the I7 AD theory in SU(2) with Ny = 1 and m = 2A,, where we get a I'°(3)
curve, or Ny = 3 with m = — A3, where the curve is I'g(3) (see section 2.6.0).

We can see from (4.114) that both curves are quartic modular functions, which
agrees with Fig. 32 as both have index 4 in PSL(2,7Z).

By solving (4.113) for s; and sy, we can find the two elliptic curves from
(4.105) and (4.106) with j-invariants (4.114). It allows to check that at the
AD point uap = i, the Kodaira signature is ord (g, g3, A) = (1, 1,2) for both
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curves, such that it is a type 11 singularity. This explains the similarity to the
I1 AD theories found in rank 1.
The curve for u = 0 reads

V?2=X— (1 +20)X° + (v— 1) (4.116)

By a rescaling of X, we can bring it to the form Y? = X6 — X3 4 1, which
is known to have Dy symmetry. This can easily be checked with (4.108)
and (4.109). The Dy symmetry implies that the two curves (4.114) are 3-
isogenous [211]. The 3-isogeny is related to the fact that there is a determinant
3 Fricke involution that acts on the Hauptmoduln,

36
3y = . 4.117
f3B< T) f3B(7') ( )
It relates the j-invariants (4.114) as
j1(161U2) = ja(vg). (4.118)

Ny =4,5,6

For Ny =4 and Ny = 5, there are again no simple elliptic loci in the massless
case. The L5 locus for generic masses becomes increasingly lengthy, compared
to (4.111).

The massless Ny = 6 theory is superconformal. It is studied in [178, 180,
205-208,230,233,234]”" and it necessarily includes modular forms in the curve
itself. It is argued by Minahan and Nemeschansky that for m; = 0 and u = 0
the curve can be expressed as [178,205]

Y2 = (X% —0)?+ (f2 - fA)XS, (4.119)
where . )
_ ()Y 7(37)\
fe(r) = (n(37)> +27 (—77(7—) ) . (4.120)

The g-expansions read

Fi(r) =1+ 18 + 108¢> + 234¢° + 234¢* + 864¢° + O(¢%),

4.121
fo(1) =1—36q — 54q* — 252¢ — 468¢* — 432¢° + O(q°). ( )
Both fi are weight 3 modular forms for I';(3). We find that
= 3
f+(7) 3,0(7)3 ; (4.122)
f_ (T) = b370(7') — 2b3,1 (T) .

This allows to define f1 := 3/ f4 = b3, which together with f_ is claimed to
generate the ring of modular forms on I'y(3).”” From (4.119), we can compute

28Some of these references contradict each other.
29Without this, it is not obvious as in [178,205] why f; should be modular.
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the absolute invariants of the curve,

C 81(4f2f7 +5f1)
(2 -10p3)
729 (=26 f2f1 +4f1f2 —5f9)
B (2 - 10£2)°
L T29fE (£ - 2’
T 056 (12 — 10f2)°

X1

i

Ty = , (4.123)

They do not depend on wv. Since (x1,x2,23) labels isomorphism classes of
hyperelliptic curves, in fact the curve (4.119) does not depend on v at all.
This is reminiscent of the massless SU(2) Ny = 4 curve [40].

There is also a proposed curve for nonzero u,

Y2 = (f X — fruX —v)? + (f2 — f2)X°. (4.124)
Aside from u = 0 and v = 0, the loci 0 = 27f_v* — 2f}u? and

0 =158 f2ubv* (5122 +32512) — 96 /2 f_uPo® (212 + 25f2)°

s (4.125)
— 11607 f— f2u’v® + 48 f? f2u'® + 8v® (2f% + 25f7)

are in Ls.

Other gauge groups

We could also run an analysis for other gauge groups. The curves for SO(XV,)

for instance are found in [97, 235, 2306], see also [237] for a review. However,
Ne
2

for N, even and [ = % for N. odd. So in fact there are no genus 2 curves
for SO(V,) theories: For SO(3) of course one finds the same curve I'’(4) as for
SU(2). For SO(N. > 3) on the other hand the curve has genus g > 2.

for SO(N,) the genus of the hyperelliptic curve is g = 2l — 1, where [ =

4.7 Discussion

In this section, we have discussed the modular properties of N' = 2 Yang—
Mills theory in four dimensions with gauge group SU(3). For the pure theory,
on the two loci &, and &,, where v = 0 and u = 0 respectively, we express
the parameters u and v of the moduli space as modular functions for discrete
subgroups of SL(2,R). See (1.49) and (4.76). To this end, we formulate the
genus two SU(3) SW curve in Rosenhain form in terms of Siegel theta series.
The parameters of the theory are then found by relating the Rosenhain form
to the PF solution of [96]. We provide an explicit fundamental domain for
the effective coupling on the two elliptic loci £, and &,. The relation between
cross-ratios of the curve and theta constants suggests that the full moduli space
can be parametrised by higher genus modular forms. It would be interesting
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to find a general solution to (4.36) by expressing u and v as algebraic functions
of theta constants.

On &,, we established a nice generalisation of the structure appearing in the
SU(2) case. In rank one, the parameter u is a weakly holomorphic modular
function for the congruence subgroup I'’(4). For SU(3), we instead found
that on &, the parameter u is a weakly holomorphic modular function of 7_
for the group I'’(9) C SL(2,Z). The structure of the moduli space near the
special points of this locus also seems to generalise the rank one picture: We
find that u maps the Zs singularities to the cusps of its fundamental domain.
Furthermore, the duality group is generated by the nontrivial monodromies
on &,. For the other choice of modular parameter 7, = 711 + 712, we find
that w is not invariant under a congruence subgroup, but is rather a seztic
modular function, which is the same function as appears for rank 1 Ny = 1
SQCD. Nevertheless, we are able to show that the monodromies can be viewed
as paths in a new fundamental region, which we propose.

On the other locus &, where © = 0, we find that v can be expressed as a
modular function for a subgroup I', C SL(2, R) of Atkin-Lehner type. The AD
points are mapped to the elliptic fixed points of the quotient I',\H. The group
I', includes a Fricke involution, which can be viewed as a manifestation of S-
duality [33,178,205]. We derive it from the monodromy group on &,. On the
locus &,, the genus two hyperelliptic curve splits into two elliptic curves with
complex structures 7 = 717 £ 712. The appearance of the Fricke involution is
a consequence of the two families of elliptic curves being isogenous [223,238].
Fricke dualities also appear in String theory, where they have been shown to
play an important role in the web of dualities of CHL models, i.e. orbifolds of
heterotic string theory on T or type IT on K3xT? [239,240]. They are also the
natural generalisation of S-duality in the context of Montonen—Olive duality
in N = 4 super-Yang-Mills theory for non-simply laced gauge groups [241,242]
and the geometric Langlands program [30]. Moreover, Fricke involutions are
familiar in topological string theory where they act on higher genus amplitudes,
which are described by quasi modular forms. They exchange the large complex
structure of the Calabi-Yau threefold with the conifold loci, which gives an
analogue of the action of electric-magnetic duality or NV = 2 S-duality in
topological string theory [223,238]. They have also appeared recently in the
context of string compactifications and the swampland program [243].

It would be interesting to extend this work to other theories, such as
those with gauge group SU(N), including matter multiplets, theories of class
S [113], or gravitational couplings to these theories [103, 148]. For theories
with SU(N > 2), one can for example consider to turn on only the bottom
Casimir uy and setting ug, ..., uy to zero. Our analysis naively suggests that
it should be parametrised by a modular function for I'°(N?). The discriminant

122



of the SU(N) curve [94]

N 2
y? = <xN - Zuij_j> -1 (4.126)
j=2

intersects with this locus in u)Y = NV(N —2)27V /4, confirming that there are
N singularities at strong coupling. However, it is easy to show that T'°(IN?)
has N cusps aside from ioco if and only if NV is prime. Note that this worked
for N = 2,3. It is furthermore not obvious how the modular parameter would
relate to the coupling matrix, and the map to elliptic subcovers is more subtle
in the higher rank case [213].

We would like to finish by mentioning a few potential applications and
directions for further research:

e We observe that the functions parametrising the SU(2) and SU(3) moduli
spaces are all replicable [36,56-58] modular functions. See Appendix A .4
for a definition. The SU(2) order parameter u is of class 4C, u_ of class
9B, and v of class 6a. It would be interesting to explore whether there
is an underlying reason for the functions to have this property.

e This work motivates exploring subloci of Coulomb branches for theories
with other gauge groups and including matter multiplets. This could
provide a better understanding of the modularity of these theories. More-
over, it would be interesting to understand whether the solution of the
theory on a sublocus is equivalent to the solution of another theory, such
as we found for &, and the massless Ny = 1, SU(2) theory for example.

e The elliptic loci we consider are somewhat analogous to the special
Kahler strata of Coulomb branches being studied in the recent work
[244-246]. The latter aims to classify higher rank N' = 2 SCFTs by
decomposing the singular locus into a nested series of one-dimensional
building blocks. It would be interesting to see if our methods find appli-
cations in this programme.

e The last application which we would like to mention, is topological quan-
tum field theory [61]. Evaluation of the path integral or correlation
functions for a compact four-manifold X involves the integration over the
Coulomb branch (the so-called u-plane integral) of the theory [73,87,144].
For gauge group SU(2), the integral becomes an integral over the modu-
lar fundamental domain T'Y(4)\H [73,77,81,84]. A better understanding
of the modularity of SU(N > 2) Seiberg-Witten theory could possibly
allow further progress in this direction for theories with N > 2.
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5 Topological twists of massive SQCD

In this section, we study an infinite family of topological twists of massive
N = 2 supersymmetric QCD on a compact four-manifold, and the formulation
of topological correlation functions. This section is based on [5].

5.1 Introduction

We consider topologically twisted N' = 2 supersymmetric Yang-Mills the-
ories with additional matter multiplets on a compact four-manifold, which
were introduced in [247-252]. After the work by Seiberg and Witten on the
full non-perturbative solution [45,46, 71], these theories have received much
attention in physics [65, 66,73, 74,82, 85,88, 89,98, 09, 188, 253-256] and math-
ematics [196,257-267]. For reviews, see for example [52, 53,268, 269]. More
specifically, we consider in this section topological twists of N’ = 2 QCD with
gauge group SU(2) and matter multiplets in the fundamental representation of
the gauge group. By including background fluxes for the flavour group, we ob-
tain an infinite family of topological theories [255]. The choice of a background
flux makes it possible to formulate topologically twists for N' = 2 SQCD for
arbitrary 't Hooft fluxes, or first Chern classes of the gauge bundle. This is
similar to the topological twist of N” = 2* SU(2) gauge theory, which requires a
non-vanishing background flux on a non-spin four-manifold [35]. We moreover
develop techniques to determine correlation functions for arbitrary values of
the masses of the hypermultiplets.

The starting point of our approach is the low-energy effective field theory on
the Coulomb branch. This phase of the theory contributes for a compact four-
manifold X with the topological condition that by (X) = 1 [73]. In this way,
the classical Donaldson invariants can be derived starting from the Seiberg-
Witten (SW) solution to A = 2 supersymmetric Yang—Mills theory with gauge
group SU(2). The Coulomb branch integral (or u-plane integral) reduces to
an integral over zero modes [73], and reads schematically

¢ = /Bda Ndap(a)¥(a,a), (5.1)

where B is the Coulomb branch with local coordinates a and a, p(a) contains
the couplings to the background and ¥(a,a) is a sum over fluxes of the un-
broken U(1) gauge group. For simplicity, we have suppressed the dependence
on the metric and not included observables here. For the pure SU(2) theory,
the Coulomb branch integral can be formulated and evaluated for arbitrary
four-manifolds, without a requirement for Kéhler or toric properties.
Recently, progress has been made on evaluating these u-plane integrals
using a change of variables from a to the running coupling 7. As a result,
the integration domain becomes a fundamental domain F C H in the upper
half-plane H for the running coupling [4, 77-86]. The integral then takes the
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form

o = /]:dT NdTv(T)Y(T,T), (5.2)

where the measure factor v(7) further contains the Jacobian for the change
of variables from a to 7. The domain F is a modular fundamental domain in
previous analyses, corresponding to the duality group I'’(4) for the pure SU(2)
theory [73,81,84], I'(2) for the N' = 2* theory [85] and similarly I'(2) and I'g(4)
for the theories with two and three massless flavours [77].

As mentioned above, we aim to apply this approach to N' = 2 super-
symmetric SU(2) theories with Ny < 3 hypermultiplets in the fundamental
representation. Topological correlators of these asymptotically free theories
have been considered in various papers before, in particular the formulation of
the low energy path integral in [73,74], SW contributions for four-manifolds
with by > 1 [65,606,73,88], the u-plane integral for P? [77], and the calcu-
lation of the partition function of the AD theory within the Ny = 1 the-
ory [82]. Since no background fluxes are included in these works, the 't Hooft
flux necessarily matches the second Stiefel-Whitney class of the four-manifold,
wy(E) = wy(X), since the twisted hypermultiplets are not well-defined other-
wise.

Extending to generic 't Hooft fluxes, and application of the above approach
(5.2) to fundamental hypermultiplets with generic masses, gives rise to several
new aspects. In particular:

1. The fundamental domain of the effective coupling constant becomes more
intricate for massive theories, and does for generic masses not corre-
spond to a modular fundamental domain for a subgroup of PSL(2,Z).
As demonstrated at length in Sections 2 and 3, the domain contains
generically a set of branch points, and branch cuts starting from these
points. These aspects have to be dealt with appropriately.

2. We couple the hypermultiplets to background fluxes k; for the flavour
group to formulate the theories for arbitrary 't Hooft fluxes. This gives
rise to additional couplings in (5.1) and (5.2),

Ny

I exp (—QWiaQ—FB(k:j, kk)) , (5.3)

Pt om;0my,

where F' is the prepotential of the massive theory, and B(-,-) is the
quadratic form associated to the intersection form on the middle ho-
mology Ho(X,Z) of X. Such couplings were suggested by Shapere and
Tachikawa [144], and are also essential for the formulation of the N/ = 2*
Yang-Mills theory on a non-spin four-manifold [85]. Similarly to [35],
we also deduce a non-holomorphic coupling to k;. Moreover, for arriv-
ing at a single-valued integrand, we fix an ambiguity in the quadratic
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terms of the prepotential. These terms have appeared earlier in the lit-
erature in the context of singularities of the SW differential and winding
numbers [46, 141].

3. Special points on the Coulomb branch give rise to superconformal theo-
ries, such as the Argyres-Douglas (AD) theories [104,105] and the mass-
less Ny = 4 theory [46]. Their topological partition functions and corre-
lators can be found by considering them in certain mass deformations.
The case of Ny =1 is analysed in [269].

The section is organised as follows. In section 5.2, we present the Seiberg-
Witten solution of SU(2) N = 2 SQCD in flat space, focusing on the fun-
damental domains for the effective coupling, which we illustrate in several
interesting examples. In section 5.3, we formulate the topological twist by
coupling the hypermultiplets to external fluxes, such that the topological field
theory is well-defined for arbitrary 't Hooft flux and non-spin manifolds. The
topological low-energy effective theory coupled to Ny background fluxes is then
modelled in section 5.4 as a SU(2) x U(1)™* theory, with the matter fields cor-
responding to frozen U(1) factors. This allows to compute the path integral
explicitly as an integral over the u-plane. In section 5.5, we formulate the u-
plane integral as an integral over the fundamental domains. We prove that the
single-valuedness under monodromies holds for a specific choice of magnetic
winding numbers. Finally, in section 5.6 we demonstrate that such integrals
may be evaluated using mock modular forms, and we show that they localise at
the cusps, elliptic points and interior singularities of the fundamental domains.

5.2 Special geometry and SW theories

In this Section, we review aspects of the non-perturbative solution for the
low energy effective theory of N' = 2 SQCD with gauge group SU(2) and
0 < Ny < 3 fundamental hypermultiplets [15, 16]. See [17] for a review.
Throughout, we let Ay, denote the scale of the theory with Ny hypermultiplets
having masses m;, 7 = 1,..., Ny, and a the mass of the W-boson on the
Coulomb branch.

5.2.1 Field content

The N = 2 theories we consider contain a vector multiplet and Ny < 3 hy-
permultiplets. The fields in these multiplets form representations of Spin(4) =
SU(2);+ x SU(2)_ and SU(2) g, which we denote by (k,l,m), with k,l and m
dimensions of the representations.

