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Abstract

The advances in the manipulation of ultracold atoms trapped by optical lattices has es-
tablished this set-up as a promising analogue simulator of quantum Hamiltonians. The
extended coherence times allow for the monitoring of relaxation processes from non-
equilibrium initial configurations, driven exclusively by intrinsic mechanisms. Fur-
thermore, two-terminal transport measurements analogous to solid state physics are
now routinely performed. This has opened an era of renewed intense activity towards
the topics of non-equilibrium dynamics and transport, and fundamental questions
on localisation and thermalisation in isolated many-body systems. Quasiperiodic
models, long been known, have recently gained relevance due to their realisation in
experiments on the same platform, which fall in this large body of investigations.
Quasiperiodic potentials are incommensurate with the underlying periodicity of the
lattice, neither periodic nor disordered, yet deterministic. This can lead, even in
one-dimension and absence of interactions, to a localisation transition (in the Aubry-
André-Harper or AAH model), an energy-dependent transition or “mobility edge”
(generalised AAH or GAAH model), and critical states yielding anomalous diffusion
(Fibonacci model). The majority of previous studies have been focused on spin or par-
ticle currents, we dedicate most of the thesis to extend the characterisation of their
transport properties, with an emphasis on their thermal features. We first explore
the capability of quasiperiodic models as working mediums in two-terminal quantum
autonomous thermal machines, that convert heat to work through non-equilibrium
steady-state currents of microscopic particles. In particular, we show that the mobil-
ity edge in the GAAH model can function as an energy filter, and demonstrate large
thermoelectric effects, exceeding existing predictions by several orders of magnitude.
We further investigate the interplay with dephasing noise from incoherent scattering.
Heat and electric currents in the Fibonacci model turn from anomalous to standard
diffusive. However, the conductivities exhibit a non-trivial dependence on the de-
phasing strength, which can be exploited to enhance the performance of the device.
These findings open the route to a new class of efficient and versatile quasiperiodic
steady-state thermoelectric engines. Quasiperiodic models further provide a testbed
to investigate the possibility of many-body localisation (MBL). While the AAH model
displays single-particle localisation and signatures of a possible MBL phase have been
observed in presence of interactions, the lack of parallel experiments leaves to de-
bate whether the anomalous diffusion survives in the interacting Fibonacci model.
We contribute by studying real-time spread of density-density correlations at infinite
temperature via dynamical quantum typicality, an approach not previously applied
to quasiperiodic systems. Our findings suggest a possible crossover to MBL preceded
by a regime of anomalous subdiffusive transport. In the last part of the thesis, we
perform a similar numerical study in frequency rather than time domain. Inspired
by further experimental results on ultracold atoms, we probe the transport proper-
ties of the XXZ model in presence of a integrability-breaking term with initial spin
helix states, characterised by a winding magnetisation profile. Within the eigenstate
thermalisation hypothesis framework, we evaluate correlation functions on statistical
ensembles and on single states using the kernel polynomial method.
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A schematic overview on the construction method for the Fibonacci sequence.
(a) The Fibonacci substitution rules. In order to generate the next string, one
replaces each up (indicated by the pair of bunnies) with u4 (a pair of grown-
up rabbits), and each ug by uqup. (b) The next iteration of the Fibonacci
sequence is built by applying the substitution rules to each of the elements. .
(a) Scaling of the IPR with system size for the eigenstates of the Fibonacci
chain in the middle of the spectrum ¢ = N /2, at different values of potential
strength u, and t;, = 1. Each set of data is fitted by f ~ NP, indicated in
dashed lines. (b) The scaling exponent of the IPR extracted from the fits in
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Schematic of a typical configuration to study quantum transport. The quan-
tum system of interest .S is connected to two reservoirs at thermal equilibrium.
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and J(f, respectively in the left and right lead, within the Landauer-Biittiker
framework. . . . . . . L L
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two reservoirs in WBL approximation, whose analytical expression is given in
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centred in FF = ¢y with maximum valueof 1. . . . . . . . . . . ... ...
Transmission function for the clean one-dimensional tight-binding model when
coupled in WBL approximation to two baths, with coupling strength v (V,, =
0 and tp, = 1). (a) For N = 10 sites, we observe a series of peaks at the eigen-
ergies of the system, which are d-functions in the limit v — 0 and broaden
as v increases. For N = 100 the single peaks are still distinguishable for (b)
~v = 0.1 and look partially merged at (¢) y=2.5. . . . . . .. ... .. ...
(a) The Fermi-Dirac distribution derivative of Eq. (2.48), with a negative
sign. We notice that it is an even function of (E — 1), different from zero only
within an energy window of order ~ kgT'. It thus defines the effective energy
window contributing to the transport coefficients integrals of Eq. (2.50). (b)
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(a) A boxcar transmission function, which is known to optimise the efficiency
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larger width A. In the limit of a perfect step transmission function, the power
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energy filter in the central system, blocking the transport at certain ener-
gies. The temperature bias drives particle (hole) transport above (below)
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of particle-hole symmetry. Finite electric current and, consequently, output
power are instead obtained by differentiating the dynamics of the particles
at energies above and below the chemical potential. This mechanism can be
realised through transmission functions as in Figs. 2.5a or 2.5b. . . . . . . .
The maximum efficiency reachable by a heat engine in linear response regime
777(7}12:5 (Eq. (2.67)) and the efficiency at maximum power output 7)(Ppqz)
(Eq. (2.68)), both as a function of the figure of merit Z7T'. We notice that un-
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averaged over different realisations, by integrating ¢ from 0 to 27. Adapted
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Spectra for single GAAH wires of length N = 987, generated with (a) A =
—0.8 tp, a = 0.792, ¢ = 0 (dashed vertical line in Fig. 1.7), and (c) A =
—14t, o = 0.330, ¢ = 0. The mobility edge is shown by the red line.
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(a) Electric conductance and (b) thermal conductance as a function of chem-
ical potential at fixed temperature T = 0.1(¢5,/kp). The mobility edge is
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(a) Seebeck factor and (b) thermoelectric figure of merit as a function of
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(a) Maximum power and (b) efficiency at maximum power as a function of
chemical potential at fixed temperature 7' = 0.1 and bias AT = 0.01(¢,/kp).
Blue circles mark the points of absolute maximum power. The mobility edge
is shown by the red line. . . . . . . .. .. ...

(a) Electric conductance and (b) thermal conductance as a function of chem-
ical potential at fixed temperature 7' = 2.0(t,/kp). The mobility edge is
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(a) Absolute maximum power and (b) corresponding efficiency at maximum
power as a function of temperature with AT /T = 0.1. The solid black lines
show results obtained by optimising the power only over values of p that
give rise to a particle current flowing from the hot to the cold bath, Jy > 0.
The dashed blue lines are instead obtained by restricting the maximisation
to Jy < 0. The chemical potential yielding this maximum power is shown in
theinset. . . . . . . . . L

The efficiency at maximum power output for Jy > 0, indicated by the black
solid line in Fig. 3.7, reaches a minimum at temperature 7' = 0.5(t3/kp).
We show the thermodynamic coefficients at this temperature: (a) electric
conductance, (b) thermal conductance, (c) Seebeck factor, and (d) figure of
merit. The mobility edge is shown by the red line, while the dashed black
vertical line indicates the chemical potential maximising the power output
p* = 1.14t;, and used to compute the minimum of the curve in Fig. 3.7.

(a) Absolute maximum power and (b) efficiency at maximum power, as in
Fig. 3.7 but using a clean (i.e., nondisordered) wire as a working medium.
Identical values for positive and negative current are obtained at symmetric
chemical potentials relative to the center of the conducting region (inset). . .
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Dependence of the thermoelectric properties on the system-bath coupling
strength ~, fixing the temperature at "= 0.1 t;/kp. (a) Electrical conduc-
tance as a function of the distance between the chemical potential and the
mobility edge, indicated by the red line, obtained for multiple choices of . All
curves have the same form and differ only in their magnitude. (b) Figure of
merit around the mobility edge for different +. Since the Onsager coefficients
are modified by the same pre-factor, their combination is y-independent and
the different curves completely overlap. (c) As a consequence of the same
argument, the efficiency at maximum power as a function of the system-bath
coupling, for a fixed chemical potential, u — E. = 1.57 t}, remains constant
with « is changed. (d) Maximum power transferred by the machine. It is
evident that it is possible to tune the system-bath coupling in such a way to
optimise power without changing efficiency. . . . . . . . . . .. .. ... ..

(a) The transmission function for the set-up in the same configuration as in
the main text computed with NEGF (green lines), overlapped by a series
of boxcar (black lines) following its profile. Comparison of (b) the electric
conductance, (c) the Seebeck factor and (d) efficiency at maximum power
obtained from the calculated transmission (solid green line) and from the
boxcar approximation (dashed black lines). The position of the mobility
edge is shown by thered line. . . . . . . . . . .. ... .. ... ......

Comparison between the transport coefficients computed through the exact
Landauer-Biittiker integrals (solid black line), and the approximated forms in
Egs. (3.9)—(3.11) (dashed blue line). (a) Electrical conductance. (b) Seebeck
coefficient. The parameters of the system are the same as in the main text,
but with a weak coupling of v = 0.01 ¢,. The proportionality factor of 0.06
in (a) is a free parameter, which encapsulates the microscopic details of the
eigenfunctions that are neglected in the approximations. The position of the
mobility edge is shown by the red line. . . . . . . . . . . . . ... ... ..

(a) Electrical conductance and (b) Seebeck coefficient at low temperature
T = 0.1 ty/kp and v = 0.01 ¢;,. The quantities are computed through
the exact Landauer-Biittiker integrals (solid black line), and the analytical
formulae in Egs. (3.12) and (3.13) (dashed blue line). The proportionality
factor of 6.0 in (a) is a free parameter, which reflects the fractal structure of
the transmission function that is neglected in the boxcar approximation. The
position of the mobility edge is shown by the red line. . . . . . . . . .. ..

(a) Mean squared displacement Az? of a state initially localised at the middle
of a non-interacting Fibonacci chain of N = 1001 sites is computed in time
for different example values of the potential strength u. The dashed lines in
the log-log plot show the fits Az? ~ t¥. We notice the curves saturating at
low u as the wavepacket has spread over the entire system, where the fast
dynamics makes the finite size of the system visible at shorter times. (b)
The extracted exponent v varies continuously with u, indicating anomalous
diffusion. . . . . . oL Lo

Example of zero-dephasing transmission function 77 z(F) of a single Fibonacci
chain realisation of size N = 200, at u = 2.0. In the inset, we explicitly show

the self-similarity of the structure by zooming on a portion of the energy axis.
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(a)-(b) Scaling with IV of coherent heat and electric currents in the Fibonacci
model with hopping parameter ¢, = 1 and coupling to the baths v = 1, for
different potential strengths u, indicated in the color legend. The thermody-
namic parameters are T'= 1, AT = 0.1, Ay = 0.1. The chemical potentials
are respectively p = —2,—2.4,-2.8 3.3, -5.2. (c) Scaling exponent ex-
tracted from the electric G ~ N~%¢ (blue dots) and thermal conductance
K ~ N7?K (red stars) associated to the currents in (a)-(b), at the same
parameters. The dashed line indicates the value of a at which transport is
diffusive. The error bars are given by the asymptotic error in the fits. (d)
Scaling exponents for G (dots) and K (stars) computed in different thermo-
dynamic configurations given by the colors in the legend. We notice that they
do not depend on the thermodynamic configurations. . . . . . . . . . . ..

Electric (a)-(c) and heat (b)-(d) currents in Fibonacci chains of length N
at various dephasing strengths 4, indicated in the legends. The dashed
line shows the corresponding currents at zero dephasing. Currents become
diffusive at any ~4 # 0, so that transport slows down in the superdiffusive
regime for u = 0.5 (top panel), while is enhanced in the subdiffusive regime
for u = 4.0 (bottom panel). The thermodynamic parameters are T' = 1.0,
AT =0.1,and Ap=0.1. . . . . . ...

The electric (blue) and thermal (red) conductivities extracted from the scaling
of the conductances up to a length of N = 200, with v = 4.0. The continuous
lines highlight the dephasing strength 4 that maximises the corresponding
conductivity. The plots are at different thermodynamic configurations: in (a)-
(b), T'= 0.1 and p is taken at two different points in the energy spectrum,
respectively p = —5.2 and p = 4.3, while in (c), T = 10 and the choice of
i becomes irrelevant (for the specific plot we show p = —5.2). The error
bars on each data point, given from the asymptotic error in the linear fit, are
smaller than dot size and not visible in the plots. . . . . . . . . . . . . ...

Ratio £ = K/GT normalized to the Lorenz number Ly = (wkp)?/3e? for
(a) u=4.0, u = —=5.2, (b) u = 2.0, p = —3.3, at low temperature 7" = 0.1,
with AT = 0.01, Ay = —0.01. The dashed line indicates the value at zero
dephasing. The blue and red vertical continuous lines highlight respectively
the position of the maxima of electric and heat current. In (¢) and (d) we use
the same parameters of the refrigerator configurations in (b)-(c) of Fig. 4.8:
(¢c) u =4.0,up = =52,T = 10,AT = 0.5,Ap = —1.0, (d) v = 4.0,p =
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Ratio £ /Ly for different choices of 74 as a function of temperature at (a)
u =20, p = =33, (b) u =4.0, p = —5.2 with constant applied biases
Ap=0.01, AT =0.01. . . . . . .

Examples of configurations which will function as a fridge, (a)-(b) for u = 4.0
and (c)-(d) u = 2.0, N = 200. The red (blue) dots indicate the magnitude
of the heat (electric) current, with its maximum highlighted by a vertical
continuous line in the same colour. On the right axis, (") normalised to the
maximum theoretical limit ng ) is shown in black, and its value at zero dephas-
ing is indicated as a reference with a horizontal dashed line. Parameters: at
u=4.0 (a) pu=0,T =5 AT =0.1,Ap = 0.5, (b) p = =5.2,T = 10,AT =
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(a) Log-log plot of ¥2(¢) vs time ¢ at different Fibonacci potential strengths
u, for a chain of N = 24 spins and A = 0.5. The data computed directly from
time evolution are shown with continuous lines. We show the corresponding
fits of the form of Eq. (2.124) in dotted lines; the short-time fits are shown
in pink, while the long-time ones are in black. We notice ¥2(t) growing
faster than ¢ at low u, and slowing down as u increases. (b) Exponent v
extracted from the 32(¢) as a function of the potential strength u. The crosses
correspond to the fast dynamics (shown in pink in panel (a)), while the dots
are relative to the long-time dynamics (shown in black in panel (a)). The
errors of each data point are smaller than the dot size. (c) X2(¢) is shown
at u = 1.5 for three different system-sizes in linear scale, along with their
corresponding power-law fits. (d) The same quantity is displayed for u = 8.0
at three different system sizes N = 20, 22,24 for a longer time in linear scale.

Time evolution of 2Cy/s(t) = ny/a(t) — % evaluated on the typical state
projected over the subspace where the site at the center of the chain N/2
is initially occupied by one particle. At u = 0.2,0.5,1.0,2.0, C/o(t) decays
as t*’/, with respectively v/ = 0.92,0.78,0.37,0.086. The fits are shown in
dashed lines. At high u, Cn/5(t) does not seem to show any decay up to the
longest simulation time. . . . . . . . .. .00

Participation entropy S¥/log D associated to the central region of the spec-
trum for different Fibonacci potential strength u. The curves are displayed
for multiple chain sizes. . . . . . . . . . . . . ...

(a) Expectation value of the occupation at half chain 7/, in the diagonal
ensemble associated to the initial typical state, which gives the infinite time
limit of the operator. The dotted lines indicate extrapolation for N — oo
for the first three values of w, described by 1/N7 with v = 2.81,2.59,2.23
for increasing u. (b) Expectation value of the imbalance I in the diagonal
ensemble for the initial Néel state, with the same color code of (a). Again,
the dotted lines represent the fits 1/N7 we use to extrapolate the value of T
in the thermodynamic limit, with v = 8.73,5.47,1.61 for increasing w. . . . .

Schematic representation of the magnetisation profile of the spin-helix states
realised in the experiment of Ref. [75]. The spin vector winds in the s* — s*
plane as a function of the position along the chain of atoms. In the following,
we denote the period of the winding, or helicity parameter, by A. . . . . . .

(a) Mean energy of the spin helix state, Ex = (1)x|Hsr|¥2), as a function of the
helicity. A clear dependence is shown, that, in the context of ETH, allows to
tune the microcanonical predictions at which the observables will thermalise,
once the system has been initialised with [¢)). (b) Local densities of states for
three different spin helix states. These quantities have been obtained directly
as smooth functions of the energy from the KPM, using No = 280 moments.
In both figures, N =24, A=13, w=158. . . . . . . .. ... .. ....

(a) DOS for the single-impurity model with A = 1.3, w = 1.58, obtained
via KPM using No = 80 moments, and R = 1 random state to perform
the stochastic evaluation of trace. (b) Microcanonical temperature obtained
from the DOS through the relation in Eq. (6.8), evaluated over the set of spin
helix state mean energies. This determines T'(\) = T'(E)) as a function of
the helicity. . . . . . . . . L
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Thermalisation at the level of the observables implies that the expectation
value in the diagonal ensemble associated to the initial state Opg (1)) (vio-
let dots) corresponds to the microcanonical prediction at the initial energy
Omc(Ey) (continuous green line). We show this correspondence on a series
of different helicities for A = 1.3, w = 1.58. (a) The local observable is away
from the impurity 0 = Sy /a0 in this case the microcanonical prediction is
the same as in the clean model (dashed black line). (b) Observable on the
impurity site, O = 5% /2" All the quantities are evaluated via KPM, with
N¢ =300 for Opg (1)), and No = 100 for Op(E)) (R = 50 in (a), while in
(b) R = 1). Calculations are performed in the full Hilbert space at N = 24

SPINS. . . . .. e e e

Example correlation function for 8% /4 in the microcanonical ensemble as a

function of w, and fixed energy E) = 1.8, for A = 1.3 and w = 1.58. The
number of moments used in the KPM is shown in the color legend. We
observe in (a) in linear, and (b) log-log scale, that the divergence at w = 0
cannot be captured. As evident in (b), it exists a window of small frequencies
where the approximation has reached convergence, but it is subject to more
oscillations for increasing number of Chebyshev moments N¢, due to finite-
size effects. In order to perform a power law fitting, we need to compromise
between extension of the convergence window and quality of the curve. We

have used a single random state in the stochastic evaluation of trace R = 1. .

144

(a) Overlap between the correlation function in the diagonal ensemble Cpg(w, ¥y, ),

and in the microcanonical ensemble at fixed energy, Cp,.(w, Ey, ), for the sys-
tem at A = 1.3 and w = 1.58. The helicity A\; = 3.94 corresponds in Fig. 6.2a
to E), = —0.38, and in Fig. 6.3b to infinite temperature. (b) In log-log
scale, we fit the functions from KPM (indicated by markers) with power laws

C(w) ~ w, represented by the solid lines. We have used R = 1, N = 400. 145

Correlation function evaluated on the single spin helix state at A = 3.94 for
a XXZ spin chain at A = 1.3 and w = 1.58. The KPM approximations
obtained with increasing number of moments N¢ are indicated by markers
in different colors in the legend. The solid lines represent the power law fits

Cyy, (W) ~ w™¥ respectively for No = 200 (yellow line), and No = 300

(black line). The exponents suggest subdiffusive behaviour. . . . . . . . ..






Introduction

In recent years, the tendency towards miniaturisation and the unprecedented level of
control reached over nanoscale systems has reinvigorated scientific activity in the study
of microscopic thermal machines, for which quantum effects can become relevant [1, 2]
and may even be exploited [3-10]. Thermoelectric engines offer the most practical
application, converting heat into electric power. They do not rely on macroscopic
moving parts, instead, they operate through non-equilibrium steady-state currents
of microscopic particles, e.g. electrons or atoms, flowing between two reservoirs. In
order to explore this mechanism, mesoscopic physics experiments have been extended
beyond the traditional investigation of charge transport, and it is nowadays possible,
on platforms ranging from superconducting circuits [11] and semiconductor quantum
dots [12], to molecular junctions [13], to manipulate and detect heat currents. Fur-
thermore, transport measurements analogous to solid state physics are now routinely
performed on ultracold atom set-ups, where a two-terminal device generating a parti-
cle current from a temperature bias has been realised [14]. The high tunability of the
microscopic details available in all of these systems constitutes a strong motivation
to theoretically explore the capability as working medium of exotic physical models
displaying non-trivial spectral and transport properties, with the ultimate purpose of
inspiring the design of tailored quantum matter that could enhance the performance

of future computers and heat-conversion devices.

In mesoscopic physics the interplay between transport and disorder is well studied
and has been shown to enhance thermoelectric performances in low dimensional sys-
tems [15—-19], while bulk thermoelectrics are generally quite inefficient [20]. Disorder
breaks translational symmetry and inevitably modifies the Bloch wave picture [21],

which depicts extended single particle states and periodic energy band structure. The
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presence of random disorder gives rise to a metal-insulator transition, a phenomenon
induced by the quantum coherent scattering of the electrons against the impurities,
and known as Anderson localisation. While in three-dimensional systems a critical
energy depending on the disorder strength, the so-called mobility edge, separates lo-
calised from extended states associated with diffusion [22], in one dimension, instead,
all the eigenstates get spatially localised when even an infinitesimal amount of un-
correlated disorder is introduced, and the wires switch from ballistic conductors to

insulators [23].

A wider variety of behaviours, even in one dimension, emerges in quasiperiodic poten-
tials, neither periodic nor disordered, yet deterministic while incommensurate with
the underlying periodicity of the lattice. These systems possess highly non-trivial
singular continuous spectra with fractal or self-similar structure [24], which lead to
the appearance of critical states, neither extended nor localised [25, 26]. Originally,
their properties were appealing to mainly mathematicians and mathematical physi-
cists [27-29], however, they have gathered broader attention in the context of quan-
tum transport with numerous studies, although limited to particle or spin, which have
established them as primary examples of anomalous behaviour [30-32]. The paradig-
matic example is the Aubry-André-Harper (AAH) model, where a cosine potential,
modified by an irrational factor in its argument, induces a transition from a com-
pletely delocalised phase with ballistic currents to a completely localised phase as the
strength of the quasiperiodic potential is increased [33]. At the critical point, trans-
port is subdiffusive. The addition of perturbations, such as beyond-nearest-neighbour
hopping, or modifications to the on-site potential function, leads in many cases to the
occurrence of a mobility edge [34-36]. A closely related model is the Fibonacci chain,
where the lattice energies are generated by a substitution rule. The Fibonacci model
has unusual properties such as a critical energy spectrum across all energy scales [37],
without a localisation transition. This spectral criticality gives rise to anomalous
transport exponents which vary continuously with the potential strength, so that it

is possible to tune the transport regime from superdiffusive to subdiffusive.

In this thesis, we extend the study of quantum transport in one-dimensional quasiperi-
odic models to thermoelectricity, involving the simultaneous appearance of electric
currents coupled to the temperature bias, and heat currents to the voltage bias. We

thus perform the first characterisation of the heat-to-work conversion in quantum
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autonomous thermal machines which employ the models described above as working
medium. We focus mainly on two mechanisms to increase the efficiency of the device:

energy filtering and dephasing enhanced transport.

Energy filtering is a central concept in thermoelectric energy conversion: allowing only
particles in a finite energy window to flow induces a strong thermoelectric response [38,
39]. This effect is generally realised either by engineering the thermodynamic variables
of the reservoirs attached to the system [40] or by tuning the transport characteristics
of the sample so that it displays an energy-dependent transmission probability. We
follow the latter approach by exploiting the spectral characteristics of the central

system; in particular, the mobility edge of a generalised AAH model.

The presence of dephasing noise from the environment, in the form of loss of phase
coherence with possible momentum and energy exchange, has been demonstrated to
assist transport in various contexts. The examples of such environmental-assisted
or dephasing-enhanced transport include natural photosynthetic complexes [41, 42],
molecular junctions [43-45], photonic crystals [46, 47], trapped ions [48], and also
boundary-driven spin chains at infinite temperature [49-51]. However, the implica-
tions of this effect for thermoelectricity — an intrinsically finite-temperature phe-
nomenon — have received comparatively little attention. We further ask in this
thesis if the inevitable presence of dephasing noise due to inelastic scattering can be
used to enhance thermoelectric performance when interplays with the quasidisorder

of quasiperiodic potentials.

