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Abstract: In this paper, a large eddy simulation (LES) method was used to conduct a study on single and tandem jets in a crossflow, focusing
particularly on their trajectory, penetration, and interaction. The numerical model was validated with an experimental test campaign. Exami-
nation of the time-averaged flow field allowed both the velocity and the tangential angle of the jet trajectories to be examined. In addition, the
penetration depth of the jet based on a scalar transport model was analyzed. The unsteady flow characteristics around the trajectories were
studied using both the power spectral density (PSD) function and a spectral proper orthogonal decomposition (SPOD). The results show that
the upstream jet’s trajectory changes little as a function of spacing, while the downstream jet deflects as a result of the influence of the
counterrotating vortex pair. In addition, the curve height of the tandem jet trajectories is significantly higher than that of the single jet.
The height of the trajectory formed by the tandem jets can reach four times that of the single jet, and the penetration depth of the tandem
jets can be 2.8 times that of the single jet. Meanwhile, when the spacing between the two jets is small, the coherent structures tend toward the
upstream jet distribution, and the fluctuation frequency after mixing is dominated by the upstream jet. With the increase of spacing, the
fluctuation frequency after mixing is greatly affected by the downstream jet, and the frequency decreases. Furthermore, when the dimension-
less spacingD 0 is 5.67, the frequency difference between both jets is minimal and the coherent structures are significantly reduced, indicating
that flow mixing is optimal and stable. DOI: 10.1061/JAEEEZ.ASENG-5154. © 2023 American Society of Civil Engineers.

Author keywords: Jets in crossflow; Air curtain; Power spectral density (PSD); Spectral proper orthogonal decomposition (SPOD);
Large eddy simulation.

Introduction

Single/tandem jets in crossflow (S/TJICFs), also referred to as
the air curtain, are an interesting flow regime that consist of many
complex flow phenomena, e.g., various vortices, jet interaction,
flow instability, recirculation, and complex spanwise variations.
S/TJICFs are often encountered in practical applications such as
flow-induced noise reduction (Zhao et al. 2020a, b), tunnel smoke
confinement, biological safety cabinet confinement, and blade
cooling (Acharya et al. 2006; Zhao et al. 2018a, b; Luo et al.
2013; Huang and Chou 2009), and as such have attracted much
research interest. Many researchers have performed studies on
S/TJICF from different perspectives, e.g., vortical structure devel-
opment (Fearn and Weston 1974; Santiago and Dutton 1997; Kiel
et al. 2003), the effect of the jet number (Gutmark et al. 2011;

Makihata and Miyai 1979), jet interaction (Isaac 1982; Isaac
and Jakubowski 1985; Yu et al. 2006; Lai and Lee 2010), and ef-
fects of nozzle shape (Gutmark et al. 2008; Kumar et al. 2011).
In the study of the jet in crossflow, the trajectory of S/TJICF has
always been an important research focus because it helps to predict
the overall flow field development. After the jet is ejected and pen-
etrates the oncoming flow, the surrounding transverse momentum
will be entrained, and the jet will change direction resulting in an
oblique trajectory. To date, a small number of semiempirical equa-
tions have been proposed to describe the trajectory of an SJICF
(Haniu and Ramaprian 1989; Yuan and Street 1998; No 2015;
Shaw et al. 2020), which have been used, for example, in aeronautical
engineering applications (Oerlemans and Bruin 2009; Zhao et al.
2018a). Regarding the TJICF, a few studies have been also conducted
to qualitatively investigate the effect of additional jets on the primary
jet’s trajectory (Makihata and Miyai 1979; New and Zang 2015;
Radhouane et al. 2019; Olyaei and Kebriaee 2020). However, no
quantitative model has been made to predict the trajectory of a TJICF.
As such, in this paper a model for the TJICF will be developed.

Another interesting research topic of S/TJICF is the penetration
of the jet(s). In this paper, jet penetration variation against trajectory
is studied. There are a few studies reported that concentrate on pen-
etration, mostly on liquid jets in high-speed gas flows (Ghenai et al.
2009; Lin et al. 2002; Sathiyamoorthy et al. 2020). This configu-
ration is of interest because it corresponds to liquid fuel being
ejected into the gas flow inside an engine duct. However, when
it comes to single-phase flow, where both the jets and the crossflow
gases are the same, typically air, the problem is more challenging.
More specifically, the jets and the crossflow will merge and it
is difficult to distinguish their boundaries and assess the penetra-
tion. Simulation can be a very useful tool to conduct the analysis,
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especially using a scalar transport (ST) model, which has been
validated in the study of jet mixing (Ivanova et al. 2010; Ryan
et al. 2017). Therefore, a numerical simulation approach was taken
in this paper to study the jet penetration. Additionally, jet interaction,
which affects other flow characteristics, is also discussed from the
perspective of its relation to the trajectory. Unlike previous studies,
this paper employed spectral and modal analysis, which results in
some novel findings.

In this paper, S/TJICFs have been numerically simulated using
large eddy simulations (LESs), validated by particle image velocim-
etry (PIV) in the FLy-17 0.55 m × 0.4 m aeroacoustic wind tunnel
(China Aerodynamic Research and Development Center, Mianyang,
China). Initially, in terms of time-averaged flow field, the trajectory of
the TJICF was modeled and the vortex distribution, velocity, and tan-
gential angle associated with the trajectory of S/TJICFwere discussed.
Then the penetration variation against trajectory was discussed, based
on an approach to defining the level of penetration. Finally, interaction
of the jets associated with the trajectory were discussed using power
spectral density (PSD) and spectral proper orthogonal decomposition
(SPOD) to investigate spectral analysis and modal analysis.