The vector multiplet consists of a gauge field A,, complex scalar field ¢,
and a pair of Weyl fermions WZ, W1 This multiplet transforms under the
adjoint representation of the gauge group GG. The representation of SU(2), x
SU(2)_ x SU(2)g formed by the bosonic fields is,

(2,2,1)®(1,1,1) ® (1,1, 1), (5.4)
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while the representation for the fermions is
(1,2,2) ®(2,1,2). (5.5)

The hypermultiplet consist of a pair of complex scalar fields, ¢ and ¢, and
Weyl fermions, Ay, A4, Yo and Ya. We fix the gauge group G' = SU(2), and let
the hypermultiplets transform under the fundamental representation of this
group. With the same notation as above, the bosonic fields of this multiplet
form the representation,

(1,1,2) ® (1,1, 2), (5.6)

while the fermions form the representation
(2,1,1)®(1,2,1)®(2,1,1)® (1,2, 1). (5.7)

5.2.2 Seiberg-Witten geometry

The Seiberg-Witten geometry underlies the Coulomb branch of NV = 2 gauge
theory. The Coulomb branch is the phase of the theory where SU(2) is broken
to U(1) by a vacuum expectation value (vev) of the vector multiplet scalar ¢.
The vev is semi-classically parametrised by a complex parameter (1.21), up
to gauge transformations. In particular, a — —a is a gauge transformation.
The gauge invariant order parameter is the Coulomb branch expectation value
of the theory in R*, (1.22). The non-perturbative effective action of N' = 2
SQCD is characterised by the prepotential F'(a,m), with m the mass vector
m = (my,...,my;). The semi-classical part of F' reads [141,143,191,270]

~ g2 (o4 ) ol 39/ + (0 25) Tontla — /)

(5.8)

where the ... indicate further non-perturbative corrections.
The n; € Z in (5.8) are the magnetic winding numbers of the periods
ap = %—Z dual to a [141,143,271]. These numbers seem to be only rarely

" Generally, the theory

discussed in the literature beyond these references.’
allows for N; electric winding numbers for @ and Ny magnetic winding numbers
for ap. These appear in the massive Ny > 0 theories since the Seiberg-Witten
differentials now have poles with nonzero residues [143]. The choice (5.8) of
the prepotential corresponds to fixing the electric winding numbers to be zero,

or equivalently fixing the monodromy at infinity to map a — ¢™a. Compare

30Nekrasov’s partition function gives a specific choice upon expanding the function vz (z; A)
in the perturbative part [191,272].
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for example with [143, Eq. (2.17)]. In section 5.
single-valuedness of the u-plane integral requires n; = —1 mod 4.

5, we will discuss that the

We introduce the period ap dual to a, and the parameters mp ; dual to m;
by

OF oF
“P= Ba D \/_ij (5.9)

These parameters are further combined into the (2+2N;)—dimensional vector

11,

ap

a

mp
my

|
|

(5.10)

™Mp,N;
me

V2
This vector forms a local system over the u-plane. The elements of the vector
form the symplectic form,

Ny

1
WN; :daD/\da—i-EdeD,j/\dmj. (5.11)

=1

The effective gauge coupling is related to the prepotential through (1.23). We

also introduce the couplings v; and wj, with j,k € 1,..., Ny.
0?F 0’F
v; = V2 , Wip = 2————. 5.12
J 8a8mj ik amjﬁmk ( )
If we consider F' as a function of (a, \/Liml, ce \%me), then the dual param-

eters are encoded in the Jacobian Jp = (ap, mp), while the couplings are the
elements of the Hessian Hp = (g 75; ) The derivative of the prepotential with
respect to the scale Ay, provides the order parameter u (1.22) on the Coulomb

branch,
47 oF

- A .
4— Ny M OAy,

The weak-coupling limit in our convention is given by 7 — 400, a — oo and

u =

(5.13)

u — —o00.”!
The Seiberg-Witten (SW) solution provides a family of elliptic curves para-
metrised by the order parameter v and the masses m;, whose complex structure
8mi

corresponds to the running coupling 7 = % + 5 For the theories of interest
in this section, the curves are given by (2.3).

31Note that this differs slightly from some of the previous literature. However, it is shown
in section 2 to be the unique limit consistent with the RG flow.
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5.2.3 Monodromies

This section determines the monodromies around the Ny 4 2 monodromies.
We define the physical discriminant Ay, as the monic polynomial Ay, =

Hj\;fﬁ(u — u;), where u; for j = 1,..., Ny + 2 are the singular points of the
effective theory. We let j = 1,..., N label the singular points where one of
the matter hypermultiplets becomes massless; and j = Ny + 1, Ny + 2 denote
the strong coupling singularities where a monopole and a dyon, respectively,
becomes massless.

We leave the winding numbers n;, j = 1,..., Ny, for ap generic. Starting
with the monodromy around infinity, a — €™a, we deduce from the (5.8) that

the vector II transforms as Il — M, 1I, with M, given by

—1 4—Nf 0 Ny - 0 —an
0 -1 0 0 0
0 ny 1 0 0
M.=|[0 0 0 0o 0 |. (5.14)

0 ny, 0 0
0 0 0 0

O =

The monodromy matrix M, is in SL(2+2Ny, Z), while it acts on the couplings
by a symplectic transformation, i.e. it preserves the symplectic form (5.11).
This can be checked by requiring that any monodromy M, satisfies MTJM =

J, with
@Nf+1
0 1
J— . 5.15
(_1 0) (5.15)

The action on the couplings 7 (1.23), v; and wjj, (5.12) is thus

T—T+ Ny —4,
My : § v; = —v; —ny, (5.16)

Wik — Wik + 5jk‘7

with 0, the Kronecker delta.

If we assume that the mass m; is large, we can also deduce the monodromies
around a = :;—%, j=1,..., Ny from the perturbative prepotential (5.8). For a
encircling % counterclockwise, IT — M;II, we find for the monodromy matrix

M17

1 0 -1 00
0 0 00
0 —1 1 00

M,=|0 0 0 1 -0 0], (5.17)
00 0 0 10
00 0 0 1
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while the M; for other values of j are given by permutations. Its action on
the couplings is
T—=T+1,
M vp = v — i, (5.18)
Wiy — Wiy + 0051

Besides the monodromies M., and M;, there are monodromies M, and
M, around the points where a monopole and a dyon becomes massless, re-
spectively. By requiring that the electro-magnetic charges of the massless
particles are (n,,,n.) = (1,0) and (1, —2), respectively, we can fix the upper
left blocks of the monodromies. We fix the remaining entries by assuming
that the masses remains invariant, m; — m;, and that the other periods only
change by a multiple of the vanishing cycle at the corresponding cusp, together
with the requirement that

Ny
M, = M, M, [ [ M. (5.19)
j=1

For Ny =1 and n; = n, this gives for M,,,

1
-1
(n+1)/2
0

0
—(n+1)/2
(n+1)2/4

1

M,, = (5.20)

o O = O
o = O O

This acts on the couplings as

T

T = =,

M,, : Qv — ST (5.21)

w— w+ —(H(f:i/w.

The monodromy My around the dyon singularity for Ny =1 is

-1 4 0 -n-1

1 30 —(n+1)/2
(n+1)/2 —n—1 1 (n+1)2/4 |’

0 0 0 1

M, = (5.22)

This acts on the couplings as

—T+4
T —7+3”

M, : § vy SHtDronsl (5.23)
(v+(n+1)/2)?
—743 :

w— W+

We can note that all the above monodromy matrices leave the symplectic form
(5.11) invariant and are independent of the masses.
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We get similar monodromies for Ny = 2,3. The action on the running
couplings 7 are the same for all Ny, by construction. The transformations of
v; and wj; also take the same form for all Ny and can be summarised as

vj+(n;+1)1/2

M,, : {Uj A,

Wi — wik + (Uj+(nj+1)/33—$)1{+(nk+1)/2)7

(5.24)

vj+(n;+1)7—n;—1

)Y — —7+3 ’
M, : { j+(n;+1)/2) (ve+(nk+1)/2) .

—743

5.3 The UV theory on a four-manifold

We review various aspects of the formulation of the UV theory on a compact
smooth four-manifold.

5.3.1 Aspects of four-manifolds

We let X be a smooth, compact, oriented Riemannian four-manifold, with
Euler number x = y(X) and signature ¢ = o(X) = b — b,. The u-plane
integral is non-vanishing only for four-manifolds X with b5 < 1. In this
article, we consider manifolds with b = 1. Such four-manifolds admit a linear
complex structure J on the tangent space 7'X, at each point p of X. The
complex structure varies smoothly on X, such that T X is a complex bundle.
We introduce furthermore the canonical class Kx = —c;(TX) of X, with
c1(TX) the first Chern class of TX. For a manifold X with (by,05) = (0, 1),
we have that

K3 =8+ 0(X). (5.25)

The middle cohomology H?(X,7Z) of X gives rise to the uni-modular lattice
L. More precisely, we identify L with the natural embedding of H*(X,Z) in
H?*(X,Z) ® R, which mods out the torsion of H?*(X,Z). A characteristic
clement K € L is an element which satisfies 1 + B(K,1) € 2Z for all I € L.
The Riemann-Roch theorem demonstrates that the canonical class Kx of X
is a characteristic element of L. The Wu formula furthermore shows that any
characteristic vector K of L is a lift of wq(X).

The quadratic form @ of the lattice L for a four-manifold with (by,03) =
(0,1) can be brought to a simple standard form depending on whether @ is
even or odd [273]. This divides such manifolds into two classes, for which the
evaluation of their u-plane integrals needs to be done separately [84]. The
period point J € H?(X,R) is defined as the unique class in the forward light
cone of H?(X,R) that satisfies J = x.J and J? = 1.

All four-manifolds without torsion and even intersection form admit a Spin
structure. More generally, for any oriented four-manifold one can define a
Spin‘-structure. The group Spin‘(4) can be defined as pairs of unitary 2 x 2
matrices with coinciding determinant,

Spin®(4) = {(u1,us) € U(2) x U(2)| det u; = det us}. (5.26)
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There exists a short exact sequence
1 — U(1) — Spin‘(4) — SO(4) — 1. (5.27)

A Spin“structure s on a four-manifold X is then a reduction of the struc-
ture group of the tangent bundle on X, i.e. SO(4), to the group Spin®(4).
The different Spin‘-structures correspond to the inequivalent ways of choos-
ing transition functions of the tangent bundle such that the cocycle condition
is satisfied. The Spin“-structure defines two rank two hermitian vector bun-
dles W#*. We let c(s) be the first Chern class of the determinant bundles,
c(s) = ci(det W*) € H*(X,Z).

If s is the canonical Spin® structure associated to an almost complex struc-
ture on X, then c(s)? = 2y + 30. More generally,

ci(s)’ =0 mod 8. (5.28)

5.3.2 Topological twisting with background fluxes

We discuss in this section topological twisting of theories with fundamental
hypermultiplets including background fluxes. The discussion is parallel to the
case of N/ = 2* [85], where the hypermultiplet is in the adjoint representation
of the gauge group.

We let (E — X,V) be a principal SU(2)/Z, = SO(3)-bundle with con-
nection V. The second Stiefel-Whitney class wy(E) € H?(X,Zsy) measures
the obstruction to lift £ to an SU(2) bundle, which will exist locally but not
globally if wy(E) # 0. We denote a lift of wy(F) to the middle cohomology
lattice L by wy(E) € L, and define the 't Hooft flux g = wy(E)/2 € L/2. The
instanton number of the principal bundle is defined as k£ = —}l | + P1(E) and
satisfies k € —u? + Z, where p; is the first Pontryagin class.

To formulate the theories with N; fundamental hypermultiplets on a com-
pact four-manifold, we perform a topological twist. Coupling the four-dimensional
N =2 SU(2) theory to background fields means choosing two sets of data:

e A principal SU(2)g R-symmetry bundle, with connection Vg,

e and a principal bundle £ with connection for global symmetries (the
flavour symmetries) [35].

The relevant twist for the N = 2 supersymmetry algebra in four dimensions
is the Donaldson-Witten twist. This twist is the local identification of the
SU(2)+ with the diagonal subgroup of the SU(2)xSU(2)g factor of the spin
lift of the local spin group Spin(4) = SU(2), x SU(2)_ [61]. Alternatively, one
can view the fields as sections of a non-trivial R-symmetry bundle, isomorphic
to the spin bundle S*. Application of this to the representations of the vector
multiplet (5.4) and (5.7) gives:

bosons: (2,2)® (1,1) @ (1,1),

. (5.29)
fermions:  (2,2)®(3,1) @ (1,1
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Thus the bosons remain unchanged, a vector and a complex scalar, while
the fermions reorganise to a vector, self-dual two-form and real scalar, which
we denote as 1, x and 7, respectively. We note that none of these fields
are spinors, and can thus be considered on a non-spin four-manifold. The
original supersymmetry generators also transform in the representations for
the fermions above. Thus the theory contains a scalar fermionic supercharge
Q = ABQ ip» Whose cohomology provides the operators in the topological
theory [61].
For the fields of a hypermultiplet, (5.6) and (5.7), one finds

bosons: (1,2) @ (1,2),

_ (5.30)
fermions:  (2,1) @ (1,2) ® (2,1) ® (1, 2).

Thus hypermultiplet bosons become spinors, i.e. sections of the spin bundle
S+, while the fermions are sections of ST and S~. Thus the twisted hypermul-
tiplets can in this case only be formulated on four-manifolds which are spin,
Le. wy(X) =0 [73,255].

However, if the hypermultiplets are charged under a gauge field or flux,
the product of these bundles with S* may be a Spin® bundle, W+ or W~
[52,85,255]. The latter are defined for arbitrary four-manifolds. For example,
an almost complex structure on X determines two canonical Spin® bundles
W+t ~ S*® K;(l/ ? with K the canonical class determined by the almost
complex structure. Since the hypermultiplets are in the fundamental, two-
dimensional representation of SU(2), the topologically twisted hypermultiplets
are well-defined on a non-spin four-manifold if u = —Kx /2 [73].

Let us state this also in terms of the gauge bundle E. To this end, we
label the two components of the fundamental, two-dimensional representation
of SU(2) by +. The two components are sections of a line bundle ijl/ ? with
c1(Lg) = wa(E). Of course, the square root 5]15/2 only exists if wo(F) € 2L.
On the other hand, the physical requirement is that St ® ﬁg/z is well defined,
or wy(X) 4+ we(E) € 2L. Therefore, the obstructions can cancel each other for
a suitable choice of wy(E). Thus the topological twisted theory is not well-
defined for an arbitrary choice of 't Hooft flux p := %U_JQ(E); but rather p has
to satisfy p = w,(X) mod L [73], or

@s(X) = @s(E) mod 2L. (5.31)

To consider more general 't Hooft fluxes p or equivalently wy(E), we can
couple the j'th hypermultiplet to a background flux or line bundle £;, with
L; possibly different for each j. We let £ = L ® L£;. Then the requirement
that S* ® Sf 2 i globally well-defined is that

Cl(gj) c QDQ(X) + 2L, (532)

which can be satisfied for any ws(E) for a suitable choice of £;. Thus we
can formulate the u-plane integral for arbitrary ws(FE), if we require that the
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background fluxes satisfy
Cl(ﬁj) S 'U_JQ(X) + 'U_JQ(E) + 2L, (533)

for each j. This is consistent with (5.31) for ¢;(£;) = 0.
The Chern classes ¢;(£;) can also be seen as the splitting classes of the
Spin(2Ny) principal bundle £. The Chern class of £ reads

The scalar generators of the equivariant cohomology of Spin(2Ny) are the
masses m;, which generate the Ng-dimensional Cartan subalgebra of Spin(2/Ny).
The gauge bundle Ej, is also Spin(2/Ny) equivariant. For generic masses, the
flavour group is U(1)"/, and is enhanced for special loci of the masses, for
example to U(Ny) for equal masses [10].

The Q-fixed equations are the non-Abelian monopole equations with Ny
matter fields in the fundamental representation. For generic gauge group G
and with representation R, these equations read [254]

. Ny
+ 72 . .
a _ J mapnrl
(Fz) +5 §‘ M, T M =0,

DM = Za“D M7 =0,

I

(5.35)

where T is a generator of the Lie algebra in the representation R. Including
the sum over matrix elements, we have

ML TOME = (M), (T (M)}, (5.36)

We denote the moduli space of solutions to (5.35) by ./\/lk z; Ny , and leave the
dependence on the 't Hooft flux g and the metric J 1mphc1t For Ny = 4 on
X = CP?, such moduli spaces are studied in [196].

The moduli spaces Mggf is non-compact for vanishing masses [65, 265,
274]. This is improved upon turning on masses and localizing with respect to
the U(1)"7 flavour symmetry, M7 — ¢*¥7 M7 which leave invariant the O-fixed
equations (5.35). There are two components:

e the instanton component, with F* =0and M’/ =0, j =1,... , Nt. The
moduli space for this component is denoted M. Since the hypermulti-
plet fields vanish, this component is associated to the Coulomb branch.

e the abelian or monopole component, for which a U(1) subgroup of the
flavour group acts as pure gauge. Here the connection is reducible, and a
U(1) subgroup of the SU(2) gauge group is preserved. For generic masses,
there are Ny such components, where M ¢ is upper or lower triangular for
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some ¢, and M7 = 0 for all j # ¢. The moduli space of this component is
denoted M}”7, j =1,..., Ny. Since some of the hypermultiplet fields are
non-vanishing, this component is associated to the Higgs branch [89,274].

The instanton component M} is non-compact due to point-like instantons.
This can be cured using the Uhlenbeck compactification or algebraic-geometric
compactifications. We assume that the physical path integral chooses a specific
compactification, whose details are however not manifest at the level of the
low energy effective field theory other than that the compactification must be
in agreement with the correlation functions.

5.3.3 Correlation functions and moduli spaces

The Q-fixed equations (5.35) include a Dirac equation for each hypermultiplet
j = 1,..., Ny in the fundamental representation. The corresponding index
bundle W defines an element of the K-group of M. Its virtual rank rk(77})
is the formal difference of two infinite dimensions. It is given by an index
theorem and reads
; 1

I‘k(W]g) = —kf + Z(Cl(ﬁj)Q — 0') € Z, (537)
where ¢1(L;) is the first Chern class of the bundle £;. Note that the rhs is
not an integer for an arbitrary c¢;(£;) € H*(X,Z). To verify that the rhs is
integral for the ¢;(£;)’s satisfying (5.33), we rewrite rk(1W}) as

; 1
k(W) = (k1) — (L) (L) 42w —a) . (5.38)
Then the first term on the rhs is an integer since k € — 3w, (E)?+Z for an SO(3)
bundle. The second term is an integer because ¢1(L;) - p = (w2(X) —2u) - p
mod Z € Z, and the third term is an integer using (5.28) and the fact that
c1(L;) + 2p equals the characteristic class of a Spin®-structure s; by (5.33),

c1(Lj) +2p = c(s;), (5.39)

for each j.