Up to this point, we have discussed quasiperiodic models in the non-interacting regime,
and in the context of autonomous thermal machines, where transport is driven by the
temperature and voltage biases between the thermal reservoirs attached to the system.
Quasiperiodic models, however, have also gained relevance in a different configuration,
where the system is isolated from the external environment and evolves according to
its intrinsic unitary dynamics from an initial non-equilibrium state. They have in fact
been realised with tunable interaction strength in a series of experiments on ultracold
atoms trapped by optical lattices [52-56]. In light of recent advances in the degree of
tunability, the ability of manipulating their initial configuration, and in the coherence
times reached, ultracold atoms represent the most promising and versatile platform
to probe dynamical properties of strongly correlated systems [57-59], and investigate

fundamental questions as the possible existence of a localised phase, non-equilibium
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phenomena, and thermalisation [60-64]. A sufficiently-complex many-body system
initially engineered away from equilibrium thermalises when local observables attain,
typically in the long-time limit, an equilibration value that coincides with the expec-
tation value given by the ensembles of statistical mechanics. This mechanism is nowa-
days understood in the framework of the eigenstate thermalisation hypothesis (ETH),
that still lacks a formal proof [65]. In integrable systems, the extensive set of local con-
served quantities prevents them from following this prescription, but they have been
shown to thermalise if subject to integrability-breaking perturbations [66, 67]. In this
case, however, thermalisation is anomalous, meaning that the statistical properties
of the unperturbed integrable model end up embedded in the perturbed one, with a
process still to be completely unraveled [66]. On the other hand, when a generic sys-
tem is perturbed by sufficiently strong disorder, it transitions towards a many-body
localisation (MBL) phase, and remains a perfect insulator at finite temperature, fail-
ing to thermalise. This picture presents many open problems, concerning, among the
others, the conditions for the occurrence of MBL, out-of-equilibrium phenomena and

the related transport behaviour, and the effect of finite temperature [64].

The experiments simulating quasiperiodic models fall in this large body of investi-
gations. In the interacting AAH model, it has been verified that its single particle
localisation gives rise to a possible MBL phase [53-56], however, understanding how it
is different from such a phase induced by random disorder is still under study [68-70].
The complex interplay between interactions, localisation and quasiperiodic order is
largely left to be uncovered. Another natural question emerging is what happens to
the anomalous transport behaviour of the quasiperiodic models in presence of many-
body interactions. Differently from the AAH, the non-interacting Fibonacci model
does not display a delocalisation-localisation transition, and its eigenstates are critical
over the whole parameter diagram. In this case, a localised phase would represent
a purely many-body effect. Different answers have been proposed in the literature,
ranging from a transition towards MBL [71], to metal-insulator transitions at low
energies [72], to persistence of the anomalous diffusion [73]. Motivated by the lack
of experimental results, we characterise quantum dynamics in the isolated interacting
Fibonacci chain with a further approach not previously applied on quasiperiodic sys-
tems. Dynamical quantum typicality allows to extract information on the equilibrium

transport properties of the system from a numerical quench experiment involving pure
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states that can act as “typical” of the statistical ensemble [74].

Quantum quenches are a common protocol adopted on ultracold atom platforms to
probe in the laboratory the dynamical aspects of the simulated Hamiltonians. The
system is prepared in a non-equilibrium state, characterised by a non-uniform pro-
file, and local observables are monitored as it unitarily evolves in time. The same
scheme has been recently followed by Jepsen et al. in an exciting experiment explor-
ing the transport regimes of the quantum XXZ model over an unprecedented range
of anistotropies [75]. Here, initial spin helix states were implemented by imprinting a
winding magnetization profile along the atoms, with adjustable wavelength. Remark-
ably, spin helix states exhibit a dependence of their mean energy on the wavelength,
or helicity, and are described by pure states. Inspired by the experiment, which has
demonstrated a behaviour in striking contrast with the predictions of linear-response
regime, we explore in the last part of the thesis the transport properties of spin helix
states in a XXZ spin chain with an integrability-breaking local perturbation. We
adopt the kernel polynomial method (KPM) [76] to access dynamical properties as
correlation functions in the frequency domain. Within ETH, spin helix states can in
principle operate as energy resolved probes to extract transport exponents at finite
temperature. We investigate this prospect and, furthermore, the applicability of KPM

in the study of far-from-equilibrium dynamics.

We start by introducing in Ch. 1 the notion of quasiperiodic order, and the spectral
properties of the quasiperiodic models that will be studied: the AAH model, one of its
generalisations, and the Fibonacci chain. In Ch. 2, we discuss the theoretical frame-
works which we employ in our investigation. The non-equilibrium steady-state heat
and electric currents arising in the quantum thermal machine are evaluated through
Landauer-Biittiker integrals. In presence of many body interactions, transport will
be studied within the Green-Kubo formalism for isolated systems. In particular, in
both set-ups we focus on the linear response regime, where it is possible to define an
Onsager matrix, which relates the currents to the generalised forces driving transport.
We also provide details on techniques which facilitate our numerical simulations, and,
in particular, we spend the last part of the chapter presenting the KPM and its appli-
cability in the spectral and dynamical study of quantum Hamiltonians. We proceed
then with the electric and heat transport characterisation of quasiperiodic models.

Ch. 3 is dedicated to the construction of a heat engine which exploits the mobility
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edge in the generalised AAH model as energy filter. In Ch. 4, we analyse the per-
formance of a heat engine employing a Fibonacci chain as working medium, and the
effect of introducing dephasing from incoherent scattering events, encoded by Biittiker
probes. In Ch. 5, we focus again on the Fibonacci model, but in the limit of isolated
environment and in presence of many-body interactions. We investigate its dynam-
ics through real-time spread of density-density correlations, in order to understand
whether the anomalous diffusion present in the non-interacting system survives after
introducing interactions. In Ch. 6, we perform a similar numerical experiment, anal-
ysed, however, in the frequency rather than time domain. We reproduce initial spin
helix patterns in a XXZ model with local integrability-breaking, and exploit ETH
to investigate if transport properties can be probed in an energy resolved way from
these exotic states. Finally, we summarise our results in the Conclusions and offer an

outlook on possible future works.



Chapter 1

Quasiperiodic models

In this Chapter, we discuss the notion of quasiperiodicity and, in particular, of
quasiperiodic order in quantum mechanics, which can be dated back to the discovery
of quasicrystals and has been investigated in recent experiments in photonics and
ultracold atom physics. We then introduce the three examples of one-dimensional
quasiperiodic systems mostly studied in the thesis: the Aubry-André-Harper model

with one of its generalised versions and the Fibonacci chain.

1.1 Quasiperiodicity in quantum mechanics

The study of solid state matter has been traditionally based upon the idea of a periodic
arrangement of the atoms in space. The structure of a solid, or crystal, is generated
by repeated translations along the principal axes of a basic building block, the unit
cell, and classified in a finite number of crystallographic groups according to the
symmetries of the pattern. As a consequence of translational invariance, the solutions
to the single-particle Schrodinger equation are extended states known as Bloch waves,
in the form of plane waves modulated by an envelope with the same periodicity of
the atomic lattice. This picture has succeeded since 1929 in explaining and predicting
most of the relevant bulk properties of materials, from optical indexes to electric
conductances, neverthless it has set as standard the correspondence between solid
matter, periodicity and order. The paradigm was first questioned in the context of life
science, in the debate around the structure of DNA. The most common hypothesis was

that the repetition of the four different kinds of nucleotides forming DNA would occur
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in a regular fashion. A trivially periodic macromolecule, however, would be unable to
store the amount of information required for cell functions, given the constrains on
the patterns determined by translational symmetry. In his famous series of lectures of
1943 “What Is Life? The Physical Aspect of the Living Cell”, Schrédinger introduced
for the first time the notion of one-dimensional aperiodic crystal, by suggesting that
genetic material could be instead organised in sequences with a well-defined order but

without the appearence of periodic repetitions [77].

Such structures, despite their precursors in medieval Islamic architecture [78] or Ke-
pler’s treatises [79], begun to be sistematically investigated only in the 1960s, when
the first aperiodic pattern was created [80]. Geometry tells us that not all symmetries
under rotation are compatible with translational invariance. In two dimensions, the
square lattice is invariant under rotations of 27 /4, or four-fold rotation, and the tri-
angular lattice under rotations of 27/3, or three-fold rotation. Other n-fold rotational
symmetries, instead, such as five- or seven-fold, are forbidden. The restriction becomes
evident in Fig. 1.1a when trying to tile a plane with a series of pentagons, invariant
under five-fold rotation, without any gap or overlap. We are forced to introduce new
tiles with shapes that do not posses five-fold symmetry, as in Fig. 1.1b, where two
pentagons and a rhombus can be translated until the whole space is covered in octag-
onal patches, highlighted in red. Other attempts at solving the puzzle can be made
by applying a substitution or inflation rule. The original tile is inflated and divided
in a collection of smaller tiles. We proceed then to enlarge every shape and dissect
it again, in such a way to cover larger and larger portions of space. A special series
of substitutions was designed by Penrose in 1974 [81] and led to the discovery of an
aperiodic or quasiperiodic tiling which is now one of the most commonly represented
examples, known as P1 tiling. In Fig. 1.2a, we show the entire set of substitution
rules. A pentagon can be subdivided into six smaller ones in a flower arrangement,
plus five triangular gaps. The tiles are enlarged and the rule is applied again to each
of the pentagons, leaving gaps in the shape of diamonds. By inflating and adding
a new substitution rule for the diamond shape, in the second row of Fig. 1.2a, star
and “paper-boat” gaps appear, for which other substitutions are defined in the third
and last row. Reiterating the substitutions, we generate a figure as Fig. 1.2b, which
is by construction self-similar, repeating a similar pattern at different length scales.

In the limit of infinite repetitions, we can cover the whole plane. The tiling is de-
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(a) (b)

Figure 1.1: (a) It is impossible to translate a pentagon in such a way to cover the whole plane
without leaving any gap. (b) Here a periodic tiling with octagonal unit cell, highlighted in
red, is created by admitting rhombic tiles, which do not posses five-fold symmetry.

terministic, since given by a precise set of rules, but despite looking almost identical
it does not repeat exactly as we move along a line in any direction, as we shown in
Fig. 1.2¢ by trying to overlap two copies of the tiling (in red and blue) with different
origins. Several quasiperiodic tilings were devised by Penrose and others [79, 82, 83].

Nevertheless, these structures were believed to be pure mathematical artefacts.

Quasiperiodicity remained in the realm of mathematics until the observation in 1984
of a discrete diffraction pattern which could not be mapped into any of the crystal-
lographic groups [84]. In particular, Shechtman synthesised an AlMn sample which
exhibited the forbidden five-fold rotational symmetry. Later, he and his collabora-
tors understood that the atoms in this alloy are organised in a quasiperiodic fashion,
similarly to the P1 tiling. Since then, other structures with quasiperiodic rather than
periodic order were found in the laboratory [85, 86], and the term quasicrystal was
coined [87]. Nowadays, the study of their properties is an active field in condensed
matter physics [88-91] and the first natural quasicrystal was observed in a meteorite

sample [92, 93].

A function of space g(x) can be expressed in Fourier components as
g(x) =Y fe™, (1.1)
K

where K indicates the spatial frequency in the Fourier space. When it describes a
physical quantity on a crystal of dimension D, with lattice structure generated by

the basis vectors {a;}7 |, g(x) will inherit the same periodicity of the lattice. Every
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~b ek
(a) (b) (©)

Figure 1.2: (a) The set of substitution rules defining the Penrose P1 tiling. (b) The aperiodic
P1 tiling after iterating the substitution rules 4 times. The pattern is self-similar: the same
kinds of shapes appear at different length scales, zooming in and out of the figure. (c¢) Two
copies of the P1 tiling with different origins (in red and blue). Despite the pattern seems
to repeat identically in space, it is impossible to find a translation which makes the two
copies overlap completely in purple. Any translation will leave the aperiodic tiling almost
invariant.

spacial frequency or wavevector K is thus given by the following linear combination
d

K= ijbj, (12)
j=1

where d equals the spatial dimension D, m; are integers and the set of {b; };l:l spans
the reciprocal lattice, related to the direct one via a; - b; = 276;;. In a diffraction ex-
periment on a crystal, as stated by Bragg’s law, the difference in wavevectors between
incoming and outgoing X-rays must be a vector belonging to the reciprocal lattice.
Therefore, the peaks in the emission are always discrete and can be used to infer the
lattice structure. In a quasicrystal, the atomic distribution can be instead described
by a quasiperiodic function. A function is by definition quasiperiodic when its Fourier
components are not uniformly spaced as in the periodic case, but whose spacing can
still be described by a finite set of lengths [94]. In other words, the spatial frequency K
in the Fourier components of a quasiperiodic structure will still be given by the same
expression of Eq. (1.2), however the number of reciprocal basis vectors exceeds the
spatial dimension, d > D. Naturally, quasiperiodic functions represent the continuous
description of aperiodic tilings. Almost periodic functions constitute, instead, despite
the confusion in the notation, a larger family which includes also the case where an

infinite set of b; is needed to describe the Fourier frequencies in Eq. (1.2). From the
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formal definition of quasiperiodic function, we derive two consequences. First, the
diffraction from a quasiperiodic structure gives discrete Bragg spots, as first observed
by Shechtman. Then, any quasiperiodic function characterised by d in Eq. (1.2) can
be considered as a D-dimensional cut of a periodic function in d dimensions. The

simplest example to consider is a one-dimensional function, D =1,

f(x) = cosx + cos bx. (1.3)

The Fourier transform consists of two delta functions. However, if b = P/Q) is rational
with integers P, @, f(x) has period 27@Q) and the frequencies can be expressed by using
a single reciprocal lattice vector by = 1/Q. When b is irrational, f(z) is quasiperiodic.
The two frequencies characterising f(z) are uncommensurate, thus in the Fourier
space they need to be expressed by two b; and b, with different length, meaning that
d = 2. Nevertheless, the function can be seen as a cut along the axis y = bx of the

periodic two-dimensional f(x,y) = cos(z) + cos(y).

The discovery of quasicrystals spurred the interest in the effects of quasiperiodicity
on the spectral and transport properties of physical models. Given the inapplicability
of the Bloch theorem, most studies were limited to one-dimension and made use of
the tight-binding approximation, considering a discretised version of the Schrodinger

equation as

tn,n+1wn+lﬁ + tn,nflwnflé + Vnwnf = Eﬁwnfa (= 17 s 7N (14)

where 1,,, is the (-th single-particle wavefunction, corresponding to the eigenvalue FE,,
evaluated at the lattice site n, N the length of the chain, ¢, ,,1; the hopping terms, and
V,, the on-site potential. Quasiperiodic models are realised with a set of {t, 11} or
{Vya}n either generated by a substitution rule, analogously to the scheme followed for
the aperiodic tilings, as in the case of the Fibonacci and Thue-Morse chains [26, 90],
or by superimposing two or more periodic functions with incommensurate periods as
Eq. (1.4), for example in the case of the Aubry-André-Harper model [33]. This series
of works provided through exact and numerical methods an insight over the properties
of quasiperiodic models, which are now known to exhibit highly fragmented spectra
with self-similar properties [24, 25, 95], and neither extended nor localised critical

states [26, 96, 97|, associated to non-trivial transport properties that deviate from
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standard ballistic or diffusive behaviour [30]. These properties were eventually ob-
served on experiments conducted over a wide range of platforms, which have re-ignited
in the last years the interest in the family of one-dimensional quasiperiodic models.
The expected structure of the density of states of the Fibonacci model was studied in a
polariton gas in one-dimensional cavities [98], and following experiments on the same
type of system investigated localisation properties and topological invariants [99, 100].
Topologically protected modes were observed also on another type of set-up, where the
effective potential for the light beam is modulated to be quasiperiodic by tuning the
refraction indexes of optical waveguides [101-103]. On the same platform, the topo-
logical equivalence between the Fibonacci model and a two-dimensional quantum Hall
system was explicitely demonstrated [104]. Quasiperiodic models have further been
realised by trapping ultracold atoms in bichromatical optical lattices with uncommen-
surate wavelengths. On a deep primary lattice, the optical potential can be directly
mapped onto the Aubry-André-Harper model [105, 106]. The localisation transition
characteristic of the model was observed by measures of the imbalance in time [52, 54].
More complex spectral features, as an energy-dependent localisation transition, or
“mobility edge”, were engineered by lowering the depth of the primary lattice in such
a way to allow hopping processes beyond nearest-neighbours [53], by modyfing the

effective potential [35], or introducing many-body interaction terms [55, 56, 107].

1.2 Aubry-André-Harper model

The paradigmatic example of quasiperiodic model is a one-dimensional lattice sub-
ject to a harmonic perturbation incommensurate with the underlying periodicity of
the lattice. The problem was studied by Aubry and André in the tight-binding ap-
proximation [33], considering a single-particle Schrodinger equation as Eq. (1.4) with

constant hopping term ¢, and on-site energies given by VAAH
th(Wnsre + Ynore) + VA by = Egthy VA — 9) cos(2mnb + @), (1.5)

where A is the amplitude or strength of the potential, ¢ an arbitrary global shift in
phase, and b an irrational number that prevents the potential from repeating itself
exactly along the lattice. As we will review in the following, the most striking feature

of the model is a localisation transition, where all the eigenstates are localised at
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Figure 1.3: Construction of the Cantor set: an initial segment is divided into 3 subsegments,
and the middle one removed (here the segments are chosen of equal length). The two steps
are then repeated iteratively for each of the remaining intervals.

potential strengths A above a certain critical value, and all extended for A below.

The spectrum of the Aubry-André-Harper (AAH) model displays a rich structure,
which has been the object of numerous studies in mathematical physics [29, 108
110]. The topic reached such popularity in 1981 that the mathematician Mark Kac
promised ten Martini cocktails as reward to anyone who would prove the spectrum to
be a Cantor set [27]. A Cantor set is the prototype of a fractal, which can be visualised
considering first a segment, for example the points in the interval [0, 1]. The segment
is divided in three parts, and the middle sub-segment removed, leaving in this case the
set of points in [0, 1/3]U[2/3,1]. The same two steps are then repeated for each of the
remaining sub-segments [0, 1/3] and [2/3, 1] separately. The result after few iterations
is illustrated in Fig. 1.3. The Cantor set contains all the points from the initial interval
[0, 1] which were not deleted at any step in the infinite series of iterations. The final
structure is self-similar: it exhibits a similar pattern at increasingly smaller scales.

The spectrum of the AAH model possesses analogous self-similar structure.

The famous “ten Martini problem” was solved by Avila and Jitomirskaya only fourteen
years later, in 2005 [28]. Nevertheless, it is possible to anticipate the fractal nature of
the spectrum via a more intuitive argument which exploits approximants to irrational
numbers by continued fractions of integers. The golden ratio 7 = (v/5 4 1)/2, for

example, can be defined iteratively as

T=1+ (1.6)

1
1

]
1+ —

1+
1+

When we approximate b in Eq. (1.5) with a ratio P/Q between integers P, (), the
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Figure 1.4: Eigenspectra of the AAH model at changing irrational parameter b for N = 300
sites, with ¢, = 1, ¢ = 0, and (a) A = 0.5t, (b) A = tp, and (c) A = 1.5¢;,. In (b), the
spectrum reproduces the Hofstadter butterfly fractal.

potential is periodic, thus it defines a unit cell of length ) and a Brillouin zone in the
reciprocal space with size 27 /Q. The band structure of this periodic system will have
@ bands with gaps at the boundaries of the Brillouin zone +7/Q. When we improve
the approximation by increasing (), the Brillouin zone becomes smaller, opening more
sub-bands. Therefore, in the incommensurate limit, with () — oo, the bands become
more and more fragmented, separated by an infinite amount of gaps which will not

close in the thermodynamic limit [111].

In Fig. 1.4, we show the spectrum of the AAH model as a function of b, for three
different values of the potential strengths. The plots for A < t; and for A > ¢, look
similar. At A = t,, instead, the figure reproduces the famous Hofstadter butterfly.
The fractal is well known to describe the energy levels of an electron transversing a
square lattice when subject to a uniform perpendicular magnetic field [112, 113]. The
AAH model, in fact, can also be seen as cut of the Harper model, a one-dimensional
projection along a line of a two-dimensional periodic system. In this picture, the
parameter b corresponds to the ratio between the magnetic flux piercing the unit
cell and the magnetic flux quantum. Beside designating a precise mapping to the
Harper model, the value A = t; marks the point in the parameter space where the
system becomes self-dual under a transformation closely related to a discrete Fourier

transform [33].

In order to clarify the self-duality and gain an insight on the phase diagram of the

model, we follow the seminal work of Aubry and André. In the infinite system limit,
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the solutions to an eigenvalue equation as Eq. (1.4) can either satisfy

> [l < 0, (1.7)

or give a divergence in

Z|¢n£|2 = 00. (1.8)

The former condition physically indicates a localised state, which decays exponentially
at large length scales 1,y ~ e~ <"l with v, > 0 a characteristic exponent known

as Lyaponuv exponent and defined as [114]

1e) = — tim W ) (19)

n— 00 2n

The latter signals an extended states, such a plane wave 1,; ~ €< for some wavenum-
ber (), which would have v, = 0. General solutions to the tight-binding AAH model

in Eq. (1.5) can be expressed as

1 im(2mnb+
wné — eznd) E :fmfelm( T Lp),
m

e = €9 " e O], (1.10)

We notice that if f,,,, is localised in the reciprocal space Y, |fme|* < 00, 1y will be
extended, and viceversa. This statement is true only when b is irrational, otherwise
for b = P/Q the reciprocal space series would have only a finite set of unique terms,
since f(m+qy = Frnee” 9%, Therefore, f,,, would always be localised, and ,,, always
extended, as in the periodic case. If we insert Eq. (1.10) in Eq. (1.5), we derive that

the components f,,, must satisfy

A fmg1e 4 fm—1e) + 2ty cos (2mbm + @) fne = Eo frne, (1.11)

which exhibits the same structure of Eq. (1.5) in real space, with interchanged A and
tp. The two expressions become dual when A = ¢, and ¢ = ¢. The transformation
in Eq. (1.10) exchanges the localisation properties of the eigenfunctions, thus, if a
localisation transition occurs, it must be at A = t;, the point where the transfor-

mation maps the eigenstate equation into itself. Aubry and André showed that the
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eigenfunctions v,,, are extended for all £ when A < ¢;, and conjectured the presence of
a localised phase at A > 5, with all the ¢, localised. In particular, their conjecture
is based on the positivity of the Lyapanouv exponent and makes use of the Thouless

formula [115], which connects the exponent to the density of states of the system
1
p(E) = N;&(E—EZ). (1.12)

For Eq. (1.5), the formula reads

E,—F

1e(b) = [ B o(E), (1.13)

while for Eq. (1.11), since the energy and thus p(E) remain the same, it reads

E,—FE
A

Ve (fe) :/dEln p(E). (1.14)

The two exponents are thus related by v, (1) = vr(fe) +1n (A/ty). According to
the transformation in Eq. (1.10), if f,,, is extended (v,(f;) = 0), then t,, must be
localised with v,(¢y) = In(A/ty) > 0, implying that this can be verified only at
A > t,. Viceversa, when v,(¢,) = 0 we must have v,(f;) = —In(A/t;) > 0, and
this condition is only met when A < ¢;. This argument indicates that a transition
would occur for all the eigenstates at the same potential strength, independently of
the energy E. A formal proof of the existence of the localised phase was provided
later from the decomposition of the spectrum in the case where the irrational number
b is Diophantine [110], meaning that for every rational number P/@Q) with @ > 0 there

must exist C,r > 0 such that

C
Q2+7’ '

As a consequence, the studies on the AAH model always consider a Diophantine

'b - 5‘ > (1.15)
Q

parameter b, which is a sufficient condition for a sharp localisation transition. In

particular, a conventional choice is the golden ratio 7 [111], which will be adopted in

the following. We show examples of eigenfunctions in Fig. 1.5, by plotting their prob-

ability density |1,¢|* over each site n in the three regimes of localisation. In Fig. 1.5a,

where \ < t;, the components of the eigenfunction appears roughly equally distributed

along the chain. When A > {5, the eigenfunctions have only one or few components



1.2. AUBRY-ANDRE-HARPER MODEL 17

0.015 0.15 1
0.8
0.01 0.1
o o ~ 0.6
- - =04
0.005 0.05
h LU 0.2
0 0 bl -Ju A ‘le A 0
0 100 200 300 0 100 200 300 0 100 200 300
n n n
(a) (b) ()

Figure 1.5: Examples of AAH model eigenstate probability density over the chain sites for
(a) A = 0.5tp, (b) A =tp, and (c) A = 1.5¢;. The remaining parameters are t;, = 1, b = 7,
¢ =0, and N = 300.

over close sites which are different from zero, as shown in Fig. 1.5c. At the critical
point A\ = t;,, we observe in Fig. 1.5b the structure of the eigenfunction repeating itself
at smaller energy-scales. This type of states are netiher extended nor localised, and
are called critical or multifractal [26]. They will be formally characterised in the next
section.

Numerical simulations and experiments deal with systems of finite size and numbers
which can only be represented by a finite amount of digits and thus not truly irra-
tional. A truly incommensurate potential is then impossible to realise if not through
an analytical formula. Nevertheless, the AAH model can always be studied on finite
system of size N with b = P/Q a rational number, when ¢ > N in such a way
that the potential has still a different value on every site and periodic replicas are
avoided [105]. Finally, we mention that the global phase ¢ is not relevant in deter-
mining the localisation transition. However, it is closely connected to the topological

properties of the model [102, 116], which will not be investigated in the thesis.

