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ABSTRACT: In this work, a random field approach is employed to model the mechanical properties of
graphene nano-platelets (GNPs) consisting of multiple graphene sheets connected with van der Waals
forces. GNPs share the excellent properties of single layer graphene and can be used as reinforcements
in composite materials, yet these properties are affected by the presence of random structural defects. A
parametric study is conducted herein, investigating the effect of defect type and density, as well as of the
number of graphene layers on the mechanical properties of GNPs, which are simulated through the
Molecular Structural Mechanics (MSM) approach with equivalent space frame FE models. The defect
induced random spatial variation of the mechanical properties is accounted for using random fields,
which are computed by employing the moving window technique and computational homogenization.
Useful conclusions are derived and the resulting random property fields can be used in the stochastic
finite element analysis of GNP-reinforced composites.

1. INTRODUCTION

Single layer graphene is essentially a 2-D mate-
rial (1 atom thick) and exhibits excellent mechani-
cal, thermal and electrical properties. With regard
to its mechanical properties, measurements by Lee
et al. (2008) show a Young’s modulus of 1 TPa
and a tensile strength of 130 GPa, making it the
strongest material ever discovered. Its strength is
attributed to its two-dimensional hexagonal carbon
atom structure and extremely strong covalent C-C
bonds. When embedded in a polymer matrix, even
in small amounts, Song et al. (2018) show that it
can greatly enhance the composite stiffness and is
therefore considered an ideal reinforcement mate-
rial. With regard to civil engineering applications,

the addition of as little as 0.033% of graphene in
the concrete mix can substantially increase tensile
and compressive strength, as shown in e Silva et al.
(2017).

However, techniques for efficient mass produc-
tion of graphene are still to be found, limiting
its current applications. Graphene nanoplatelets
(GNPs), which consist of few layer graphene (up to
10 layers), offer similar properties for a smaller pro-
duction cost, for example, by skipping the centrifu-
gation steps in the liquid phase exfoliation produc-
tion method, as mentioned by Cataldi et al. (2018).
Considering an interlayer distance of 0.335 nm, the
thickness of GNPs is in the order of a few nm, while
their lateral size can be in the order of a few µm.
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Similarly to single layer graphene, carbon atoms
are arranged in a hexagonal lattice in the inplane
direction, while the multiple graphene layers are
held together mainly through van der Waals (vdW)
forces.

In literature, one can find several studies on
the mechanical properties of multilayer graphene.
Molecular dynamics as well as FE methods are
commonly employed to compute the equivalent
Young’s modulus, yielding various results, as
shown by Chandra et al. (2020). However, as sug-
gested by Hosseini Kordkheili and Moshrefzadeh-
Sani (2013), when adjusted to the considered thick-
ness, most works lead to an estimate of 1 TPa for
the inplane Young’s modulus. Additionally, this
value does not appear to depend on the number of
layers and graphene is shown to exhibit isotropic
behavior for the case of small strains, as shown in
Shokrieh and Rafiee (2010).

Structural defects, either preexisting or intro-
duced during the production process, are certain
to have a negative influence on the properties of
GNPs, as Savvas and Stefanou (2018) show for the
case of single layer graphene. Random vacancy de-
fects lead to up to a 60% decrease in mean graphene
stiffness, while random waviness is shown by Pa-
padopoulos et al. (2017) to considerably reduce the
stiffness of graphene reinforced composites. As
shown by Kumar et al. (2021), defects located at the
edge of the graphene sheet lead to a greater reduc-
tion of mechanical properties, while these proper-
ties are shown to be temperature dependent through
Molecular Dynamics.

For the case of GNPs, however, limited research
data is available on the effect of random structural
defects on their mechanical behavior. Therefore,
this work provides a detailed investigation on the
influence of planar structural defects on the me-
chanical properties of GNPs.

2. MOLECULAR STRUCTURAL MECHANICS AP-
PROACH

In this work, the Molecular Structural Mechan-
ics (MSM) method is employed to simulate the
graphene lattice. MSM is a continuum-based
nanoscale modeling technique and was developed
by Li and Chou (2003b). In this approach, the

potential energy produced by C-C interactions is
equated to the sum of energies produced by the de-
formations of a structural element (beam or truss),
thus obtaining equivalent element properties. As a
result, the graphene lattice is simulated with a space
frame finite element model, which can be analyzed
with standard FEM. Figure 1 shows an example of
a GNP model with only a few vdW connecting ele-
ments shown for visualization purposes.