The mass m; is the equivariant parameter of the U(1) flavour symmetry
associated to the j’th hypermultiplet. The equivariant Chern class of W,ﬁ reads
in terms of the splitting class x;,

—rk(W? -
i T —k(w) x— a(WR)
(W) = (2 +m;) = m; > . (5.40)

l.
=0 1 J

~

We abbreviate ¢;(W}) to ¢, and let ¢(W},) = ;-V:fl c(W}).

The moduli space Mg L for Ny hypermultiplets corresponds to the van-
ishing locus of the obstructions for the existence of Ny zero modes of the
Dirac operator. As a result, the virtual complex dimension of the moduli
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space MS L is that of the instanton moduli space plus the sum of (typically
negative) ranks of the index bundles W7, Vdim(./\/l,ggf ) = vdim(M¥) Ny=0 +
SN k(W) [85,99,261,265). This gives

lem(./\/lQ Nf) (4— Npk+ 1 —3x — 3+ Ny)o + Z a(L)?]. (5.41)

5.4 The effective theory on a four-manifold

We consider in this section the low energy effective field theory on a four-
manifold. We derive the semi-classical action of the theory coupled to back-
ground U(1) fields. As in previous cases [72, 73,85, 144], the final expression
takes the form of a Siegel-Narain theta series multiplied by a measure factor.

5.4.1 Hypermultiplets and background fields

The effective theory coupled to Ny background fluxes can be modelled as
that of a theory with gauge group SU(2) x U(1)™s, where the fields of the
U(1) factors have been frozen in a special way [85,275]. To derive the pre-
cise form, we recall the low-energy effective Lagrangian for the r» multiplets
(&7, n7,x7, 7, F7) of the topologically twisted U(1)" SYM theory [87]. Since
the u-plane integral reduces to an integral over zero-modes [73], it suffices to
only include the zero-modes in the Lagrangian. For simply connected four-
manifolds, there is no contribution from the one-form fields ¥/. The La-
grangian is then given in terms of the prepotential F'({a’}) and its derivatives
to the vevs (¢7) = a’, as

1é (FixF! NFE + m FY A FX) - 8iyJKDJ A DX
+ %_FJKLn XA (D + Fy)t,

with YK = IHI(TJK), TIK — 8J8KF({aJ}) and .FJKL = a]@Ké?LF({aJ}). It is
left invariant by the BRST operator (), which acts on the zero modes as

(5.42)

Q. A =¢" =0, [Q.v']=4v2da’,

“ J] N [Q’d? - \./%J’ i (5.43)
[@Q,n"] =0, Q. x"] =i(Fy — Dy)”,

@, D‘]] = (dv”),

Using this operator, we can write £ as the sum of a topological, holomorphic
term and a (Q-exact term,

L= %TJKFJ ANFE +{Q, W}, (5.44)
with W = — Ly ex” (Fy + D)X
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The low-energy theory of SU(2) gauge theory with Ny hypermultiplets
coupled to Ny background fluxes can then be modelled by the above rank r
description with » = N; + 1. We identify F({a’}) with F(a,m). We let the
indices J, K run from 0 to Ny and identify the index 0 with the unbroken U(1)
of the SU(2) gauge group and the indices j,k,l = 1,..., N; with that of the
frozen U(1)™s factors. We further set ¢° := ¢ for any field ¢. We will proceed
by using lower indices for j, k, [, except where the summation convention is
explicitly used, to avoid confusion with powers of the fields.

The masses of the hypermultiplets are the vevs of the frozen scalar fields of
the corresponding vector multiplets, - 75 = (¢;) = a; [275]. We set [F}] = 4nk;
with

ki =c(L;)/2€ L)2. (5.45)
To make the BRST variations of the fields from the frozen U(1) factors vanish,
we set 7, = x; = 0, as well as D/ = Fi With these identifications, the
Lagrangian becomes

) 1 1
,C:LTJKFJ/\F +8—y00F+/\F+—8—y00D/\D

167
+ %F@OOT}X A (D + F_|_) —+ 8—\{1__]:00]'77)( A\ Fj_ (546>
1 :
+ E?Joj(FJr — D) N FY.
Integrating over D, n and x in the standard way [73,85,87], we end up with

/dandX e Ix £

9 o e (5.47)
= — |(ivyoB|F+ZLF" J Tx o
6& (7“ Yoo ( + Yoo ’ )) € 9
where
] 1 1 ;
£0 = L7'JKP1J A FK + —y00F+ A F+ + yOJF+ A F] + _yO]yOkF] N F_ﬁ
16 8T 4 8T Yoo
16 L (FF AF, +7F_ NF.)+ 8&(ij_ AFI +5,F, AFI)
+ ijkFJ A FF + glm(vj)lm(vk)Fi A FF,
(5.48)

and we identified 7 = 799, y = Im(7) = yoo, vj = 7o; and wj; = 7j;. Thus the
coupling wjj is holomorphic, but the coupling v; is non-holomorphic. This is
similar to the couplings for N/ = 2* [37].

5.4.2 Sum over fluxes

The path integral includes a sum over fluxes k = [F] /47 € L/2. After summing

the exponentiated action (5.47) over the fluxes k and multiplying by 92, we
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find that this takes the form

Ny
3 / dDdndy e~ x = = | T[ ci™*™ | wi(r. 7.2, 2). (5.49)

kEL+p k=1
The couplings C};, are given in terms of wj; (5.12) by
Cip = e ™k, (5.50)

for j,k =1,..., Ny. Such couplings were first put forward in [144], and were
also crucial in [85].

The term \If;’; is an example of a Siegel-Narain theta function. It reads
explicitly

U (7,7, 2,2) = e b Z 0- (4mi/yB(k + b, J))
Reltp (5.51)
x (—1)B0K) k2 2k /2~ 2miB(z k) —2miB(z k)

and discussed in more detail in Appendix A.7. The elliptic variable reads in
terms of v; and k;,

Ny
I
Z:Z’l}jkj, and b= m(z)’ (5.52)
j=1

Y

thus inducing a non-holomorphic dependence on v;. Furthermore, K appearing
in the fourth root of unity (—1)2®%) is a characteristic vector of L. Note
that W7 changes by the sign (—1)%¢X=5) ypon replacing K by a different
characteristic vector K’ [73,85,276].

For Ny = 0, this phase can be understood as arising from integrating out
massive fermionic modes [72]. It also appears naturally in decoupling the
adjoint hypermultiplet in the analogous function for N' = 2* [85]. For Ny > 0,
the constant part of the couplings v; (5.12) effectively contribute to the phase,

such that the total phase reads
Ny
eTriB(k,K) H e7r’i n; B(kj’k)7 (553)
7=1

with n; the magnetic winding numbers. For arbitrary n; € Z, the phase is
an eighth root of unity. It would be interesting to understand this phase from
integrating out massive modes.

We deduce from (5.53) that the summand of \I/i changes by a phase

eﬂ'i(n;-*nj)B(kjak) (554)

if the winding numbers n; are replaced by n}. Since k; € K/2 — p mod L
(see (5.33)) and k € L + p, this phase is 1 if n; —n; = 0 mod 4. We can
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therefore restrict to n; € Z4. For specific choices of p and k;, the n; can lie
in a subgroup of Zy.

The modular transformations of \I/i are discussed in Appendix A.7, which
are crucial input for single-valuedness of the u-plane integrand. We will demon-
strate in section 5.5.2 that the u-plane integrand is single-valued if we impose
further constraints on the winding numbers n;.

Finally, if the theory is considered on a curved background, topological
couplings arise in the effective field theory [72]. These terms couple to the

Euler characteristic and the signature of the four-manifold X, respectively
denoted A and B. These take the form [72,73],

du 1/2 1/8
A=a (%> . B=pAY (5.55)

Here, Ay, is the physical discriminant incorporating the singularities of the
effective theory, while Z—Z is the (reciprocal of) the periods of the SW curves as
introduced in section 5.2. Both can be determined directly from the SW curve,
as described in section 2.3.1. The prefactors a and 3 are independent of u, but
can be functions of other moduli such as the masses m, the dynamical scale
ANf or the UV coupling 7. However, it turns out that for the theories with
fundamental matter they are independent of the masses and only depend on
the scale [66,111]. They satisfy several constraints from holomorphy, RG flow,
homogeneity and dimensional analysis, and can in principle be fixed for any
Lagrangian theory from a computation in the -background [66,82, 111, 129].

5.4.3 Observables and contact terms

The observables in the topologically twisted theories are the point observable
or O-observable u, as well as d-observables supported on a d-dimensional sub-
manifold of X. The d-observables are only non-vanishing if the submanifold
corresponds to a non-trivial homology class. For b; = 0, the d-observables
with d odd therefore do not contribute.

To introduce the surface observable, let @ € Hy(X,Q). Then the surface
observable reads in terms of the UV fields,

I(z) = 4—;2 /w Tr {1/1 A — %qﬁ F] | (5.56)

In the effective infrared theory, this operator becomes,

f(m):j%/ ! d2“¢A¢—£d—“(F_+D). (5.57)

32 da? 4 da
Generating functions of correlation functions are obtained by inserting

epu/A?\;f'i‘i(a!)/ANf (558)
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in the path integral. The surface observable leads to a change in the argument
of the sum over fluxes (5.51),

x du

zZ—Z —_—
T on Ay, da’

z—z. (5.59)

and to analytically continue b (5.52) to the complex number by setting b =
(z — 2)/(2iy).

The inclusion of the surface observable also gives rise to a contact term
[70,73,277], which in particular ensures that the u-plane integrand is single-
valued. For 0 < Ny < 3, the contact term is exp(x® G, ) with [74,98,278]

1 du\? 1 A2
= B = — —35 :
N = Toaaz, P (da) T3AT, (“ 64 Nf"’)’ (5.60)

while for Ny =4 it is given by [98, 174]

1 du\? U 1
GNf:4 — —mEQ (%) —+ 3—AZ%E2(TUV) + m [[mﬂ] E4(7'Uv)- (561)

A more general scheme to fix the contact terms is proposed in [74]. Contact
terms can also be derived from the corresponding Whitham hierarchies [278,
279]. In the presence of surface observables, there are additional mixed contact
terms Bijafm for the external fluxes {k;} as encountered in [85] for the N' = 2*

theory.

5.5 The u-plane integral

In this section, we set up the u-plane integral schematically given in (5.2),
and demonstrate that it is well-defined on the integration domain for any p
with appropriate background fluxes. The case p = w9(X)/2 and k; = 0 was
analysed in [73].

5.5.1 Definition of the integrand

As discussed in the previous sections, the u-plane integral on a closed four-
manifold X with (by, b3) = (0, 1) depends on many parameters. We summarise:

e The scale Ay, and masses m = (my, ..., my,) of the theory. See section
5.2.
e The magnetic winding numbers n;, j = 1,..., Ny. See section 5.2.2.

e The four-manifold X, in particular its signature o = ¢(X), Euler char-
acteristic y = x(X), period point J and intersection form ). See section
5.3.1.

e The 't Hooft flux p, and the external fluxes {k;} = (k1,...,kn;). See
section 5.3.3.
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e The fugacities for the point and surface observables p and . See section
5.4.3.

In terms of these parameters, the u-plane path integral reduces to the
following finite dimensional integral over Fy, (m),

q)i,{k:j}(p7 ,m, ANf) =

2 .62
ICNf /}_ ( )dT/\de(T; {k]}) \D’{(Tﬂ_',z,,?) €2pu+w GNf. (56 )
Ny

We summarise the different elements on the rhs:

e [y, is an overall normalisation factor. For Ny = 0, it is fixed by matching
to known Donaldson invariants. Due to x + o = 4, there is an ambiguity
52

(]CNfu(X?B) ~ (<74ICNf,<Oé, CB)7 (563)

with o and /8 the u-independent prefactors in (5.55).

e The integration domain Fy,(m) in (5.62) is crucially the fundamental
domain of the effective gauge coupling. As discussed in section 2, this
domain requires new aspects compared to integration domains for earlier
discussions of u-plane integrals. The evaluation of integrals over Fy,(m)
will be discussed in more detail in section 5.0.

e v is the “measure factor” [66,72-74,85]

v(r;{k;}) = —AXB" f[ ook, (5.64)

,j=1

It combines the topological couplings (5. )')) and the couplings to the
background fluxes (5.50) with the J acoblan 2 of the change of variables
from a to 7.

e The function U7 arises from the sum over U(1) fluxes. It is a Siegel-
Narain theta function (5.51) and discussed in detail in section 5.4.2. The
elliptic parameter z of the Siegel-Narain theta function reads

x
27TANf dCL ZU] g

Ny
= E : U;k;
j=1

(5.65)

e [inally, Gy, is the contact term, discussed in more detail in section 5.4.3.
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While the path integral set up in section 5.4 integrates the exponentiated
action over the local coordinates a and a, in (5.62) we have changed variables
to 7 and 7. This change of variables (a,a) — (7,7) is valid as long as the
Jacobian is nonsingular in the integration region. Since the coordinates a and
a are holomorphic and anti-holomorphic respectively, the Jacobian is diagonal
and the functional determinant accordingly reads %%. We thus need to show
that 9% is not singular away from isolated points in . N, (m), which in (5.62)
we remove implicitly from the integration domain.

. d(l _ d_ad_u . . . . . . .
Using 7% = 2242 we can study the singular points in detail. First, it is
shown in section 2 that the singularities of Z—;‘ are in one-to-one correspondence

with the branch points. In fact, both Z_: = 0 and Z—Z = oo are realised as
branch points in /' = 2 SQCD. In the following section 5.6, we remove a small
circle in Fy,(m) around the branch points, and show that they do not give
an extra contribution. Furthermore, the solutions to ‘Cil—z = 0 are shown to
be the Argyres-Douglas (AD) points. We exclude them from the integration
region, and study their contribution also in section 5.6. Finally, we know that
o (3—2)12 A, (2.48), with n the Dedekind eta-function as defined in (A.18).
Since n # 0 and Ay, does not have poles, we find that Z—Z never vanishes. This
agrees with the fact that g—z is the period of a holomorphic differential and
therefore is never zero.

We conclude that the functional determinant is singular in H precisely at
the branch points and AD points, however with the proper exclusion of those
as done in the following Section, it is non-singular and the change of variables
is well-defined. This furthermore conveniently solves the problem that there

is no natural integration region in (a, a) space [73].

5.5.2 Monodromy transformations of the integrand

We continue by explicitly verifying that the u-plane integral is single-valued
around the singular points of the moduli space. We find that this puts a
constraint on the magnetic winding numbers n;, in addition to the constraints
on the background fluxes k; discussed in section 5.3.3.

Monodromy around infinity

Let us determine how the u-plane integrand transforms under the monodromy

around infinity. As a function of the effective coupling 7, the measure factor
X g . .

(5.64) is proportional to % (j—g) > As times the product over the couplings Cj;.

iy and @ — e™a,

We take the monodromy at infinity to be oriented as u — e
as in section 5.2.3. Then this path also encircles all singularities u;, which are

M52 (u—w;). We thus have that

the roots of the physical discriminant, A = [].Z,

A — 2N+ A and hence

AS — e WNit2o /AN (5.66)
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Next, since u — €™ and a — e™a we find 2 — ¢™%% and therefore

du\ . du\
= s emix/2 [ 22
( a) e ( a) . (5.67)

For % we have that a — e™a, while dr — d7, and thus

da . da
dr dr
From (5.16) we recall that w;; — w;; +d;;, such that with the definition (5.50)
we find C;; — e 0% Cij. The couplings C;; transform in the measure factor as

(5.68)

Ny Ny
H Cg(k“kj) _ e_ﬂ—izj kzj2 H Cﬁ(k“kj) (569)

i,j=1 i,j=1
Combining (5.66), (5.67), (5.68), (5.69), and using x = 4 — o, we obtain
v — —emNio AT K]y, (5.70)

This phase for k; = 0 can be checked directly by taking g-expansions from the
SW curves, for generic masses.

From (5.16) we recall that under the monodromy around infinity v; —
—v; —nj, and thus z — —z — Z;V:fl njk;. Recall from (5.33) that ¢, (£;) =
K —2p mod 2L. For the sum over fluxes, in [5] we show that

Moo v(rs{k;}) W7, 2) — @2tk (7 {ky}) W (T, 2), (5.71)

and the u-plane integrand is invariant under 7%/~ if and only if p j(nj +
1)k; € Z. Using the fact that K is a characteristic vector of L, we find

n; =1 mod 2 (5.72)

for all j =1,..., Ny, which implies the above constraint.

Monodromy M;

Let us determine how the integrand transforms under the monodromy M;
around the mass singularity m;/ V2. Since the mass singularity corresponds
to a singularity u; on the u-plane, we have that (u — u;) — €*™(u — u;). This
implies that A = (u — ;) H?;;Vf(u —u;) — e2™A, such that AF — e™7/4AR,
The transformation of 9 can be determined from (2.46): While u — u;, both
g2 and g3 remain finite and nonzero (otherwise u; would be an AD point). This
implies that ! contains no factors of (u — u;), and thus du _y du  GSimilarly,
we have that Z—i — %. From (5.18) we finally have that w;, — w, + 6;;0.
We combine

M;: v— emio ek, (5.73)
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For the monodromy around the mass singularity m;/ V2, we find for \Ifi
V(T + 1,2 — kj) = e ™0/ B0 (1 2), (5.74)

The phases thus cancel precisely,
M;: vt +1)Wi(r+ 1,2 —kj) =v(T) V(T 2), (5.75)

without any constraints.

