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ABSTRACT: Peak inelastic displacement of single-degree-of-freedom (SDOF) systems has been shown 

to be an efficient ground motion (GM) intensity measure (IM) for estimating the structural demand. Most 

ground motion models (GMMs) are developed to estimate the arbitrary or geometric mean of the two 

horizontal components of the response spectra obtained from the two orthogonal as-recorded directions 

of ground motion. Meanwhile, more recent GMMs have opted in estimating orientation-independent 

horizontal component definitions. This horizontal component definition has the advantage of removing 

the sensor orientation as a contributor to the estimated ground motion uncertainty. This is the definition 

adopted in this study, where the median directional inelastic spectral displacements were considered as 

an IM. To do this, a set of bilinear SDOF systems and a subset of the NGA-West2 database were used to 

fit a GMM to estimate the medians and dispersions of Sdi,RotD50 from shallow crustal earthquakes. These 

were calculated by rotating the ground motions through all non-redundant rotation angles in the 

horizontal plane. A set of functional forms was developed using the mixed-effects regression approach, 

with the predictor variables being the elastic vibration period, T, the force reduction factor, R, and a set 

of ground motion causal parameters. The results show how the model is able to predict the data quite 

well, while keeping the dispersions at a reasonable level.

1. INTRODUCTION 

Selection of an appropriate ground motion (GM) 

intensity measure (IM) is of great importance for 

risk assessments. Empirical ground motion 

models (GMMs) provide the probability 

distributions for these IMs at a given site, caused 

by a specific earthquake event, needed for seismic 

hazard analyses, and allow the selection and 

scaling of representative GM records for non-

linear response history analyses (NRHAs). The 

most common scalar IM currently used is the 

spectral acceleration Sa at a given vibration period 

T, Sa(T). Since seismic shaking is felt principally 

in three dimensions, there is a need to consider the 

possible effects of ground motion directionality, 

which is illustrated graphically in Figure 1. As 

shown, different GMs may induce significantly 

different directional demands, depending both on 

the system and GM characteristics. Notably, 

Baker and Cornell (2006) addressed this question 

by discussing the regular use of an arbitrary Sa 

component, Saarb, or the geometric mean of the 

two as-recorded Sa components, Sagm, in 

probabilistic seismic analyses. 
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Figure 1: Trace response of an elastic SDOF oscillator with T = 2 s. (a) Strongly polarized GM; SMART1 O07 

recording from the 1985 Taiwan SMART1(33) earthquake, RSN: 492. (b) Unpolarized GM; Dumbarton Bridge 

West End FF recording from the 1989 Loma Prieta earthquake, RSN: 757. (c) Polar plot of normalized spectral 

displacement in all horizontal directions for the two considered records in this figure. 

 

In recent years, various horizontal 

component definitions have been proposed. Some 

of these definitions include the different 

percentiles of Sa over all non-redundant 

orientations (Boore 2010). Most recent GMMs 

have shifted towards these definitions of Sa, such 

as the SaRotD50 (Campbell and Bozorgnia 2014). 

Boore (2010) defined the RotDnn component of 

Sa as the nnth percentile of all rotation angles 

sorted by amplitude, with D denoting the period-

dependent rotation angle. These Sa definitions 

(e.g., RotD100 and RotD50)  can be used to 

quantify the directional characteristics of GMs 

(Baker and Lee 2018; Tarbali 2017). In the same 

context, the NGA-West2 database (Ancheta et al. 

2013) was used (Shahi and Baker 2014) to 

develop an empirical model for the 

SaRotD100/SaRotD50 ratio, which is the most common 

directionality (i.e., polarization) measure of 

horizontal ground motion pairs, as illustrated in 

Figure 1. 

In addition to the issue of directionality, 

several studies have considered bidirectional or 

multi-directional excitation of either linear-elastic 

systems or complex non-linear structural systems 

(Pinzon et al. 2021; Roy et al. 2022). Several 

researchers have also developed GMMs for peak 

inelastic spectral displacements of SDOF 

systems, Sdi, (Heresi et al. 2018; Huang et al. 