Figure 1: Finite element model of a three layer GNP
with limited vdW elements visible.

2.1. C-C covalent bonds
The mechanical behavior of graphene is deter-

mined by the carbon atom interactions, which are
governed by a molecular force field. The total po-
tential energy of this force field can be described
with the following equation:

U =Ur +Uθ +Uφ +Uω +UvdW +Ues (1)

where Ur,Uθ ,Uφ ,Uω are the bond-stretching en-
ergy, the bond-angle variation energy, the dihedral-
angle torsion energy and the inversion (out of plane
torsion) energy, respectively. UvdW and Ues are as-
sociated with non-bonded van der Waals and elec-
trostatic interactions, respectively, which are usu-
ally negligible and are therefore omitted.

Following the MSM approach, the covalent C-
C bonds are modeled with circular beam finite ele-
ments and by equating the deformation energy po-
tential of the beam element to the potential of the
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molecular force field, the following circular beam
properties are obtained (see Savvas and Stefanou
(2018)): diameter d = 0.147 nm, Young’s modulus
E = 5.49 TPa and shear modulus G = 0.871 TPa.

2.2. Van der Waals forces
The multiple layers in GNPs are connected with

van der Waals forces, which are often modeled us-
ing the Lennard-Jones potential according to Jones
and Chapman (1924). As a result, these forces are
given as a function of the distance of interacting
atoms through the following equation:

F(r) = 24ε/σ [2(σ/r)13 − (σ/r)7] (2)

where ε = 0.0556 kcal/mol, σ = 0.335 nm and r
is the interatomic distance. Figure 2 shows the re-
lation between the vdW force magnitude and the
distance between two carbon atoms.

Figure 2: vdW force as a function of interatomic dis-
tance.

Linear truss elements are employed to model the
vdW interactions. These elements have the same
length as the connected interlayer carbon atoms
and their stiffness varies depending on their length,
in order to satisfy Eq. (2). Since vdW forces
become negligible at distances greater than 2.5σ

(0.84nm), no connecting truss elements are added
between carbon atoms whose distance is greater
than 2.5σ . For simplification purposes, it is further
assumed there are no vdW interactions between

carbon atoms of non-neighboring layers. Note that
vdW forces are considerably weaker than the in-
plane covalent bonds, thus it can be considered that
graphene sheets are loosely connected in the out of
plane direction.

2.3. Structural defects
The properties of graphene can be substantially

affected by the presence of defects in its lattice
structure. Figure 3 shows the three types of struc-
tural defects examined in this work: Stone Wales
(SW), single vacancy (SV) and double vacancy
(DV) defects. SW defects are crystallographic and
occur after the connectivity of two bonded carbon
atoms changes, resulting in their rotation by 90 de-
grees relative to the midpoint of their bond. These
defects are also known as 5-7-7-5 defects, since the
four adjacent hexagonal unit cells are transformed
into two pentagonal and two heptagonal unit cells
due to rotation. Vacancy defects occur when any
number of carbon atoms, as well as their respec-
tive bonds, are removed from the graphene lattice.
In the case of SV defects, only one carbon atom is
missing while for DV defects, two adjacent carbon
atoms are missing from the graphene lattice.

Figure 3: Types of defects in the graphene lattice, from
left to right: SW, SV, and DV defects.

3. COMPUTATION OF INPLANE PROPERTIES
In this work the inplane mechanical properties

of multilayer graphene are investigated, which are
orders of magnitude higher than the out of plane
properties, as shown by Hajgató et al. (2013). The
equivalent stiffness of a GNP is computed from its
microstructure using a homogenization like proce-
dure by Miehe and Koch (2002), which can also be
employed for cases of lack of material, such as in
the presence of voids. The boundary nodes of the
simulated GNP model are identified and suitable
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boundary conditions are applied, in order to ob-
tain the macroscopic stiffness tensor. The inplane
stress-strain relation for an anisotropic material is
given by the following equation:

 σ1
σ2
σ3

=

 C11 C12 C13
C22 C23

symm. C33

 ε1
ε2
ε3

 (3)

Since the lattice of graphene contains random de-
fects, its properties will also be random. The ran-
dom field approach is employed herein, which is
commonly used to model the random spatial vari-
ation of the properties of composite materials, as
shown, e.g., in Stefanou et al. (2017). Accord-
ing to Baxter and Graham (2000), this is done by
partitioning the structure domain into subdomains
with the moving window technique and applying
homogenization to each one of them. The resulting
properties, considered at the midpoint of each win-
dow, can be used to reconstruct the random prop-
erty field. While GNPs have a 3-D structure, 2-D
random fields at the middle plane are computed in
this work, considering their extremely small thick-
ness (1 layer = 0.335 nm) compared to the lateral
size, which can reach up to a few µm. Note that
the equivalent properties are computed with the as-
sumption that no delamination occurs and loading
can be distributed uniformly, which is not always
the case, as shown by Li and Chou (2003a) in car-
bon nanotubes (CNTs).