Monodromy M,,

For the monopole singularity in Ny = 1 we find a further constraint. Since
\Ili is required to transform to itself up to an overall factor, we must demand
that (n + 1)k,/2 € L. Therefore for ky € L/2, we find the requirement that
n = —1 € Z4. This simplifies the transformations considerably, and we find

Ul (7,2) = (=7 + 1) (—F + 1)2e T M= (1, 2), (5.76)

The kj-independent part of the measure factor transforms precisely as un-

der M; (see (5.73)), as the same argument holds. However, due to the trans-

r
71

(5.21) we furthermore find the transformation of Cy;, such that

formation 7 — the measure also picks up its modular weight +1. From

V(1 k) — " e M (w1 4 )3 0(r, Ky), (5.77)

where we have already used n = —1 € Z4. If we multiply (5.76) and (5.77)
with d7 A d7 (which has modular weight (-2, —2)), then

M,, :  dr Ad7v(r, k1) Vi (7, 2) = dr Ad7v(T, k) U (T, 2), (5.78)

where we have used o + by = 2. Thus, the u-plane integrand is also invariant
under M,,,.

For Ny > 1 we find the same condition, namely that n; = —1 mod 4 for
all j.

Monodromy M,

Given the relation (5.19), it is not necessary to explicitly check single-valuedness
of the integrand under this monodromy, as it is a product of the above mon-
odromies.

To conclude this section, let us stress the constraints for the winding number
n;, such that the u-plane integral is invariant under all monodromies in Ny < 3.
To this end, we need to satisfy the constraints n; =1 mod 2 (5.72) from M,
and n; = —1 mod 4 for M,,. Since the latter is the stronger constraint, we
require

nj =—1 mod 4, (5.79)

forall j =1,..., Ny.
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5.6 Integration over fundamental domains

As discussed in Sections 5.2 and 5.5, u-plane integrals for massive N' = 2
theories with fundamental hypermultiplets include new aspects. This section
discusses how to evaluate such integrals (5.62). More concretely, we aim to
define and evaluate integrals of the form

I; = / dr Nd7y~° f(1,7), (5.80)
F(m)

with s < 1. The domain F(m) is the fundamental domain for the effective
coupling constant as discussed in section 2, and f a non-holomorphic function
of weight (2 — s,2 — s) arising from the topologically twisted Yang—Mills the-
ory. For F(m) a fundamental domain of a congruence subgroup, such integrals
(5.80) have been studied in the context of theta lifts of weakly holomorphic
modular forms and harmonic Maass forms [280-282] as well as one-loop am-
plitudes in string theory [283-285].
We assume that the integrand y~° f(7,7) can be expressed as

O-h(r,7) = y~* f(7,7), (5.81)

for a suitable function /};(7', 7) using mock modular forms. This was indeed the
case in [31,83,85], and will be demonstrated for massive N’ = 2 theories with
fundamental hypermultiplets. The integral Z; then reads

~

@:—/ drh(r,7), (5.82)
OF (m)

with 0F (m) the boundary of F(m). We will carry this out evaluation in Part
11 [256].

There are a number of aspects to be addressed in order to evaluate integrals
over F(m):

1. Identifications of boundary components of F(m) due to monodromies
on the u-plane.

2. Contributions from the cusps, that is 7 — ‘00 or 7 — 7(ico) € Q for an
element v € PSL(2,7Z).

3. Contributions from a singular point in the interior of F(m).
4. Contributions from an elliptic point p € H of PSL(2,Z).
5. Branch points and branch cuts.

We will discuss these aspects 1.-5. in the following.

1. Identifications
The modular transformation induced by monodromies identify components
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of the boundary of the fundamental domain OF (m) pairwise. Their contribu-
tions to the integral (5.82) vanish, which is, for example, familiar from deriving
valence formulas for modular forms [287, Fig. 2]. See Fig. 1 for an example.

2. Cusps
Contributions near the cusps require a regularisation [73,83]. Such regularisa-
tions have been developed in the context of string amplitudes [283-285] and
analytic number theory [287-289].

Let us first consider the cusp 7 — 700. To regularise the divergence, one in-
troduces a cut-off Im7 =Y > 1, and takes the limit Y — oo after evaluation.
We require that f near ioo has a Fourier expansion of the form™

fEm) = > cmmn)g"q" (5.83)

m>—o0,n>0

Then the function % has the form,

R ~ 100 f(T, —U)
h =h 2° ———d 5.84
R e T (5.84)
where h(7) is a weakly holomorphic g-series, with expansion

hir)= Y d(m)q™ (5.85)

m>>—00

The cusp 7 — 700 then contributes
T/, = wee d(0), (5.86)

with d(0) the constant term of A(7) (5.85), and ws the width of the cusp
F(m) at ico. For Ny < 3, wy is 4 — Ny (see section 2).

The other cusps can be treated in a similar fashion using modular trans-
formations. We label the n. cusps in F(m) by j =1,...,n.. If the cusp is on
the horizontal axis at —% € Q with relative prime (¢;,d;) € Z?, we can map
the cusp to 700 by a mod]ular transformation

aj bj)
v = < : (5.87)
’ ¢j dj

~

We let 7; = ;7. Then the holomorphic part h;(7;) of (¢;7 + d;) =2 h(y7,v7;)
can be expanded for 7 near —% as

hi(r;) =Y _di(n)q}, g =€ (5.88)
As a result, the cusp j contributes

[Zy]; = w; d;(0). (5.89)

32Als0 if f does not satisfy this requirement, the integral can be regularised as explained
in [83,289]. We do not need this regularisation for the correlators in this section.
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3. Singular points in the interior of F(m)

The integrand can be singular at a point 7y in the interior of F(m). Such
singularities appear typically for deformations of superconformal theories, such
as the ' = 2* theory and the Ny = 4 theory, where the UV coupling 7,y gives
rise to such a singularity [3,85]. See Fig. 26 for an example. We require that
the expansion of f near such a singularity reads,

fEm = > almn)(r—m)"(F-7)" (5.90)

m>>—oo,n>0

Then, the anti-derivative E(T, 7) has similar expansion,

A= Y ddmn)(r—n)"(F-R)" (5.91)

m>—oo,n>0

The contour integral for a small contour around 7,
Ce(r) ={r=mn+cee? pel0,2m)}, (5.92)

is bounded for such a function. Moreover, in the limit ¢ — 0, the contour

integral is finite. We define the “residue” of a non-holomorphic function g(7, 7)
_ L _

nRes [¢(7,7)] = =— lim g(T,7)dr. (5.93)

T=Ts 271 e—0 Ce(r)

For the expansion (5.90) this evaluates to

[Z;], = 2minRes [E(T, ?)] = d,(~1,0), (5.94)

with ds(—1,0) the coeflicient in the expansion (5.91).

4. Elliptic points

For N' = 2 QCD, AD points are the elliptic points of the duality group, and
lie on the boundary of F(m). See Fig. 7 for an example. The elliptic points
are a = €™/3 and i, and their images under PSL(2,Z). Contour integrals
around such points can be regularised using a cut-off . We assume that the

anti-derivative h has the following expansion near an elliptic point 7,

MrF) = > dmn)(r—7)" (F— 7). (5.95)

m>—oo,n>0

As a result, the boundary arc around 7op in H is a fraction of 27, which
needs to be properly accounted for. These neighbourhoods have an angle i—:,
with k., = 2 for 7. = 4, and k. = 6 for 7. = « [145]. Furthermore, it is
important how many images of F in F(m) coincide at the elliptic point. We
denote this number by n.. For N = 2 SQCD, we found examples with n, = 2
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and 4 for 7, ~ «a, while for 7, ~ i, n, = 1 [2]. The contribution from an elliptic
point is then,

Zy), = 27m'% nRes [ﬁ(T, 7")] - Z— d.(~1,0), (5.96)

e T=Te e

5. Branch points and cuts
Branch points and cuts are a new aspect compared to previous analyses (see for
instance Fig. & and 15). We will demonstrate that their contribution vanishes
for the integrands of interest.

We assume that the integrand f satisfies

~

W7, T) = (T — Top)" g(7, 7). (5.97)

with n € Z/2 and n > —1/2, ¢g(7,7) being a real analytic function near 7,p,.
This assumption is satisfied for the twisted Yang—Mills theories [286]. To treat
this type of singularity, we remove a ¢ neighbourhood and analyse the 6 — 0
limit. Let Cs be the contour

Cs = {mp+0e?|0 € (0,2m)} (5.98)
around 7y, with radius ¢ > 0. Therefore, on the contour |y~*f| is bounded by
h| < 6" K (5.99)

for some K > 0. The integral around the branch point therefore vanishes in
the limit,

27
IP = lim h]d7|§hm/ 6" K 5 db
6—0 Cs 6—0 0 (5100)

= lim 27 K"t = 0.

6—0

The branch points necessarily give rise to branch cuts. For the purpose of
integration, we remove a neighbourhood with distance r from the cut, and take
the limit » — 0 after determining the integral. Since the value of the integrand
is finite near the branch cut, the contribution to the integral vanishes.

Summary
Combining all the contributions discussed above, we find

I :Zn:wjdj(o)+2d5(—1,0)+z Z—:de(—l,o). (5.101)

This formula generalises [73] for the pure Ny = 0 theory on a smooth four-
manifold X that admits a metric of positive scalar curvature, [84, Equation
(5.10)] for the pure SU(2) theory on generic X, [85, Equation (4.88)] for the
N = 2* theory on X, and [77] for the massless Ny = 2 and Ny = 3 theories on
X = CP%.
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6 The u-plane integral for non-simply connected
manifolds

In this final section, we study the u-plane integral on compact four-manifolds
X with b;(X) > 0, which are non-simply connected. This section is based
on [4].

6.1 Introduction

Recently, interest in DW theory, and in particular the u-plane integral Z,,
was revived due to observations relating the latter for special four-manifolds
to the theory of mock theta functions and harmonic Maass forms [77, 78].
For more generic, but simply connected, compact four-manifolds, it was later
reformulated in terms of the modular completion of a mock modular form
[81,83,84]. In this series of papers, the possibility of adding Q-exact operators
to the action without affecting the correlation functions was studied in detail.
In particular, a specific new Q-exact operator related to the 2-cycles of the
background geometry was added to the action of the low-energy U(1) theory,
which makes the connection to mock modular forms apparent and elegant [31,
84]. This technique circumvents the cumbersome method of lattice reduction,
and allows to evaluate correlation functions efficiently. Previous results relating
Z, and mock modular forms are restricted to the case where the low-energy
U(1) theory is formulated on simply connected four-manifolds only.

Taking inspiration from [76], we ask the natural question how these recent
results carry over to the case when the four-manifold X has a non-trivial
fundamental group and non-zero first Betti number b;(X). When the four-
manifold is non-simply connected, the theory is more complicated. This is due
to the fact that the manifold now admits more structures, in the form of 1-
form fields and 1- and 3-cycles, which are not present in the simply connected
case. These cycles give rise to further contact terms in the low-energy U(1)
action [74,76]. As a result, we will consider more general Q-exact operators
related to these cycles.

We present a natural extension of the recent results [81,84] to the case of
non-simply connected four-manifolds with b = 1. Specifically, we introduce
a number of new Q-exact operators in the low-energy effective U(1) theory
that allow us to express the integrand of the u-plane integral elegantly as the
non-holomorphic completion of a mock modular form. This further allows us
to derive a closed-form expression for the u-plane integral for any such four-
manifold and for arbitrary period point J, as is evident from the result (6.57).
This solution depends on H;(X), a fact that is easily seen in the case of product
ruled surfaces where it manifests as a genus dependence, while when H;(X) is
trivial, (6.57) reduces to Equation (4.10) of [81].

DW theory on product ruled surfaces X = CP! x %,
Riemann surface, in the limit of vanishing volume for ¥, has been argued to

with Y, a genus g
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be equivalent to an N' = (2,2) 2d topological A-model on CP! with target
space the moduli space Mg, (2,) of flat SU(2) connections on X, [74,90, 290~
294]. Reference [4] presents a concrete derivation of this equivalence, and in
turn shows that due to the relation between DW theory and its low-energy
U(1) effective theory as given by Eq. (1.39), a connection between Gromov-
Witten (GW) theory (realised physically by the A-model) and mock modular
forms (appearing in the low-energy effective action) exists, such that one can
compute GW invariants using modular data originating from the 4d theory.
The above equivalence is expected to hold in the limit small Y , since the
twisted N = 2 gauge theory is topological and we are thus free to shrink ¥,.
As a consequence, flat SU(2) connections along the directions tangent to X,
are required to prevent the effective 2d action from blowing up when the limit
of small X, is taken.

6.2 The effective theory for b; > 0

DW theory is the topologically twisted formulation of the pure N' = 2 super-
symmetric Yang—Mills theory with gauge group G of rank r = 1 on a smooth
four-manifold X [61]. In the IR, the theory becomes a U(1) gauge theory that
% + % € H, where
H denotes the Poincaré half-plane. DW theory contains a scalar fermionic
BRST operator Q = EABQAB that obeys Q2 = 0.* The field content of the

theory is a collection of bosonic and fermionic degree 0, 1 and 2 operator val-

depends on the complexified effective gauge coupling 7 =

ued differential forms on X, where the degree of the differential form is equal
to the ghost number of the physical operator. In Table 2 we summarise the
field content of the DW theory. The BRST transformations on these fields are

Bosons | Fermions | Form degree
a,a n
A (0 1
D X

Table 2: Field content of DW theory. The a,a fields originate from the vacuum expectation
value of the scalar field of the UV theory. The D field is an auxiliary field.

given in (5.43), where the label J can be removed since we are studying a rank
1 theory. The physical observables of the theory belong to the Q-cohomology.
We are interested in computing the path integral of the theory, the u-plane in-
tegral or Coulomb branch integral, when evaluated on a non-simply connected
four-manifold. To this end, let us first introduce some notation.

Let b; := b;(X) = dim H’(X) be the Betti numbers of the smooth, closed
and oriented four-manifold X with by(X) = b3 (X) + by (X), where the first
(second) summand corresponds to the number of positive (negative) eigen-
values of the quadratic form @ of X. For a € HY(X) and b € H*(X) we

33 Across the literature, this operator is often denoted as Q instead.
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define B(a,b) = [ya Ab. For a € H*(X) the quadratic form @ of X cor-
responds to Q(a) := B(a,a). Furthermore, the signature of X is defined as
o(X) = by (X)—b, (X). Hereafter we consider four-manifolds with b5 (X) = 1.
By Poincaré duality, we have that by = by, by = b3. We can assume b; to be
even, since the correlation function of the theory are known to vanish unless
1 — by + b3 is even [73].

The Coulomb branch integral is the path integral of the low-energy U(1)
theory with the insertion of the observables arising from the descent formalism
as well as contact terms and Q-exact operators. It takes the form

Zu(p,7,S,Y) = /[DCI)]V(T)e Jx £HISY)Hotin (6.1)

where ® = {a,a, A,n,v,x, D} is the collection of fields of the theory (as in
Table 2).

6.2.1 Ingredients of the u-plane integrand

In this section, we give explicit modular expressions for the ingredients of
the u-plane integrand. The integrand transforms under the duality group
['%(4), which is generated by 7% and S™'T~1S. Let us introduce the shorthand
f = (¢1,$2) " if a function f is a non-holomorphic modular form of weight
(k,1) for T°(4) with multipliers, i.e. transforms as

fr+4,74+4) =1 f(r,7),

T T B _ (62)
f (7’ TR 1) = go(T + D¥(F + D f(r, 7).
It is clear that
(61, 92) 1) (01, 02) 722 = (G101, pagpy) 1 21T,
(61, ¢152)(k’l) = (¢1, &2)(1,1@)’ (6.3)
- = n A (_kv_l)
Gr d)ed — (P10
since |¢;| = 1. The functions™
cF_u_42E2+z9§+19§ u Uy a 2By + 05+ 05
da? 398 TOAZ 2932 A 6Uy3 (6.4)
du_wh? 0 da_ 1 dr_Sidh
dr — 4 9202 du 2N 0P da wA OB
transform as
du da
u = (17 1)(0’0)a E = (17 1)(2,0)7 @ - (_17 1)(170)7 (6 5)
_ dt _ i '
p = (_L 1)( 170)7 % = (_17 1)( 370)7 Yy = (L 1)( L=1)

34Tn this section, we choose the traditional convention where Az — +oo for 7 — ioo.
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6.2.2 Effective Lagrangian

The low-energy U(1) effective Lagrangian £ of the twisted theory is given
in [73, (2.15)]. The Q-exact terms as well as the kinetic terms do not contribute
since the zero modes are constant in DW theory on a four-manifold X with
by (X) = 1. For such manifolds there is a useful fact stating that for any

B1, Ba, B, B € HY (X, Z), we have [205]

PrA B2 APsAPs=0. (6.6)

We will make extensive use of this fact below.
Let us define £’ as the part of the zero-mode low-energy U(1) effective
Lagrangian that contributes to the u-plane integral. It is given by [73]
/3 dr
L =mitk? + mitk? — I DAxD + M—i nx A (Fy + D)
8T 167 da
/3 d (6.7)
? T
———— YV ANYAN(F-+D
where Fy = 4nky and for any two-form z we abbreviate B(z,z) = x2. In L/,
we disregard any summands of £ containing Q-exact terms, exact differential
forms and A-products of four 1-forms. Here and throughout the rest of the
section we use units where the dynamical scale A of the low-energy effective
U(1) theory is equal to one. The gravitational contributions to £ are described
in the following section.