1.2.1 Inverse Participation Ratio

The degree of localisation of the eigenstate at energy E, can be well characterised by

its inverse participation ratio (IPR), given by

N
IPR(Er) = > [thnel". (1.16)
n=1

The expression provides a measure of the portion of lattice sites where the amplitude

of the wavefunction differs from zero. In one-dimensional systems, the IPR of localised
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Figure 1.6: (a) Scaling of the IPR in the AAH model (t, = 1, b = 7, ¢ = 0) for the
eigenstates in the middle of the eigenspectrum ¢ = N/2 at different values of potential
strength A (markers). The dashed lines indicate the numerical fits f, ~ N~% which yield
x=1for A< 1,z ~0for A > 1, and 0.32 at the critical point A = 1. (b) IPR as a function
of X\ computed at fixed system sizes N. The localisation transition can be observed at A = 1.

states is finite and does not scale with the system size N, while for extended states
it is of order N~1, thus vanishingly small in the thermodynamic limit. States with
multifractal behaviour, instead, show IPR~ N77, with 0 < p < 1 [L14].

We analyse the localisation transition in the AAH model by computing the scaling
with system size N of the IPR for various values of A\. In Fig. 1.6a, we look at the
eigenstates with energy lying in the middle of the spectrum, ¢ = N/2, and observe
the three expected types of scaling: N~! for A < t;, absence of scaling or N for
A > ty, and N7P with p ~ 0.32 for A = t3, indicating a multifractal state. The same
distinct behaviours persist qualitatively in the three regimes for any general index /.
In particular, the scaling exponent of the multifractal states ranges between ~ 0.3
and ~ 0.6. In Fig. 1.6b, we represent the localisation diagram for the system at fixed
sizes N = 100, 1000, 2000, by averaging the IPR over all the eigenstates. For A < ¢,
all single-particle eigenstates are completely delocalised with vanishing IPR, while for
A > ty, all the single-particle eigenstates are localised with IPR close to the maximum

value of 1. At the critical point A = t;, the IPR assumes intermediate values.

1.3 (eneralised Aubry-André-Harper models

The first extension to the AAH model was introduced by Soukoulis and Economou,

who added to the lattice a second harmonic perturbation with incommensurate fre-



1.3. GENERALISED AUBRY-ANDRE-HARPER MODELS 19

quency [117]. A further generalisation considered tunnelling terms to the next-nearest
neighbours [118]. Such models are not longer self-dual under the transformation de-
fined in Eq. (1.10) by Aubry and André. Nevertheless, the authors collected numerical
evidence of the appearance of a “mobility edge”, a critical energy separating localised
and extended eigenstates in the same spectrum. A mobility edge is present also in the
three-dimensional Anderson model [119, 22]. The appearance of a rich localisation
behaviour in the first experiments with ultracold atoms in incommensurate optical
lattices [53-55] has fuelled again the theoretical study of a series of generalisations of
the AAH model. The first motivation is to model more accurately the experiments
when performed at different reciprocal depth of the potentials [120], out of the deep
lattice regime which can be directly mapped to the original tight-binding model [105].
Secondly, the exploration of such generalisations is driven by the possibility to re-
alise a wide variety of non-trivial localisation properties even in one-dimension and
in absence of many-body interactions. Several works have focused on hopping terms
beyond nearest neighbours [121, 122], decaying with a power law [123, 124] or with
gaussian and exponential envelopes [125, 126]. Other generalisations consider addi-
tional deformations to the harmonic functions in the potential [36, 68, 127-129], or
more complicated geometries, as coupled AAH chains generating a two-dimensional

system [130, 34].

We focus on a particular generalised AAH (GAAH) model, which has been recently
realised in an ultracold atom experiment [35]. The on-site energies VA4 in Eq. (1.5)

are replaced by [36]

VGAAH _ 2\ cos(2mbn + ¢) (1.17)
" 1 —acos(2mbn + @)’ '

with @ € | — 1,1[. At a = 0, the potential recovers the standard AAH model, and
it exhibits a localisation transition at the self-dual point A = t;,, independent on the
energy. For a # 0, the perturbation at the denominator breaks the duality symmetry
defined in the previous section. For the specific model, it is possible to identify a new

transformation under which the model can be shown to be self-dual at energies [30)]
2 .
£, = Zsign(0) (il - A). (118)

We notice that the self-dual point is different at different values of A. For a single

realisation of the potential we can then observe a transition from localised to extended
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Figure 1.7: Eigenenergy spectra of the GAAH model with b = (v/5 +1)/2, A = —0.8 and
@ = 0 as a function of «, for a chain of N = 987 sites. The IPR of the corresponding
eigenstate is shown by a color map, with green for extended, blue for completely localised
states. The red line represents the mobility edge E. given by Eq. (1.18), which separates
localised from delocalised states. The dashed black line indicates a single realisation of the
model at o = 0.792.

states now dependent on the energy. The F,. defines the so-called mobility edge, sepa-
rating localised from extended regions. Given the analytical expression in Eq. (1.18),
the position of the mobility edge can be tuned by changing A and «. In Fig. 1.7, we
show examples of the energy spectra of the GAAH model for various « at a chosen
A. For each eigenvalue, the corresponding IPR is represented on a blue-green color
map, and the analytical expression for the mobility edge F. separating the localised
region from the extended region is marked by a continuous red line. The extended
region appears green (IPR = 0), while the localised region mostly blue (IPR = 1).
The eigenstates whose energies lie on the mobility edge are critical in nature [36].
However, the regions in a darker shade of green (0.4 < IPR) visible in Fig. 1.7 away
but below the mobility edge are an effect of the finite system size. The corresponding

eigenstates prove to be localised when studying the IPR scaling at large enough N.

1.4 Fibonacci chain

Following the work of Aubry and André, the spectral and dynamical properties of a
wide range of quasiperiodic potentials begun to be explored in the tight-binding limit.
Another popular example was the Fibonacci chain [96, 97], that more recently has
been used to model different types of synthetic DNA macromolecules [131, 132] and to

implement a topological pump on a photonic waveguide array [102, 104]. Exact and
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perturbative solutions have been obtained to describe its eigenspectra [133, 134]. Here
we provide an overview on how to build the quasiperiodic model, and its localisation
features. There exist a diagonal and a off-diagonal versions of the Fibonacci model,
where the quasiperiodic order is respectively applied on the hopping terms t,, ,11, or on
the on-site energies V;, in Eq. (1.4). We focus on the diagonal Fibonacci chain, where
the hopping terms are constant ¢, ,+1 = 5, and the on-site potential assumes only
two alternating values, V,, € {ua,up}. The way in which the amplitudes alternate
along the sites of the chain C' = [V} V5 V3...Vy] is determined by the Fibonacci

sequence [37].

The sequence of us and ug can be built in different but equivalent ways, which have
been extensively studied in combinatorics on binary words, where u4 and upg are
interpreted as two symbols forming strings or words when concatenated [135]. We
start from the two basic blocks Cy = [ug| and C} = [u]. The next string or word of
the Fibonacci sequence is generated by concatenation of the previous two, thus Cy =
C1Cy = [ua up], C3 = C2C = [ug up ual, Cy = C3Cs = [uyg up us ug upl, etc. The
string at the m-th iteration is C,, = C,,_1 C,,_2. The length of the string is determined
by the number of symbols it contains and indicated by |C,,|. By construction, the
length of a Fibonacci word always belongs to the Fibonacci number sequence, |C,,| =
F,., where F,, € {1,1,2,3,5,...}. The complexity function P(m) of the sequence is
instead defined as the total number of factors, prefixes and suffices of C,,. A word
W will be a factor of a longer word C,,, or its prefix or suffix, if there exist other X,
Y such that C,, = XWY or, respectively, C,, = WX or C,, = XW. The quantity
P(m) measures then the “randomness” of the sequence, since it increases with the
variety of different factors appearing at every iteration with P(m) < P(m + 1), and
1 < P(m) < 2™ in case of a binary sequence. Periodic sequences, or sequences that
become periodic after a certain m, have little complexity and bounded complexity
function for m — oo. The complexity function of the Fibonacci sequence and other
quasiperiodic sequences grows linearly P(m) = m + 1 [135], thus they are considered

the closest non-periodic structure to periodicity.

The Fibonacci sequence can also be generated by applying the following substitution
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Figure 1.8: A schematic overview on the construction method for the Fibonacci sequence.
(a) The Fibonacci substitution rules. In order to generate the next string, one replaces each
up (indicated by the pair of bunnies) with u4 (a pair of grown-up rabbits), and each u4 by
ugup. (b) The next iteration of the Fibonacci sequence is built by applying the substitution
rules to each of the elements.

rules on each element of C,,,

up — UA (1.19)
Ug —> UAUB, (1.20)
starting again from Cy = [ug|. These substitution rules were first ideated by the

mathematician Lorenzo Pisano alias Fibonacci in the Late Middle Ages, with the
idea of modelling the growth of a population of rabbits. He simplified the problem
by considering that at each generation every pair of baby bunnies, symbolised by ug,
will grow into a pair of adult rabbits, symbolised by w4, and that every pair of rabbits
(ua) will additionally generate a new born pair of bunnies (u4qup). The construction
method is illustrated schematically in Fig. 1.8. At the m-th iteration, the number
of uy is given by the length of the chain in the previous generation, which is the
Fibonacci number F,,_;. The number of upg, instead, will be equal to the previous
number of uy, thus Fj,_». Despite the fact that we cannot generate a larger portion of
a Fibonacci chain by repeating smaller parts of it, as in the periodic case, a long-range
order arises anyway if we consider the ratio between occurrences of uy and ug. In
the limit of infinite repetition C, in fact, this ratio will reach convergence to a finite

value,
F,

m—1

lim
m—00

=1/, (1.21)

an irrational number given by the inverse of the golden ratio.
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Finally, it is possible to derive a closed formula in the case of the indefinitely extended

Fibonacci sequence Cy, = [V4, Vo, ..., V,,...] as following [37, 32,

n+1 n
Vn =up+ (UA - uB)Xna Xn = |: - :| - |:;:|7 (122)

with [ - | taking the integer part of the argument.

The quasiperiodic order exhibited by the Fibonacci sequence affects the spectral and
transport features of the corresponding model in a non-trivial way. As mentioned
earlier, the Fibonacci chain is built by taking a one-dimensional tight-binding model
with constant hopping terms, and using a string C),, from the sequence to read the on-
site energies. The symbols u4 and upg thus represent two different values the potential
can assume at each site, and their alternation in a chain of size N = F,, is determined
by how they are listed in C),,. Applying the same argument used for the AAH model,
it is possible to anticipate that the structure of the spectrum of the Fibonacci chain is
fractal. The two models, in fact, were shown to be connected by a unified characteristic
function [101, 136]. The inverse of the golden ratio 1/7 in Eq. (1.22) can be replaced
with a series of rational approximants, which at the m-th step reads F,/F,,_1, and
converges correctly for m — oo, as explicitly shown in Eq. (1.21), or, equivalently,
in Eq. (1.6) as continued fraction. Therefore, the spectrum of the Fibonacci chain
is also a Cantor set, with self-similar properties and dense gaps opening at smaller
and smaller energy scales, even in the limit of a chain of infinite length [24, 137]. A
key difference with respect to the AAH model is that the Fibonacci chain does not
exhibit a localisation transition. Even an infinitesimal amount of potential strength is
enough to make all the eigenfunctions critical or multifractal [134], for every choice of
uq and up [25]. For such reason, it is generally adopted a single parameter to control
the potential strength,

U=1uUy = —ug. (1.23)

As we see in Fig. 1.9a, the IPR scaling indicates multifractality at any value of w.
Furthermore, it is known that the scaling exponent p changes continuously as a func-
tion of the potential strength, as we notice in Fig. 1.9b, varying from p = 1 for u =0
(extended states), to p — 0 only in the limit u — oo. This feature is reflected on the

transport properties of the model, which will be investigated in the next sections.

In Fig. 1.9a, the lengths N belong to the Fibonacci number sequence. However,
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Figure 1.9: (a) Scaling of the IPR with system size for the eigenstates of the Fibonacci
chain in the middle of the spectrum ¢ = N/2, at different values of potential strength u, and
tr, = 1. Each set of data is fitted by f ~ NP, indicated in dashed lines. (b) The scaling
exponent of the IPR extracted from the fits in (a) is plotted as a function of u, showing that
it varies continuously by tuning the potential strength.

as discussed earlier, experiments and more complex numerical simulations can be
strongly limited in system size and usually involve chains of generic length N. In order
to treat the Fibonacci potential within small system sizes and reduce the sample-to-
sample fluctuations, one usually adopts the averaging procedure used in Refs. [134, 32].
The idea is to consider the sequence of infinite length C', and cut finite samples of
length N out of it. Physical quantities are calculated as statistical averages over
the different realisations of potential obtained. Given the quasiperiodicity of the
sequence, there is a finite but limited amount of non-equivalent samples of length N
that can be cut out from different sections of C',. In particular, it can be proved
the existence of N + 1 such realisations, among which one (for even N) or two (for
odd N) are reflection symmetric around the center of the chain, while the others
possess a symmetric partner each [135]. As already noticed in the context of binary
random disorder, reflection symmetry makes difficult to compare the results with
those from the other samples [138], while symmetric partners have same eigenvalues
and eigenstates. Therefore, after discarding these configurations, there are N/2 (if N

is even) or (N —1)/2 (for N odd), realisations of the potential to average over.



Chapter 2

Methods

In this Chapter, we present a general overview on the theoretical and numerical tools
used to obtain the main results of the thesis. In Sec. 2.1, we review the Landauer-
Bittiker framework to describe coherent transport in a non-interacting open system,
including technical details on how to compute through Green’s function approach
the main ingredient of the formalism, i.e. the transmission function, in the case of a
fermionic chain with arbitrary on-site potential. Moreover, we provide a general treat-
ment of thermoelectric transport in linear response for a system in the two-terminal
configuration and a description of how it can operate as a quantum heat engine, con-
verting heat-to-work through the flowing of non-equilibrium steady-state microscopic
currents. We discuss the quantities relative to the conversion, such as transport co-
efficients, power, and efficiency within the Landauer-Bittiker framework, focusing on
the characteristics that the transmission function of the working medium must exhibit
in order to maximise the performance of the machine. In Sec. 2.2, we move to isolated
many-body systems, in particular, quantum spin chains, and study transport through
their unitary dynamics starting from an initial perturbation. We review the general
framework of linear response theory and provide an expression for the Onsager coeffi-
cients within the Green-Kubo formalism. We consider then the electrical conductivity
and discuss how it dictates the transport regimen of the system. Finally, we show
how we can gather numerical evidence on the transport properties of the system by
connecting the conductivity to the the spread of density correlations, and with the
introduction of the notion of quantum dynamical typicality. This approach allows to

infer thermal equilibrium properties of the system from the dynamics of a single pure

25
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state, which act as “typical” representative of the statistical ensemble. Finally, in
Sec. 2.3, we describe how to derive physical quantities in the energy domain through
an expansion in Chebyshev polynomials via the kernel polynomial method. In par-
ticular, we show how to employ this technique for spectral properties such as local
and global density of states, expectation values in the microcanonical ensemble, and

dynamical quantities such as correlation functions.

2.1 Landauer-Bittiker formalism

The formalism, first elaborated by Landauer [139] and later extended by Biittiker
to set-ups with multiple terminals [140], constitutes a simple and elegant description
of quantum transport. It establishes an explicit connection between the microscopic
scattering probabilities of the particles and the conducting properties of the system
under study. This framework can be applied to non-interacting or effectively non-
interacting particles, as in the case of a mean-field characterisation, and when the
scale of the problem is smaller than the lengths at which the particles relax to local
thermal equilibrium and no longer possess memory of their phase. In these condi-
tions, transport is said to be “coherent”. Due to the simplicity of the picture, and
the possibility to generalise it to arbitrary potentials and complex geometries, the
Landauer-Biittiker framework has been a fundamental tool for interpreting the re-
sults from mesoscopic physics experiments [141-143] and for modelling a wide range
of nanostructures, from molecules to quantum dots [16, 17, 144, 145].

We consider the system of interest as a central scattering region S which receives
spinless electrons from fermionic reservoirs connected through metallic leads. The
reservoirs are large compared to the central system, thus they can at any time be
regarded as in thermal equilibrium with well defined chemical potential y, and tem-
perature T,,. In particular, we focus on a two-terminal set-up, with a left (v = L),
and a right (v = R) reservoir. The electrons leave the reservoirs and undergo purely
elastic scattering events, preserving their energy and phase during the collisions, until
they escape again the central region. Any energy dissipation and entropy produc-
tion is then limited to the reservoirs. The Landauer-Biittiker formalism captures the
situation where the system has already reached a non-equilibrium steady state with

constant currents induced by the differences in chemical potential and temperature.
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The particle Jy and energy Jg currents from the reservoirs to the system can be
defined in terms of the particles dN” and energy dU" leaving or entering reservoir
v = L, R per unit of time,

_dN* dNE AUt dU*®
dt— dt E=7"w — at

Iy = (2.1)

where we used the fact that both quantities are conserved in the central system,
meaning dNL+dN® = 0 and dU* +dU" = 0. In particular, with this sign convention
the currents are positive when flowing from the left to the right. The same applies
to the electric current J., = eJy, with e the charge of the electron. Within the

Landauer-Biittiker framework, the currents can be computed as

Jo= = [ B run(B)u(B)  fulB) (22)
I = [ 4B B ria(B)u(E) - fn(E)), 23)

where the factor 2 is due to the spin degeneracy, and

F(E) = {1 +exp[(E — ) /ksT 1} (2.4)

is the Fermi-Dirac distribution of bath v, with h and kg the Planck and Boltzmann
constants, respectively. The transmission function 7,z(E) encodes the probability for
an electron at energy F to tunnel from the left to the right reservoir through the
central region. The factor [fL(E) — fr(E)] evaluates the number of available states
to be occupied by the tunnelling electrons. While electric and energy currents are
conserved, the heat currents in the two leads might differ if the electrons perform
work while in the central system, as depicted in Fig. 2.1. Making use of the first law
of thermodynamics,

dU” = dQ" +dW* v=L,R, (2.5)

where dW" = p,dN" is the work done to reservoir v, and dQ" the heat flowing into

it. From the expressions in Eq. (2.1), the heat currents from or into (depending on
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the sign) the reservoirs are [146, 147]

d L
Jp = —% = Jg — purdn,
d R

Therefore, the difference between the heat currents reads
Jy— I = —JInAp. (2.7)

The entropy production in each reservoir is defined as

S, dt = d;;? , v=L,R, (2.8)

v

thus the total entropy production rate in the extended system, since it is zero in the

central region, can be related to the heat currents through

JE =118, JE =TpSh, (2.9)

. . . JL JE
S=8, +8p=—-L 42 2.10
L+ 9Or T, + Tr ( )

We recover the corresponding integral in the Landauer-Biittiker formalism by inserting

Egs. (2.2) and (2.3) into Eq. (2.6),

2

7y =2 [BE — ) BIE) - ful ) (211)

The fundamental ingredient of the framework is the transmission function 7, z(E),
which encodes the microscopic details of the central system and its coupling to the
reservoirs. The original approach is to consider incoming and outgoing modes by
solving a scattering problem, and explicitly extract the transmission coefficients from
the amplitudes of the resulting wavefunction [148]. We focus, instead, on a method
which is more efficient from the numerical point of view, reformulating the situation

in non-equilibrium Green’s function formalism.
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KR

Tr

Figure 2.1: Schematic of a typical configuration to study quantum transport. The quantum
system of interest S is connected to two reservoirs at thermal equilibrium. When the system
has reached a non-equilibrium steady state, it is possible to compute the constant particle
Jn, electric J. = eJy, and heat currents J,f and Jf, respectively in the left and right lead,
within the Landauer-Biittiker framework.

2.1.1 Green’s function approach to transmission

The class of systems usually studied in the configuration of Fig. 2.1 are typically
well described by a tight-binding approximation, which can be expressed in matrix
representation and gives discrete energy levels. On the other hand, the reservoirs are
assumed to be infinitely large when compared to the central system S, thus their
energy spectrum is effectively continuous. In the Green’s function formalism, the
effect of the reservoirs L and R can be included in the matrix representation of the
discrete-level system S and the transmission function be expressed in a convenient
form for numerical simulations. We focus on one-dimensional models or wires of

non-interacting electrons whose Hamiltonian in second quantisation is given by

N-1 N
Hs =" ty(afans +he) + > Vadhdn, (2.12)
n=1 n=1

where ¢, is the tunnelling or hopping constant, V,, is the on-site energy of site n, and
Gy is the fermionic annihilation operator of site n. When the system is isolated, it
is straightforward to rewrite the single-particle eigenvalue problem Hg |1Ve) = Ey 1))
in matrix form on the site basis {|n)}, = {al |0)},, with |0) the vacuum state. The

matrix takes the form

Hs =) [Hgl,,, a}in. (2.13)

In particular, we recover with »_  [Hg], e = Epbye the same set of equations
seen in Eq. (1.4) to study quasiperiodic models, if ¢, ,—; = t5. In this case, Hg is a
N x N symmetric and tridiagonal matrix, with diagonal entries {V}, },, and off-diagonal

entries equal to t;,. The retarded single-particle Green’s function of the isolated system
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is defined as

Gy(E) = [E—Hg] ', (2.14)

where we indicate E = (E + in™)1, with n© = 0% an infinitesimally small positive
number and 1 the N x N identity matrix. The advanced Green’s function G%(F) is
defined analogously to Eq. (2.14), with E = (E—in™)1. In the rest of the dissertation,
however, we consider systems with time-reversal symmetry. As a consequence, the
advanced Green’s function is always equal to the hermitian conjugate of the retarded
Green’s function G4(E) = [G%(E)]!. Therefore, in the following we refer to G%(F)
simply as Green’s function (GF) and drop the r apex. The local density of states on

site n can be then expressed as

pn(E) =) |l *0(E — Ey), (2.15)

14

1
pn(E) = —;Im[GS(E)],m, (2.16)
while the global density of states p(F) defined in Eq. (1.12) is obtained by

p(E) = —%Tr{ImGS(E)}. (2.17)

In the previous section we studied the spectral properties of isolated one-dimensional
systems in the tight-binding approximation. We now connect the tight-binding chain

to the two reservoirs, and consider the following total Hamiltonian

H=Hs+ Y (H, +Hs), (2.18)

v=L,R
which includes also the Hamiltonian of the reservoirs H, and their coupling to the
system Hg,. Each of the reservoirs is described by a quadratic fermionic Hamiltonian

with infinitely many degrees of freedom,

H,=Y EwD},Dy, v=LR (2.19)

¢
where Ej, are the single-particle eigenenergies of the leads and Dy, are annihilation
operators for the corresponding eigenmodes. For the moment, we will not make any

assumption on the structure of the system-reservoir coupling. The total Hamiltonian
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can also be represented in matrix form analogously to Eq. (2.13), with the following

block structure [148],

H;, Hg, 0
H=|H,, Hs H,|, (2.20)
0 Hsg Hgp

whose diagonal entries are the hamiltonian matrices of the system and left and right
reservoirs Hg, Hy, Hg, while the off-diagonal entries are the coupling terms Hg,.
As a consequence, the GF for the total extended system shows an analogous block

structure,

E-H, -Hg 0 GL(E) Gsi(E) 0
“Hi, E-Hs -H. ||Gs(E) Gs(B) Grs(E)|=1. (221
0 —Hszg E—Hpg 0 G5R<E) GR<E)

As reviewed in Ref. [148], we derive the GF for the central system Gg(E) by using

the two following equations from the above linear system,

(B — H,)Gs1(E) — HerGs(E) = 0, (2.22)
—HsrGs(E) + (E — Hp)Gsr(E) =0, (2.23)

in order to replace Ggr(F) and Gggr(F) in
—H},Gs.(E) + (E — Hg)Gs(E) — H};Gsr(E) = 1. (2.24)

With this substitution, we arrive to the definition of retarded single-particle non-

equilibrium Green’s function (NEGF) for the central system,

1

GS(E) = [E_HS_ZEV<E)}_ ) (225)
where we introduce the notion of self-energy,

¥, (E) =H, (E—-H,) 'Hy, = H, G,(E)Hsg,. (2.26)
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The self-energy encodes the presence of the reservoirs, thus it depends only on the
GF of the isolated reservoirs G,(F) = (E — H,)™! and on their coupling to the
central system. We notice that the NEGF in Eq. (2.25) can be rewritten in the
same form as the GF for an isolated system whose effective Hamiltonian Hg = Hg +
>, %,(E) is not hermitian. The eigenvalues of the effective Hamiltonian can thus
be complex: Eg = Ey — Ay — iy/2, where A, translates into a shift for the original
eigenvalues, while the imaginary part 7, reflects the fact that the electrons injected
into the central scattering region will eventually leave it to re-enter the baths [149].
The time dependence of the eigenvectors of the effective Hamiltonian 1, = {10},
is modified to e e/l — =i Ee=A)t/he=vet/2h and the probability density decays as
[pe(t)[* ~ e /" The quantity -y, is then proportional to the inverse average time
spent by the particle in state ¢ inside the central region, or, equivalently, the rate at

which particles escape into the reservoirs.