4. RESULTS
In this section, the inplane mechanical proper-

ties of (50 nm × 50 nm) GNPs are presented in
random field form. The thickness h of GNPs de-
pends on the number of layers n and is given by
h = n× 0.335 nm. The effect of different numbers
of layers, defect types and densities is first exam-
ined for a window size of 5 nm. Initially, defects are
distributed evenly across layers while an uneven de-
fect distribution is subsequently taken into account.
The effect of different moving window sizes is also
investigated.

4.1. Effect of defect type and density
In this section the effect of both defect type and

density is examined for different numbers of lay-

ers. Figure 4 shows the computed realizations of
the random field of the elasticity component C11
along with the empirical distribution and autocorre-
lation function, for the case of triple layer graphene
and 12% defect density for various types of defects.
Results show a considerable drop in mean stiffness
for the case of vacancy defects. The stiffness COV
is also higher for vacancy defects, but the different
defect types do not severely impact variability, with
a maximum of 5.8% being recorded for DV defects.

Figure 4: Random fields of stiffness component C11
for triple layer graphene and various defects at 12 %
density. From left to right: SW, SV, DV defects.

Figures 5, 6 show the statistics of the random
property fields of the stiffness component C11 for
different numbers of layers and defect types. The
stiffness component C22 exhibits nearly identical
behavior to C11 and graphene can be regarded as ap-
proximately isotropic in the inplane direction. The
properties of pristine graphene sheets, with inplane
dimensions (5 nm×5 nm), are also shown for com-
parison purposes. Pristine axial stiffness exceeds
1 TPa, in accordance with literature findings. The
results show nearly identical mean properties for
any number of layers. A substantial decrease in the
mean properties is observed in the case of vacancy
defects, reaching a maximum of around 70% for
DV defects and 12% density. The COV appears to
decrease with the increasing number of layers, with
a maximum of around 9.5% being recorded for sin-
gle layer graphene at 12% DV defect density.

With regard to the inplane shear stiffness C33, the
effect of random defects is very similar to the one
observed for the axial stiffness. Figure 7 shows the
random fields of stiffness component C33 for 12%
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Figure 5: Mean and COV of random fields of stiffness
component C11 for 6% defect density.

Figure 6: Mean and COV of random fields of stiffness
component C11 for 12% defect density.

defect density while Figures 8, 9 show the mean and
COV for several types of defects at 6 and 12% de-
fect densities. Pristine inplane shear stiffness can
reach up to a magnitude of 450 GPa. Similarly
to the axial case, the mean properties are sharply
reduced in the case of vacancy defects, while the
maximum COV does not exceed 10%.

For all inplane stiffness components, the means
do not appear to be particularly affected by the
number of layers whereas the COV decreases with
an increasing number of layers. The inplane be-
havior of GNPs in one direction can be regarded as
equivalent to that exhibited by n springs connected
in parallel. Note that the contribution of the vdW
forces to the inplane properties is negligible.

Figure 7: Random fields of stiffness component C33
(inplane shear) for triple layer graphene and various
defect types at 12% density. From left to right: SW, SV,
DV defects.

Figure 8: Mean and COV of random fields of stiffness
component C33 (inplane shear) for 6% defect density.

Figure 9: Mean and COV of random fields of stiffness
component C33 (inplane shear) for 12% defect density.

4.1.1. Uneven defect distribution across layers
Until now, the same defect density was consid-

ered for all the layers of the GNP. In contrast to sin-
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gle layer graphene, GNPs can have varying num-
bers of defects in each layer. In order to study the
effect of uneven defect distributions across the con-
stituent layers of GNPs, the defect density is kept
constant over the entire GNP (e.g., 12%), but de-
fects are moved towards a single layer and random
fields of the mechanical properties are computed.
For double layer graphene, defects are shifted to-
wards one of the two layers, while in triple layer
graphene, two different scenarios are considered, as
defects can be either concentrated in the outer layer
or in the middle layer.