6.2.3 Measure factors

~ 15}

Assuming X is connected, the (holomorphic) measure factor [52,73] is

o(X)

30(X) b1 —2
by QT+ . d 5~ Tb1
v(r) = — (2/77) : 4—(u2 —1) t <d_a) . (6.8)
u

™

Here we used x(X) + 0(X) = 4 — 2b; to eliminate the Euler character of X,
X(X). This expression reduces to Eq. (2.9) in [81] if we take b; = 0. For the
simply connected theory one can use the microscopic definition of the theory to
determine the effective gravitational couplings (e.g. by considering expansions
of the Nekrasov partition function) [53, 111].

The zero modes of the one-forms ¥ live in the tangent space of a bi-
dimensional torus T = HY(X,R)/H'(X,Z) = H*(X, O%) which corresponds
to isomorphism classes of invertible sheaves (for X a smooth complex variety,
that is, holomorphic line bundles) on X which are topologically trivial. We can
expand v in zero-modes as 1) = Zflzl ¢;B; with 3; an integral basis of harmonic

35Note that this differs from the notation v used in Section 5, in particular (5.64), by the

factor Z—Z, which we insert later, and we do not consider any external fluxes k;, since we

study the Ny = 0 theory in this section.
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one-forms, and ¢; Grassmann variables. We then have the measure

dc; _by
H 7 =y 2 Hdci. (6.9)

The photon partition function will also include an integration over by zero

modes of the gauge field corresponding to flat connections [76]. These zero
modes span the tangent space of T’'. As a consequence of this, the photon
partition function will have an overall factor of yz(® =1 [72]. Combining this
with the measure factor (6.9) we see that in the end there will only be a factor
of yfl /2
We can also consider the ¢; in the expansion of ¢ as a basis of one-forms

5;% € H'(T",Z), dual to 3;, such that

surviving.

b1
p=> sl (6.10)

j=1
A useful fact about four-manifolds with 3 = 1 is that the image of the map
A HYX,Z)® HY(X,Z) — H*(X,Z) (6.11)

is generated by a single rational cohomology class, which we denote as W
[295].°° This means that we can write 8; A 8; = a;W, 4,5 = 1,...,b;, where
a;j is an anti-symmetric matrix. This further implies that the two-form on T
can be written as

Q= Zaijﬁz# A B]#; (6'12>

i<j
where 3% € H'(T",Z), such that
le/Q
vol(T™) = / : 6.13

Using the analysis above we can now write ¥ A ¢ = 2(W ® Q) [76]. This is
useful when one performs the integral over T for the product ruled surfaces,

for instance.

6.2.4 Observables

Q-invariant observables can be constructed using the celebrated descent for-
malism. By starting with the zero-form operator O©) = 2u, we find all k-form
valued observables O®) for k = 1,2,3,4 that are Q-invariant modulo exact
forms by solving the descent equations

dQW = {0, oU*t1} (6.14)

36This class is denoted X in [76] and A in [90]. However, since we want to reserve 3 for the
Riemann surfaces studied below and A for the dynamical scale of the theory we choose to
call the class W.
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inductively. This ensures that for a k-cycle ¥*) € H,(X) in X, the integrals
Jsw O® are Q-invariant and only depend on X(*). Fortunately, there is a
canonical solution to the descent equations: Due to the fact that the translation
generator is Q-exact, there is the one-form valued descent operator K, which
satisfies d = {Q, K} [73]. This implies that (6.14) can be solved by OU) =
K70 where the iterated (anti)-commutators are implicit. The action of the
operator K can be inferred from the BRST transformations (5.43) as [73]

1 3 .
[K7 CL] = ml/}v [K7 CL] =0, [K ¢] (F + D) [K7 A] = —2ix,
K, = —éda, K x| = —3‘? vda, [K,D]= % (2dy — #dn).

(6.15)

Let us study the insertion of all possible observables. For ease of notation,

let us denote p = 2@ a point class, v = 1) a 1-cycle, S = £®) a 2-cycle and
Y =0 a 3-cycle. The cycles v, S and Y can be expanded in formal sums as

by ba b3
y=Y G S=Y NS Y=Y 64, (6.16)
=1 =1 =1

where v;, S; and Y; are a basis of one-, two- and three-cycles respectively, \; are
complex numbers, while (; and 6; are Grassmann variables. By the common
abuse of notation, we use the same notation for the 3-, 2-, and 1-forms Poincaré
dual to the cycles, and use the convention

/wlszlA”y’ /CUQZ/WQ/\S, /W3:/W3/\Y (617)
¥ X S X Y X

The most general Q-invariant observable we can add is then

I@:2pu+a1/Ku+a2/K2u+a3/K3u, (6.18)
o' S Y
where as = ﬁ is fixed from matching with the mathematical literature [73]
and
1 du
K
1 d2 V2du
Ky = — F_+D
! 32da2¢ ¥ 4d( D),
1 3 du  3V2idu
’ — +D —(2dx —«d
(6.19)

6.2.5 Contact terms

The existence of the canonical solution to the descent equations allows to map
an observable of the UV theory to the low-energy U(1) effective theory on
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the u-plane. For instance, the operator I(S) = [, o K 24 of the UV theory is
mapped to the same observable I(S) = [; K?u in the IR. This is not quite
true for products 1(S1)1(S2)...1(S,) of such operators for distinct Riemann
surfaces S; € Hy(X,Z). At the intersection of the surfaces, contact terms
will appear [73,74]. When mapping a product of surface operators to the IR,
the product is corrected by a sum over the intersection points. Due to the
O-invariance, the inserted operator is holomorphic and the point at which it
is inserted is irrelevant.

Such contact terms appear for all cycles in X that can intersect. They
have been classified and the corresponding contact terms have been found
in [76, Equations (2.8)-(2.12)],

[ﬂ:/ T+CL13/ T—l—a32 KT+G33 KQT
SNS Yy Yns Yyny

N / PF / KF / *F
332 - 3 T a333 - 3 T 3333 a4
snyny 5)7'03 ynyny 875’ YNYynyny 87’51

Here 7y is the deformation parameter of the prepotential, related to the dy-

(6.20)

TITO

namical scale by A* = e™7™_ The coefficient functions can all be expressed as

quasi-modular functions on the u-plane. For instance, the contact term for

SNSis
u adu V34095 — Es

I'=-—-—=—=—" - 6.21
2 dda T G (6.21)
In terms of the prepotential F, it is given by T'(7) = %%25 [98]. We can use
0
the action (6.15) to find
1 dT
KT = —=——1,
44/2 da
1 d&°T 1 dT (6:22)
KT = —— — ——(F_+D).
32da2¢/\¢ 2\/§da( +D)

The intersection constants can be obtained from duality invariance [76]. Due
to the identity (6.6), the two last terms in (6.20) vanish and we can disregard
them. Thus, from (6.20) and (6.22) we see that all terms in I except for
one are only integrated over ¢ and 7, which we we do in a later step. The
remaining term

Sass dT
\2“33 Z—QB(F_ +D,Y AY). (6.23)

is to be integrated over D, x and 7.

6.2.6 Q-exact operators

As we will later see, the photon path integral combines with the insertion of
the surface observable to a Siegel-Narain theta function W (7, 2). See (6.52)
for the definition. This function can be expressed as a total derivative to a
non-holomorphic modular completion of an indefinite theta function, as has
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been previously shown in the simply connected case [81,84]. To facilitate
the calculation further the authors of those papers add the Q-exact operator
I5.°" In this section we will generalise this operator insertion to simplify the
calculations also in the case of non-simply connected manifolds. This then
allows us to evaluate correlation functions efficiently using mock modular forms
[81,83,84].

Since our computations should be valid for any b; > 0 and in particular
by = 0, this suggests that it is instructive to add the same Q-exact operator [81,
(2.11) and (2.12)]

1 du
I = —— _
S 47T S{Q’ dC_LX}
V2i d*u i du
= _vaoo — — = [(F. - D).
4t dd2/s77X 47 da S( * )

The wu-plane integrand (6.1) with Ig inserted can also in the case where b; # 0

(6.24)

be written as an anti-holomorphic derivative. However, it does not give the
same kind of Siegel-Narain theta function as in the simply-connected case.
The reason is that the elliptic argument z of \Il/{ does not couple to H?(X)
symmetrically to how its conjugate z couples to H?r(X ). The insertion of Ig in
the case by = 0 can be viewed as the unique correction to the path integral that
symmetrises the couplings to H%(X). Without such an insertion, the resulting
theta functions are not symmetric, see for instance [73, Equation (3.18)].

As we demonstrate below, for b; # 0 this issue can be cured by introducing
additional Q-exact operators. More precisely, the new observables and related
contact terms require three new Q-exact terms. The first two

3ia d%u 2 dT
Iy = — 298 {Q,d—(;xAzb]nL%/X{Q,d—;xMMw}

16 Jy
3v2a3 d*u 3as d*u
= ——B YV)+ 22 _B(F.— DAY (6.25)
i d*7 V2i d7
— — B Y2 B(F, - D
+267Td(_l2 (77X71/1/\1/1)+277rda ( + 7¢A¢)

compensate the observables (6.18). From the collection of contact terms (6.20),
only the one from the intersection Y NY gives a term (6.23) that is integrated

over D, n and x. This term requires the addition of the Q-exact operator

2ia dr
IYﬂY:_\/_4 33/ {Q, d_X}
YNy a

_ _ (6.26)
ass d2T \/idgg dT’
=——RB YAY —B(F, —D,YAY).
2 ddQ (UX: ) + 4 da ( + ) )
We can note that ags = —ass [76]. The sum of these additional Q-exact terms
can be compactly written as
Iy + Iyny = —V21B(x, 0a(yw)) — yB(F; — D,®), (6.27)

37This term is called I () in [31,83]. For ease of notation, we remove the tilde from such
expressions since we only discuss operators in the IR.
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where we introduced the 2-form

V2i dr 3az d*u V2az3 dT
= — PN — —— Y — —Y AY. 6.28
27y daw v 24y da? 4y da (6:28)
This 2-form has the property that yw is holomorphic and thus yw is anti-
holomorphic. The form of (6.25) is derived in Appendix 6.3, where we fur-
thermore show that its one-point function evaluates to zero, such that it is
safe to include it into the path integral, following the analysis in [83,81]. We
furthermore find it useful to follow [81] and introduce the notation

S du Im(p)

b= —" (6.29)

P:%%u Y

Anticipating the result as a Siegel-Narain theta function, the elliptic variable
will turn out to be z = p+2iyw, which is a 2-form with holomorphic coefficients.
In terms of this variable, the sum of all Q-exact insertions (6.24), (6.25) and
(6.26) combine nicely as

I(S, Y) = IS + Iy + IY[']Y

(\@B(nx, 8.2) + B(Fy — D, z)) . (6:30)

7
2
It is clear that this is purely anti-holomorphic. The operator I(S,Y") is then
included into the path integral, as in (6.1).

6.3 ©O-exact operators

In this section, we explain the construction of the Q-exact operator 1(S,Y) in
(6.30), which aids the evaluation of the u-plane integral using mock modular
forms. A constructive approach is to classify all Q-exact operators in DW
theory, add all of them to the path integral, evaluate the path integral and
solve for all coefficient functions that lead to the desired properties. For two
reasons, this is fortunately not necessary. First, it is convenient that most such
operators do not even alter the wu-plane integrand after integrating out the
fermions and the auxiliary field. Second, the path integral can be performed
without insertions of any additional operators, or with the insertion of just
Is as was done in the case that b (X) = 0 [81]. Such calculations lead to
integrands that do not contain the symmetric Siegel-Narain theta function
W (7, 2) for any z, however only a few terms are missing with an educated
guess of z. Only very specific Q-exact operators can provide the necessary
terms for the new integrands to complete into ¥/ (7, z).

In section 6.3.1, we classify all possible Q-exact operators that contribute to
the u-plane integrand. In section 6.3.2 we demonstrate how the correct Q-exact
operators can be selected, for the simplified example where the intersection
Y NY is empty (such that there is no intersection term for Y NY).
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6.3.1 Construction of Q-exact operators

Let us complete the result of [83] by computing the all Q-exact observables on
a four-manifold X with m(X) # 0. Let us first collect

Clz{w},
02: {DaFiaX7w/\w}7
Cs={VADYAXYNFep ApAYY, (6.31)

Co={VNVADYNYDNAX, YD ANYNFLp A A A,
DAD,DANF,, DAY, Fi ANFy,Fy Ay}

These are all 1...4-forms that can be constructed out of the field content
in Table 2. Since any operator must be gauge invariant, we do not use the 1-
form A to construct operators but only F' = dA. Furthermore, some operators
are identically zero due to fermion saturation. The sets C are then generating
sets for the spaces of k-form observables [83],

Or=>Y_ Y fxjlaanX. (6.32)

j=0 XeCy,

Here, fx;(a,a) are real-analytic functions without singularities away from
strong and weak coupling. The most generic 0-form observable is Oy =
fola,a) + fi(a,a)n. Let us restrict now to the Q-exact k-observables [Q, O}/
that survive integration. These do in particular either contain ny or neither,
since otherwise they would not survive the fermionic integration, and they
do not contain any derivative term dX, as we consider b3 (X) = 1 and thus
their zero modes vanish. By the notation [Q, O} we furthermore mean either
{Q, 0} or [Q, O], depending on whether O is Grassmann odd or even.

Recall the action (5.43) of the supersymmetry generator Q. It follows that
[Q, Fi] = (d¢))+. The action of Q on functions f(a,a) is given by

Q. f(a,a)] = 8af(a,)[Q,a] = V2i0:f (a,a)n. (6.33)

The general Q-exact observable [Q, Oy} from (6.32) is very tedious to com-
pute, luckily in [Q, (’)k}f generally not many terms survive. Furthermore,
(6.32) has 2|Ck| terms, however due to (5.43) we have [Q,nO} = —n[Q, O}
and for the terms with j = 1 it remains to multiply the 7 = 0 term by —n.
Then only one of [Q,O} and —n[Q, O} is Grassmann even in the variables
n and y, such that only one of those can contribute to [Q,O}/. Lastly, if
O =[], O is a composite operator, its Q-action [Q, O} is an alternating sum
~ 39,0} 1, y Oy, and so if all such summands do not contribute (which
can be easily checked) then the whole commutator does not either. With
this, it is now slightly less work to extract those summands (’),{ of (6.32) that

158



contribute, [Q, Oy} = [Q, (9,{} They are

o) = fix,

OI _ (6.34)
3 f2¢ /\XJ

O = fs A Ax + fiD Ax + fsFy Ax,

while [Q, O} =[Q, 01} = 0. Their Q-commutators give

{Q,00} = +V2id, finx + i f1(Fy. — D),
Q.04 = —V/2i0u fanx N — i fa(Fy — D) A,
{Q, 00} = +V/2i0u fnx A A +ifs(Fs — DY A A (6.35)
+ V20 finx AN D +ifsD A (F, — D)
+V2i0;fsnx A Fy +ifsFy A (Fy — D).

These are all Q-exact operators in DW theory. The following O-exact terms
can then be added to the action

IQ:/S{Q,OQI}, fgz/y[g,og{], h:/){{@,a{}. (6.36)

6.3.2 Solution for Iy

By adding only I as suggested in [81,83,86], the u-plane integrand can be
written as a total derivative, however it does not complete to a Siegel-Narain
theta function. Let us construct the operator Iy such that this becomes true.
For simplicity, we ignore the contact terms /5. This is possible since all contact
terms other than the Y NY are integrated over ¢ and 7 only and therefore do
not affect the path integral calculation. For simplicity and only in this section,
we take the intersection Y MY to be empty.

We therefore aim to find the functions fi, ... f5. In the case m(X) = 0, the
total integrand must go back to (6.45). If fy and f5 are nonzero, this is not
the case since they alter the integral. *® We therefore set f, = f5 = 0. Thus,

in the simply connected case, we have I, = Ig, which implies f; = —%%. We
shall therefore consider adding the correction
Iy = —V2i0afnB(x, ¥ NY) = if B(Fy — D, NY) (6.37)

+ V2i0 finB(x, ¥ AY) +ifsB(Fa — D, AW).

to the exponential in (6.45). The terms 1) A'Y and ¥ A ¢ are precisely the
terms that lead to the problems if only Ig is added. We can organise h =
f3 N — farp AY, such that

Iy = V/2inB(x, 8;h) + iB(Fy — D, h). (6.38)

38This is certainly true if f4 and f5 can be varied. It is possible in principle that for specific
functions f4 and f5 the m1(X) = 0 integral does not change.
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Inserting it into the path integral we find

V2i d7 471
D= 1 T g X T A (by +wy) + 7h+ (6.39)

After integrating out D, this produces new terms

2d
4miB(ky + by, h) + 4£d—TnB(X7 B)+V2inB(x,d:h)  (6.40)

0 (6.48) (notice that w Ah = hAh = 0). The first term is only integrated over
1 and 7, so it will not play a role immediately. The second and third term
yield after the fermionic integration,

ar [ V2 .
o (—@h -~ ﬁz&h) : (6.41)

In view of (6.50) and the above discussion, we can aim this new contribution
to give the missing factor

\/5%8;\/2_3;@ - % (\f@ + \/_y(‘?Tw) , (6.42)

such that the Siegel-Narain theta function has an elliptic variable z = p+ 2iyw
and B =b+w +©. * Motivated by the computation

i V2i 1 1 b—0:p 1
af' ) a‘T’\/2 = T = 877_:._7 afb: . 3 8?' = 5. W,
Y73 4,/y y o 2iy? 21y v 22yw
(6.43)

we make the ansatz h = icyw, with ¢ € C some number. From this it follows

that yo-w = —ﬁ@;h — %@. Notice that A is purely anti-holomorphic, while @

is not. We find that (6.41) equals (6.42) precisely for ¢ = 1. From this, it is
easy to find

3@(13 d*u V2 dF

=T T vraa

In the simply connected case, the correction I, = Ig is necessary in order for

the surface observable I_(S) to combine into a Siegel-Narain function such that

(6.44)

the u-plane integral is a total derivative. In the case m1(X) # 0, an analogous
procedure is required for the 3-cycle Y, which combines to a 2-form as ¢ AY.
In the (X)) # 0 Lagrangian (6.7) there is a new term 9 A1) that is integrated
over 1, x and D, such that the u-plane integral is a total derivative but does
not contain a SN theta function. After the insertion of an anti-holomorphic
Q-exact 4-form operator, the integrand indeed becomes a Siegel-Narain theta
function.