After introducing the level-width function, or bath spectral density,
L, (E) =i[S)(E) - Z,(B)], (2.27)
the transmission function is given by the Fisher-Lee formula [148-150],
TLr(E) = TY{I‘L(E)GE(E)FR(E)GS(E)}- (2.28)

The crucial aspect in the derivation of the transmission function is the evaluation
of the self-energies and level-width functions, which are represented by matrices of
infinite dimension. A blunt truncation in the degrees of freedom involves the risk
of describing a closed extended system, instead of the original system of interest
S in open configuration. However, in most relevant cases it is possible to apply
approximations which make the problem tractable. First, we assume in Eq. (2.18) a

bilinear system-reservoir coupling of the form

FISL + I{ISR = Z(tngJ{DgL + tg/RCAL;rVDyR + h.C)7 (229)

o
where t,;, and tyr describe the amplitude for electrons respectively in the ¢-th mode
of lead L and ¢'-th of lead R to tunnel onto the wire. Only the first site of the system

is coupled to the left lead L and only the last one is coupled to the right lead R. In
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this case, the level width functions or bath spectral densities have only one non-zero
element each, [[(E)],,= JL(E) and [Cg(E)], = Jr(E), which assumes the form
of a weighted density of states,

Ju(E) =21 |tw[S(E — Eu). (2.30)

We also make use of the the wide-band limit (WBL) approximation. The typical
energy scales of the reservoirs are considered so large in comparison to those of the
central system that it is effectively possible to take spectral densities independent
of the energy and purely imaginary self-energies. We also consider identical values:
Jo(E) = Jr(E) = 7, which we indicate in the following as the coupling strength.
Given these approximations, the matrices ¥ (E), ¥g(E) and T'f(F), T'r(E) have

the only non-zero element given by
[ZL(B)] = [Za(B)] yy= —iv/2,  [TL(B)],,=[Ta(E)] yy= 1. (2.31)
The expression for the transmission function from Eq. (2.28) thus simplifies to
mr(E) =7 |[Gs ()| (2:32)

The most straightforward example to study is transport through a single level system,

with energy €y. In this case, the NEGF in WBL approximation is a scalar,

1 1
Gs(E) = = 2.33
s(E) E—e-5,% FE—e-—iy (2:33)
and the transmission function can be evaluated analytically,
2
TLr(F) = —————. 2.34

As shown in Fig. 2.2, the result is a Lorentzian centred in E = ¢,, where it reaches
the maximum value of 1 at every . The coupling strength controls the broadening
of the curve, thus the probabilities of transmission on a larger energy window.

When we consider larger system sizes, exact analytical solutions are not accessible even
for trivial potentials, so one resorts to numerical inversion of the NEGF matrix. The

computational cost of most algorithms for matrix inversion, however, has a scaling
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Figure 2.2: The transmission function for a single level model of energy ¢y connected to
two reservoirs in WBL approximation, whose analytical expression is given in Eq. (2.34).
The coupling strength ~ controls the broadening of the Lorentzian, centred in F = ¢y with
maximum value of 1.

of N2873 As a consequence, simulations can become heavy if the energy grid on
which the transmission function needs to be evaluated for the integrals in Eqgs. (2.2),
(2.3), and (2.11) is fine, as in the case of the fractal spectrum of quasiperiodic models.
However, given the form of the coupling and the WBL approximation, the NEGF of
Eq. (2.25) is a tridiagonal matrix as the original Hamiltonian. Therefore, it is possible
to exploit iterative algorithms to extract the elements of the inverse of tridiagonal
matrices, which scale linearly with N. In Fig. 2.3, we show example transmission
functions for the Hamiltonian in Eq. (2.12) with constant on-site energies. A clean
wire of NV sites exhibits N discrete energy levels lying in £ € [—2,2] when V,, = 0 and
tp = 1. For N = 10, we notice in Fig. 2.3a a transmission function 7,z(FE) that in
the limit of small v consists of a series of d-shaped peaks corresponding to the energy
levels. As ~ increases, the peaks broaden and eventually merge at the approximately
constant maximum value 1. We observe the same effect for a wire of length N = 100,
increasing the coupling from v = 0.1 in Fig. 2.3b to v = 2.5 in Fig. 2.3c. At both
lengths, the transmission drops to zero outside of the energy window containing the

spectrum.

2.1.2 Linear-response regime

The linear response regime is relevant for numerous experimental platforms, ranging
from semiconductor [151, 152] and molecular electronics [144] to ultracold atoms [14],
and, furthermore, permits to derive in a more compact way fundamental consider-

ations about thermoelectric effects and the performance of thermoelectric devices.
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Figure 2.3: Transmission function for the clean one-dimensional tight-binding model when
coupled in WBL approximation to two baths, with coupling strength v (V;, = 0 and ¢, = 1).
(a) For N = 10 sites, we observe a series of peaks at the eigenergies of the system, which
are d-functions in the limit v — 0 and broaden as  increases. For N = 100 the single peaks
are still distinguishable for (b) v = 0.1 and look partially merged at (c) v = 2.5.

In order to reach this regime, the differences between the chemical potentials Ay =
iy, — pr and temperatures AT = T, — Tk of the two reservoirs in Fig. 2.1 must
be small |AT| << T, |Apu| << kgT [20] compared to the reference thermodynamic
quantities yt = pug and T' = Tx. The currents can then be expressed as linear combi-
nations of the generalised forces or affinities driving transport [20, 141, 146, 153]. The
affinities are identified by considering the set of independent extensive variables {X;}
which determine the thermodynamic entropy of the system & = §(Xy, Xo,...). The
entropy production rate can be then formulated as the product of extensive fluxes or

currents J; = dX;/dt and the affinities & = dS/dX; [146],

: ds dX;
S = Z Xa Z J;F,. (2.35)

There is a certain arbitrariness in defining the independent currents, however, in the
study of thermoelectric effects, one usually considers the expression for the entropy

production rate given in Eq. (2.10) to isolate J. and J(f , as follows

| J AR\ JE LAp 11 Ap 1
S§=_—(JF+= -1 = - — )= .=+ JA [ = ), (2
Tr (‘Jq+ e ) T,  €elg g Tr 1Ty Jear T T) (2:36)

where we used Eq. (2.7). The relation between currents and affinities is compactly

represented via the Onsager matrix [154] as

J, Ap/eT L L
I e I E ) (2.37)
Jy AT/T? Loy Lo
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As evident from Eq. (2.7), the difference between the heat currents in the left J and
right Jf‘ lead is quadratic in the biases Au, AT. The relations obtained within linear
response regime are, instead, only accurate to first order in chemical potential and
temperature difference, they thus introduce a conserved heat current J, = JF ~ JF
irrespective of whether the system is absorbing or producing electrical work, with the

same sign convention of Jy and J,.

The Onsager coefficients are constrained by the Onsager reciprocal relations, and by
the second law of thermodynamics. Firstly, Onsager proved that the diagonal coeffi-
cient L1, measured in an external magnetic field B is identical to Lo; measured in the
same reversed magnetic field —B: Lj3(B) = Loy (—B). If the system is time-reversal
invariant, as in absence of external magnetic field, L1y = Loy always holds [154]. Sec-
ondly, the non-negativity of the entropy production rate associated to the transport

processes implies that

Lis + Loy)?
Lazt Lan)® (2.38)

L1 >0, Lo >
11 = Y, 22 — 4L11 el

The electrical conductance GG, the thermal conductance K, the Seebeck factor (or

thermopower) S and the Peltier coefficient II are defined as

Je Lll
G- _ 2.39
(&%)~ 7 25
Jh 1 detL
K= (2 - 2.4
(AT) Je=0 T2 Ly’ ( 0>
AV 1 Lo
__ (=&Y et 2.41
S (AT) 7.0 T Ly’ ( )
Il = <£) = ﬂ, (2.42)
Je AT=0 Lll

where we notice that in presence of time-reversal symmetry Il and S differs only by
a factor 1/T. As a consequence of the conditions in Eq. (2.38), the conductances are

always positive
G(ST —11)?
— >0

G>0, K>
- - 4T -

(2.43)

while the thermopower S and the Peltier coefficient I can be negative. The currents
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are then re-written as

J. = GApJe + GSAT, (2.44)
J, =G Ap/e + (K + GS AT, (2.45)

with the transport coefficients fully characterising the thermoelectric effects in the
non-equilibrium steady state. We explicitly see, in fact, that they couple the elec-
tric current to the temperature bias, and the heat current to the chemical potential
difference. Moreover, G and K give an indication on the quantum heat and electric

transport properties of the central system, as it will be specified in Sec. 2.2.2.

We remark again that the definition of the entropy production rate in Eq. (2.35)
allows some freedom in choosing the independent currents and the related affinities.
The same formulation described above can be built taking the electric and the energy
currents J. and Jg, instead of electric and heat J. and J,. In this case, the affinities
are , = F, — nF, /e, Fp = H,. An analogous Onsager matrix L can then be derived,

with the following relation between the two representations [155, 20],
Ly = Ly,
~ ,J/ ~
Lyg = Loy = L1z — gLu,

. 200 ~ 2
Loy = Loy — ?’“”L12 i (g) I, (2.46)

where the same property under time-reversal symmetry holds Liy = Lo;.

Within Landauer-Biittiker framework, we obtain the heat and electric currents in
linear-response regime by Taylor-expanding at first order the Fermi-Dirac distribu-

tions around the reference thermodynamic variables y = pug and T' = Tk,

0 0 AT
FulB) ~ f(B) + AT+ a—im = [(B) = ['(B)|(E = )= + Apr|, - (247)
where
[0 — ! (2.48)

T OE  4kpT cosh?[(E — p)/2kpT)’
is an even function centered around p with a width of order kgT, which, as shown in

Fig. 2.4a, effectively defines the energy window contributing to transport.
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Figure 2.4: (a) The Fermi-Dirac distribution derivative of Eq. (2.48), with a negative sign.
We notice that it is an even function of (E — p), different from zero only within an energy
window of order ~ kgT. It thus defines the effective energy window contributing to the
transport coefficients integrals of Eq. (2.50). (b) Two Fermi-Dirac distributions f,(F) and
fu(E) intersect only at one energy E* (highlighted with black dots in the plotted examples)
unless p, = p,s and T, = T, in which case f,(E) = f,/(E) on the whole energy axis.

Comparing the result with Eq. (2.37), the Onsager coefficients can be expressed as

L= €Ty, Liy= Loy =€Tl;, Ly=TI, (2.49)
where
2
=2 / AE(E — p)oron(E) - f/(E)). (2.50)

Within this framework, it is possible to formally illustrate by Sommerfeld expansion
a result which was first derived phenomenologically, the Wiedemann-Franz (WF) law.
The WF law states that in normal conductors at low temperatures the ratio of the

thermal conductivity over the product of electrical conductivity and temperature o[,

K 1 7Tk’B 2

is a universal constant known as Lorenz number . In order to derive the law, we
Taylor-expand the transmission function 7, g(FE) in (E — ), with the expectation that

only the first few terms will be important

runlE) = runly) + 3 | )] (252

m=1

As mentioned earlier, f/(E) is different from zero only within a few kgT around E = p,

thus the integrals of Eq. (2.50) are effectively computed over this limited range of
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energies, where we can replace 7 r(E) with the first terms of its Taylor expansion,
provided that it is not too rapidly varying in this energy interval. Furthermore, since
f'(E) is an even function and (E — u)f'(F) is odd, the leading order term in /; and

I depends on 7(p), while in I; it depends on the first derivative dTLd%(E)| B=yu. We

consider then only the leading order in kgT of the Sommerfeld expansion [21], by

assuming low temperature and making use of the known result

(E— )"

om) = am(kBT)2ma (253)

[ de-rE)

where a,, = (2 —272Mm=Y)¢(2m), with ¢(m) the Riemann zeta function. We will need
ag = 1 for Iy, and 2a; = 72/3 for I; and I,. It follows that
272

E:M<kBT)2’ I = 3_hTLR(/~L)<k?BT)2. (2.54)

2 271'2 dTLR(E)
[ = — [ = —
0= 7ean), =g =0

Given that in the integrals [ the energy range (E — p) is contained within few kgT,
the truncation to the first order m = 1 of the transmission function in Eq. (2.52)
implies also that

(kgT)Iy >> 1, 1y/(kpgT) >> I, (2.55)

such that the expressions for the conductances from Eqs. (2.39) and (2.40) can be
approximated to

1 I
G=el, K= - (12 - —) ~ 2 (2.56)

By inserting the results from Eq. (2.54) in the formulas above, we finally arrive to
the WF law of Eq. (2.51). Beside restricting to low temperature, which allows us to
stop at the first order of the Sommerfeld expansion, in order to derive the WF law
we have made another essential assumption on the transmission function. We have
considered a 7,g(FE) not singular and not too rapidly varying in the neighbourhood
of F = p. Only in this case it is possible to consider the first order in Eq. (2.52) and
proceed with the Sommerfeld expansion. As mentioned before, this assumption also
implies Eq. (2.55), which translates directly into the fact that the chemical potential
difference will contribute weakly to the heat current and the same for temperature bias
to the electric current, having LiyLys >> (Lj3)% Therefore, a violation of the WF
law in a non-interacting systems at low temperature and small biases signals a strong

dependence of the transmission function on the energy, determining the presence of
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thermoelectric effects (since the condition in Eq. (2.55) cannot be applied) [156].

2.1.3 Autonomous thermal machines

If thermoelectric effects are present, with simultaneous flows of heat and electric
currents, the two-terminal set-up we have discussed can function as an autonomous
thermal machine, depending on the thermodynamic variables of the reservoirs. A
quantum thermal machine operates without macroscopic elements such pistons, but
through the flows of the non-equilibrium steady-state heat and electric currents. The
machine is said to be autonomous when the “cycle” it performs is entirely induced
by the differences in temperature and chemical potential between the two reservoirs,
without any external drive. In such case, the central system constitutes the working

medium of the device.

We first introduce the heat engine (h) configuration, already represented schematically
in Fig. 2.1, assuming without loss of generality that the left reservoir is hotter than
the right one, i.e. T}, > Tg, and that it is characterised by a lower chemical potential,
ie. pup < pgr or Ap < 0. The temperature difference induces an electrical current J,
from the left reservoir into the right one, against the voltage bias AV = Ap/e. Per
unit of time, the central system gains heat th from the left reservoirs, performs work
P when electrons are moved from a low chemical potential to a higher one, and other

heat Jf is dumped into the right reservoir. The power produced is then
P=—JyAp=—JAV =Jr - JF, (2.57)

where in the last equality we used Eq. (2.7). The electrons do not necessarily flow
from the hot to the cold reservoirs, in fact the direction of the currents depends on
1, and T, of each reservoir v = L, R. However, the sign convention establishes that
the system behaves as an heat engine when J, is driven against a potential difference

and P > 0 is produced with JqL, Jf” > 0, in such case the efficiency is given by

P JE

(h) _ _ q
=" =1-"2 (2.58)

Iy Iy

analogously to the cyclic engine [147]. By replacing the heat currents with their
relation to the entropy production rates in Eq. (2.9) and applying again the second
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law of thermodynamics & > 0, we in fact verify that the definition is consistent with

finite time thermodynamics,
i _ ~TeSu—TaSe _ . Tr _

1—— = , 2.59
TS, > T, Ule; ( )

n

since bounded from above by the Carnot efficiency ngl ) A process can reach the limit
of Carnot efficiency only when it is perfectly reversible, such that & = 0. Within the
Landauer-Biittiker framework, as mentioned in the discussion on the WF law, the
presence of thermoelectric effect and heat-to-work conversion are closely connected
to the behaviour of the transmission function. It is known that the transmission
function maximising the efficiency to the Carnot limit is a d-function [38]. The result
is general [157, 147] and can be derived by substituting in Eq. (2.10) the integrals for
the heat currents of Eq. (2.11),

fL(E)[1 = fr(E)]
frR(E)1 — fo(E))

S = kg / dETLR(E)[fL(E) — fr(E)]In

(2.60)

where we used the fact that (E — u,)/kgT, = ({In[l — f,(F)] — In f,(E)}. Since
Trr(E) > 0, the integrand is always non-negative. In order to get § = 0, however,
for each E we either need 7.r(E) =0, or [fL(F) — fr(F)] = 0. We wish a non-trivial
situation with finite transport, where 7.z(E) # 0. On the other hand, the term
[fL(E) — fr(E)], as shown in Fig. 2.4b, can be different from zero only on a single
energy E*, otherwise the two reservoirs would have the same distribution, implying
again the absence of transport. From these considerations, it is evident that the
transmission function determining & = 0 can only be of the form 7,z(E) = §(E — E*),

with E* given by the further condition

_ Topr —Trps

FulE) = fu(E), Br =

(2.61)

Equivalently, recasting the expression for E*, Carnot efficiency is reached if we apply
an optimal chemical potential difference between the reservoirs which depends on the
0-shaped transmission,

Ap=E*(1—Tg/Ty). (2.62)

We have previously encountered a transmission function of similar nature, when dis-
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Figure 2.5: (a) A boxcar transmission function, which is known to optimise the efficiency of
the heat engine at a given finite power output. (b) As the required power output increases,
the transmission function must be chosen with larger and larger width A. In the limit of a
perfect step transmission function, the power output is maximised.

cussing the single-level model. If we look again at Fig. 2.2, it appears evident that
in the limit of vanishing system-bath coupling v — 0 and tuning its energy level to
€p = E*, the efficiency of a heat engine with a single quantum dot as working medium
approaches the Carnot limit [17, 12]. As mentioned after introducing the self-energies
of Eq. (2.26) in Green’s functions formalism, the broadening of the transmission func-
tion gives an indication of the rate at which the electrons escape the central system
to re-enter the reservoirs. When the transmission function is a Dirac-9, it takes an
infinite average time for an electron to scatter across the central system, or, equiva-
lently, it takes infinite time to operate the machine. This determines, as in the Carnot
cyclic engine, zero power output. We show it explicitly by modelling the transmission
function with the following boxcar function,

1 for F € [E*—%,E*—i—%},

TLr(E) = (2.63)
0 otherwise,

depicted in Fig. 2.5a. The associated power output can be calculated as [39, 158]

E*+A/2
p=-22 [ aninum) - guey) - - S o,
rear (2.64)

and thus vanishes in the limit of A — 0.

Any practical thermoelectric device, however, should give a finite power output, irre-
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Figure 2.6: An efficient thermoelectric device can be obtained through the use of an energy
filter in the central system, blocking the transport at certain energies. The temperature
bias drives particle (hole) transport above (below) the chemical potential, leading to zero
net electric current in the presence of particle-hole symmetry. Finite electric current and,
consequently, output power are instead obtained by differentiating the dynamics of the
particles at energies above and below the chemical potential. This mechanism can be realised
through transmission functions as in Figs. 2.5a or 2.5b.

spective of its efficiency. This consideration has fuelled numerous studies in irreversible
thermodynamics, investigating the transmission function optimised to generate the
maximum efficiency at a given finite power output [147, 157—-160]. While it can be
already seen intuitively in Eq. (2.64), it has been formally proved that such 7, z(E)
is the boxcar function with finite width [158]. A finite power output signals that the
engine is not in conditions of perfect reversibility, the efficiency will be thus strictly
less than the Carnot limit. There is in fact a definite threshold between efficiency and
produced power. The power output, as seen in Eq. (2.64), can be increased with the
width of the boxcar transmission function, and it is maximised when the system lets
through all particles above or below a certain energy with probability 1, but none at
other energies, with a transmission function described by a step-function [39] as in

Fig. 2.5b.

When the transmission function can be approximated by a boxcar or a step function,
the central system is said to act as an energy filter. This is a mechanism to break
the particle-hole symmetry that would otherwise impede thermoelectric power gener-
ation. Indeed, in the presence of particle-hole symmetry, heat is transported both by
particles above the chemical potential and by holes below the chemical potential. The
corresponding charge currents of the particles and the holes compensate each other,
leading to zero net power output. As demonstrated in Fig. 2.6, blocking transport in
the working medium within a certain energy range allows charge to flow only in one

direction, i.e., against the voltage gradient.

In linear response regime, the effect of an energy filter can immediately seen mathe-
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matically by using Eq. (2.50) to write the thermopower as

g_ 1 JdE(E — p)rr(E)[-f'(E)]
el [dETr(E)[—f'(E)]

(2.65)

Given that f/(E) is an even function of the energy, it is clear that the Seebeck factor

will vanish whenever the transmission probability is also an even function. Breaking

electron-hole symmetry in the transmission probability is therefore crucial to achieve

a finite thermoelectric response. Linear response regime has the further advantage

of simplifying all the relevant parameters for the characterisation of the heat-to-work

conversion in terms of a single dimensionless parameter [161], the figure of merit
GS*T

ZT = . 2.66
— (2.66)

In particular, the maximum thermodynamic efficiency reachable by the device can be

parametrised as [20]

NN QN e A
mazx C /—ZT ¥ 1 + 1 .

Larger values of Z'T" correspond to higher efficiencies or performance, giving the max-

(2.67)

imum theoretical limits for ZT — oo The efficiency at maximum power in linear

response regime can instead be expressed as [20]

(h)
n ZT
N (Praz) = %ZT —5 (2.68)

which for ZT' — oo tends to ngl )/ 2. This value corresponds to the Curzon-Ahlborn
efficiency [162, 163] expanded at the first order,

Nnea=1—1/7 (2.69)

T~ 2
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As demonstrated in Fig. 2.7, the figure of merit ZT represents then the fundamental
index to categorise thermoelectrics [151, 164] (even though it may over- or underes-
timate the performance of the engine outside of the linear-response regime). Most
current thermoelectric devices work with ZT" ~ 1 and it is often stated that ZT ~ 3
would be required in order to compete with alternative technologies [20]. We further
observe that the values of ZT/S?* = 1/ are constrained to 1/ unless the WF law
of Eq. (2.51) is violated.
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The power produced by the thermoelectric device, however, does not depend only on
the characteristics of the device itself and its transmission function, but also on the
load powered by it. The attached circuit acts as a resistance F;, which contributes to
determine J, through the engine at a given applied bias. As a consequence of charge
conservation, and if the load is connected in series, the current can be expressed as
Jo = =G AV, where G; = 1/R; is the conductance of the load. The current J., and
thus the power given to the load, is zero if either R, = 0 (G; = 00), since it is then
impossible to apply any potential difference, or R; = co (G; = 0), where no electric
current can flow. The voltage building up in the load to stop the current can be found
by imposing Eq. (2.44) equal to zero. As it comes naturally from the definition of
thermopower, the so-called stopping voltage in the load is AVy,, = —SAT [20]. If we
replace this expression in the power output P = —J. AV, we find a parabolic curve

with maximum power output P,,.. reached when we apply

. A‘/stop

A
H 2e

1
= —SAT, (2.70)

between the two reservoirs.

The same considerations on the transmission function which optimises the engine
at a given power output can be applied when the device functions as a refrigerator
(r) [39, 20]. In this case, the heat current is negative, with heat transported from the

right (colder) to the left (hotter) bath, while power is supplied to the system (P < 0),
J, <0, P <0 (refrigerator regime). (2.71)

The efficiency of the refrigeration is quantified by the coefficient of performance (COP)

- L (2.72)

J
(r) — 29 ) _
=Mlo = A

U

which is characterised by the same figure of merit Z7T', and analogous expressions to

Eq. (2.67).
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Figure 2.7: The maximum efficiency reachable by a heat engine in linear response regime
ngfgx (Eq. (2.67)) and the efficiency at maximum power output 1(Ppq..) (Eq. (2.68)), both
as a function of the figure of merit Z7T. We notice that until approximately ZT ~ 3 the

two curves lie on top of each other, however for ZT — oo, n(h)(Pm,w) — ngl ) /2, while

(h) (h)

Nmaz — N~ With a slower convergence.

2.2 Linear-response theory in isolated systems

Scattering theory and Landauer-Biittiker type formulae are essential to study trans-
port at the mesoscopic scale and to provide an elegant and effective picture to un-
derstand thermoelectric effects on a wide range of experimental platforms. However,
despite the possibility of mimicking some kinds of incoherent mechanisms, in their sim-
plest form they represent tools for single-particle systems. In presence of many-body
interactions, we need other frameworks to probe particle and thermal transport. In
particular, we focus on strongly correlated one-dimensional lattice models in isolated
environment. In linear response regime, the currents arise as a response to a weak
perturbation which brings the system out of equilibrium [165]. The Green-Kubo for-
malism gives a relation between transport coefficients and the dynamical correlation
function of the currents evaluated at thermal equilibrium [166]. Numerical simulations
in this field are computationally heavy, due to the exponential growth in the degrees of
freedom, and to the long scales necessary to perform the unitary time-evolution of the
initial state, usually described by a density matrix. In this section, we first review the
type of Hamiltonians under study in Sec. 2.2.1. Then, we discuss the generalities of
Kubo formalism in Sec. 2.2.2 with the connection to the Onsager matrix, and how to
classify the transport regimen according to the conductivity in Sec. 2.2.3. Finally, we
present in Sec. 2.2.4 a technique to circumvent part of the difficulties in the numerics.
Dynamical quantum typicality prescribes the possibility of using a single pure state

to reproduce the properties of a full ensemble density matrix, and has been exploited
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in numerous studies on quantum spin chains [74, 167-170].