2020; Stafford et al. 2016; Tothong and Cornell 

2006). Under certain conditions, Sdi has been 

demonstrated to be an effective IM to relate 

ground motion intensity and inelastic structural 

response (Luco and Cornell 2007). 

In this study, the model of RotDnn for the 

50th percentile of Sdi is presented for bilinear 

SDOF systems, with the 100th percentile model 

presented in a more detailed journal paper 

(Aristeidou et al. 2023). The predictor variables 

are T, R, and a set of GM causal parameters 

described in Section 3.1. 

In the following sections, the workflow 

followed is outlined, describing the GM database 

and the GMM functional forms used for the 

development of the model. This is then appraised 

via a performance assessment of the model and 

comparison with other models available in the 

literature.  

2. METHODOLOGY 

The methodology employed is outlined in Figure 

2. First, the GMs within the range of Mw and Rrup 

of interest were extracted from the NGA-West2 

database. Then, the range of R and T values, along 

with the hysteretic behavior, post-yield stiffness, 

and the damping of the SDOF system, were 

defined. For each SDOF system, the ground 

motions were rotated with an increment of 6° in 
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the range of 0° to 180° and applied to the 

numerical model developed in OpenSeesPy to 

obtain the peak displacements. The total number 

of analyses presented in this study amounted to 

7139 GMs × 5 R × 13 T × 30 incidence angles to 

give 13,921,050 inelastic SDOF analyses. 

 
Figure 2: Illustration of the methodology adopted to 

generate data. 

2.1. Strong motion database 

The ground motion records used in this study 

were obtained from the NGA-West2 database 

(Ancheta et al. 2013). From this database, a subset 

of GMs recorded during earthquakes deemed of 

sufficient intensity to cause structural and/or non-

structural damage was selected for the analyses. 

Specifically, the subset considered was ground 

motions with Mw ≥ 5 and Rrup ≤ 300 km. The 

scatter plot of the considered records in terms of 

Mw, Rrup, and Vs,30 is shown in Figure 3. 

Additionally, GMs with maximum usable periods 

lower than the elastic period of the corresponding 

SDOF system in each case were filtered out of the 

considered GM subset. 

2.2. Description of SDOF systems 

The SDOF system chosen for this study was a 

bilinear model with a positive strain hardening 

ratio of αs = 3%. The hysteretic behavior of this 

system is non-degrading and non-evolutionary. A 

tangent stiffness proportional damping model was 

adopted with a ratio of ξ = 5%. The set of elastic 

periods considered was T = 0.04, 0.06, 0.1, 0.2, 

0.3, 0.5, 0.75, 1, 1.5, 2, 3, 4, 5 s, and the set of 

strength ratios was R = 1.5, 2, 3, 4, 6. The strength 

ratio, or force reduction factor, R, is defined as the 

ratio of maximum directional demand, Fel,RotD100, 

in the elastic system with period T subjected to a 

given ground motion, to the SDOF yield strength, 

Fy, computed by Eq. (1). 

 
Figure 3: Distribution of the considered GMs in 

terms of Mw, Rrup, and Vs,30. 

 𝑅 =
𝑚 ∙ 𝑆𝑎𝑅𝑜𝑡𝐷100

𝐹𝑦
 (1) 

3. FITTING OF THE GROUND MOTION 

MODEL 

3.1. Functional form 

This section presents the developed model for the 

RotD50 inelastic displacement demands. The 

main functional form of this model, which was 

chosen after many trial combinations of 

functional forms of existing GMMs examining 

the inelastic spectral displacement (Bozorgnia et 

al. 2010; Heresi et al. 2018; Huang et al. 2020), is 

given by: 

 ln 𝑌𝑖,𝑗 = 𝑎 + 𝐹𝑀 + 𝐹𝐷 + 𝐹𝑠𝑜𝑓 + 𝐹𝑠 +

𝐹𝑏𝑎𝑠𝑖𝑛 + 𝜂𝑖 + 𝜀𝑖,𝑗  (2) 