39 Another possibility would be to chose h to be holomorphic and cancelling the w inside the
derivative. This is possible, however, the w dependence does not drop from the SN theta
function.
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6.4 The u-plane integral for 6; > 0

The u-plane integral (6.1) can be expressed as

1 /
Zu(p.7,5.Y) = / [dadadndydD] / dip v(r)—ze~ Ix EHloHInHIEY),
Pic(X) VY
(6.45)

where fPi denotes a sum over isomorphism classes of line bundles, equivalent

o(X
to a sum o(ve)r H?*(X,Z), followed by an integration over T"'. The v zero modes
are tangent to Pic(X), so the integral over these modes is understood as the
integral of a differential form on Pic(X) [73]. At this point let us make a
remark. The Q-exact operator I(S,Y) is not strictly required in order to
derive our end result (6.57). As a matter of fact, as shown in [84] this operator
can be added freely as «(S,Y), with @ any number. In particular, we can
have o = 0. However, the case of & = 1 makes the analysis simpler and more
elegant, why we choose to include it.

Let us perform the integrals above in steps, using an economical notation.
We integrate first over the auxiliary field D, and then over the fermionic 0-
and 2-forms, n and Y.

6.4.1 Integration over D, n and Yy

Using (6.28) and (6.29), we can expand the terms in the exponential of (6.15)
that are affected by the integrals over D, n and x as (ignoring the remaining
terms for now)

2a33 dT
- / (L' + apK*u + asK?u) + 1(S,Y) — \/:lasgd—B(F + D, YAY)
X a
V2i d7 V2i d7
— —mirk? —mirk? + 2D~ Y By k) — Y2 By, D

i dp . . _ V2i J
- EB(IOXJ %) - QWZB(k—a p) - 27”B(k+7 p) + yB(D, b—i—) + ?B(d} A 1/}7 CTZ)
— V2 B(x, 0a(y@)) + dmyB(k_,w_) — 4wy B(ky,®) + yB(D,w) + yB(D, @y).

(6.46)

At any point we discard terms that vanish identically, such as 4-fermion terms

or any instance of (6.6) such as p AP AP AL, VAYAYAY or wAw. The

exponential (6.46) is Gaussian in D with saddle point
V2i d7
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This can be found by differentiating (6.46) with respect to D and setting it to

zero. Inserting D in (6.46) gives

V2i

+ ?B(dj A, %) — 2my(by + wy + @4 )% — miTh? — mith?
—2miB(k_,p) — 2miB(ky, p) + 4ryB(k_,w) — 4nyB(ky,©)

V/2i dr B i 5 _
~ 1 @B o ke = by —wi = @4) — =By, Pe) — V2nB(x, 0a(y@)).
(6.48)

The third line are the only terms involving 1 and y, which we will integrate
over next. Before, we can combine those terms in the expression

— ——&B (nx, k —b—w+w—4iyd:w + 20:p) . (6.49)

Integrating over n and y, we can rewrite this in a compact way as a total
anti-holomorphic derivative times an overall factor that, as we discuss below,
cancels with contributions from the rest of the measure,
@%B (k—b—w+w—4iyd:w + 20-p,J) = ﬂ%a;@B(k+b+w+@,l),
(6.50)

where 9; acts on everything to its right and J = J/1/Q(J) € H(X) is the
normalised self-dual harmonic form on X. This result follows directly from
the the identities (6.43).

As previously discussed, the photon path integral together with the measure
for the zero modes of 1) contains a sum over all fluxes times a factor of 1/,/y,
and additionally contributes (—1)2®*¥) where K is the canonical class of
X [72]. The 1/,/y factor is thus absorbed by the ,/y on the rhs of (6.50).

Using the change of variables u : ['°(4)\H = CP' provided by (6.4), we
can further integrate over dr A d7 rather than over da A da. This motivates
the definition of the transformed measure

da

V—
dr’

(6.51)

v =
such that da Adav = dr Ad7% i. The factor % cancels with the 92 of (6.50).

6.4.2 Siegel-Narain theta function

Let us demonstrate that the u-plane integrand for 71 (X) # 0, as in the simply-
connected case [81], evaluates to a Siegel-Narain theta function. To this end,

40Tf we integrate over D instead of inserting the equations of motion we get an additional
factor of 27m'\/g in front of the integral [83]. The result of the integration does not change

otherwise since both methods agree for Gauflian integrals up to an overall factor of \/gi,

. . 2
if we integrate e®”

over D. It is the same factor as in the simply-connected case because
the quadratic D-term is the same. According to [73, p. 68] the D determinant should be

ignored because it cancels in any case with the fermionic determinants.
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let us define

V(1 2) = e ™% N 0 (\/ 2yB(k + 5,1))
k€L+p (6.52)
X (—1)BUK) gk [2gk3 /2, —2miB (s k) ~2miB(5 1)

with ¢ = ¥ and § = ImTZ € L®R, where L = H*(X, 7).

For the elliptic variable z = p + 2iyw, we have § = b+ w + @ (here, we use
that yw is holomorphic). Both variables appear naturally in (6.48) and (6.50).
In fact, we can combine everything to find

Zu(p,7,S,Y) /dT/\dT/d’;/) [ oW(7, p + 2iyw)e lo+I, (6.53)
TO(4)\H Tb1

Here,

83.F as2 dT’
I/:/ T+a / T+ a / — +t ——=— 6.54
" sns v Yy . snyny 87(2)3 4y/2 da Jyng v ( )

and

1 = 9pu fald“ / v YA / AP, (6.55)

are the (holomorphic) remainders of the collections of 0, ..., 3-form observ-
ables and their contact terms that has not yet been integrated over, and we
eliminated all terms that do not contribute.

Let us check that (6.53) is indeed true from the computations in section
6.4.1. Aside from the ¥ A ¥ term, the exponential of the first two lines in
(6.48) immediately combine into the definition (6.52) with said parameters,
2= p+ 2iyw and zZ = p — 2iyw. Everything not exponentiated is given by the
7 derivative term in (6.50), which precisely gives the derivative term in (6.52).
This proves (6.53).

The expression (6.53) generalises the result of the u-plane integral [34,
(4.32)] to four-manifolds X with b;(X) > 0 by giving a decomposition of
the integrand into a holomorphic and metric-independent measure o efotin
and a metric-dependent, non-holomorphic component ‘I/i(T, z). Therefore, the
evaluation techniques of [34] apply. Namely, we can express the integrand of
the u-plane integral as an anti-holomorphic derivative,

%H/{(T 7) =0T, z)efotin, (6.56)
The holomorphic exponential e’otn does not affect the anti-holomorphic deriva-
tive, and thus the extension to 71 (X) # 0 is simply through the elliptic argu-
ment z = p + 2iyw.

Once ﬁ/{ (7,7) is found, we can use coset representatives of SL(2,7Z)/T°(4)
to map the six images of F = SL(2,Z)\H back to F (see Fig. 2). The
regularisation and renormalisation of such integrals originating from insertions
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of Q-exact operators has been rigorously established in [83]. This then allows
to evaluate the partition function as

T

Zu(p7 77 S? Y) = 41—#(7—)’(10 _'_Iu(_%)}qo +I,u (27‘71) ‘qm (657>

where by |,0 we denote the ¢° coefficient of the resulting Fourier expansion,
and the 7-integrand of (6.53) is given by "'

I,(r) = / I (7, 7). (6.58)

Tb1

The prefactors in (6.57) can be recognised as the widths of the cusps ioco, 0
and 1 of the modular curve T'°(4)\H.

To derive a suitable anti-derivative 7—7,{ (1,7), it is auxiliary to choose a
convenient period point J. The u-plane integral for a different choice .J’ is then
related to the one for J by a wall-crossing formula, given explicitly in [76]. It is
shown in [84] that for convenient choices of .J, W7 (7, z) factors into holomorphic
and anti-holomorphic terms, and the anti-derivative ’;Qi can be found for both
L even and odd. Furthermore, the u-plane integral can be evaluated using
mock modular forms for point observables p € Hy(X) and Appell-Lerch sums
for surface observables z € Hy(X) [34].

In [83] it is furthermore shown that in the above mentioned renormalisation,
any Q-exact operator (such as I(S,Y")) decouples in DW theory. However, it
is clear that the insertion of I(S,Y") crucially changes the integrand, making
the Siegel-Narain theta function symmetric. Instead of inserting I(S,Y), we
can contemplate adding a(S,Y’) for an arbitrary constant «. It was noticed
in [84] that the Siegel-Narain theta function ¥y, , for by = 0 with the insertion
alg remains finite at weak coupling (Im7 — oo) if and only if &« = 1. This can
be seen from the exponential prefactor in (6.52), whose exponent is negative
definite if and only if Z (which we suppress in the notation) is the complex
conjugate of z.

6.4.3 Single-valuedness of the integrand

An essential requirement, for the consistency of the theory, is that the path
integral (6.53) is single-valued. For this it is advantageous to first change
variables in the 1-integral as

127ias da d*u
V2 drda?®

This is because the coefficient function of ¢ A ¥ in yw is modular, while the

Y AY and Y AY coefficients of yw are only quasi-modular. Such shifts (6.59)

W =1+ (6.59)

410ne could also contemplate switching the order of integration, and integrate over 1 first.
This would however not necessarily result in a similar function to (6.57), and it might not
be possible to use the results of [84].
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leave the measure of [[dy] invariant, as d¢p = d¢)’. Due to the order of inte-
gration in (6.53), the change of variables (6.59) is well-defined. Since Y is also
Grassmann-odd, ¥ and Y A-commute. This gives

V2i dr 'y 9\/_7T2
—Y Y. 6.60
277Ty daw v 16y da (6.60)

Let us use the notation of section 6.2.1. Tt is argued in [76] that ¢/’ transforms
as (—1,1)0, Using (6.5), one then finds that yw = (—1,1)""? transforms
precisely as p = (—1,1)19 such that z = p + 2iyw = (—1,1)19) is a
modular form and transforms exactly as in the 7 (X) = 0 case.

Furthermore, it is auxiliary to define [76, (2.14)]

d
S =5+ 47riy£w. (6.61)

It is well-defined, as S’ = (1,1)(? is fully invariant. In contrast to (6.59),
this is not a change of variables or a redefinition, but rather a substitution to
simplify some expressions. For instance, the elliptic variable now reads

S’ du
= —— .62
o2m da’ (6.62)

which takes the same form (6.29) as in the simply-connected case.
By incorporating the shift of ) — 1’ together with (6.61) we find that the
contact terms and observables in (6.54) and (6.55) can be written as

d 2d
Io+m_2pu+5'2T+\/_a1 U/Q/J 3 CL1G3U/Y+\/___T /w’/\w’

—@ag—/S’/\w +£z /Y/\Y

(6.63)
All terms but ST are modular functions with trivial multipliers. Due to
(6.62), the quasi-modular shift of 7" combines precisely with the one of ¥(, z).

Measure factor

Since A oc i, da = = % ,ng de _ 1ly.9. from (6.8) we have that v o
95T dr 8i U293 du 272Y3 a
(%Izﬁ and therefore
ﬁS—l—o
D — & 6.64
(19219?’)3 by ( )

We find that under the generators of [°(4), 7 = (—1, e~ ™/4)@=F+01.0) For
this we have used that o + by = 2 and that b; is even.

We also need to consider the fermion measure. As we have discussed earlier,
this comes with an overall factor of y’% which gets absorbed by a similar factor
coming from the photon partition function. This leaves us with Hflzl dc;, which
has weight (—by,0), since ¢ has weight (1, 0) [72]. So after the integration over
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D, n and y, and after changing integration variables from da A da to dr A dT
the measure of the integral will have weight (—2 — by, —2), and we thus need
the rest of the integrand to have weight (2+b;,2). Finally, the transformations
of the Siegel-Narain theta function \Ifi (7, 2) can be found in Appendix A.7.
The integrand of the u-plane integral (6.53) reads
T} =dr nd7 /[(w] o (1, z)elotn, (6.65)

Tb1

Since it is integrated over the fundamental domain of T'°(4), in order to check
whether the integral is well-defined juJ must transform as a modular function
for T°(4) with no phases. In Table 3 we collect the phases and weights of the
individual factors as discussed above. This shows that the integral is indeed
well-defined.

object dr Nd7 | [, [di)] 7 U (7, 2) clo+in 77
weight | (=2,-2) | (=b1,0) | (2= %2 +b,0) | (%,2) | (0,0) | (0,0)
T 1 1 -1 -1 1 1

S-ir-18 1 1 67% eﬁig e_:i-il e:ijl 1

Table 3: Modular weights and phases of the u-plane integrand (6.65) under I'°(4) transfor-
mations. This proves that Jl;]('yT) = j;l] (1) for any v € T°(4).
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7 Discussion and conclusion

In this thesis, we have studied in detail the modularity of a class of N' = 2
supersymmetric field theories. Being a manifestation of duality, modularity
gives a precise description of duality and thus provides nontrivial insight into
the dynamics. For the asymptotically free SU(2) theories with fundamental
matter, we have found that the modularity is mildly obstructed by branch
points, which give rise to the superconformal Argyres-Douglas points. In the
superconformal Ny = 4 theory, for specific masses the order parameters are
enhanced to bimodular forms, as they are modular in two parameters. For
more general mass configurations however, branch points will also appear.

When the gauge group is enlarged to SU(3), we rather found that there
exist elliptic loci which allow a modular parametrisation. With the inclusion of
fundamental matter, such elliptic loci become more complicated, but in certain
examples can be found explicitly.

These results vastly generalise earlier work by Seiberg and Witten [45, 46],
Nahm [101], Malmendier and Ono [77], Klemm, Lerche, Theisen [96] and others
on the modularity of the Coulomb branch for A/ = 2 supersymmetric Yang-
Mills theory and AN/ = 2 supersymmetric QCD. They open up several new
directions for further research, as will be discussed in the following.

The fundamental domains obtained in this thesis are used as integration
domains for topological correlation functions, when the theory is formulated on
a four-manifold. We found that by coupling the theory to background fluxes,
the constraint on the gauge bundle can be lifted. This allows to study a larger
class of topological correlation functions. We investigated the definition, anal-
ysis and evaluation of such u-plane integrals for SU(2) N' = 2 supersymmetric
QCD with Ny < 4 arbitrary masses on a compact four-manifold. The change
of variables from the u-plane to fundamental domains for the effective coupling
allows to express the integrands as generalisations of mock modular forms.

Another application of the fundamental domains is the study of BPS spec-
tra. Many four-dimensional A = 2 theories have the property that their
spectrum of BPS states can be encoded in a quiver, the BPS quiver [296,297].
Recently, it has been proposed that BPS quivers can be obtained from the
fundamental domain of a particular 4d N' = 2 theory through a simple map
[1,129,298]. This is due to the fact that fundamental domains encode the mon-
odromy matrices, whose eigenvectors are the charge vectors of BPS states. It
would be interesting to expand these ideas to non-modular configurations.

As mentioned in section 4.7, it would be interesting to extend our work
on SU(3) to higher rank gauge groups, such as SU(N). While the elliptic loci
are more subtle in this case, an approach similar to the one for the rank one
theories could be worth exploring. In rank one, we match the J-invariant of
the elliptic curve with the modular j-invariant. When 7 is a rational function
of the order parameter, then this relation can be equivalently expressed as
a polynomial equation (such as in Sections 2 and 3). For rank two, genus
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two curves are isomorphic if and only if their absolute invariants z;, x5 and
zg (as defined in (41.97)) coincide. The absolute invariants themselves are
rational functions of Siegel modular forms of weight 0, which are meromorphic
on the genus two Siegel upper-half plane Hy > Q. Thus from z; = z;(Q),
i =1,2,3 we find three equations for the two variables v and v. For pure SU(3)
for example, these equations are necessarily equivalent to the system (4.36).
By multiplying with the denominators of z;(2), we obtain three two-variable
polynomial equations over the field of meromorphic Siegel modular forms of
weight 0. Such a reformulation however likely runs into the same problem
as the map to Rosenhain form, essentially since it does not circumvent the
Schottky problem [299,300]. It would be interesting to find a general solution
to this problem.

It would furthermore be very interesting and challenging to extend our
techniques and results to other AV = 2 supersymmetric theories. Many N = 2
field theories in four dimensions can be obtained from geometric engineering
[20,21] in Type ITA string theory on local Calabi-Yau threefold singularities
[22,23]. They are also closely related to five-dimensional theories compactified
on a circle, as a consequence of the Type-ITA/M-theory duality [301, 302].
Arguably the simplest such five-dimensional theories are the rank one theories
with £, flavour symmetry [129, 166,298, 303]. Their circle compactification
gives a class of four-dimensional N’ = 2 supersymmetric theories, which are
related by mass deformations, starting from Fg to E, with n < 8. The FEg
theory itself can be obtained from the E-string theory [304].