2.2.1 Quantum spin chains

Quantum spin chains, collections of interacting spins embedded on a one-dimensional
lattice, constitute a popular testbed to investigate the statistical mechanics of isolated
systems and the effect of many-body interactions on transport. The prototypical
Hamiltonian presents anisotropic interactions and arbitrary magnetic field {V;}i,,

and can be written as

=

—1
H = [Jay (878741 + 8780) + A8 ] + Z Vis, (2.73)
=1

where § are the spin-1/2 operators on site [, fulfilling the commutation relations
[59 ,36] i€a8,5] 01p. As clarified below, J,, indicates the rate of spin exchange, and
A the strength of the interactions. The most famous example of quantum spin chain
is the XXZ model, where V; = 0. The Hamiltonian is composed only of nearest-
neighbour interactions, thus it can be split in local factors of the form

N-1

H - h’l,l—‘rl?

=1

Bl,l+1 = Juy (87871 + 8/8]1) + AS{37, + 5 (Vsz + Vis18i,1), (2.74)

where the open boundary conditions imply the addition of a factor V157/2 to the
first term iLLQ, and Vy§%/2 to the last one fLN_LN. Although not diagonal on this
basis, the Hamiltonian is commonly represented as a matrix operator on the basis
of the eigenstates of ®1 L 87. This is given by the complete set of all the D = 2V
possible combinations to allocate up and down spins along the chain {|11 T2 ... Tn),
i To oo Ta), i de oo T), ...}, also called the “computational basis” [171]. The

effects of the Hamiltonian on the states of the computational basis can be shown by

recasting it as

N—-1 N
H = [ (55, +he) + Agfglal] +) Vs (2.75)

=1
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where §li = §7 £+ 45} are the raising and lowering operators. We observe that the

Hamiltonian introduces attraction or repulsion terms depending if neighbouring spins

are anti-aligned or aligned, for example

A§i§i+l N Tl\l/l+1 .. > - —A ’ . Tl\l/l+1 .. >
ASSI T ) = AL T ),

and it moves neighbouring excitations along the chain, as in

Joy st ae | oamn Ju
Ty(sfslﬂ + S; Sl—:l) | . Tl¢l+1 .. > = Ty | - \LZTZ-H .. >

However, excitations are neither created or destroyed, signalling that the total mag-

netisation along z is conserved,
N
S =Y "%, [H5]=0. (2.76)
=1

This symmetry is known as U(1) symmetry, and allows to divide the Hilbert space in
sectors and write the Hamiltonian as a block diagonal matrix, each block correspond-
ing to a sector at fixed magnetisation <§Z) Other operators, such as the generator
of the dynamics U(t) = exp (—iHt/h), do not mix different excitation sectors. The
dimension of each of them is given by the number of possible ways to allocate IV,

spin up that preserve (S?),

D? N N 2.77
S\ N Ny (N — NV (2.77)

up

Numerical simulations are often performed in the largest subsector rather than in the
full Hilbert space. For chains with even number of spins, this subsector corresponds to

(S%) = 0 with N,, = N/2, while for odd number of spins (5%) = 41, N, = (N£1)/2.

The quantum spin chain Hamiltonian of Eq. (2.73) can be mapped into a system
of interacting spinless fermions through Jordan-Wigner transformations [172]. In
particular, we obtain the one-dimensional tight-binding Hamiltonian of Eq. (2.12),

with ¢, = J,,/2 and the addition of a nearest neighbour density-density interaction
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term n; = d;dl,

=z

-1 N
- Jay
H = [ 5 (al arp1 +heoe) + Anlnl+1:| + Z Ving + hBC (2.78)

=1 =1

The term fLBC depends on the boundary conditions used, in case of open boundary
conditions hpe = (A + 7r)/2 up to a constant term. In this picture, the global

symmetry concerns the total number of particles,
N
Z [H,N] =0, (2.79)

and the Hilbert space is divided in subsectors depending on the number of particles

present (N) = N,,.

2.2.2 Green-Kubo formalism

When the quantum system of interest is isolated, its transport properties can be
studied through Kubo formulae, which constitute the core of linear response theory.

We consider the isolated system driven out of equilibrium by a small perturbation,
H'(t) = H—b(t)B, (2.80)

where B is a hermitian operator and b(t) a weakly perturbing field with real values,
also called the generalised force or affinity coupled to B. We assume that b(t) vanishes
for t — —oo. Therefore, the system is initially at equilibrium with respect to the
original H, and then coherently evolves in time according to H'. Linear-response
theory describes the consequences of the perturbation on the measured quantities, thus
how the expectation value of an observable O deviates from the thermal equilibrium
value,

5(0(t)) = (O(1)) — (0) (2.81)

eq’

Here, the expectation value (-),, = Tr{-pe,} is taken on the statistical mechanical
ensemble described by p.,. When the unperturbed Hamiltonian is invariant under

time-reversal symmetry, the response induced by the weakly perturbing field can be
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expressed in first order through the so-called “Kubo formula” [165],

5 (O(t)) = /OO xpo(t —tb(t)dt' + O(b*), (2.82)

o0

where the linear response function xpo(t — t'), is a property of the unperturbed
system at equilibrium. Due to the stationarity of p.,, the response function depends

exclusively on t — #/, and is written as [173],
l A A
Xpo(t =) = 20(t =) ([O(t = 1), B),, (2.83)

where 60(t) indicates the Heaviside step-function, 6(t) = 0 for ¢ < 0 and 6(t) = 1
for t > 0. It is evident that xpo(t —t') describes the after-effect at time ¢ on the
observable O to the impulse that coupled the system to the perturbation B at an
earlier time ¢’ < t. For this reason, it is also called “causal” response function. One

generally chooses ' = 0 without loss of generality.

The linear response function is related to the connected correlation function, defined

as

Crolt) = (O(1)B),, — (O, (B)., (2:84)

The correlation function can in general assume complex values, with Cpo(—t) =
C%5(t). However, when the two observables coincide O = B, the autocorrelation
Coo(t) is separable into a real and symmetric, and an imaginary and antisymmetric
part by virtue of the relation Coo(—t) = Cf(t). In order to characterise the correla-
tion between the two observables through a real function, one defines the symmetrised

noise or fluctuation function

N A

Spo(t) = ({O(t), BY)ey = 2(0(1)) ¢y (B)ey - (2.85)
where {-, -} indicates the anticommutator. When O = B, this function is also even,
Soo(t) == QOgo(t) =2 RG{OOo(t)}. (286)

The symmetric component of the autocorrelation is given by CJ,(t) = [Coo(t) +

Coo(—t)]/2. Analogously, the anticommutator determines another quantity, which is
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purely imaginary and related to the linear response function in Eq. (2.83),

Xholt) = 5 (OWIB]y xsolt) = 200(0)holt). (2.87)

In the case O = B, it can be related to the imaginary or antisymmetric part of the

autocorrelation Cp,(t) = [Cpo(t) — Cpo(—t)]/2, as follows

Xbo(t) = 1Cao(t) = 1 Im{Coo(H)} (2.59)

The Fourier transform of x%,(t) is called “spectral density”,

Vo) = / Voo (t)tdt. (2.89)

o0

Particular care must be taken when transforming the linear response function to
frequency space, since causality ensures analyticity only on the upper half of the
complex plane. The Fourier transform of the linear response is called generalised

susceptibility,
w) = lim ellwt—iet)
XBO( ) =0t J_ o

xso(t), (2.90)
where the exponential factor is inserted to ensure convergence. Despite the misleading
notation sometimes adopted in the literature, x5,(t) is not the imaginary part of
XBo(t). The response function xpo(t) is purely real, since it describes the response
of an observable, while the generalised susceptibility ypo(w) can be complex. In
frequency space, the following relations hold [174],

1 OO X%O(w/> d /

1 " _
Xpo(w) = — lim i Xoo(w) = Im{xo0(w)}. (2.91)

In his early study [166], Kubo presents a different version of the linear response

function,

xBo(t) = BO)K 55(t), xBo(w) = /0 h K p(t)e™'dt, (2.92)

where 5 = 1/kgT is the inverse temperature of the statistical equilibrium ensemble,

and B = [B, H]/(ih).
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The Kubo canonical correlation function,
1 P -3 0l /
Kpo(t) = 3 (BO(t +1ihpB')) 5 dB', (2.93)
0

was originally calculated in the canonical ensemble (-), = Tr{-p},

N e_ﬁﬁ
c zc

(2.94)

with Z. = Tr{e*ﬁﬁ } the partition function. Its definition can be extended to other
ensembles, as the grand-canonical (), , = Tr{-pp#}, with ot = e BH-1N) 7 .
However, in such case it is necessary a connected correlation in the integrand

(BO(t + ihB3")) ., — (B) (Ot +ihfB')),, [175]. If we consider the canonical ensemble,
the following relation holds in frequency space [174],

1 — e Bwh

KBO(CU) = W

Cpo(w). (2.95)

Moreover, we notice that Kpo(t) is always real, and even when B = 0. In this case,

then, its Fourier transform is given simply by

Koo(w) = 2/ coswtKpo(t)dt. (2.96)
0

The general framework we have introduced helps building a formal parallelism between
the two pictures in which we have seen transport in linear response regime: the open
setting, where non-equilibrium steady-state currents are established after the system
has been attached to reservoirs, or the closed environment, where a perturbation
induces correlation in the isolated system initially at equilibrium. While in the former
case, treated in Sec. 2.1.2, we focus on extensive current J, = (.J,) associated to the
conserved quantity or charge X,, in the isolated system one assumes local equilibrium

and a continuity equation between the current and the charge densities j, and g,,

dén(t) i -
dt - ﬁ[Ha Qa] - Vja(t)7 (297)

where the variation in the charge density is induced by a local affinity f,, expressed

also in terms of a gradient. Analogously to Eq. (2.37), independent current densities
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can be written as linear combination of the corresponding local affinities. Fermionic
Hamiltonians as Eq. (2.78), irrespective of A = 0 or A # 0 (or, equivalently, spin
Hamiltonians as Eq. (2.73) by Jordan-Wigner transformation), allow to express the
global conserved quantity N = >, T, charge or total number of particles, and the
total energy H = > Bl,l+1 as sums of local operators on different sections (as seen
explicitly in Eq. (2.74) for the spin chain). It is then possible to define a continuity
equation at each section’s edge. Formally, up to boundary terms, one has respectively

for the particle/charge current and the energy current

dﬁl 1€ ~

e = ] = ey = e Je = lej (2.98)
dh i L ) )
C;a;+1 = E[H; hl,l+1] = jE’l — .]E,l+17 JE — XZ:-JEJ' (299)

Their related affinities can be shown to be f, = —=V(u/eT), and fp = V(1/T) [175],
thus

Ja = Z Aavfo, a,b=e, E. (2.100)
b

The coefficients A, form an Onsager matrix X equivalent to L in Eq. (2.46), and in
the thermodynamic limit can be computed in terms of the Kubo correlation function
introduced in Eq. (2.93), as follows [20, 155, 175]

- - - |

Aap = lim Re{Aap(@)},  Aw(w) = p lim lim N/o dt'e™ K, g (t').  (2.101)
We notice that the above expression has a similar form to Eq. (2.92), with By the oper-
ator coupling the affinity fb to the system, in this case ée = qu and l%E =TJg [175].
The Onsager coefficients Aoy determine the corresponding transport coefficients, ac-
cording to relations analogous to Eqgs. (2.39) - (2.42), involving conductivities instead
of conductances. In absence of direct coupling between energy and electric current
density (5\12 = 5\21 = 0), the electrical and thermal conductivities are given by the

generalised Green-Kubo formulae,

x6(5

OGK — T (2102)
A

Rok = S (2.103)
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The order of the limits in Eq. (2.101) is crucial to obtain the closed-system conduc-
tivities. First, one takes the limit of infinite system size N, and only then the limit of
infinite time, to avoid probing finite size effects instead of targeting the bulk. In this
way, the system can be considered effectively isolated, with no effect from any bath.
In an open environment, the system first reaches the non-equilibrium steady state
in the infinite time limit, and then the currents are evaluated J, = <je), Jg = (jE)
at finite size (as we noticed in the prescription of the Landauer-Biittiker integrals in
Eq. (2.50) for non-interacting systems). In case of diffusion, the macroscopic current

in the open system obeys the phenomenological laws,
Jo=0Apu/eN, (2.104)

with open system conductivity o (equivalent considerations can be made for x and K
in heat representation, or & and K in energy representation). In the thermodynamic
limit, we have the equivalence

o= lim NG. (2.105)

N—oo

In case of diffusive transport, the conductivity ¢ is constant and independent of N,

hence the corresponding conductance scales as
G~ N7, (2.106)

with ag = 1. For ballistic transport, the current is independent of system size, thus
ag = 0. Anomalous behaviours emerge when 0 < ag < 1, when transport is said to
be superdiffusive, or ag > 1, when transport is said subdiffusive. We notice that in
the ballistic and superdiffusive case, the conductivity diverges, while it is zero in case
of subdiffusion or in absence of transport, where G ~ e¢=". The same classification
can be applied to heat transport according to the scaling exponent of the thermal

conductance,

K ~ NOK, (2.107)

The classification of transport in the open system setting is generally expected to agree
with what we will extract from the Kubo formulae in the case of isolated system.
However, there can be situations in which the effect of the boundary between the

system and the bath leads to different predictions [176].
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2.2.3 Classification of transport

We focus again in this section on the electrical conductivity from the Green-Kubo for-
mula. In order to procede with the discussion, we re-write Eq. (2.101) and Eq. (2.102)

at finite w as [175],

1 /
ogk(w) = lim lim NRG{/ dt'e™"! KJ€J€<t/)}

t—o00 N—o00 0

t—o00 N—o00

1 — e Puh 1 o
- lim lim NRG /o dt'e™" Cj 5. (1) ¢, (2.108)

where we have exploited the symmetry property of the Kubo correlation function from
Eq. (2.96), and its relation with the connected correlation in Eq. (2.95). In order to
classify transport, we want to evaluate the real conductivity at small frequencies,
ock(w — 0). The conductivity is usually decomposed into a singular and a regular
part,

ook (w) = 2rDY §(w) + of7(w), (2.109)

where the Drude weight is given by

1 t
DY = 5 lim lim = [ dt' Re{Cy, . (t)}. (2.110)

2 t—oo N—oo T 0

A finite Drude weight implies a correlation function that does not decay to zero
in the limit of infinite time, but reaches a plateau and gives a conductivity which
diverges linearly with system size in the thermodynamic limit, physically translating
into ballistic transport. The non-zero plateau is typically an indication of the existence
of an extensive number of conserved local quantities in the system [177, 178], which is
then said “integrable”. A vanishing Drude weight, instead, is associated with diffusive

or anomalous behaviour. If DY = 0, we distinguish then three possibilities:

(i) if o7 (0)/ 5 is finite, it is possible to write a phenomenological law J. = —DeVn,
where D is the diffusion coefficient and Vn the gradient in the particle density,

and in such case, transport is diffusive,

(i) if oG (w — 0)/8 — oo (with a slower divergence than |w|™!, since the Drude

weight is zero), then transport is superdiffusive,

(i) if o7 (0)/8 = 0, transport is subdiffusive.
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If DV/3 # 0, then the transport regimes listed in (i)-(iii) should be interpreted as

subleading corrections to ballistic transport [175].

Taking the limit w — 0 in Eq. (2.109), we finally arrive to

1 t
UGK<(JJ — 0) = 6 lim lim NRG{/ dt,CJEJE<t/)}. (2111)

t—o00 N—o0 0

If the Hamiltonian of the system has time translation and time-reversal symmetry,
the electrical conductivity at zero frequency w — 0 can be related to the spread of

density-density correlations, or density spatial variance
N
S =4 ) (p— a)*Cpy(t) (2.112)
p,g=1

where we define the density-density correlation,

Cg(t) = (p(D)1g)eq = (71p(t))eq (M) cq: (2.113)

evaluated on the thermal statistical ensemble, which encodes macroscopic thermody-
namic variables as T" and p. Since we consider systems in open boundary conditions,
the position operator & is well-defined [179], and can be used to write the total particle

current J = J, /e,
> d
B=Yphy, J=— (2.114)
p=1

Then, starting from the equivalence

N

(0 a))ea = 2 (Z pqmp(tl)ﬁq(tz»eq) , (2.115)

and using time translational invariance of the equilibrium state to change variable to

t =t — ty, we obtain
L &2 (X
(SO Theg = — 3 > pa(ip(t)ig)eq | - (2.116)

Now, we apply the substitution 2pg = p* + ¢*> — (p — q)?, considering the fact that the
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d(352: (1))

o =0, hence

Hamiltonian is number conserving

Lo 1d [ & o
/o dt'(J(t')J)eq = ST <Z (p— q)2<np(t)nq>eq> : (2.117)
Therefore Eq. (2.111) becomes,

N
B 1d )
oer(w —0) =3 lim lim — - Re Zl(P —q)"Cipg(t) - (2.118)
pa=

Further simplification are possible if the system exhibits translational invariance in
the thermodynamic limit. In such case, Cp,(t) becomes almost independent on ¢ for
large enough system sizes, N — oo. Therefore, we can fix ¢ = N/2. Furthermore,
we take the limit of infinite temperature, where the correlation function and thus the
spatial variance in Eq. (2.112) are real,

e 1d

: - _ . R e
fim goen(w = 0) = ¢ lim lim <2 27(0), (2.119)

where now the spread of correlation is evaluated on the thermal statistical ensemble

at infinite temperature,

() =4 (p - g) C,(t), (2.120)
Cp(t) = (Ap(t)finy2), — (p(t)) (vyz) - (2.121)

The scaling with time of X?(t) gives an indication of the nature of high-temperature
transport in the system. It captures the influence of a finite Drude weight, implying
ballistic transport, when »(t) ~ ¢¥, with v = 2. Otherwise, once defined the time-
dependent diffusion coefficient at high temperature,

t
D(t) = lim lim E / dt'Cyy(t'), (2.122)

B—0 N—oo N 0
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we can further derive the following relation,

d¥%(t)
dt

= 8D(t). (2.123)

When transport is diffusive, the diffusion coefficient must be constant, D(t) = D
and hence 32(t) = 8Dt. If D(t) diverges with a power less than 1, then transport is
superdiffusive. If, instead, @D () decreases with time, it points to subdiffusion, while
D(t) = 0 determines lack of transport. Therefore, the spatial variance is assumed to

grow with a power law, whose exponent depends in general on the transport regime,

.
v =2 ballistic transport,

1 <v <2 superdiffusion,
SA(t) ~ v =1 diffusion, (2.124)

0 <v <1 subdiffusion,

| V= 0 no transport.

Although v = 1 is a necessary condition for diffusion, the spatial variance yields no
information on the width of the profile, while the presence of diffusive transport can
be strictly verified only when the full spatial dependence of the profile is described
by the diffusion equation [175]. Furthermore, despite the crucial order in taking the
limits, first infinite system size and only then infinite time, in numerics the system
size will always be finite. In order to compute the exponent v numerically, one usually
evaluates the scaling of ¥%(¢) at finite system sizes, up to times before finite-size effects
become substantial. In the next section, we further introduce a notion that will allow
us to replace the ensemble average in ¥%(¢) with a single pure state, the dynamical

quantum typicality.

We conclude this section by mentioning a simple scaling analysis [50] to connect
quantitatively the exponent v linked to the Green-Kubo conductivity in the isolated
system, with the scaling exponent of the conductance ag in the open system setting,
seen in Eq. (2.106). The argument leads to a relation which holds in general, but
not necessarily in cases where the effect of the boundary between the baths and
the system invalidates the exchange of infinite time and infinite system size limits

in computing open and isolated system conductivities, as in presence of multifractal
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states [176, 32]. Given the power law growth in time of the spread of correlation,
the time taken by a single exciton to go across the system scales as ty ~ N2/V. The
current at fixed density can be written then as J, ~ N/ty ~ N~%¢  determining the

following relation [180, 175]

(2.125)

In particular, for a non-interacting chain of fermions as in Eq. (2.78) with A = 0,
the exponent ag can be extracted within the Landauer-Biittiker framework. The
exponent v, instead, can be more simply evaluated from the scaling of the mean

square displacement of an initially localised wavepacket,

A2(t) = [(1 = N/2)” [0y(t)]*] ~t*, (2.126)

!
with |W(0)) = 32, ¥;(0)a] |0), |0) the vacuum state, and ¥;(0) = din/2- The spread of
correlation ¥2(¢) can in fact be shown (in Appendix A) to reduce to the mean square
displacement Az?(t) in non-interacting systems. However, there can be situations in
which the effect of the boundary between the system and the bath leads to different

predictions, which diverge from the relation in Eq. (2.125).

2.2.4 Typicality and density correlations

When the Hamiltonian includes many-body interactions, the evaluation of its dynam-
ics is arduous to compute numerically due to the exponential increase of the Hilbert
space dimension D = dim# with the number of degrees of freedom in the system,
and remains challenging even when it can be restricted to symmetry sectors. Pop-
ular techniques, such as the time-dependent density matrix renormalisation group
(tDMRG) [181] can push the simulations to large spin chains of sizes N ~ 200, but
are limited to short times due to the growth of entanglement, and cannot generally
reach the time scales required to study equilibrium properties. However, it is pos-
sible to exploit the concept of dynamical quantum typicality (DQT) to circumvent
part of these difficulties. The approximation tells that it is possible to infer the dy-
namics of the system from a single pure state [¢)) drawn at random on an arbitrary
basis {|éx) }2_,, which is considered a “typical” representative of the statistical ensem-

ble [182, 183]. We discuss below the idea of DQT and how it can be used to calculate
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spread of density correlations following a perturbation over a thermal state, follow-
ing the approach originally presented in Refs. [74, 168-170, 184]. As we discussed
in the previous section, the spread of density correlation is often used to classify the

transport regimes of isolated systems.

We write explicitly the typical state on an arbitrary basis {|¢x) }x as

Mu

&k |dn) &k = ay, + iby, (2.127)
k=1

with R an arbitrary linear operator, and a; and b, mutually independent random
variables from Gaussian distributions with zero mean and variance 1/2. Therefore,
performing the statistical ensemble average, indicated henceforth by the overline, gives
as result,

1
=, (2.128)

_:EZO, 5

Sl
N0
e

and, exploiting the mutual independence of the two variables,

G& = 0kir GEEnEn = OkiOmn + OmiOkn. (2.129)

It can be shown from the properties of the coefficients that the statistical averaged ex-
pectation value of an arbitrary Hermitian operator O in the typical state is equivalent

to the expectation value taken with respect to a density matrix p, as follows

D
= (WIOlw) = Z Gi&j (ou RTORI ;) = _ {on| RTOR| 1)
k,j=1 k=1
= Tr{R'OR} = Tr{RRIO} = Tr{p0}, (2.130)
where the density matrix is then defined as
)= RRY. (2.131)

Since the density matrix is positive semi-definite, it can always be written in the
above form. Thus, any mixed state p can be represented in terms of an ensemble of

typical pure states, once found the appropriate R. The variance of sample to sample
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fluctuations in taking the statistical average over the distribution

= (([O[)* = (0)?, (2.132)

can be shown to assume a simple expression using again the properties of the coeffi-

cients in Eq. (2.129). The first term in the variance becomes

D
(WOl = 3 GEEE (ol RIORIG;) (6, RTOR|6,)
k,j,m,n=1
D

= Y (Gki0mn + OmOkn) (0| RIOR|$;) (9| RTORI )

k:jzmvnzl

= (0)” + Tr{(p0)*}. (2.133)

The variance is thus given by

o2 = Tr{(p0)?}, (2.134)

and can be bounded from above by applying the triangle inequality to the two oper-
ators 07 = Op and Oy = pO

ITr{O10} > < Tr{O10,} Tr{O} 0.},
T{(pO)}P < (Te{?0%)° = 0p < TH{p0%). (2.135)

We can further bound the variance by carrying out the trace on the eigenbasis of the

operator O |og) = o o),

D
ol < Tr{p?0%} = Z (0,]p% |0k
k=1
D
2 A ~
< (max{ox})" Y _ of (0alpox) = O] Tx{p}, (2.136)
k=1

with ||O||2 = (max{ok})2, and Tr{p?} the purity of the state p. For highly mixed state
in a high dimensional Hilbert space Tr{p?} < 1. In such cases, the sample to sample
fluctuations in doing the ensemble average also become small, so that, for a large
enough system size, a small number of realisations is enough to calculate expectation

values of operators [185].

Canonical ensemble averages (O) 5= Tr{Op?}, introduced in Eq. (2.94), can be then
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evaluated as

(0)5 = (WslOlWs), (2.137)
where the so-called “canonical thermal pure quantum state” [1806] is taken as

vs) =~ ;& |6x) - (2.138)

In particular, in the infinite temperature limit, the partition function Z. is known,
and, since the state is completely mixed, essentially one typical state realisation can

be used as representative of the whole ensemble:

1 1 &
Pe =7 Vo) = NG ;fk |Dx) - (2.139)

The formulation described above does not depend on any specific property of the op-
erator O, that can also be constituted by a combination of operators in the Heisenberg
picture, so that both the dynamics, as well as correlation functions can be obtained.