where, 𝑌𝑖,𝑗  is the 50th percentile from all non-

redundant incidence angles of peak inelastic 

spectral displacement demand Sdi,RotD50 (in 

centimeters) at site j from event i; 𝑎 is a model 

coefficient; 𝐹𝑀 , 𝐹𝐷 , 𝐹𝑠𝑜𝑓 , 𝐹𝑠 , and 𝐹𝑏𝑎𝑠𝑖𝑛  are the 

magnitude scaling, distance function, style of 

faulting, site amplification, and the basin-effects 

correction terms, respectively.  The model given 

in Eq. (2) separates the inter- and intra- event 

residuals (i.e., mixed-effects model). 𝜂𝑖  is the 

inter-event residual corresponding to event i 
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following a normal distribution with zero mean 

and standard deviation τ; 𝜀𝑖,𝑗   is the intra-event 

residual corresponding to event i at station j 

following a normal distribution with zero mean 

and standard deviation φ. It should be noted that 

𝜂𝑖  and 𝜀𝑖,𝑗  are assumed to be mutually 

independent; therefore, the total standard 

deviation of the model is calculated as: 

 𝜎 = √𝜏2 + 𝜑2 (3) 

The magnitude function, which does not 

consider magnitude saturation, is given in Eq. (4): 

𝐹𝑀 = 𝑏1(𝑀𝑤,𝑖 −𝑀𝑟) + 𝑏2(𝑀𝑤,𝑖 −𝑀𝑟)
2
 (4) 

where, 𝑀𝑤  is the moment magnitude, 𝑀𝑟  is the 

reference magnitude taken here to be equal to 6, 

and 𝑏1 and 𝑏2 are model fitting coefficients. The 

distance function is: 

𝐹𝐷 = [𝑐1𝑘 + 𝑐2𝑘(𝑀𝑤,𝑖 −𝑀𝑟)] ln (
𝑅𝑚𝑜𝑑

𝑅ℎ2
) 

 {

𝑘 = 1;                 𝑅𝑚𝑜𝑑 ≤ 𝑅ℎ1
𝑘 = 2;    𝑅ℎ1 < 𝑅𝑚𝑜𝑑 ≤ 𝑅ℎ2
𝑘 = 3;                 𝑅𝑚𝑜𝑑 > 𝑅ℎ2

 (5) 

where 𝑅𝑚𝑜𝑑 is a modified distance to the source 

computed as: 

 𝑅𝑚𝑜𝑑 = √𝑅𝑟𝑢𝑝2 + 𝑐3
2 (6) 

where 𝑅𝑟𝑢𝑝  is the closest distance from the 

rupture plane to the site in km, 𝑐3  is a model 

coefficient, and 𝑐1𝑘  and 𝑐2𝑘  are attenuation 

coefficients. 𝑅ℎ1  and 𝑅ℎ2  are hinge distances to 

account for the changes in the attenuation rate and 

are fixed to 15 and 150 km, respectively, and the 

index 𝑘 is introduced to account for the different 

distance ranges. The style-of-faulting function is: 

 𝐹𝑠𝑜𝑓 = 𝑓1𝐹𝑁,𝑖 + 𝑓2𝐹𝑇,𝑖  

(𝐹𝑁,𝑖, 𝐹𝑇,𝑖) = {

(0, 0);    𝑆𝑡𝑟𝑖𝑘𝑒 − 𝑠𝑙𝑖𝑝 𝑓𝑎𝑢𝑙𝑡
(1, 0);              𝑁𝑜𝑟𝑚𝑎𝑙 𝑓𝑎𝑢𝑙𝑡
(0, 1);                𝑇ℎ𝑟𝑢𝑠𝑡 𝑓𝑎𝑢𝑙𝑡

 (7) 

where, 𝑓1 and 𝑓2 are model fitting coefficients; 𝐹𝑁 

and 𝐹𝑇 are binary variables representing the style 

of faulting. The site amplification function is: 