Another motivation to study N = 2 theories in four dimensions is to ex-
plore indirectly the non-trivial six-dimensional N' = (2, 0) superconformal the-
ories [305-307]. It can be realised as the worldvolume theory of a stack of N
parallel M5-branes [308]. By a twisted compactification of the 6d supercon-
formal theory on a Riemann surface, the so-called class S of 4d A = 2 super-
symmetric theories are obtained [20,21,112,113]. The class S theories include
the rank 1 SCFTs [155,309,310], general non-Lagrangian theories [64,82, 109]
and the above mentioned circle compactifications of 5d SCFTs. This six-
dimensional construction gives a geometric perspective on the S-duality of
Seiberg-Witten theory. It furthermore gives rise to the AGT correspondence,
which is a conjectured equality of many class & observables with 2d CFT
correlation functions [172,311,312].

It would be interesting to generalise our results on the topologically twisted
theories and study the Coulomb branch integrals of other N' = 2 theories, such
as those of class §. While the topological twist of Donaldson-Witten theory
can be implemented in any such theory, the formulation and evaluation of
correlation functions as integrals over fundamental domains has been achieved
to date only for a selection of N = 2 theories and four-manifolds [73, 74, 77—
80,84, 85]. Tt would further be fruitful to study the relations to 2d N' = (0, 2)
theories [63], vertex operator algebras [65], topological modular forms [62], and
investigate the possibility to establish new four-manifold invariants [63,85].
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In view of the arguments given in section 1.1 on the complexity for the
dynamics of supersymmetric quantum field theory with decreasing N, it would
be interesting to explore whether our results can be used to learn about the
dynamics of theories with less supersymmetry, for instance N' = 1. Such
supersymmetry breaking has already been studied in the 1990s [45,149,150,251,
313,314], with revived interest due to relations to integrable systems [121,315]
as well as line defects and 't Hooft anomalies [276, 316].
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A Automorphic forms and elliptic curves

In this Appendix, we collect some properties of modular and automorphic
forms, as well as elliptic curves. For further reading see for example [59, 145,
154,217,224, 225,287, 317-321].

A.1 Elliptic modular forms

We make use of modular forms for the congruence subgroups I'y(n) and I'(n)
of SL(2,Z). They are defined as

r0<n):{(“ 2) €SL27Z)c=0 mod n}

b
d

(A1)

)1
=
—~
3
S~—
Il
—N
RS
o

) € SL(2,Z)|Z)EO mod n},

and are related by conjugation with the matrix diag(n,1). We furthermore
define the principal congruence subgroup I'(n) as the subgroup of SL(2,Z) 5 A
with A =1 mod n. A subgroup I' of SL(2,Z) is called a congruence subgroup
if there exists an integer n € N such that it contains I'(n). The smallest such
n is then called the level of T'.

We furthermore make use of the theta group [322]

[y = (T?,S) C SL(2,Z). (A.2)
It is a congruence subgroup of SL(2,7Z), as [321,323]"

Iy={A€SL(2,Z)JA=1 or S mod 2}. (A.3)

Eisenstein series

We let 7 € H and define ¢ = €2™. Then the Eisenstein series Ej, : H — C for
even k > 2 are defined as the ¢-series

Bur)=1- 2% oy 1(n) ", (A.4)

with ox(n) =324, d* the divisor sum. For k > 4 even, E}, is a modular form
of weight k for SL(2,Z). On the other hand Ej is a quasi-modular form, which
means that the SL(2,Z) transformation of Ey includes a shift in addition to
the weight,

ar +b 9 6t
E, (CT n d) = (7 4+ d)*Ex(T) — ;C(CT +d). (A.5)

From the S-transformation, we find that

Ey(e™3) =0,  Eg(i) =0, (A.6)

42Tt can also be written as the group of matrices (‘; 2) with a+b+c+d =0 mod 2, or
ab=cd =0 mod 2.
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and the zeros are unique in SL(2,Z)\H according to the valence formula for
modular forms on SL(2,Z). Any modular form for SL(2,7Z) can be related to
the Jacobi theta functions (1.14) by

1 1
Bo= LSSl By= L@ o)l oD@ -vd.  (AT)

All quasi-modular forms for SL(2,Z) can be expressed as polynomials in F,
E4 and Eg. The derivatives of the Eisenstein series are quasi-modular,

271 27

_ /
5 — (EyEy — Eg), Eg= -

271

(A.8)
These equations give the differential ring structure of quasi-modular forms on
PSL(2,7Z). With our normalisation (1.7) the j-invariant can be written as

Eé - (E2 E4)7 Eé/l

E} (95 — U301 +9%)°
=1728———= =2
g T T s

(A.9)

Theta functions

The Jacobi theta functions ¥, : HH — C, j = 2, 3,4, are defined as

= X w0 = S0 00 =S

T‘EZ-i-% neZ nez

with ¢ = *™7. These functions transform under T, S € SL(2,Z) as

S 9y(=1/7) = V—=irOy(1), O3(=1/7) =V —=it93(7), V4(—1/7) = vV —iT0(7)
T: Yao(r+1) :e%ing(T), U3(1 + 1) = J4(7), Va(T + 1) = 93(7).
(A.11)

They furthermore satisfy the Jacobi abstruse identity
V5 + 05 = 0. (A.12)

Derivatives of modular functions are described by Ramanujan’s differential
operator. It increases the holomorphic weight by 2 and it can be explicitly
constructed using the theory of Hecke operators. For the derivatives of the
Jacobi theta functions, one finds

DUy = 195 (B> + 95 + 9)
DV = 195 (B2 + 93 — 93) (A.13)
DV = 393 (B2 — 95 — 05)

where D = 3= ddT =qd g, and Ej is the quasi-modular Eisenstein series (1.7) of

weight 2, transforming as (A.5).
4
The modular lambda function is defined as A\ = %, and is a Hauptmodul
3
for I'(2).
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Another class of theta series is provided by the one of the A, root lattice,
b3,j - H — C,

b3’j<7') = Z qk%+k§+k1k2’ ] c {_17 07 1} (A14)

k1,k2€Z+%

It is clear that b3 1 = b31. The transformation properties under SL(2,Z) are

1
S . b37j (——) Z Wg']l bgl

V3, s (A.15)
T: b37j(7' + 1) = w% bg}j(T),
with ws = €?™/3. The b ; series can be expressed through the Dedekind eta
function (A.19) as
n(3)” + 3n(37)°
n(7)

A relation to the Jacobi theta functions is given by

b3,0(7_) - ) b3’1(7') = 377(37—)3. (A16)

5370(7‘) = 193(27‘)193(67’) + 192(27')’(92(67’) (Al?)

Dedekind eta function

The Dedekind eta function n : H — C is defined as the infinite product

[e.e]

n(r)=qu [[1—¢q"). q=e"". (A.18)

n=1

It transforms under the generators of SL(2,

Z) as
S n(=1/7) = V=irn(r),

(A.19)
T: nir+1)= el n(7),

and relates to the Jacobi theta series as n° = %192193194. The derivative of 7 is
given by ' = 551 E».

Quotients of n-functions are frequently used to generate bases for the spaces
of modular functions for congruence subgroups of SI(2,Z). We use the follow-
ing
Theorem 1 ( [224,225]). Let f(7) = [[5nn(d7)™ be an n-quotient with k =
%Zéwm €Z and 3 55 0rs = D 5N Nrs =0 mod 24. Then, f is a weakly
holomorphic modular form for T'o(N) with weight k.

Atkin-Lehner involutions

The modular groups of n|h-type are defined in the following way [58]. Consider

(ae o/ h) (A.20)

cn  de

matrices of the form
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with determinant e, where a, b, c,d,e, h,n € Z, and h is the largest integer for
which h?|N and h|24 with n = N/h. These matrices are also referred to as
Atkin-Lehner involutions.

In the case that n is a positive integer and h|n, we define T'q(n|h) as the set
of above matrices with e = 1. For any positive integer e which satisfies e|n/h
and (e,n/eh) =1 (e is called an ezact divisor of n/h), one can include also
matrices of the above form with e > 1, forming a group denoted by I'g(n|h)+e.
In fact, this construction works for any choice {ey, e, ...} of exact divisors of
n/h, resulting in the group To(n|h) + e1,es,.... If h = 1, the |h is omitted
in the notation, and in case that all the possible e; are included, the group is
simply denoted by I'g(n|h)+.

In the I'Y convention the notation simplifies, since I'°(n|h) = I'°(%). This
can be checked by conjugating (A.20) with diag(n,1). The extension by non-
unity determinant matrices follows by analogy.

Fundamental domains

A key concept of the theory of modular forms is the fundamental domain. A
fundamental domain for a group I' C SL(2,R) is an open subset F C H with
the property that no two distinct points of F are equivalent under the action
of I and every point in H is mapped to some point in the closure of F by the
action of an element in I'. The quotient I'\H can be compactified by adding
finitely many points called cusps. Cusps are I'-equivalence classes of QU {ico}.
Special points in the fundamental domain are the elliptic fixed points, which
are points in H that have a non-trivial I'-stabiliser. There, the quotient T"\H
becomes singular. Elliptic points can always be mapped to the boundary of
the fundamental domain. They furthermore contribute non-trivially to the
order of vanishing, which determines the dimension of the spaces of modular
forms for fixed weight.

A.2 Siegel modular forms

Ordinary modular forms are constructed by the action of an SL(2,7) Mobius
transformation on the upper half-plane H. Siegel modular forms [287,319,324]
generalise this notion by introducing an action of Sp(2¢g,Z) on the so-called
Siegel upper half-plane H,,, which works for any genus g € N.

Define the Siegel modular group of genus g as

Sp(29,Z) = {M € Mat(2g: Z) | MTJM = J} with J = (,ﬁ’lg ]109) . (A21)

The group Sp(4,Z) can be generated [287] by the elements J and T' = <]10"" fg)
with s = sT. The Siegel upper half-plane

H, = {2 € Mat(g;C) | Q" = Q, ImQ > 0} (A.22)
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consists of complex symmetric g x g matrices whose (componentwise) imaginary
part is positive definite. This generalises the ordinary upper half-plane H = Hi.
For example, for g = 2 this means that

Q0= (T” 712) , Immy >0, Im7yyImr, — (Im7yp)® > 0. (A.23)

Ti2 T22
An element v = (4 B) € Sp(2g,Z) acts on the Siegel upper half-plane by
Qs 7(Q) = (AQ+ B)(CQ + D). (A.24)

A (classical) Siegel modular form of weight & and genus g is then a holomorphic
function f : H, — C satisfying

f((Q)) = det(CQ + D)* £(Q) Yy = (A B) € Sp(29,7Z), (A.25)

¢ D

where for ¢ = 1 holomorphicity at ioco is required in addition.

Theta series provide an explicit class of classical Siegel modular forms. For
a, b € Q% and Q € Hy, define

© {a} Q) = Z exp (mi(k + a)"Q(k + a) + 2mi(k +a)" b) . (A.26)

b
keZ?

We are especially interested in the case where the entries of these column

vectors take values in the set {0, %} The corresponding theta functions are

usually referred to as the theta characteristics. We call v = [§] an even (odd)

characteristic if 4a"b is even (odd). In the case of genus two there are ten even
theta constants [318],

1
or=0" % e=0l! % es=0| ° ei=0|" U e;=0z Y,
0 0 11 10 0o 1 0 0
. (A.27)
—509—@0%9—@%%(9—@0%9—9§%
© =0 |7 1] =01, ol ©8=©|5 g ©9= 1og) 10 = 1

All even theta constants can be related through algebraic identities to four
fundamental ones, ©1, Oy, O3, O4 [318].
The above theta functions are weight % Siegel modular forms for a subgroup
of Sp(4,7Z). Their transformation properties under the Siegel modular group
can be found in [319].

A.3 Fundamental domains

Here we present an algorithm to draw fundamental domains for discrete groups
G C SL(2,R) acting on H by 7 ZLTTIS, based on [58]. Let us assume that G
contains T for some s € Q, and define O(7*) = {7 € H|Re7 < ;}. For all

other elements X where ¢ # 0, define

O(X) = O (2, +EX) (A.28)



where O(c,r) = {7 € H| |7 —¢| > r} is the exterior of a half-circle in H around
¢ with radius r > 0. A fundamental domain for G is then given by

R= (] OX). (A.29)

XeG\1

If a set of generators of G is known, (A.29) is an intersection of finitely many
regions: for products of generators the circles becomes smaller. In practise it
is enough to run (A.29) over the generators and their inverses. We denote by

Cr(c) =00(c,r)={r € H||tr —c| =71} (A.30)

the half-circles around ¢ with radius r. For any X € G they are given anal-
ogously to (A.28). Then by (A.29), the boundary of R which does not have
constant real part (generated by 0O(T*)) are piecewise arcs of circles C,(c).

A simple Mathematica code to draw fundamental domains from a set of
generators is the following:

gl = MatrixPower[T, 4]; g2 = S.T.S; g3 = gl; g4 = g2;

w = 4; (*width at infinity*)

left = -1/2; (*left boundary*)

p=2; (*depth of algorithm*)

prod = 4; (*number of generatorsx)

T = {{1,1}, {0,1}}; s = {{0,-1}, {1,0}};

Flatten[Table [MatrixPower[gl, k1].MatrixPower[g2, k2].MatrixPower[g3, k3].
MatrixPower[g4, k4], {k1,-p,p}, {k2,-p,p}, {k3,-p,p}, {k4,-p,p}], prod-1];

list = DeleteCases([%, x_ /; x[[2, 1]1] == 0];

t = DeleteDuplicates[Flatten[{list, Inverse /@ list}, 11];

circ[x_?MatrixQ] := {x[[1, 1]1/x[[2, 111, 1/Abs[x[[2, 1]111};

CR = Thread[circ[t]];

lines = ContourPlot[Product[(x - (left+k)), {k, 0, w}] == 0,{x, left-0.01,
left+w+0.01}, {y, O, w}, ContourStyle -> {Orange}, ImageSize -> Large];

Table[pl[k]=ContourPlot [(x-CR[[k,1]]) "2+y~2==CR[[k,2]]1"2,{x,left,left+w},{y,0,w},
Axes->True, ImageSize->Large, AspectRatio->Automatic], {k,1, Length[CR]}];

Show[{Table[pl[k], {k, 1, Length[CR]}], lines}]

© 0 N O U s W N
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For standard subgroups, fundamental domains can be drawn using Verrill’s
Java applet [325] or the FareySymbol class in Sage [320].
Modular curves

A subgroup I' of SL(2,Z) is a congruence subgroup if I' O T'(N) for some
N € N, which is called the [evel of I'. The (projective) index of a congruence
subgroup I is defined as

indT = [PSL(2,Z) : T}, (A.31)

and it is finite for all N. By SL(2,Z) we strictly mean PSL(2,Z) in the
following. In fact, one can prove [145]

ind (V) = N* | (1 — pi) . idI°(N) =NT] (1 + %)  (A.32)

p|N p|N
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where the sum is over all prime divisors of N. It can also be computed in the
following way. The volume of the curve I'\H is defined as

vol(T'\H) = / g, (A.33)

I\H

where dy = y~2 dady is the hyperbolic metric on H, with 7 = z + Imy. Since
vol(SL(2,Z)\H) = % can easily be computed, the index of any I' C SL(2, Z) is
then given by

indI' = %VOI(F\H). (A.34)

Let I be a congruence subgroup of SL(2,7Z). Cusps of I' are I'-equivalence
classes of QU{oo}. Adjoining coordinate charts to the cusps and compactifying
gives the modular curve X (I') := I'\(HU QU {ico}). The isotropy (stabiliser)
group of oo in SL(2,Z) is the abelian group of translations,

SL(2,Z)e = {(17) : m € Z}. (A.35)

For each cusp s € QU {ico} some d; € SL(2,Z) maps s — oco. The width of s
is defined as

hr(s) = [SL(2, Z)oo/ (616, 1) oo] - (A.36)

It can be proven that this definition is independent of §,. For a fixed group I it
can be viewed as a well-defined function QU {ico} — Ny. It is straightforward
to show that the sum over the widths of all inequivalent cusps C is equal to
the index [327]
> hr(s) = indT. (A.37)
seCr
The width of 0 (which is the level) is the lem of all widths, and the width of
oo is the ged of all widths.
Other invariants of modular curves are the elliptic fixed points. A point
7 € H is an elliptic point for T' if its isotropy (stabiliser) group is nontrivial.
The period of T is defined as the order of the isotropy group. It can be shown
that any congruence subgroup of SI(2, Z) has only finitely many elliptic points,
and the period for any point 7 € H is 1, 2 or 3.

Riemann-Hurwitz formula

Let f : X — Y be a nonconstant holomorphic map between compact Riemann
surfaces X,Y. It has a degree n € N, such that |f~!(y)| = n for all but
finitely many y € Y. More precisely, for each point x € X let e, € N be the
ramification degree of f at x, i.e. the multiplicity with which f takes 0 to 0
as a map in local coordinates, making f an e,-to-1 map around x. Then there
exists a positive integer n such that

Z er =1 (A.38)



for all y € Y. If gx and gy are the genera of X and Y, the Riemann-Hurwitz
formula
20x —2=n(20y —2)+ Y (e, — 1) (A.39)
zeX
states that the Euler characteristic of X is that of Y multiplied by the degree
n of the cover, corrected by contributions from the ramification points. It is
obvious that gx > gy, otherwise f is not holomorphic.