For these reasons, it is referred to as “dynamical quantum typicality” (DQT).

Here, we focus on the density-density correlations, defined in Eq. (2.113), evaluated
in the thermal statistical ensemble at infinite temperature for a system of interacting
fermions as in the Hamiltonian of Eq. (2.78). In the framework of linear response
theory, in fact, correlation functions can be connected to the transport properties
of the isolated system in the thermodynamic limit. At infinite temperature, the

correlation function is real, and it reads

_ Tr{n,(t)ne} _ Tr{n,} Tr{n,}

Cpq(t) = <ﬁp(t)ﬁq>oo - <ﬁp>oo <ﬁ11>oo 9N 9N oN
. Tr{ﬁp<t)ﬁq} 1
==y 7 (2.140)

where we have used D = 2V, and Tr{f;} = 2¥~1. We can further simplify by using

/\2_ A
g = Mg,

Tr{n,(O)nghey 1 Tr{ngh,(t)n,} 1
Chalt) = 2N T4 2N T4

— T @0) - 7  Waliult)lv) - (2.141)
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In the last line, we have exploited typicality with [168—170]

[¥q) = ig ths) | (2.142)

and considered that, at large system sizes, one single realisation of |t..) is enough
to guarantee negligible sample to sample fluctuations. After we normalise the above
state,

Tr{n,} 1
oN 9

- 1 R e
|1hg) = ﬁ 1Vg) s C = (Yoo|fig|thoo) = (Voo |fig|thoc) =
= [%a) = V24, (2.143)

the density-density correlation in the typicality approximation is given by

1/,-,. ~ 1
car® = 5 lanold) - 3) (2.141)
We observe then that the density-density correlation C),(t) can be inferred from the
dynamics of the expectation value of 7, after a quench induced by the normalised
projection of a typical state onto the subspace where the site ¢ is occupied [168-170].
The subtraction of 1/2 within the parentheses amounts to subtracting the background

initial occupation of sites away from ¢, where |z;q> is initially localised. We notice, in

fact, that for p # ¢

<7;q|ﬁp|¢~)q> ~ 2 <wq|ﬁp|¢q> =2 <¢|ﬁqﬁpﬁq|¢> =2 <¢|ﬁpﬁq|¢>

~ S(le0) = 2 tita} _ 1

2.14
LIS (2145)

where in the last equality we use that Tr{n,n,} = 2V~2. The density-density correla-

tion can finally be computed as

Cp(r) = (<¢q|np< - p<o>|¢q>). (2.146)

When we fix ¢ = N/2, as we will do in the computation of the 3?(¢) in Eq. (2.120),
the initial density profile {(tn/a|72,(0)[hn/2) 2L, is a non-equilibrium configuration

that sees a peak at the center of the chain over a uniform background, which spreads
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A
— Y>O
= X

Figure 2.8: The correlation function C)p(t) can be mapped via typicality to the evolution
in time of a density profile {n,(t)})_; initially localised at the center of the chain over a
uniform background which corresponds to the thermal expectation value.

along the chain over time, as depicted schematically in Fig. 2.8. The quantity

GP(t) = %(np(t) - np(0)>, q¢#0, (2.147)

where n,(t) = (1/;N/2|ﬁp(t)|1/~1N/2>, is thus used to derive the spread of correlations at

infinite temperature,

S35 =43 (p - g) (). (2.148)

Another mean of characterising transport that can be computed via DQT is the decay
of density autocorrelation with time. The infinite temperature density autocorrelation

at site N/2 is given by

Cnya(t) = (2O finy2) oo — (e () o (Avy2) o

_ TT[/ﬁ/N/Q(t)ﬁN/Q] _ TT‘[TALl] 1 1

~ (1 _
IN oN ™ C]\?}?z(t) — 9 (nN/2(t) - 5) (2.149)

Via typicality, it corresponds to how the occupation at the middle site approaches
its thermal value following the quench. The classification of transport according to
the exponent in the time scaling of autocorrelation functions originates from the spin
diffusion theory proposed to describe inelastic neutron scattering in magnetic systems

at elevated temperature. However, the same phenomenology has been proved to have
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some degree of universality for a large class of quantum Hamiltonians [170, 187]. The

autocorrelation is assumed to exhibit a power-law decay,
Cya(t) ~ 7, (2.150)

where v/ = 1/2 in case of diffusion. For a superdiffusive system 1/2 < v/ < 1, while
0 < v < 1/2 points to subdiffusive transport, and v/ = 0 to absence of transport. In
case of standard diffusion, this exponent v/ is related to the exponent v in Eq. (2.124)
as v = 2. However, for anomalous transport, these two exponents may not be

directly related.

2.3 Kernel polynomial method

In discussing the DQT approach, we have already acquired a feeling of how demanding
is the numerical analysis of strongly correlated quantum systems and the emergence of
macroscopic features from their dynamics. In particular, the required computational
resources scale exponentially with the system size. The kernel polynomial method
(KPM) is a numerical technique to efficiently expand any function on a truncated se-
ries of Chebyshev polynomials. It can then be used to approximate spectral functions
of Hamiltonians such as densities of states, but also expectation values and correla-
tion functions in the microcanonical ensemble, without the use of exact diagonalisation
(ED). As the expansion is carried out in the energy or frequency space and can be
formulated iteratively, the KPM can compute results relative to the dynamics at large
or infinite time with a high control on the accuracy. The method, already popular
in condensed matter physics [188-191], has seen a sparse but increasing use in the
quantum system community [192-194]. In this section, we introduce its generalities,

following mainly Ref. [76], and apply it to the physical quantities of interest.

A regular function f(z) : [-1,1] = R can be expanded in series of Chebyshev poly-

nomials T,,(z) = cos [narccos (z)] as,

fo) = s

: 2.151
w1 — x2 ( )

o +2 Z ,U/nTn(x)
n=1
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where the p, indicate the coefficients or moments of the expansion,

= /1 f(@)T,(z)dx. (2.152)

The expansion above can be performed with any series of polynomials forming an
orthonormal basis. However, the method is focused on the Chebyshev ones as they
show good convergence properties, and can conveniently be defined in an iterative

way,

To(x) =1, T 4(x)=Ti(z) ==,

Toi1(z) = 22T, (x) — Thmi (). (2.153)

Moreover, they possess simple expressions for kernels preventing the arising of fluctu-
ations near points where the functions is not continuous, known as Gibbs oscillations,
when the expansion is truncated at finite order [76]. The usual procedure is to modify

the moments with factors g, depending on the order of expansion N,

Ne—1
1
2) = ——— | iogo +2 wonTn() |, 2.154
Jiceaa(w) =~ | i nzlug () (2.154)

which is formally equivalent to taking the convolution of f(x) with a kernel of the

following form,

No—1

1 1
gOTO +2Zgnn n )

w21 — 22 \/1 —
frpu(z / 1 =2 K, (x,9) f(y)dy. (2.155)

g{Nc (‘T? y) =

A drastic truncation of the series corresponds to assuming every g, equal to 1 (Dirich-
let kernel). More sophisticated forms which guarantee uniform convergence of the

Nc—>OO
0, can be

approximation, meaning mathematically max,|f(z) — fxpm(z)] ——
found by requiring that the kernel is positive, normalised to 1, and that its sec-
ond coefficient g; approaches 1 as No — 1. The Jackson kernel is usually the best
choice for the applications we will discuss below. Its explicit expression g/, which

can be found in Ref. [76], comes from the additional request of having optimal res-

olution, in the sense that it minimises the spread of the kernel over the zy plane,
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or its squared width, to 1/(N¢)?. Applying the KPM with the Jackson kernel to a
Dirac-6 function §(z — o) with z €] — 1, 1] will result in a broadened gaussian peak
Srpym(T — mo) & \/;_Qexp [—(x — 20)?/(202)] with 0, = 7/Ng. It is evident then

that the features of the function f(z) on scale smaller than 1/N¢ will appear undis-

tinguishable in fxpy(z). As a further consequence, smoother functions will require

less moments to be approximated.

Having introduced the core ideas of the KPM from a mathematical perspective, we fo-
cus now on its practical applications for the physics of quantum systems. We consider
a generic Hamiltonian H, which can include or not include many-body interaction
terms. Normally, we would need to know the entire set of eigenvalues {E;}2 | and
eigenstates {|k)}2_, in order to compute the spectral or dynamical properties of in-
terest. We can now instead treat these quantities as functions of the energy and
approximate them with the KPM. As a first step, however, we need to rescale the
underlying Hamiltonian and energy axis to the domain of the Chebyshev polynomial,

according to

A

H=(H-b)/a, E=(E—b)/a

Emaac - Emzn Emax Emzn
q = Lmaa = Bmin -y Bmaz 1 Bmin. (2.156)
2—c¢€ 2

with E,,.. and FE,,;, respectively the largest and smallest eigenvalues, and € a small
cut-off parameter introduced to avoid instabilities in case the spectrum includes the
boundaries of the interval [—1,1]. Henceforth, all the rescaled quantities will be
denoted with a tilde. Omnce computed up to Neo moments, the approximation to
Ne-th order of the function can be built as in Eq. (2.154), and then rescaled back
to its original domain. The form of the moments u, will depend on the specific
quantity considered. We proceed listing some recipes for relevant physical properties
of the Hamiltonian. In the following, essential details will be provided to understand
the computation of the quantities studied in Ch. 6, where the KPM proves crucial
to evaluate transport properties from equilibrium and out-of-equilibrium correlation
functions. However, the physical results can be interpreted also without the support

of the remaining sections of this chapter.
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2.3.1 Densities of states

The most basic application of the KPM for quantum system is the construction of
the density of states (DOS), that reads

D

1

=5 > 4(E - Ey). (2.157)
k=1

The moments of its KPM approximation p(E), evaluated according to Eq. (2.152),

assume the following form

! XD: e\ T (F)|K) = Te{ T, (D). (2.158)

Despite the presence in this formula of the trace over the whole Hilbert space of
the Hamiltonian, the KPM maintains its advantage over ED techniques, since the
moments can be approximated with high accuracy through a stochastic evaluation of

trace [76].

An estimate of the trace can be provided by the average over a number R < D of

random states |r),
. R

1 = e[ T ()] ~ %Z ey (2.159)

r=1
The states are drawn over an arbitrary basis {|¢x)}, 1) = Sor_, & |¢k), with coeffi-

cients that are independent random variables whose statistical distribution ensures

Gr=0, Er&w =0, Ep&w = OnpOpp. (2.160)

These conditions are a reminiscence of the typicality discussed in Sec. 2.2.4, and,
indeed, if we assume a gaussian distribution of the coefficients, it is possible to show
with analogous considerations to Eq. (2.130) and Eq. (2.133) (for details, see Ref. [76])

that the sample-to-sample fluctuation in the estimation can be reduced to the following

o _ 1 72
0, = ETI[Tn(H) ). (2.161)
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Therefore, the relative error o, /i, scales as O(1/v RD). Typically, DOS for the
quantum spin chain Hamiltonians of Eq. (2.73) exhibit a smooth structure. As a

consequence, few moments are in general required for this calculation.

The moments for the local DOS (LDOS) associated to the general state |¢),

pu(E) = [(k[¢)|*6(E — Ey), (2.162)

k=1

have instead a simpler expression, given by

= / Pu(EYTW(E)AE = S T (B[ (0 |k)

= S RIT(EDK) (k) (6lk) = (1T () (2.163)

The evaluation of the expectation value of the n-th order polynomial on a single state

can be further simplified by using the iterative definition of Eq. (2.153),

[to) = [¥)
1) = H [to) ,
ltni1) = 2H |t,) — |tn1) . (2.164)

As a result, p, = (to|t,), which implies only matrix-vector multiplications. The same

simplification can be used when considering a random state |r).

2.3.2 Ensemble expectation values

The evaluation of expectation value of an observable O in the microcanonical ensem-

ble,

Ome(E) = (0) = Tr{Op}.}, (2.165)
where
D
k:l

is relevant for the study of thermalisation in the isolated system, as we will see later

through the dissertation. Within the KPM, the moments to derive O,,.(E) up to the
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normalising factor p(E) are given by

=3 / OB = Bu) (KO To(E)aF

= " (kIOIK) (KT (H)|k) = Te{OT, (H)}. (2.167)

Another fundamental ensemble for the study of thermalisation is the diagonal ensem-

ble associated to |¢),

pop =Y (k) k) (k. (2.168)

The expectation value of the observable Opg(¢) = Tr {OﬁDE} can be computed, as

a result of operations analogous to those above, through

in = (WO, (H)[) (2.169)

2.3.3 Correlation functions

As verified throughout Sec. 2.2, correlation functions are fundamental objects to eval-
uate the dynamical properties of isolated systems. We consider in the following how
to evaluate expressions as in Eq. (2.84) in the microcanonical ensemble, and on a sin-
gle pure state. The KPM, however, provides an approximation in the energy domain,
thus we first need to expand the functions in the energy eigenbasis. Moreover, we

consider the case in which a single observable is present in the expression.

The microcanonical ensemble average of the correlation function for the arbitrary

operator O can thus be written as
Cuelt, E) = (0()0) ; — (O(1)) (O) (2.170)

where (-), = Tr{-pZ_}. We consider how to construct the approximation only for the

first therm, since we have already treated terms as the second in the previous section.
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We write an expansion on the energy eigenbasis, and obtain

Ot B) = (0()0) p = —— >28(E ~ ) (HOWOI)
p(E)

Ex) (KIO(1)1) (iIOIk)

e M E B O, 2, (2.171)

—EZ (B -
AT

where henceforth we indicate Oy; = (k|O|j). If we perform a Fourier transform of

this expression,
C! (w,E) = / dtC’ (t, E)e™", (2.172)

we realise that it gives, as result,

Cre(w, B) = (B ;5(1*7 — E)6(w — (E; — Ep))|Oxg
1
= K (BB +w) (2.173)

where we identify a suitable function to approximate with the KPM,

K(z,y) =Y 6z — Ep)é(y — E;)| Ok, (2.174)
kj

Since it is a function of two variables, we need to generalise the KPM to multiple

Chebyshev expansions,

N¢,Mc
. 1
K(x, vl GG T () T 2.175
(,y) = 7r\/1—y7r\/1 n;()u ngnTu(2) T (y), (2.175)

where the factor hp,, = 4/[(1 + 6,0)(1 + d10)] takes care of the normalisation, and
Jn, gm are the corrections given by the kernels [76]. The moments of the Chebyshev

expansion are given by,

- Z/dx/dy T ()T (y)d(x — Er)6(y — E;)| Oyl

_ZT Ey) T (E))|Ox;> = Te{ T, (H 1OT,(H )0}, (2.176)

where we need to apply again the stochastic evaluation of trace. After plugging the
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moments in Eq. (2.175), and rescaling back to the original energy range, we obtain
a grid which represent the values of K(z,y) on the zy plane. Schematically, if we
evaluate K (x,y) on a symmetric grid of P x P equally spaced points, with positive

interval A =z, — x,_1, we get

K(Il, Il) K(:L’l, T+ A) K(l’l,$1 + 2A)
K(J]Q, To — A) K(IQ,ZL‘Q) K({L‘Q,ZEQ + A)
K(z3,23 —2A)  K(z3,23 — A) K (3, 13) e e (2.177)

K(JIP,IP—PA) K(Ip,l’p)

Comparing with Eq. (2.173), we see on the diagonal K(z,,y = z,), or K(E,FE)
evaluated for w = 0. In order to compute C), (E;,w) as a function of w and fixed
E = E;, we extract the j-th row corresponding to x; = E;. Viceversa, for C}, (E,w;)
as a function of the energy at fixed frequency w; = j x A, we need to consider the

values on the j-th diagonal.

We examine now the correlation function evaluated on an arbitrary state 1),

Cu(t) = (KIO()O1) — (L O@)]) (|O[) . (2.178)

As above, before using the KPM it is necessary to apply some manipulations, starting

from the expansion of the first term on the eigenbasis,

Cy(t) = (OO = Y ([k) (KIOW®)ID) (IOL) (i)

klj

= che;OuO e PP (2.179)

klj

with coefficients given by ¢, = (k|¢)). We derive then the Fourier transform,

Cllw) =Y _ 6w — (B — E)) cic;Ou0y. (2.180)
klj
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We further need to decouple the d-function,

Cw Z/ dw’é w — El)é(w — (w + Ek))CkC]OklOl]

klj v —

:/ dw'A(w' — w, W), (2.181)

before identifying a suitable function for the KPM, i.e.
AW —w,w') = Z S(w' = E)0(w" — (w+ Ek))ciejOr0y;. (2.182)
klj

Analogously to the case of the microcanonical ensemble, after rescaling frequency

domain and Hamiltonian, we double Chebyshev-expand the expression

Az, y) =Y 6(x — Ep)o(y — E)ce;On0y, (2.183)
klj

using the following moments,

Z/dx/dy T ( (y)o(z — E3)(y — Ey)cic;On0i;

klj

—ZT Ek El CkC]OklOl]

—Z (¢|k) To(Ex) (k|OJ1) T (Ey) (11O (il
= (| T, (H)OT, (H)OL) (2.184)

If we evaluate the function on a symmetric grid of P x P equally spaced points, with
interval A = z, —x,_1, we can write a structure analogous to Eq. (2.177). Comparing
the variables in Eq. (2.182) and Eq. (2.183), we realise that to compute the correlation
function, we need to perform the numerical integral in Eq. (2.181) for each w. The
correlation function Cy(w;) at w; = j x A is thus given by the integration of the
values on the j-th diagonal starting from the center, in the upper part of the matrix

for positive 7, in the lower part for negative j.






Chapter 3

Quasiperiodic heat engine with mobility

edge

In this and in the following chapters, we finally employ the theoretical frameworks and
numerical techniques examined in Ch. 2 in order to investigate the electric and heat
non-equilibrium transport properties of quasiperiodic potentials. We initially focus on
the tight-binding GAAH model, whose spectral and localisation characteristics were
already described in Sec. 1.3. After reviewing the known literature on the behaviour
of its particle current at high temperature, we argue how the mobility edge displayed
by the model can operate as an energy filter in a heat engine, according to the mech-
anism discussed in detail in Sec. 2.1.3. Motivated by this possibility, we study the
thermoelectric response of the quasiperiodic chain when put into contact with two
reservoirs at different finite temperature and chemical potential. We compute the
transport coefficients in linear-response regime using the Landauer-Biittiker approach
of Sec. 2.1.2 and quantify through them the performance of a GAAH heat engine as
a function of temperature. We show in Sec. 3.1 how the remarkable properties of
the model give rise to a versatile and efficient quantum thermal machine. Finally, we
prove that the physics described here is not only limited to our chosen potential, but
is also expected to hold true in more general cases. In particular, we model the mobil-
ity edge through a purely phenomenological transmission function in Sec. 3.2, while
in Sec. 3.3 we obtain a qualitatively similar behaviour in the weak-coupling regime,
where the scaling with system size of the wavefunctions can explicitly be encoded
in the expressions for the currents. This chapter is based on the results originally

presented in Ref. [195].

5
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We write again for completeness the on-site potential of the GAAH tight-binding
model, previously seen in Eq. (1.17),

VGAAH _ 2\ cos(2mbn + ) (3.1)
" "~ 1 —acos(2bn + )’ '

where A indicates the strength of the potential, ¢ a phase with no effect on the localisa-
tion properties, b the irrational Diophantine number establishing the quasiperiodicity,
and « € | — 1,1[. For a« = 0, the GAAH model reduces to the AAH model, treated
instead in Sec. 1.2. In the AAH model, the quasiperiodic nature of the potential
leads to a delocalisation-localisation transition depending just on A, which has been
detected experimentally on a wide range of experimental platforms [55, 56, 105, 196].
The critical point of the transition in the AAH model occurs at A = ¢, with ¢, the
first neighbour hopping constant. For A = ¢, the multifractal states lead to anoma-
lous transport behavior [31, 32, 176]. In these works, the exponent in the scaling
of the particle current, calculated in an open environment either through a NEGF
approach to the Landauer-Biittiker integrals or a phenomenological Lindblad master
equation, is subdiffusive but assumes a different value depending on the set of finite
system sizes chosen, generic or from the rational approximants to b. This feature is
related to the number theoretic properties of the system size N, and it is extensively
discussed in Ref. [32]. In the open setting, as we will see explicitly in Sec. 3.3 for
weak coupling, the current scaling is entirely determined by that of the components
of the eigenfunctions at the sites where the reservoirs are attached. At the critical
point, these exhibit a different scaling than those in the bulk of the chain, because of
their multifractal nature [197]. As a consequence, there is a mismatch with respect
to Eq. (2.125) against the results from the isolated system, obtained by the authors
of Ref. [31] using the spatial spread of a localised wavepacket. We have discussed in
Sec. 2.2.3 and Appendix A how to link this quantity to the Kubo conductivity. The
proof relies on the space-translational invariance of the system, which is not present
in the AAH or GAAH models, but can be restored for quantities averaged over .
The calculations in the closed environment for the AAH model at critical point give,
instead of subdiffusion, an exponent pointing to diffusion, but an anomalous density
profile, hinting to superdiffusion [31]. We emphasise again that the disagreement is

due to the different behaviours of the components of the eigenfunctions in the bulk
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and in the boundaries. In this case, the interchange in the limit of infinite time and
infinite system size discussed in Sec. 2.2.2 for the conductivities in open and closed

environment leads to drastic different results [176].

For a # 0, the GAAH model features a mobility edge in energy, separating the
regions of completely delocalised and localised states in the same spectrum, which

can be found analytically to be [36]
1.
E. = E:ﬂgn()\)(\th\ — |A]). (3.2)

The richer phase diagram of the GAAH model has been originally explored in the
linear response regime through Landauer-Biittiker approach with NEGF in Ref. [198],
and schematically depicted in Fig. 3.1. We notice that, since the study has been
conducted at high temperatures, there is no dependence on the chemical potential
or the energy in the diagram. A possible thermodynamic application of the model
was first studied in Ref. [199], where the different statistics of the bosonic baths
induces large energy current rectification. However, the heat and electric transport
properties of the model had not been explored yet at finite low temperatures, where
the possibility of tuning the position of the mobility edge can become relevant in the

context of quantum thermal machines.

As previously discussed in Sec. 2.1.3 and depicted in Fig. 2.6, energy filtering is
a central concept in thermoelectric energy conversion: in order to obtain a strong
thermoelectric response, it is necessary to allow only particles in a finite energy window
to flow [38, 39]. The opportunity of realising an extremely efficient energy filter
through a mobility edge has been considered for the first time for the mobility edge
associated with the metal-insulator transition of the Anderson model [119, 200, 201].
Here, random disorder localises only the low-energy part of the spectrum, while high-
energy states remain extended. This leads to an asymmetric transmission function and
hence a diverging thermopower in the vicinity of the mobility edge, which separates
the localised, insulating states from the extended, conducting ones. The Anderson
metal-insulator transition occurs in three spatial dimensions [119], while in lower
dimensions, and in the absence of interparticle interactions, all states are localised
in the thermodynamic limit [23]. Remarkably, the GAAH model exhibits a mobility

edge even in one spatial dimension, whose position in energy can be known precisely.
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Figure 3.1: Phase diagram of the high temperature non-equilibrium electric transport prop-
erties of the GAAH model. The ballistic region is separated from the localised region by a
subdiffusive line with ag = 2, and ag = 1.4 at « = 0 (AAH model). The results are ob-
tained within Landauer’s framework and averaged over different realisations, by integrating
¢ from 0 to 27. Adapted from Ref. [198]

Furthermore, conducting states in the case of the GAAH model support ballistic
transport, whereas those in the three-dimensional Anderson model support diffusive
transport. For these reasons, we have decided to investigate the low temperature
thermoelectric properties of the model, exploring its capability as working medium in

a quantum thermal machine.

3.1 Thermoelectric effects in the GAAH model

As described in Sec. 2.1.1, we consider a tight-binding model with GAAH on-site
potential, and a bilinear system-bath coupling between the first site of the chain and
the left L bath, at temperature and chemical potential T+AT, u+Au, and between the
last site and the right R bath, at T, u. We assume bath spectral densities independent
on the energy in WBL approximation, in such a way that the only relevant parameter
relative to the baths in the calculation of the transmission function in NEGF matrix
representation is the system-bath coupling strength ~.

The pivotal calculation for our results is in fact the transmission function 7,r(E),
which is independent of the temperature and the chemical potential of the reservoirs.
In Fig. 3.2 we display the spectrum of the system and the corresponding transmission
function for two different pairs of values of A and «, choosing b = 7 throughout the
dissertation, where 7 = (v/5 4 1)/2 is the golden ratio. We see that the mobility
edge and the clusters of ballistic states lying above it generally give rise to a highly

asymmetric transmission profile, which is conducive to a large thermoelectric response.
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Figure 3.2: Spectra for single GAAH wires of length N = 987, generated with (a) A =
—0.8 tp, o = 0.792, ¢ = 0 (dashed vertical line in Fig. 1.7), and (¢) A = —14 ¢, o =
0.330, ¢ = 0. The mobility edge is shown by the red line. (b)-(d) The transmission
functions associated respectively to the first and second configuration, averaged at every
energy over 40 values of the phase ¢, as described in the main text. Conduction is clearly
possible only at energies that support extended eigenstates.