 𝐹𝑠 = 𝑠𝑛 · ln(𝑉𝑠,30) 

 

{
 

 
𝑛 = 1;                 𝑉𝑠,30 < 400

𝑛 = 2;     400 ≤ 𝑉𝑠,30 < 650

𝑛 = 3;   650 ≤ 𝑉𝑠,30 < 1000

𝑛 = 4;               𝑉𝑠,30 ≥ 1000

 (8) 

where, 𝑠𝑛  is a model fitting coefficient with the 

index n differentiating between the different 𝑉𝑠,30 

bins, where 𝑉𝑠,30  is in m/s. The basin-effects 

correction function is given as: 

𝐹𝑏𝑎𝑠𝑖𝑛 = 

 {

𝑑1(𝑍2.5 − 1);                        𝑍2.5 ≤ 1
0;                                      1 < 𝑍2.5 ≤ 3

𝑑2[1 − 𝑒
−0.25(𝑍2.5−3)];        𝑍2.5 > 3

 (9) 

where, 𝑑1  and 𝑑2  are model fitting coefficients, 

and 𝑍2.5, is the depth to the 2.5 km/s shear-wave 

velocity horizon, typically referred to as basin or 

sediment depth in km. For the records without 

registered 𝑍2.5 , the guidelines suggested in 

(Kaklamanos et al. 2011) were followed, utilizing 

the formulas given in (Abrahamson and Silva 

2008; Campbell and Bozorgnia 2007) to estimate 

𝑍2.5 from 𝑉𝑠,30. 

The standard deviations τ and φ were 

computed through a series of iterative mixed-

effects non-linear regressions (Abrahamson and 

Youngs 1992). Applying this regression 

procedure, the directions to find the resulting 

empirical coefficients and standard deviation 

values are indicated in Aristeidou et al. (2023). 

3.2. GMM performance 

To assess the performance of the model against 

the observed data, inspections on the prediction 

residuals were carried out. A residual here is 

defined as the difference between the ‘observed 

empirical data’ (i.e., the computed peak inelastic 

displacements according to the methodology 

shown in Figure 2) and the model prediction, both 

in natural logarithms. Thus, a positive residual 

indicates underprediction by the proposed model. 

Figure 4 depicts the inter-event residuals 

versus the event magnitude for Sdi,RotD50 and two 

different combinations of T and R. Plotted in the 

same figure are also the binned mean residual 
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values, ±  one standard deviation. These results 

clearly indicate that the chosen functional form 

adequately represents the event term, as no 

apparent bias against Mw is observed. This trend 

was also observed across the entire range of T and 

R used in this study. 

Figure 5 then shows the total residuals of the 

same cases with respect to Rrup for two different 

combinations of T and R. The observed lack of 

trend indicates that the functional form adopted is 

adequate for capturing the data trends. 

Overall, the trends in Figure 4 and 5 hold true 

for the complete set of different SDOF systems 

considered. In addition, the predictive power of 

the GMM is also analyzed by comparing the 

observed and median predicted values of Sdi for 

each system (i.e., different T and R), via the 

coefficient of determination R2, which is observed 

to be around 0.8 for most of the cases. 

 
Figure 4: Inter-event residuals with respect to Mw for different T and R. 

 

 
Figure 5: Total residuals with respect to Rrup for different T and R. 

 

4. COMPARISON WITH PREVIOUS 

STUDIES 

In conducting comparisons with the existing 

models, the difficulty was the fact that only a few 

available models quantified the inelastic 

displacement predictions in terms of the strength 

ratio R, instead they have used the ductility 

demand, μ, or the strength coefficient, Cy. 