This allows to compute the genus of a modular curve X(I') for any con-
gruence subgroup I' C SL(2,Z). For this, let X = X(I') and Y = X(1). Let
ys = SL(2,Z) -i, y3 = SL(2,Z) - €% and e, and &3 be the number of elliptic
fixed points of period 2 and 3 for X (I"), and finally y., = SL(2,Z) - 00 and e
be the number of cusps X (I'). Then e, — 1 is only nonzero when = € f~!(y)
for h = 2,3, 00. Since gx) = 0, it follows from (A.39) that

g=1+4-—-—2_3_ =y (A.40)

where ¢ = gx) and n = indT'. See, for example, [145] for a more detailed
derivation of this formula.

Conjugacy classes of subgroups of SL(2,Z) can be classified by the data
(n, €00, €2, €3) together with the set of widths of the e, cusps. For instance, the
subgroups of SL(2, Z) of index n = 6 have been completely classified [154,328].
There are precisely 22 subgroups that fall into 8 conjugacy classes, and they
are listed in Table 4. It has been shown in [329] that every subgroup of SL(2, Z)
with index n < 6 is a congruence subgroup. Examples of noncongruence sub-
groups of SL(2, Z) of index 7 have been constructed already in the 19th century
by Fricke. Hauptmoduln for low index subgroups of SL(2,Z) are studied in
more detail in [115,330].

A.4 McKay-Thompson series

For discrete genus 0 subgroups of PSL(2,R), Hauptmoduln corresponding to
174 Atkin-Lehner groups are known [331]. Conway and Norton [36] conjectured
a natural Z-graded representation V,, of the Fischer-Griess monster group M.
For every element g € M, we can collect the characters in a g-series

Ty(1) = Y xv.(9)g", (A.41)

n=-—1

which are called the McKay-Thompson series (see also [240,332-330]). For the
identitiy element g = 1 € M, the character counts the dimension yy, (1) =
dim V,,,

Ty(r) = ) dimV,q" = J(7), (A.42)

n=-—1
which famously gives the Klein j-function J = j—744. Since the character of a
representation is a class function, there are as many distinct McKay-Thompson
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(o, €2,€3) CUSDS Hauptmodul |conj|
(1,0,0) 6 g=1 1
(1,0,3) 6 = —272°(2° + 16) 2
(1,4,0) 6 j=27(x* +4)° 3
. 23(x+12)3
. z°(x+8
(2 2 0) 442 j= é;;)g 3 3
(2,2,0) 5+ 1 j = oo 6
. 2+192)3
(3,0,0) 24+2+2 jzﬁ 1
. (z°448)
(3,0,0)  4+1+1 j=LEE0 3

Table 4: Classification of conjugacy classes of index 6 subgroups of SL(2,Z) [154]. The first
column gives the number of cusps and elliptic fixed points of order 2 and 3. According
to the Riemann-Hurwitz formula (A.40) all but the (1,0,0) one induce genus 0 modular
curves, whose Hauptmodul x is expressed in terms of the j-invariant. In fact the group with
signature (1,0,0) is the only subgroup of SL(2,Z) of nonzero genus and index < 7. The

second column gives the indices of the ., number of cusps, and the last column counts the

number of conjugate groups with the same data. From the expression of j = Z E g as a rational

function in z we learn that degp = n gives the index and the difference deg p—deg g = h(o0)
gives the width of co. The roots of g(x) = 0 then give the cusps in Q with widths provided
by their corresponding multiplicity.

series as there are conjugacy classes of the Monster, namely 194. If g is not the
identity element, the series (A.11) are not modular for PSL(2,7Z) but rather
for a discrete subgroup I'y of PSL(2,R). In fact, the I, are all genus 0 groups
and T, is a Hauptmodul on I')\H [280]. It turns out that all but 3 of the 174
Atkin-Lehner groups of genus zero correspond to McKay-Thompson series.
The series (A.41) are all examples of replicable functions [56-58,337-339)]

Let f be a g-series

1 oo
)= > ang" (A.43)
n=1

with vanishing constant term. For every n € Ny there exists a unique monic
polynomial F, such that

F.(f(q)) = — +0O(q) (A.44)

as ¢ — 0. The F,, are called Faber polynomials. For any f as in (A.43), they
can be defined as F,(z) = det(z1 — A,,), where

Qo 1
2&1 Qo 1
A, = : ‘ S : (A.45)
(TL - 2>an—3 Ap—4 Ap-5 - 1
(n—1ap2 an-g apq - a 1
Nanp—1 Gp—2 Ap-3 -+ A1 Qo
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This allows to write
1 oo
m=1

The g-series f is then said to be replicable if h,,, = h, s whenever mn = rs
and ged(m,n) = ged(r, s). This gives a relatively sparse list of equivalences
between the entries of the infinite matrix (Apn)mnen. In practise one can
truncate the matrix and compare h,,, and h,, for pairs with the given con-
straints. They can be worked out before. For instance, if all series F,(f(q))
are computed up to ¢'#, there are 8 constraints

hie = hagz, hiio=has, hiio="hzs, hi1a=hay,

(A.47)
h2,12 = h4,67 h3,10 = h5,67 h3,14 = h6,77 h5,14 = h?,lO-

A.5 Algebraic modular functions

In this Appendix, we discuss aspects of roots of polynomials over the field
of modular functions for PSL(2,7Z), which describe order parameters found
throughout this thesis. In the following, by I' we mean PSL(2,7Z), unless
specified otherwise. We begin with a

Lemma 1 (Proposition 18 of [59]). Let f € My(I") be a modular form of
weight 0 for a congruence subgroup I C T'. Then f is constant.

Proof. Let a = f(7) for some fixed 79 € H. Let I' = [J; ayI", where the

disjoint union is over j = 1,...,indIV = [I" : I'"]. Consider the function
ind I
g:H=C, 7+ [](fla;'r) —a), (A.48)
j=1

where o '7 is the usual action of I' on H. One finds that g(y~'r) = [
(f((ya;)~'7) —a) for v € T'. This however only permutes the cosets, such that
the terms in the product (A.48) are merely rearranged. Therefore, g(y7) =
g(7) and g is a holomorphic modular form for I and thus constant. As g(7y) =
0, we have g = 0 identically. This means that one of the factors f (a;lT) —a
in (A.18) is zero, such that f(7) = a for all 7 € H. O

Lemma 2 (Exercise III §3 7(a) of [59]). Let f be a modular function for a
congruence subgroup I C I'. Then f satisfies a polynomial of degree indI" =
[[': TV] over the field C(T') of modular functions on T.

Proof. We can recycle most parts of the proof of Lemma 1. Let X € C be a
constant, and let f be a modular function for IV C I", which can be written as
I' =, a;I". The function

ind I

g-H—-C, 7+ H(f(a;lT)—X) (A.49)
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is meromorphic on H and admits a Fourier series, since f does. For the same
reason as before, one finds that g(y7) = g(7) for all v € I' and 7 € H.
Therefore, g is a modular function for I'. The coefficients of the polynomial g in
X are the elementary symmetric polynomials in { foa ', ..., f oogi;é  }. Since
X is arbitrary, the coefficients are also modular functions for I'. Therefore,
ind T’
P(X)= ] (foo;' — X) € C(I)[X] (A.50)
j=1
is a polynomial of degree indI"” in X over C(I") with f as a solution, as de-
manded. O

It is clear from the above proof that some properties of the coefficients of
the modular polynomial are inherited from those of f. For instance, instead of
I' = PSL(2,Z) we can take I' = PSL(2,R) and I" to be an arithmetic (i.e. finite
index) Fuchsian group. Another possibility is to study modular polynomials
for weakly holomorphic functions f on PSL(2,Z), for which the coefficients of
P are polynomials in j. This motivates the following

Definition 7 (Algebraic modular form). Let I be an arithmetic Fuchsian
group, i.e. a discrete finite index subgroup of PSL(2,R). An algebraic modular
form of degree d for I is a root of a polynomial of degree d over the field of
automorphic functions on I". The degree is taken to be minimal in the obvious
sense.

According to Lemma 2, every congruence subgroup I of PSL(2,Z) is an
algebraic modular form for PSL(2,Z) of degree ind[”. This is because con-
gruence subgroups of PSL(2,7Z) have finite index. In some cases, algebraic

modular forms form Galois extensions of the field over which the polynomial
is defined:

Lemma 3 (Section 2.1 in [118]). Let I" be a Fuchsian group of the first kind,
and let T be a subgroup of T' of finite index. Identify Ao(T') (resp. Ao(I")) with
the field of all meromorphic functions on T\H (resp. IT"\H ). Then, I'\H is a
covering of T\H of degree [I' : T']. If T is a normal subgroup of T, one can
consider the automorphisms of T'\H, or equivalently of Ao(T"). Then Ay(T")
is a Galois extension of Ao(I"), and Gal(Ao(I")/Ao(T")) is isomorphic to T'/T".

The principal congruence subgroup I'(N) is normal in PSL(2,7Z), however
neither I'o(N) nor I';(N) are for N > 2. The extension C(X(N))/C(X (1))
of the modular curve I'(N) is Galois with Galois group SL(2,Z/NZ){£1}.

Modular function field extensions are further studied in [340] and [145, Section
7.5].

Application to the SW curves

The above allows us to find a general algebraic description of the Ny =
0,1,2,3,4 SW curves. From section 2 it is clear that g; and g3 are poly-
nomials in u of degree 2 and 3. In Ny < 3, the coefficients of u contain the
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masses 1 and the dynamical scale Ay,. In Ny = 4, they contain the masses m
and the UV-coupling 7,v. We can consider them to be fixed complex numbers.

Consider now the polynomial P(X) (2.13) of degree 6 in X with coefficients
in the field C(I") of modular functions on I'\H. Any solution to

P(X)=0 (A.51)

is called an order parameter for the SW curve. It is important to note that
the polynomial (2.13) is not an invariant of the SW curve. However, since it
is a relative invariant, its roots (A.51) are absolute invariants.

Examples

It is instructive to study some examples. For the pure SU(2) case, up to
C-proportionality one finds"’

P(X) = (=1728 4+ j) + (6912 — j) X? — 9216 X* + 4096 X °. (A.52)

Such a relation also gives a recurrence relation on the coefficients of the Fourier
expansion of any solution u = X. The fact that the coefficients of P(X) can
be normalised to be in Z does however not imply an integer g-expansion of u
(it can for instance also be done for some m € Q" in Ny > 0).

Another example is Ny = 2 with m = (m,m) and m = map = 1. The
polynomial factors over C(I') as

P(X) = (X —2)°((1728 — 55) + 8(1728 — j) X + 36864X> + 32768X°) .
(A.53)

3 which is a constant function in C(T"). If we as-

89
sume that any solution to above equation has index 6, then Lemma 2 gives

Three solutions are X =

a contradiction since if f o ozj_l is constant for some coset representative a;;,
then since «; is a bijection on H also f is constant. But j € C(I') is tran-
scendental and therefore does not satisfy a polynomial equation over Q such
as (A.53). This is true in general, any linear factor of P(X) over C needs to
be divided from P(X). Such constant solutions signal the appearance of an
AD point. The remaining degree 3 polynomial in (A.53) does not factor over
C(T'). However, it does factor over C(I'°(2)), which is genus 0 and generated
by C(I'°(2)) > h : 7 — fop(%) (as demonstrated in section 2.5.3). In order to
see this, let us use (2.92) to write j = @. Then one solution to the degree
equation in (A.53) is X = —(h + 40)/64, which is precisely what is found in
(2.89). The other solutions are related by SL(2,Z) images of h.

One also finds the following

Fact 1. For Ny =0,1,2, the sum over all 6 solutions to (2.13) is zero.

43We set An, =1 in this subsection.
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Proof. The relative invariants g and g3 are polynomials of degree 2 and 3 in u.
For Ny = 0,1, 2, by direct inspection one finds that the coefficients of u in g,
and the coefficient of u? in g3 are zero. Therefore, the coefficient of u° in (2.13)
is zero. By Vieta’s theorem, the sum over the roots of a polynomial >, _ ajz*

an—1

2= Since the u® coefficient is never zero, the claim follows. O
n

1S —

This does not hold for any mass in Ny = 3,4. Field extensions have been
studied in the context of SW theory in [121-123].

Geometric description

The above algebraic construction has a geometric description in terms of Rie-
mann surfaces. We again first lay out the mathematical structure and then
apply it to the family of SW curves.

Let Y be a Riemann surface, i.e. a connected complex one-dimensional
manifold. Furthermore, let

T=y"+ aly”’1 +-4a, € K(Y)[y] (A.54)

be a polynomial in y of degree n over the field K(Y') of meromorphic func-
tions Y — P!(C). In case that in the factorisation of T every irreducible
factor occurs with multiplicity one, the discriminant D of T is nonzero. This
does however not need to be the true. Denote by O the discrete subset of
Y containing all poles of the coefficients a; € K(Y) and all zeros of the
discriminant D. Then, for every point xy € Y\O the polynomial T, =
y" + a1(x0)¢"t + ... a,(x0) has exactly n distinct roots over C. We have
the

Theorem 2 (Thm. 2.2.12 in [119]). The Riemann surface of the equation
T =0 is an n-fold ramified covering m: M — Y together with a meromorphic
function y : M — PY(C), such that for every point zo € Y\O the set of roots
of the polynomial T, coincides with the set of values of the function y on the
preimage w7 (xo) of the point xo under the projection .

The set O of critical values of the ramified covering 7 : M — Y associated
with the Riemann surface of the equation 7' = 0 is strictly contained in O. It
is called the ramification set of the equation 7' = 0. In the field of germs of
meromorphic functions at a point a € Y\O, the equation 7" = 0 has only roots
of multiplicity 1, and their number is equal to the degree of the polynomial 7T'.
Each of the meromorphic germs at a satisfying the equation T' = 0 corresponds
to a point over a in the Riemann surface of the equation.

A.6 Kodaira classification

Let us consider an elliptic curve in Weierstrafl form,
2 _ 4.3
y° = 4x° — gox — g3, (A.55)
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‘ F, ‘ T H ord(gs) ‘ ord(gs) ‘ ord(A) H M ‘ g ‘

Iy | ico 0 0 k T* su(k)
I; | icc 2 3 k+6 PT* | s0(2k + 8)
I; o > 2 >3 6 P 50(8)
I |e5 | >1 1 2 (ST)* -
I |es | >4 5 10 (ST) es
IIT | 1 > 2 3 51 su(2)
| i 3 >5 9 S ¢7
IV [ % || >2 2 4 (ST)2 | su(3)
Ve |e% || >3 4 8 (ST)? ¢

Table 5: Kodaira classification of singular fibers based on the orders of vanishing of g2, g3
and A in the Weierstral model. The value of the complex structure is denoted by 7, while
M is the monodromy and g the associated flavour algebra.

where g, and g3 are functions of some parameter u. This is the case for all
SW curves (2.3), where g and g3 are polynomials of degree 2 and 3 in . The
discriminant of the Weierstrafl curve is A = g3 —27¢2. The study of the elliptic
curves on the discriminant divisor ¥ = {u|A(u) = 0} is the famous Kodaira
classification. At a generic point in ¥, g, and g3 do not vanish simultaneously.
If we denote by ord f the order of vanishing (order of zero) of a polynomial
or power series f at a given point, then on a generic point in ¥ we have
ord(g2, g3, A) = (0,0,1). The various combinations of orders of vanishing of
the invariants go and g3 are classified [11,42], see for a review [341]. At special
points in ¥ both g, = g3 = 0. From (A.55) we see that the curve becomes

3. However the shape of the curve depends on the orders of

cuspidal, 4> = x
vanishing of the respective quantities. The full classification is given in Table
5. The singular fibres of the Kodaira classification are all realised as curves of

physical theories [245,246].

A.7 Siegel-Narain theta function

Let L be an n-dimensional uni-modular lattice with signature (1,n—1). For the
application to the u-plane integral, n = by(X). Let K be a characteristic vector
of L. Its defining property is 1> =1- K mod 2 for every Il € L. Furthermore,
we have that p € L/2.

We consider the Siegel-Narain theta function \Ili :H x C — C defined in
the main text in (5.51). We repeat it here for convenience,

W(r, 7, 2,2) = e ™% N 0 (dmiy/yB(k + b, .J))
kEL+p (A.56)

% (_ 1)B(k,K)q—ch_/2le¢1/2e—2m‘B(z,k,)—2m'B(z,k+)7

where b = Im(z)/y. The transformations under the generators S and T of
PSL(2,7Z) are most easily determined if we shift g — p + K/2. One finds
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[81,84]

St W en(=1/1,=1/7, 2/7,2/7) = —i(—iT)"*(iT)’
x e mME/ IR () B (1,7 2 — 2 — ),
T: U kp(T+1,7+1,2,2) =

TN G (TR 2 E ).

(A.57)
Using these transformations, one finds for the periodicity in 7,

VT +1,7+1,2,2) = W BRI (7 7 2 4y~ K/2,2 + p— K/2)
(A.58)

and for STIT=*S = (}9),

T 7 2 z oy _mikz? i - -
\Il;i(kTJrl’ k741 kr+1° ki—+1) = (lm— + 1) 2 (kT + 1)26 kit e KK \I];i(TvTJ zZ, Z).
(A.59)
We furthermore list the following transformations for z:
e For the reflection z — —z,
J( = o =\ 2miBuK)gJ (o = o 3
U (7,7, —2,—2) = =W (1,7, 2, 2). (A.60)
e For shifting z — z + v with v € L,
J — = _ —2miB(v,u) \yJ = =
v (rT,z+v,z4+v)=e¢ W (7,7, 2, 2). (A.61)

e For shifting z — z +v7 with v € L @ R,

\IJ;]L(T, z + VT) _ e27riB(z,u)qu2/2(_1)fB(V,K) \II;]H-V

(1,7,2,2). (A.62)

We can restrict to v € L/2, if the characteristic g + v is required to be
in L/2.
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