For a particular defect density, the GNP con-
tains m total defects. These are initially evenly
distributed across layers, meaning each layer has
(1/n)×m defects, where n is the number of lay-
ers. In this subsection, one particular layer is con-
sidered to contain α × m defects, according to a
ratio α . Three cases for this ratio are considered:
α = 1/n (even distribution over the GNP), α = 2/3
and α = 1 (all defects concentrated in one layer).
For a defect density of 12% over the entire GNP,
the case α = 1 would result in one layer having a
density of 24% in double layer graphene or 36%
in triple layer graphene, with the rest of the layers
being defect-free.

Figures 10,11 show the mean and COV for 12%
SV defects in double and triple layer graphene
for the three cases mentioned above. The results
refer to stiffness component C11 and show little
difference for the other components. As defects
are moved towards one layer, the mean properties
are substantially increased, while the COV is de-
creased. This effect is more pronounced in triple
layer graphene and can be explained by the lessen-
ing contribution of each layer to the total stiffness,
as the number of layers increases. Hence, the layer
which contains a large amount of defects will have a
smaller impact on the overall stiffness. The pristine
or less affected layers can compensate for the loss
of stiffness of the layer containing the most defects,
since the homogenized GNP stiffness is computed
as an average over the considered volume and no
delamination is observed. It is evident that an un-
even defect distribution can lead to higher stiffness
and less variability compared to having the same

number of defects in each constituent GNP layer.

Figure 10: Mean plot of the random fields of stiffness
component C11 for double (DLGS) and triple layer
graphene sheets (TLGS) and an uneven defect distribu-
tion across layers, 12% SV defects. For an even defect
distribution, α = 1/2 for DLGS and α = 1/3 for TLGS.

Figure 11: COV plot of the random fields of stiffness
component C11 for double (DLGS) and triple layer
graphene sheets (TLGS) and an uneven defect distribu-
tion across layers, 12% SV defects. For an even defect
distribution, α = 1/2 for DLGS and α = 1/3 for TLGS.

4.2. Effect of moving window size
In this section, the effect of the moving window

size is examined. The choice of window size can
severely impact the spatial variability of the random
field and extremely small or large sizes can lead to
unrealistic results. The window sizes of 2.5 nm and
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5 nm are compared herein, through which 1521 and
361 windows are obtained, respectively.

Figure 12 shows the computed random field, em-
pirical distribution and autocorrelation function of
stiffness component C11, for the two different win-
dow sizes. The increased spatial variability for
the smaller window size is obvious, leading to
increased COV as well as decreased correlation
lengths. Compared to all previously depicted re-
sults, which referred to the window size of 5nm,
the increased spatial variability for a window size
2.5 nm is expected to also increase the stiffness
COV.

Figure 12: Random fields of stiffness component C11
in triple layer graphene for two different window sizes,
12% SV defects.

Figures 13, 14 show the mean and COV of the
computed random fields for different types of de-
fects and a defect density of 12%. As the moving
window size is decreased, the mean is slightly in-
creased, whereas a noticeable increase is observed
in the COV for all numbers of layers. For both
window sizes, the mean properties do not change
with the number of layers, while the COV follows
the previously observed decreasing trend with an
increasing number of layers. The maximum COV
is again observed for DV defects and single layer
graphene, with its value being increased from 9.5%
for the window size of 5 nm to 13% for the window
size of 2.5 nm.

5. CONCLUSIONS
A parametric investigation was conducted on the

effect of different numbers of layers, defect types
and densities on the inplane mechanical properties

Figure 13: Mean and COV of random fields of stiffness
component C11 for a moving window size of 2.5 nm.

Figure 14: Mean and COV of random fields of stiffness
component C11 for a moving window size of 5 nm.

of GNPs. Vacancy defects are shown to consider-
ably decrease the mean stiffness, which often drops
below 50% of its original value, while also demon-
strating an increased COV. Results show constant
mean properties regardless of the number of lay-
ers, while the COV appears to decrease with an in-
creasing number of layers. These findings, along
with the low stiffness of vdW elements connecting
the individual layers, suggest that the inplane be-
havior of GNPs resembles a parallel spring model,
where identical boundary conditions are applied to
each spring and the resulting stiffness is finally av-
eraged over the equivalent volume. In future works,
a complete SFE analysis of a GNP-reinforced com-
posite can be conducted, taking advantage of the
computed random elasticity tensors.
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