The choice of the two parameters in the model, moreover, gives control over the
structure of the spectrum, determining the position of the mobility edge and the

number of ballistic states above it.

At this point, a note on terminology is in order. For simplicity, henceworth we refer
to the clusters of ballistic states lying above the mobility edges as “bands”. Strictly
speaking, these groups of states do not satisfy the usual definition of a band, because
they do not tend to a continuum in the thermodynamic limit in the rigorous math-
ematical sense, due to their fractal structure. Nevertheless, as discussed above and
shown in Sec. 3.2, this structure has little effect on thermodynamic properties such

as efficiency, thus we make no strict distinction in terminology.

Since the GAAH model has a large parameter space, we focus on a single, representa-

tive example rather than performing an exhaustive study. In what follows, we consider
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the particular configuration displayed in Fig. 3.2a, corresponding to the dashed verti-
cal slice we saw in Fig. 1.7 with o = 0.792, for a chain of 987 sites. The mobility edge
E. sits within a group of closely packed eigenvalues, with several other ballistic bands.
We work in a regime of intermediate system-bath coupling, v = t;. As shown later
in Sec. 3.1.3, modifying v merely rescales the currents without qualitatively affecting
the transport behaviour. In the following, we use this transmission function to anal-
yse the thermoelectric properties of the GAAH wire in different temperature regimes,
via the transport coefficients given by Egs. (2.39)—(2.41). All quantities shown in
this section are obtained numerically and ultimately averaged over the phase ¢ by
integrating between 0 and 27 and dividing by 27. The averaging procedure reduces
the sample-to-sample fluctuations in the finite size realisations of the model, and it

restores translational symmetry.

3.1.1 Low-temperature performance

We begin by studying the low-temperature behavior, choosing T'= 0.1 (¢;/kp). This
temperature regime is relevant for experiments involving ultracold atoms in optical
lattices [14] and allows to clearly distinguish the non-trivial spectral structures re-
flected in the behaviour of the transport coefficients. We observe in Fig. 3.3 that
the electrical and thermal conductances closely follow the structure of the transmis-
sion function, with significant transport occurring only within the conducting bands
around and above the mobility edge. Furthermore, we notice that the Wiedemann-
Franz law does not hold here. This is due to the highly discontinuous transmission
function of the system, determined by the fractal properties of its spectrum. We
conjecture this violation to be a general feature of quasiperiodic systems, which we
will observe also in the case of the Fibonacci model in Ch. 4. This structure of the
transmission function is also responsible for the relatively small values of the electric
conductance compared to the peak values of 7, r(E) plotted in Fig. 3.2b.

The most dramatic effect due to the energy filter is evident in the Seebeck coefficient
S plotted in Fig. 3.4a, which assumes finite values around the mobility edge. We
also notice the magnitude of S rising when the chemical potential is tuned far below
or above the mobility edge. Even when p lies on the insulating side, some of the
delocalised states participate in transport because of the non-zero temperature, gen-

erating a small but finite conductance. As the mobility of the electrons decreases, the



3.1. THERMOELECTRIC EFFECTS IN THE GAAH MODEL 81

0.05 0.03

—T =0.1(tn/kp)
0,04 0025
<
3 ~ 0.02
0.03| q
\ &
L <0.015
-~
& 002 ~
v 0.01}
©)
0.01 0.005
o 0 |
3 2 0 1 2 3 3 2 - 0 1 2 3
p— Ee. (th) pw— Ee (th)

(a) (b

Figure 3.3: (a) Electric conductance and (b) thermal conductance as a function of chemical
potential at fixed temperature T' = 0.1(¢5/kp). The mobility edge is shown by the red line.

voltage necessary to stop their flux increases, leading to a large Seebeck factor accord-
ing to Eq. (2.41). In the region far above E., the charge carriers flow in the opposite
direction to the heat carriers, leading to negative values for S. The figure of merit
ZT also exhibits a divergence below the mobility edge, as shown in Fig. 3.4b. This
yields an extremely efficient thermal machine, yet in a region of negligible electrical
conductance and thus vanishing power. Features more interesting for the realisation
of a useful device are instead visible when the chemical potential is tuned above the
mobility edge. In this region, the engine has finite conductance, while the asymmetry
of the transmission function gives rise to a figure of merit Z7T ~ 10 just above the
mobility edge. We observe, moreover, two higher peaks of ZT ~ 60 and ZT =~ 40
corresponding respectively to the upper and lower edges of the first and second bal-
listic bands above the mobility edge. Such values of ZT correspond to efficiencies far
exceeding those recorded in recent experiments [12]. This is, however, also due to the
presence of phonons in the mesoscopic systems, where they behave as heat carrier in
parallel with electrons. As they are uncharged, they do not contribute to the charge
conductance or to the thermopower, but do contribute to the total thermal conduc-
tance, which appears in the denominator of ZT', reducing in such a way the values of
the thermoelectric figure of merit.

From the study of low-temperature transport, it is clear that by tuning the chemical
potential it is possible to obtain an extremely efficient autonomous thermal machine at
finite power output. In order to study the machine’s performance more systematically,
we now focus on the conditions for generating the maximum power, seen already in

Eq. (2.70). In the linear-response regime with fixed AT, the power is maximised
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Figure 3.4: (a) Seebeck factor and (b) thermoelectric figure of merit as a function of chemical
potential at fixed temperature 7" = 0.1(¢;,/kp). The mobility edge is shown by the red line.

when Ay = —eSAT/2. Since this value depends on the chemical potential through
S, our goal is to find the best thermal machine, or, equivalently, the optimal y in
order to obtain the maximum power output. In Fig. 3.5, we plot the maximum power
and corresponding efficiency Eq. (2.68) as a function of u, at the fixed temperature
T = 0.1 and bias AT = 0.01 (t,/kp). We distinguish two cases according to whether
the charge current is positive (left to right) or negative (right to left) according to our
conventions. In the former case, the temperature gradient drives particle transport
above the chemical potential, leading to power extraction for u; < ug, (since S > 0,
Ap < 0). In the latter case, the thermal gradient causes holes below the chemical
potential to migrate from left to right, which generates power so long as g, > pg (S <
0, A > 0). Two points that are particularly suitable for the realisation of the thermal
machine are marked with blue circles in Fig. 3.5: one in the region of positive Jy,
the other for negative Jy. Here, the machine produces the highest values of electric
power, with an efficiency reaching n™ ~ 0.477gl ). The strong thermoelectric response
of the system at these two points is due to the lowermost and uppermost edges of
the ballistic bands, respectively. Indeed, at low temperatures, it seems preferable to
exploit the band edges rather than the mobility edge, since the power is significantly

lower in the vicinity of F..

3.1.2 Effect of increasing temperature

In this section, we explore the performance of the quasiperiodic machine at higher

temperatures. As displayed in Fig. 2.4a, in the linear-response regime the temperature
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Figure 3.5: (a) Maximum power and (b) efficiency at maximum power as a function of

chemical potential at fixed temperature 7' = 0.1 and bias AT = 0.01(¢,/kp). Blue circles
mark the points of absolute maximum power. The mobility edge is shown by the red line.
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Figure 3.6: (a) Electric conductance and (b) thermal conductance as a function of chemical
potential at fixed temperature T' = 2.0(¢;/kp). The mobility edge is shown by the red line.

fixes the width of f'(E), which determines the energy window centred on p within

which transport takes place. As T increases, the gaps between the bands are no

longer resolved and the sharp features of G and K displayed in Fig. 3.3 are broadened
and reduced in magnitude, as we see in Fig. 3.6 for T' = 2.0(¢,/kp). As a result of

this thermal broadening, the conductance is non-vanishing even for u < E. and the

thermopower exhibits a weaker slope.

In order to meaningfully compare the thermoelectric performance of the GAAH wire
at different temperatures, we vary 7" while fixing the ratio AT/T = 0.1, thus also
ensuring that we remain in the linear-response regime. For each value of T" and AT,
we find the chemical potential, p*, and bias, Ay = —eS(u*)AT/2, that maximise
power output. As before, we distinguish situations where Jy > 0 and Jy < 0 —

corresponding to heat transport by particles or holes, respectively — performing a

83



3.1. THERMOELECTRIC EFFECTS IN THE GAAH MODEL 84

separate maximisation for each case. In Fig. 3.7, we show the maximum power and
the corresponding efficiency as a function of temperature. We first focus on cases
where Jy > 0. The power grows linearly at high temperature, while p* decreases,
as shown in the inset of Fig. 3.7. The drop in efficiency visible around T' < t,,/kp
is due to the particular structure of the spectrum: here, the transport window in-
cludes both ballistic bands, leading to a more symmetric transmission function. The
thermodynamic coefficients related to this point, which occurs for T' = 0.5t /kp, are
reported in Fig. 3.8. At even higher temperature, u* lies below E. on the localised
side, and the whole structure of the spectrum is exploited. All ballistic bands are
included in the transport window (giving high power), but the transmission profile re-
mains asymmetric and enhances the thermoelectric response (giving high efficiency).
Therefore, the properties of the GAAH model are here essential to obtain an efficient
thermal machine with finite power output at high temperature. We repeat this study
of maximum power for chemical potentials where Jy < 0, shown by the dashed blue
lines in Fig. 3.7. The machine initially produces more power in this region, but as
the temperature increases the recorded power output assumes values closer to those
of the previous case and we see the two lines overlap in the plot, since the transport
window broadens to covers the whole spectrum. The efficiency at maximum power
converges to the CA bound, i.e., né@/?, more quickly than in the case where Jy > 0.
Moreover, the optimal chemical potential increases with temperature, with p* moving
well above the uppermost edge of the ballistic region for large T'. Therefore, the strong

thermoelectric response here is due mainly to the band edge.

Nevertheless, the presence of the mobility edge still enhances efficiency. In order to
show this, we compute analogous data for a clean tight-binding wire, {V;,})_, = 0, and
tn, = v as before. We have commented its transmission function already in Fig. 2.3.
In this case, particle-hole symmetry is broken at the edges of the spectrum located at
energies ' = +2t;,. This leads to two perfectly symmetric points of maximum power,
whose distance from the center of the spectrum at £ = 0, one below and the other
above, increases with temperature. As shown in Fig. 3.9, the efficiency saturates
the CA bound at high temperature, while the maximum power is higher than for
the GAAH model due to the larger number of conducting states. However, at low
and intermediate temperatures where the spectral characteristics can be resolved, the

thermoelectric efficiency of the clean wire, due exclusively to the presence of band
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Figure 3.7: (a) Absolute maximum power and (b) corresponding efficiency at maximum
power as a function of temperature with AT /T = 0.1. The solid black lines show results
obtained by optimising the power only over values of u that give rise to a particle current
flowing from the hot to the cold bath, Jy > 0. The dashed blue lines are instead obtained
by restricting the maximisation to Jy < 0. The chemical potential yielding this maximum
power is shown in the inset.
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Figure 3.8: The efficiency at maximum power output for Jy > 0, indicated by the black
solid line in Fig. 3.7, reaches a minimum at temperature 7" = 0.5(¢;/kp). We show the
thermodynamic coefficients at this temperature: (a) electric conductance, (b) thermal con-
ductance, (c) Seebeck factor, and (d) figure of merit. The mobility edge is shown by the red
line, while the dashed black vertical line indicates the chemical potential maximising the
power output u* = 1.14¢;, and used to compute the minimum of the curve in Fig. 3.7.
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Figure 3.9: (a) Absolute maximum power and (b) efficiency at maximum power, as in
Fig. 3.7 but using a clean (i.e., nondisordered) wire as a working medium. Identical values
for positive and negative current are obtained at symmetric chemical potentials relative to
the center of the conducting region (inset).

edges, is lower than for a quasiperiodic system supporting a mobility edge also.

Our proposal for the quasiperiodic quantum heat engine with mobility edge could be
experimentally tested using ultracold neutral atoms trapped in bichromatic optical
lattices. On this platform, it is possible to engineer one-dimensional quasiperiodic
systems with a mobility edge by various means, e.g. by lowering the primary lattice
depth so that hopping processes beyond nearest-neighbour play a role [52, 53, 68,
107, 121, 122, 125], and the specific GAAH potential in (3.1) has been recently re-
alised [35]. These systems all share similar spectral features and thus should display
thermoelectric properties similar to those studied in this chapter if integrated in the
two-terminal set-up for particle and heat diffusion measurements which has been de-
veloped for cold atoms in a parallel and independent set of experiments [14, 202-205].
For example, if we assume the same nearest-neighbour interaction term ¢, ~ h x 500
Hz adopted in the laboratory for “°K atoms at 0.15 T [53], where Tp is the Fermi
temperature, our units for temperature read 1 ¢,/kp ~ 0.1 Tr. Working in the linear-
response regime simplifies our theoretical analysis, but it determines a very low power
output (¢2/h ~ 2.0 x 1072® W). Large biases have been demonstrated in the ultracold
atom toolbox for transport measurement [202] and power could then be considerably

increased.
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3.1.3 Dependence on system-bath coupling

The study of the proposed quasiperiodic thermoelectric is characterised by a large
number of parameters to control and tune in order to reach the highest possible
efficiency at finite power output. In the previous sections we show the properties of
the thermal machine computed at an intermediate coupling regime, with v fixed equal
to t,. The analysis of the efficiency is, in fact, independent of this choice. In order
to show this, we compute the Onsager coefficients of the same system keeping the
temperature and chemical potential constant and changing just the strength of the
coupling between the central chain and the reservoirs. We have found that the forms
of Lq1, L1o and Loy as function of chemical potential remain the same regardless of ~,
up to an overall factor. A change in the coupling constant affects just the magnitude
of the coefficients, as it is evident from the conductance plotted in Fig. 3.10a. The
magnitude initially increases with v, but, after reaching a maximum at an optimum
~v*, it drops as the particles begin to be scattered back to the reservoirs without
entering the central region because of the high impedance mismatch. The same kind
of behaviour is observed also for the other coefficients L1, and Loy in all temperature
ranges. Quantities deriving from a ratio of the Onsager coefficients, such as the
thermopower S and the figure of merit Z7', are thus independent of v, as shown in
Fig. 3.10b. As a consequence, in the limit of large system size it is possible to maximise
the power output of the machine while keeping its efficiency constant, just by tuning
the coupling of the chain to the baths in the set-up. In Fig. 3.10c and Fig. 3.10d we
collect, for different values of y, results for the efficiency at maximum power 7" (P,.,.)
and the maximum power P,,,, at fixed chemical potential ;1 which gives the highest
value for the electric power output when 7" = 0.1 t;/kp. The corresponding value
of the chemical potential is the same at every + and the efficiency remains constant
apart from small numerical fluctuations, as expected. We see, instead, the power
rising linearly for small v, reaching the highest value at v ~ 2.0 t;,, and subsequently
decaying with a power law. The parameter v can be then fixed without loss of
generality, and, moreover, can be used to control the maximum power output without

affecting the efficiency of the thermal machine.
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Figure 3.10: Dependence of the thermoelectric properties on the system-bath coupling
strength ~, fixing the temperature at T = 0.1 t;/kp. (a) Electrical conductance as a
function of the distance between the chemical potential and the mobility edge, indicated
by the red line, obtained for multiple choices of . All curves have the same form and
differ only in their magnitude. (b) Figure of merit around the mobility edge for different
~. Since the Onsager coefficients are modified by the same pre-factor, their combination
is y-independent and the different curves completely overlap. (c) As a consequence of the
same argument, the efficiency at maximum power as a function of the system-bath coupling,
for a fixed chemical potential, y — E, = 1.57 3, remains constant with v is changed. (d)
Maximum power transferred by the machine. It is evident that it is possible to tune the
system-bath coupling in such a way to optimise power without changing efficiency.
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3.2 Phenomenological transmission function

A general property of quasiperiodic one-dimensional models is that their spectrum
exhibits fractal properties, which are reflected in the fine-grained structure of the
transmission function. While these fractal properties depend on the exact choice of
the quasiperiodic potential, the asymmetry of the transmission function and the oc-
currence of bands of ballistic states are generic to many one-dimensional quasiperiodic
systems with a mobility edge. In this and in the following section, we demonstrate
that the behaviour of the thermoelectric coefficients observed above, in particular,
the divergence of thermopower and figure of merit, are generic to any system show-
ing these characteristics, generalising the concept of quasiperiodic thermal machine

beyond the specific potential chosen in Eq. (3.1).

The fractal spectrum of the GAAH model is reflected by the position of the peaks in
the transmission function. Here we show that the fine-grained structure of this fractal
spectrum is unimportant for the physics described above. To that end, we study the
transport properties of the set-up by modelling its transmission function with a series
of boxcar functions of height and width corresponding to the different ballistic regions
of the GAAH model. By construction, these boxcar functions lack any fine structure
whatsoever. In Fig. 3.11a, the boxcar approximation is plotted together with the
exact transmission function from Fig. 3.2b. With this phenomenological transmission
function, we now calculate the transport properties. Fig. 3.11b shows the electrical
conductance G as obtained from the phenomenological approach along with the exact
value of GG for the GAAH model, showing excellent agreement up to an overall scale
factor. The factor occurs because, due to the fractal nature of the spectrum of the
GAAH model, the integral of the true transmission function of the GAAH model is
a fraction of that of the boxcar transmission function. Other Onsager coefficients
obtained from the phenomenological model also differ by the same overall factor.
This, in turn, means that quantities defined as a ratio of the Onsager coefficients
show excellent agreement with the GAAH model. This is shown in Fig. 3.11¢ for the

Seebeck factor, and in Fig. 3.11d for the efficiency at maximum power.
This exercise shows that the physics analysed in previous section is not a specific
property of the GAAH model that we have considered here. Any system with similar

coarse-grained features in its transmission function will show the same qualitative
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Figure 3.11: (a) The transmission function for the set-up in the same configuration as in the
main text computed with NEGF (green lines), overlapped by a series of boxcar (black lines)
following its profile. Comparison of (b) the electric conductance, (c) the Seebeck factor and
(d) efficiency at maximum power obtained from the calculated transmission (solid green
line) and from the boxcar approximation (dashed black lines). The position of the mobility
edge is shown by the red line.

behaviour. Such transmission functions are expected in other quasiperiodic one-
dimensional systems with a mobility edge separating ballistic and localised states.

Hence, our results exemplify the thermoelectric properties of all such systems.

3.3 Analytical results in the weak-coupling limit

The phenomenological transmission function can also be arrived at more microscop-
ically in the weak system-bath coupling limit. The particle and heat currents in a
one-dimensional system among two fermionic reservoirs, within the WBL approxima-

tion and in the weak system-bath coupling limit, can be in fact expressed directly as
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a function of the eigenstates of the isolated system [31]:

N

I, —2672(1)%’;:‘1’@2 Ful i) — T(Ey)). (33)
J, =2 Zqﬂ M% — W) (fu(B) — fa(E). (3.4)
/=1

where ®,,, v = L, R is the component of the n-th eigenstate on the first (v = L) or
the last (v = R) site of the chain. In the linear-response regime, we thus obtain the

Onsager coefficients for reference values of p and T

N

Ly =207 Y. ol () (35)
11 = «7€ (I)%g‘i‘q) L)) .
N
@%@2
@%ﬂ’?u
LK RE

The expressions above are strictly valid only in the weak system-bath coupling regime.
Note that they only depends on the absolute values of the single-particle eigenvectors
of the system at sites where the baths are attached, namely, the first and the last
sites.

In Sec. 2.1, we have described the importance of breaking the symmetry between the
dynamics of the electrons above and below the chemical potential, or, in other words,
the electron-hole symmetry, in order to obtain a good thermoelectric. A simple way
to realise this effect is to put an energy filter on the central system to prevent the
transmission at certain energies. This may be achieved by a band edge or a mobility
edge. Here we analytically demonstrate the enhancement of thermoelectric effects
due to this mechanism. In the weak coupling regime it is easy to verify that they
depend only over the first and the last sites, however, for larger v, the only error is
an overall multiplicative factor, which is the same for all the currents and Onsager
coefficients (see Sec. 3.1.3). Considerations about quantities defined through ratios of
the Onsager coefficients can be then regarded as generic, since these prefactors cancel
each other.

It is evident that in order to get a coefficient L5 different from zero the eigenstates
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need to behave differently for energy above or below the chemical potential . With
this condition, the Seebeck coefficient, which is introduced in Eq. 2.41 and enters
quadratically in the definition of the figure of merit, can assume finite values. If
the spectrum of the system contains an isolated cluster of eigenstates, the strongest
thermoelectric effects arise when the chemical potential is placed at their edges, since
there are no states contributing below or above a certain index ¢* in the sum appearing
in Egs. (3.5)-(3.7). On the other hand, for a system exhibiting a mobility edge at
E. = Ey the eigenfunctions scale with the system size N as follows:

P, ~e ™™ if L <t
1 (3.8)

‘I)ZZ,ZNN if (> 0"
The sums can be then split into two parts: the terms for ¢ < ¢* and for ¢ > ¢*. The
former terms will go to zero as N increases, while the latter will converge to a finite

value.

We now make the further assumption that the eigenfunctions ®,, contribute approx-
imately the same weight for each value of ¢ > ¢* in Eqgs. (3.5)-(3.7). The Onsager
coefficients for large enough N can be thus approximated, up to a proportionality

constant, by

We display in Fig. 3.12 the comparison between the exact computation carried out
through the Landauer-Biittiker integrals and the predictions of the above equations.
We notice that the proportionality constant, independent on the system size, is the
same for all three Onsager coefficients. As a consequence, it does not affect quantities
such as the thermopower, the figure of merit or the efficiency. Therefore, we see that
we only require the single-particle eigenvalues of the system to accurately recover the

essential physics, up to a proportionality constant.

Now, we take one further step of approximation. We note that the single-particle
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Figure 3.12: Comparison between the transport coefficients computed through the exact
Landauer-Biittiker integrals (solid black line), and the approximated forms in Egs. (3.9)—
(3.11) (dashed blue line). (a) Electrical conductance. (b) Seebeck coefficient. The parame-
ters of the system are the same as in the main text, but with a weak coupling of v = 0.01 ¢3,.
The proportionality factor of 0.06 in (a) is a free parameter, which encapsulates the micro-
scopic details of the eigenfunctions that are neglected in the approximations. The position
of the mobility edge is shown by the red line.

eigenvalues occur in clusters, as evidenced by the ballistic bands in Fig. 3.2b. Due
to quasiperiodicity, these eigenvalue clusters have a finer self-similar structure. We
now choose to completely ignore this finer structure and replace the summations in
Egs. (3.9), (3.10), (3.11) by integrals over the width of each ballistic band. This
amounts to phenomenologically modelling the transmission function by a series of
boxcar functions, as done in Sec. 3.2. With this simplified assumption, we can derive
closed-form analytical expressions for the contribution from each boxcar function to
the Onsager coefficients L;; and Li5. To state the result concisely, we define the
following three functions:

_ p—Er
A—tanh( QkBT)’

Ey —p
B = tanh
tan (QkBT)’
p— En Ey —p
=1 h h .
C =log [cos <2kBT)SeC (2k’BT )]

The contribution to Lq; and Lqs from a band of ballistic states between E; and E, is




3.3. ANALYTICAL RESULTS IN THE WEAK-COUPLING LIMIT 94

4
X ]0 . 15 . .
|| —LB
—---Egs. 3.12 — 3.13 (x6.0) o
—~08
= )
~ ~~ 5
“u 06 Q
a =2
SN—r N—"
04 0
O 95)
0.2 5 4
0 : = -10 , ‘ RN
1 05 0 05 1 1 05 0 0.5 1
1 — Ec (tn) p— Ec (tn)
(a) (b)

Figure 3.13: (a) Electrical conductance and (b) Seebeck coefficient at low temperature
T =0.1 ty/kp and v = 0.01 t,. The quantities are computed through the exact Landauer-
Biittiker integrals (solid black line), and the analytical formulae in Eqgs. (3.12) and (3.13)
(dashed blue line). The proportionality factor of 6.0 in (a) is a free parameter, which
reflects the fractal structure of the transmission function that is neglected in the boxcar
approximation. The position of the mobility edge is shown by the red line.

then given by

2
T
Ly o & N'V [A+ B, (3.12)
el
ng XX T [(El - /L)A + (EQ - ,u)B + 2]€BTC] . (313)

To show the correctness of these results, we plot the conductance G and Seebeck
coefficient S for chemical potentials p close to the mobility edge. At low temperatures,
only one cluster contributes, and this contribution should match that obtained from
the above analytical formulae, up to a proportionality constant for G. Plots of G and S
as obtained from the above formula are shown in Fig. 3.13 along with the exact results.
Indeed, we see that GG is qualitatively identical up to a proportionality constant, while
S is both qualitatively and quantitatively the same. The Seebeck coefficient starts to
deviate for higher p due to contributions from the next cluster of ballistic states. This
can be remedied by adding another boxcar function corresponding to the next cluster,
as done in obtaining Fig. 3.11c. This analysis reinforce the conjecture that similar
thermoelectric characteristics will occur in other quasiperiodic systems displaying a

mobility edge.