Nonetheless, two models from the literature were 

used for comparison with the model proposed 

herein. Namely, the models proposed by Tothong 

and Cornell (2006) and Huang, Tarbali and 

Galasso (2020), denoted as TC06 and HTG20. 
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TC06 uses the outputs of a conventional 

(elastic) GMM and converts them to inelastic 

spectral displacements based on the proposed 

ratio model. Herein, the elastic GMM employed 

in the original paper was used (Abrahamson and 

Silva 1997), although in principle, any elastic 

GMM may be used. TC06 used 5% post-yield 

stiffness ratio, the maximum Rrup was limited to 

95 km, and the arbitrary horizontal component, 

Sdi,arb, was utilized for each recording. In HTG20, 

a region-specific GMM for inelastic spectral 

displacements was developed for northern Italy, 

explicitly accounting for the spatial correlation 

between intra-event residuals. The Mw range for 

HTG20 was from 4.0 to 6.4 and source-to-site 

distances less than 200 km. The geometric mean 

of the two horizontal components, Sdi,gm, was 

utilized. 

Two different comparisons are given in 

Figure 6 between the proposed GMM and the 

existing models from the literature. GMs were 

divided into distinct magnitude bins and 

compared with the median predicted values 

corresponding to the mean magnitude of GMs 

contained in each bin. It can be observed that the 

median prediction of the proposed GMM 

generally matches well the cloud median (shown 

via the dashed black lines) within the ranges 

containing a significant amount of data. More 

amplified differences are observed at large 

distances since the model does not explicitly 

account for anelastic attenuation effects and also 

at lower distances due to the data scarcity. The 

model of HTG20 is close to the proposed model 

for the lower magnitude bin but deviates a lot for 

Mw > 7. This is reasonable because of the 

aforementioned limited earthquake magnitude 

range of the HTG20 model. Meanwhile, the 

model of TC06 is quite close to the cloud median 

of the data, with the exception of overpredicting 

the displacements for large distances. Again it is 

important to highlight that these models were 

predicting different horizontal component 

definitions (i.e., Sdi,arb and Sdi,gm) compared to the 

Sdi,RotD50 being evaluated here. 

 
Figure 6: Median Sdi,RotD50 predicted by the model, along with the empirical data, as a function of Mw and Rrup, 

for T = 1 s and R = 4. 

 

5. GMM PREDICTION UNCERTAINTY 

Figure 7 illustrates the total standard deviation of 

ln(Sdi,RotD50) and compares it with the 

corresponding values from the TC06 and HTG20 

models. It can be observed that the model 

presented here gives lower standard deviations for 

most periods when comparted to TC06 and 

HTG20. This is partially explained by the 

different definitions of horizontal component. As 

shown in the literature (Beyer and Bommer 2006), 

using the RotD50 component may reduce the 

dispersion in comparison to the arbitrary 

component used by TC06 and to the geometric 

mean used by HTG20. Noting that the reduction 

with respect to the geometric mean is minimal. In 
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HTG20 the difference in total standard deviation 

is primarily due to the difference in the intra-event 

standard deviation, which is a product of 

considering spatial correlation (Jayaram and 

Baker 2010). 

 
Figure 7: Total logarithmic standard deviation. 

6. CONCLUSIONS 

Based on the development of this model, the 

following can be noted: 

• For what concerns the GMM developed to 

represent the RotD50 horizontal component of 

inelastic spectral displacement demand, a 

mixed-effects regression model was fitted to 

the computed response quantities under 

ground motion recordings from shallow-

crustal earthquakes. 

• The proposed GMM exhibited reasonably low 

dispersions when compared with others 

available in the literature and is not sensitive 

to the level of non-linear demand. 

• Compared to existing similar models, this 

GMM was fitted using a substantially large 

dataset of ground motions from the NGA-

West2 database. It also does not require any 

auxiliary elastic GMM to predict the median 

and dispersion of inelastic displacements. 

• The range of applicability of this GMM is the 

following: moment magnitude, 5 < Mw ≤ 8; 

rupture distance, 0 < Rrup ≤ 300 km; average 

shear-wave velocity in the top 30 m of the site 

profile, 90 ≤ Vs,30 ≤ 1300 m/s; period of 

vibration, 0.04 ≤ T ≤ 5 s; strength ratio, 1 ≤ R 

≤ 6; tectonically active shallow crustal 

regions. 
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