Chapter 4

Fibonacci heat engine

We proceed with the exploration of the possible application of quasiperiodic potentials
in quantum heat management by focusing on the diagonal Fibonacci chain, introduced
in Sec. 1.4. In this Chapter, we consider its non-interacting limit, and, after a review
of the known results on the anomalous particle and spin transport in the model,
we analyse in Sec. 4.1 the emergence of thermoelectric effects within the approach of
Sec. 2.1. Then, motivated by experiments in molecular nanoelectronics, we investigate
the consequences of introducing incoherent inelastic effects which lead to dephasing.
These can be easily incorporated within our framework through voltage-temperature
Biittiker probes, that are presented in Sec. 4.2. In Sec. 4.3, we discuss how the presence
of dephasing noise from inelastic scattering modifies the highly non-trivial transport
properties of the Fibonacci model, and, in particular, how it can be used to enhance
refrigeration in the device in certain favourable thermodynamic configurations. These

results have been first presented in Ref. [206].

We restate that in the tight-binding diagonal Fibonacci chain the lattice energies
{Vi}, assume two alternating values u4 or ug, whose sequence is generated by the

Fibonacci substitution rule,

UA — UAUB

up — ua, (41)

while the first neighbour hopping ¢, is constant. Differently from the paradigmatic

AAH, this model escapes localisation, while the quasiperiodicity of the potential in-

95
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duces multifractal spectrum and eigenstates at every u4 and upg, in the sense described
in Sec. 1.2.1. Therefore, one may assume control over a single parameter uy = —ug =
u without loss of generality. It is known, since the pioneering study of Abe and Hi-
ramoto [30], that the spectral criticality in this model gives rise to anomalous transport
exponents varying continuously with the potential strength u [207]. We replicate these
results in Fig. 4.1a, where we evaluate the mean square displacement of a wavepacket
initially localised at the center of the chain, Az?(t) = >°,[(I — N/2)? [¥(t)[*]. We
consider the isolated chain and compute the unitarily evolved state with the Fibonacci
matrix Hamiltonian ¥(¢) = exp (—itH;/h)W¥(0). The vector ¥(¢) contains the com-
ponent of the wavepacket over the | = 1,..., N site of the chain, and ¥;(0) = d;n/2.
As discussed in Sec. 2.2.3 and Appendix A, in presence of translational invariance
this quantity yields the same information of the spread of correlations connected to
the Green-Kubo electric conductivity. The exponent in the scaling fit Az?(t) ~ ¢
can then be employed to discern the transport regime. In particular, v = 2 points to
ballistic behaviour and v = 1 to standard diffusion, 1 < v < 2 implies superdiffusive
transport, and 0 < v < 1 implies subdiffusive transport. We note that the fits are
performed for times before the boundaries of the system are reached and the curves
saturate. As u increases, we observe that the transport slows down, and correspond-
ingly the saturation happens at longer times. In Fig. 4.1b we show the v extracted
from the fits of the Az?(¢) curves, as a function of u. The exponent v tends to 2 for
u — 0, and then decreases continuously towards 0 (absence of transport) for increas-
ing u, with two regimes: superdiffusive (o > 1 for u < 1.5) and subdiffusive (o < 1 for
u 2 1.5). In Ref. [32], it has been verified that the same exponent can be extracted
from single realisations of the Fibonacci potential. However, here and in the following
we perform the averaging procedure followed in in Refs. [134, 208] and described in
Sec. 1.4 to formally restore translational invariance. Operationally, we consider an
“Infinite” sequence with No, > N generated directly from Eq. (4.1) and cut out finite
samples of length N starting from the first site, then from the second, etc. Discarding
the reflection symmetric examples and the symmetric partners of the samples already

stored, we can identify N/2 (or (N —1)/2 for odd N) distinct samples to average over.

Spin transport in the open environment has been analysed through a phenomenolog-
ical Lindblad master equation in Ref. [32]. In this setting, multifractality determines

again a scaling of the current that smoothly varies from superdiffusive to subdiffusive
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Figure 4.1: (a) Mean squared displacement Az? of a state initially localised at the middle
of a non-interacting Fibonacci chain of N = 1001 sites is computed in time for different
example values of the potential strength u. The dashed lines in the log-log plot show the fits
Az? ~ t¥. We notice the curves saturating at low v as the wavepacket has spread over the
entire system, where the fast dynamics makes the finite size of the system visible at shorter
times. (b) The extracted exponent v varies continuously with u, indicating anomalous
diffusion.

through standard diffusion with increasing u. However, as in the case of the AAH, it
is highlighted a dependence of the scaling exponents on the number theoretic proper-
ties of the set of chosen NN, and the quantitative mismatch with the results from the

isolated chain.

In the context of quantum thermal machines, the multifractality of the spectrum, re-
flected in the transmission function, suggests the possible capability of the Fibonacci
chain as working medium. Therefore, we investigate steady-state thermoelectric trans-
port in the Fibonacci model in presence of both temperature and chemical potential
bias. Arrangements of nucleotides in synthetic DNA molecules generated by the same
Fibonacci substitution rule have in fact already been proposed to realise nanoelectric
devices [131, 132], with related numerical studies mostly limited to electric trans-
port [209, 210]. If we want to consider thermoelectric devices based on this type
of structures, however, we must consider that in single DNA molecules, transport is
characterised by a concurrence of coherent and incoherent mechanisms, determined by
the interaction between conducting electrons and “environmental” degrees of freedom
such as the other electrons, nuclei or the solvent [211-214]. These many-body effects
collectively introduce noise that might consist of loss of phase coherence, and momen-
tum and energy exchange. It has been demonstrated in various contexts that this

noise from the environment can assist transport. The examples of such environmental



4.1. COHERENT THERMOELECTRIC TRANSPORT 98

assisted or dephasing enhanced transport include natural photosynthetic complexes
[41, 42, 215-219], molecular junctions [44, 220, 221], photonic crystals [46, 47, 222],
trapped ions [48, 223], and also boundary-driven spin chains at infinite tempera-
ture [49-51]. However, the implications of this effect for thermoelectricity — an
intrinsically finite-temperature phenomenon — have received comparatively little at-
tention. Here we ask if the inevitable presence of dephasing noise due to inelastic
scattering can be used to enhance thermoelectric performance in quasiperiodic quan-

tum thermal machines.

4.1 Coherent thermoelectric transport

We first reproduce the regime of anomalous transport in absence of dephasing within
Landauer’s framework for a two-terminal device. The Fibonacci chain is attached to
a hot and a cold reservoir in WBL approximation in the same configuration where
we studied the GAAH model in Sec. 3.1, and we compute electric and heat currents
in linear response through the transport coefficients and the applied biases. The
existing calculations focus on the infinite temperature case [32], and surprisingly, to
our knowledge, the survival of the anomalous diffusion has not been demonstrated at
finite temperatures. In the following, we work in a regime of intermediate system-
bath coupling, v = ¢, = 1. However, the choice of ¥ within linear response and
WBL approximation only rescales the currents without qualitatively affecting the
transport behaviour, as verified in Sec. 3.1.3. From our numerics, we observe that
the self-similar structure of the spectrum in the Fibonacci model is reflected on the
transmission function 7, z(F). An example of the transmission function for a chosen
value of Fibonacci potential strength is shown in Fig. 4.2.

The calculation of currents requires an integration over energy of the transmission
function multiplied by the Fermi-Dirac distributions. Due to the near-discontinuous
nature of the transmission, this integration becomes challenging for large system sizes.
Nevertheless, the system sizes we have been able to access are large enough to ex-
tract the asymptotic transport exponents ag and af, introduced in Eq. (2.106) and
Eq. (2.107). In Fig. 4.3a and Fig. 4.3b, we show .J, and J, as function of system size
N at different Fibonacci potential strengths v = 0.5,1.0,1.5,2.0,4.0. The thermody-

namic parameters are T'= 1.0, Ay = 0.1 and AT = 0.1. We select different chemical
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Figure 4.2: Example of zero-dephasing transmission function 77 r(E) of a single Fibonacci
chain realisation of size N = 200, at v = 2.0. In the inset, we explicitly show the self-
similarity of the structure by zooming on a portion of the energy axis.

potentials for every value of u, since the choice of u along the energy axis affects only
a pre-factor in the currents and not their scaling exponent, leaving the plots quali-
tatively equivalent. We observe in Fig. 4.3c that the transport exponents ag (blue
dots) and ag (red stars) collapse onto the same trend. We notice that the exponent
ag and ag vary continuously with w, from superdiffusive (aq/x < 1) to subdiffusive
(ag/k > 1) behaviour through normal diffusion (ag/x = 1). In Fig. 4.3d, we show
that this data collapse occurs independently of temperature. Thus, we prove that the
anomalous transport behaviour observed previously at infinite temperature survives
at finite temperatures in both the electric and thermal transport.

The Landauer-Biittiker framework we have adopted has not only the advantage to
allow the study of charge and heat currents at finite temperature but in what follows
it will also allow us to study the effect of dephasing in a systematic way by introducing

Biittiker probes.

4.2 Bittiker probes

The idea of introducing additional electron reservoirs as probes to mimic dephasing
noise was first described by Biittiker [224], and then applied to extended conductors
by D’Amato and Pastawski [225, 226]. The additional reservoirs are treated as con-
ventional baths, which receive particles and re-introduce them into the central system

after scrambling their phase. The probes are “fictitious” in the sense that their par-
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Figure 4.3: (a)-(b) Scaling with N of coherent heat and electric currents in the Fibonacci
model with hopping parameter ¢, = 1 and coupling to the baths v = 1, for different potential
strengths u, indicated in the color legend. The thermodynamic parameters are T'= 1, AT =
0.1, Ap = 0.1. The chemical potentials are respectively p = —2, —2.4,—2.8, —-3.3, —=5.2. (c)
Scaling exponent extracted from the electric G ~ N~%¢ (blue dots) and thermal conductance
K ~ N79K (red stars) associated to the currents in (a)-(b), at the same parameters. The

dashed line indicates the value of o at which transport is diffusive.

The error bars are

given by the asymptotic error in the fits. (d) Scaling exponents for G (dots) and K (stars)
computed in different thermodynamic configurations given by the colors in the legend. We
notice that they do not depend on the thermodynamic configurations.
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ticle distributions are self-consistently determined in such a way to mimic different
types of incoherent scattering processes. We consider again the configuration and for-
malism introduced in Sec. 2.1 to study coherent transport, and, in particular, the total
Hamiltonian of the extended region composed of system and baths is given by the
same Eq. (2.18). However, the index v covers now both “real” left (L) and right (R)
baths, and the N probes, v = L, R,1,..., N. Each probe n = 1,..., N is a fermionic
bath with Hamiltonian analogous to Eq. (2.19) and spectral function analogous to

Eq. (2.30), and is coupled to the n-th site of the chain through

Hpp =Y (tanil Dy, +hoc), (4.2)

A
with t,, the amplitude for electrons to tunnel from the n-th lead onto the wire. The
electric and heat currents flowing through the system are given by the Landauer-

Biittiker integrals in Eq. (2.2) and Eq. (2.11) extended to multiple terminals

o= 2 [ A EE) - ) (4.3

Sy =23 [ AB(E ~ ) B)E) - ), (4.4

where fr/r(E) are the Fermi-Dirac distributions of the left and right physical reser-
voirs, and f,(E) the occupation probabilities of the probes. The collection of trans-
mission functions 7,,,(E) is found via a generalisation of the NEGF approach to a

multi-terminal set-up. The formula in Eq. (2.28) thus becomes
T (E) = Tt{T,(E)GL(E)T, (E)Gs(E)}, (4.5)

where the NEGF Gg(F) was defined in Eq. (2.25). The indices v,/ = L, R,1,.... N
here run over the real left (L) and right (R) baths, and the Biittiker probes (1, ..., N).
Given the structure of the coupling with the central system in Eq. (4.2), the self-
energies of the the probes ¥, (E) (n = 1,...N) are given in WBL approximation by
one constant non-zero element matrices when in lattice basis, [X,(E)],,, = —i7a/2,
while [T, (£)]

wn = 7Yd- The generalised transmission functions can be then simplified
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as

TLr(E) = 9" [[Gs(E)ln[?

Tar(E) = 774 [[Gs(E)]m [*

Tar(E) = 774 |[Gs(E)]un|”

Tan (E) = '7c2l [Gs (B *. (4.6)
We assign 7,,(E) = 0, since these terms do not contribute to the currents, and

T (E) = 7, (E), since the tunnelling process is symmetric. The only formal differ-
ence between real baths and probes is that their occupation f,(E) is not necessary
a Fermi-Dirac distribution with temperature 7,, and chemical potential u, as free
parameters, but it is self-consistently determined by imposing some conditions on the

currents flowing towards them,

2e
on =5 3 [ B BB ~ R(E)L (4.7
S =2 3 [ B(E = )l E)1olE) = B (4.9

The conditions depend on the type of incoherent effect desired. Incoherent elas-
tic scattering, where the electrons lose memory of their phase but conserve their
energy, is recreated by cancelling the contribution to the electric current at each
energy with the so-called “dephasing probe” [220]. Operationally, this translates
into deriving the occupation of the N probes from the solution of the N equations
T (E)[fu(E) — f,(E)] = 0, at each energy E. For the other cases of incoherent
effects, one requires instead the specific form f,(E) = {1 + exp [(E — p,)/ksT,]} !
and solves the conditions for 7, and u,. When a chemical potential bias is applied
to the system, incoherent inelastic scattering is introduced by setting the net electric
currents towards each probe to zero J., = 0, using a “voltage probe” [45, 212, 227].
If a temperature bias is also present, as in the context of thermal machines, we encode
non-dissipative inelastic scattering by further cancelling the heat currents going in to
the probes. In this case, the average transfer of charge and heat from and towards
the probes is zero, but single electrons exchange energy and momentum besides losing

phase coherence. In the following, we implement this so-called “voltage-temperature
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probe” [211], imposing then

Jun = %Z [ BB E) - 1B =0, (49)

S =23 [ AB(E — ) s E)1a(E) = ()] = . (4.10)

These 2N non-linear equations do not posses a proof of existence and uniqueness
of the solution, contrary to the case of the voltage probe [228, 220]. We restrict
then the study to linear response regime, as suggested by the algorithm in Ref. [229],
by Taylor-expanding the Fermi-Dirac distributions of each probe and bath. Once
solved the system of 2N linear equation, we plug the set of solutions {T},, u1, }2_, into
Egs. (4.3)—(4.4). To extract the transport coefficients, we re-write the physical cur-
rents in Eqs. (4.3)—(4.4) as in Eqgs. (2.44)—(2.45). We first calculate electric and heat
currents setting AT = 0, Au # 0, and calculate them again a second time, setting
AT # 0, Ap = 0. We see that the first calculation allows extraction of G and II.
Knowing GG and II, the second calculation allows extraction of S and K. We inves-
tigate then the possibility of dephasing-enhanced transport in the Fibonacci model
in presence of the voltage-temperature Biittiker probes. Henceforth, we will refer
to the system-probe coupling parameter v, as “dephasing strength”. However, the
conditions implemented on the currents mimic incoherent inelastic scattering events,
leading to energy relaxation (at single electron level, but not on average) beside the
loss of phase coherence. It should be noted that this is fundamentally different from
local pure dephasing Lindblad dissipators, most often used in the context of quantum

information, which allow energy transfer even on average.

4.3 Introducing dephasing

4.3.1 Dephasing enhanced transport

A heuristic argument to understand the behaviour of the infinite-temperature con-
ductivity after adding dephasing was introduced in Ref. [50] for spin transport with
dephasing and dissipation modelled via Lindblad equations. Here, we revisit the argu-
ment considering electric current under a voltage bias. As first seen in Eqs. (2.104)—

(2.106), the phenomenological diffusion equation for the electric current induced by a
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voltage bias in absence of dephasing J. = o(N)Ap/N, can be generalised to anoma-
lous transport regimes with o(N) ~ N'7®¢_ Tt is known that sufficient dephasing
changes anomalous transport behaviour to normal diffusive behaviour. For a given
dephasing strength 4, one can associate a characteristic length N;, beyond which
coherence is quickly destroyed, so that transport becomes diffusive with well-defined

o(74). This argument gives

Nl—ac N < Ny
J(N> P)/d) ~ ) (411)

o(va) N> Ng

The behaviour should be continuous across Ny, so that at N = N, it must hold
that o(y4) ~ Ny *¢. Considering t; ~ 1/v4 to be the time between incoherent
scattering events, Ny can be heuristically estimated by the spatial spread of a small
perturbation in the system within this time in absence of coupling to baths [50]. This

—-1/(ag+1
d

gives Ny ~ v ) Asa result, for small dephasing strength, we get the following

dependence of conductivity on the dephasing strength,
0(a) ~ Ny~ oot (4.12)

Thus, the dependence of conductance on the dephasing strength is dictated by the
nature of transport in the absence of dephasing. If the transport in the absence of
dephasing is either ballistic (ag = 0) or superdiffusive (ag < 1), in the regime of
small 74, the conductivity decays to zero as 7,4 increases. But in the case of subdif-
fusion (g > 1), the conductivity increases and consequently reaches a maximum at
intermediate -, before decaying for large 4. Thus, dephasing enhanced transport is
expected in the regime where the transport was subdiffusive in absence of dephasing.
Behavior consistent with above heuristic description has already been observed in var-
ious systems within the framework of local Lindblad equations, which can be thought
to model the infinite temperature limit, and local pure dephasing Lindblad dissipa-
tors [49-51, 230, 231]. This includes a recent study on the Fibonacci model [51]. We
stress again that our set-up is fundamentally different from this class of descriptions.
In the set-up of these previous works, energy exchange with the sources of dephasing
is allowed, even on average. However, in our set-up with the voltage-temperature

Bittiker probes, both electric and heat currents into the probes are zero on average.
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Therefore, neither particle exchange nor energy exchange with the sources of dephas-
ing are allowed on average. Despite this, we expect the heuristic phenomenology of
dephasing enhanced transport given above to hold in our set-up. Moreover, although
the above phenomenology has been discussed in terms of electric conductivity, we
expect to see enhancement of thermal conductivity also as a function of dephasing

strength, before it eventually decays to zero for large dephasing strength.

We now numerically explore the possibility of dephasing enhanced transport in the
our set-up. The number of transmission functions to compute from Eq. (4.6) at every
energy E grows as N2, which limits our study to N ~ 200. Despite this, we find
that our numerics are well converged at this system size and allow for an accurate
extraction of transport exponents. In Fig. 4.4, we show the diffusive scaling of electric
Je (left panels) and heat J, (right panels) currents at different 7, for potential strength
u = 0.5 (top panels) and u = 4.0 (bottom panels). In the same figures, the dashed line
indicates the value of currents in the coherent case. We verify, as evident in the bottom
panels, that dephasing enhances heat and electric transport at the potential strength
which would otherwise determine subdiffusion, ©u = 4.0. The plots are realized for
different p, at T = 1.0, and Ay = AT = 0.1, but changing the thermodynamic

variables of the leads does not alter the results in any qualitative way.

Next, we look at the electric and thermal conductivities. We extract the conductivities
o and k from the linear fits of respectively log G and log K versus —log N up to
N = 200, for different values of 74. While scanning the thermodynamic parameter
space, we notice a remarkably sensitive behaviour of the conductivities to temperature
T and chemical potential x, which is more evident as we increase the potential strength
w in the subdiffusive regime. In Fig. 4.5 we show o (in blue) and k (in red) as a
function of v, for u = 4.0 at different choices of 7" and p. In all plots, we see that
both the electrical and the thermal conductivities initially increase with ~4, while
they go to zero for large 7,4, as expected from the heuristic argument above. We
highlight the position of the highest values of ¢ and x with continuous vertical lines
of the same color. In Fig. 4.5a and Fig. 4.5b we set the temperature to 7' = 0.1, and
take two different values of pu, respectively corresponding to the lower and top end of
the spectrum. Surprisingly, we observe the presence of multiple local maxima, whose
heights and positions depend on the choice of . The same kind of variety in the

local peaks arises also at intermediate temperatures and for other choices of chemical
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Figure 4.4: Electric (a)-(c) and heat (b)-(d) currents in Fibonacci chains of length N at
various dephasing strengths -4, indicated in the legends. The dashed line shows the cor-
responding currents at zero dephasing. Currents become diffusive at any v4 # 0, so that
transport slows down in the superdiffusive regime for u = 0.5 (top panel), while is enhanced
in the subdiffusive regime for u = 4.0 (bottom panel). The thermodynamic parameters are
T=1.0, AT =0.1, and Ay =0.1.
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Figure 4.5: The electric (blue) and thermal (red) conductivities extracted from the scaling
of the conductances up to a length of N = 200, with u = 4.0. The continuous lines highlight
the dephasing strength ;4 that maximises the corresponding conductivity. The plots are at
different thermodynamic configurations: in (a)-(b), T'= 0.1 and u is taken at two different
points in the energy spectrum, respectively p = —5.2 and p = 4.3, while in (c¢), 7' = 10 and
the choice of u becomes irrelevant (for the specific plot we show p = —5.2). The error bars
on each data point, given from the asymptotic error in the linear fit, are smaller than dot
size and not visible in the plots.

potentials. On the other hand, at high temperatures, a single peak appears for each
conductivity, with position and height independent of pu, as shown in Fig. 4.5¢ for

T = 10. The presence of a single peak is in consistent with previous findings using

Lindblad dephasing in Ref. [51].

Linear response transport properties of a fermionic system at chemical potential y» and
temperature 1" are usually governed by the spectrum of the system in the range of the
energies u£kgT', which is approximately the width of the derivative of the Fermi-Dirac
distribution with respect to u, as we already noticed in Fig. 2.4a. Thus, if kg7 is much
larger than the bandwidth of the system, transport coefficients become independent
of p. This explains the observed p independence of high temperature conductivities.
On the other hand, this picture suggests that the presence of multiple ;1 dependent
peaks at low temperatures is related to the structure of the effective spectrum given
by the collection of transmission functions within the energy window pu + kgT'. We
therefore deduce that the fractal spectrum of the Fibonacci model, which gives the
peculiar near-discontinuous transmission function in the coherent case (see Fig.4.2),
is also the reason for the surprising multiple peaks in the conductivities as a function
of v4. A more microscopic understanding, however, is difficult at finite temperatures.
Instead, in the next subsection we discuss another surprising observation from the

results, the violation of Wiedemann-Franz law.
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4.3.2 Violation of Wiedemann-Franz law

We state again the Wiedemann-Franz law, rewriting Eq. (2.51) in terms of the electric

and thermal conductivities,

BAE (4.13)

If transport is anomalous, £ does not need to be equal to the Lorenz number £y, since
the conductivities may not be well-defined in that case. In the Fibonacci model, we
already find its violation in absence of dephasing, as we expect from the asymmetries
in its transmission function.

We observe that the Wiedemann-Franz law is still violated over a wide range even in
presence of dephasing, when transport becomes diffusive and both the conductivities
are well-defined. This remarkable fact is evident from Fig. 4.5, which shows that even
at relatively low temperature 7' = 0.1, the thermal and the electrical conductivities
are not proportional to each other. In fact, we find that the maxima in the thermal
and the electrical conductivities arise at different positions in parameter space, at
both low and high temperatures. The violation of the Wiedemann-Franz law as a
function of v, at T" = 0.1 is explicitly shown in Fig. 4.6a and in Fig. 4.6b, respectively
for u = 2.0, and u = 4.0. The £ ratio is smaller than the Lorenz number for a wide
range of 4, and it is restored to £y only at 74 >> wu. At high temperatures, instead,
as in Fig. 4.6c and in Fig. 4.6d the law is violated as expected for the entire range of
Y4 we have considered.

We further analyse the deviation by visualising £ /Ly at different 74 as a function of
temperature with any other parameter fixed, for v = 2.0 in Fig. 4.7b and v = 4.0 in
Fig. 4.7a. The violation for small and zero v, can be interpreted considering again the
structure of the transmission functions from the collection of real baths and probes
in the energy window included into transport at each temperature. At small and
zero dephasing, the sharp features of the transmission would prevent the Sommerfeld
expansion necessary to directly derive the Wiedemann-Franz law from Eqs.(4.3)-(4.4)
at low temperatures. As dephasing increases, however, these features are progressively
broadened and the energy windows over which the transmissions are continuous gets
larger, so the ratio £ /Ly is restored to 1.

The fact that thermal and electrical conductivities can have maxima at different values
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Figure 4.6: Ratio £ = K/GT mnormalized to the Lorenz number £y = (mwkp)?/3e? for
(a) u=4.0, p = —=5.2, (b) u = 2.0, p = —3.3, at low temperature 7" = 0.1, with AT = 0.01,
Ap = —0.01. The dashed line indicates the value at zero dephasing. The blue and red
vertical continuous lines highlight respectively the position of the maxima of electric and
heat current. In (c