PIV Experiment

FL-17y Aeroacoustic Wind Tunnel

The experiment was conducted in the FLy-17 0.55 m × 0.4 m
aeroacoustic wind tunnel at the China Aerodynamics Research

and Development Center (CARDC), as shown in Fig. 1(a).
FLy-17 is powered by a 130-kW axial fan, allowing the incoming
flow U∞ to be controlled within the range of 8–100 m=s. The
nozzle outlet size is 0.55 × 0.4 m (height × width) and the test sec-
tion is surrounded with a full anechoic room of 5.2 × 3.7 × 4 m,
illustrated in Fig. 1(b). Turbulence intensity in the core flow region
is controlled to be ≤0.05%. The background noise is ≤75–80 dB
(U∞ ¼ 80 m=s).

The S/TJICF rig plays a critical role in creating the necessary
flow regime, whose detail is provided in Fig. 2. In the rig, the steady
rectangular jet flow is generated by two separate 30-kW blowers.
To manipulate the jet velocity, each blower was equipped with a
frequency-control converter. The flow coming out of the blower
goes through a hose and then enters a nozzle, which was designed
with a diffusion section. In the diffusion section, one layer of
honeycomb with a hexagonal grid was installed to reduce the tur-
bulence level of the flow.

The test was carried out in the open-jet test section of a 0.5 ×
0.4 m acoustic wind tunnel, whose maximum velocity in the open-
jet section was 100 m=s as measured by hotwire anemometry. The
axial gradient of static pressure was less than 0.005 Pa and the tur-
bulence intensity was less than 0.05%. The crossflow, created by
the wind tunnel, flows along the flat plate and interacts with the
planer jet that is set at a distance T1 from the nozzle of the wind
tunnel. The nozzle of the jet with a width of w was connected to
the guide air duct that provides a continuous air flow through the
30-kW centrifugal blower. The guide air duct mainly plays the role

Fig. 2. Test platform: (a) wind tunnel; (b) nozzle of jet; (c) flat plate; and (d) guide air duct.

Fig. 1. FLy-17 0.55 m × 0.4 m aeroacoustic wind tunnel: (a) dimensions (mm); and (b) full view.
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of guiding the air flow, and it contains an aluminum rectifying
honeycomb mesh, which can rectify the air flow well and improve
its quality.

PIV Arrangement

A two-dimensional low-speed PIV system was used to carry out all
flow measurements, which allow a quantitative analysis of the flow
regime. To visualize the flow field, both the jets and the crossflow
were seeded with Pea Soup Oil Based Smoke Generator PS31 (Pea
Soup, Middlesbrough, UK). The size of the particles was on the
order of 1.5 μm. The measurement plane was made to align with
the center plane of the test section. The particles in the plane were
illuminated using a sharp laser sheet. The source of the sheet was a
New Wave Solo-II PIV double-pulsed Nd: YAG laser (532 nm,
30 mJ=pulse) mounted on the top of the aluminum frame. One lens
set was used to diverge the point source to a line source. In addition,
to highlight the illuminated plane, one black PVC board was fixed
behind the laser sheet as a dark background. The board was outside
the crossflow and accordingly had no interference with the flow.

A LaVision (Ypsilanti, Michigan) FlowMaster CCD camera was
situated beside the test section, taking image pairs of the flow field of
interest. A 532-nm narrowband pass optical filter was installed on the
camera lens for the measurements. A three-dimensional computer-
aided design (CAD) sketch of the PIVarrangement is shown in Fig. 3.
The image pairs were captured at 4 frames per second, and the time
delay between two images in one pair was 15 μs. The resolution of
the CCD camera is 1,280 by 1,024 pixels. In the setup described, the
image size was 106 × 84.6 mm (X × Y). This allows the image to
have a resolution of 12 × 12 pixels per square millimeter. Those im-
age pairs were processed using cross-correlation in DaVis software
with decreasing multipass interrogation window sizes, 32 × 32 and
16 × 16, respectively. There were two passes and a 50% overlap for
each window size. The postprocessing was performed with an open
access MATLAB toolbox, PIVMat.

Numerical Approach

LES Governing Equation

The LES equation of isothermal incompressible flow is

∂ūi
∂xi ¼ 0

∂ūi
∂t þ ∂ūiūj

∂xj ¼ − 1

ρ
∂p̄
∂xi þ

∂
∂xj ðv2S̄ij − τ ijÞ ð1Þ

where ūi = velocity component; p̄ = pressure of the fluid; ρ =
density of the fluid; and ν = viscosity.

The strain tensor S̄ij is expressed as follows:

S̄ij ¼
1

2

�∂ūi
∂xj þ

∂ūj
∂xi

�
ð2Þ

The compressive lattice stress is expressed as

τ ij ¼ uiuj − ūiūj ð3Þ

The approximate Boussinesq formula is

τ ij − δij
3
τ kk ¼ −2vsgsS̄ij ð4Þ

where νsgs = eddy viscosity model, and the formula is

vsgs ¼ ðCsΔÞ2jS̄j ð5Þ

Computational Domain and Boundary Conditions

Fig. 4 is a schematic diagram of the flow of the TJICF, and Fig. 5 is
a numerical model of a TJICF. The size of the incoming flow inlet

Fig. 3. PIV test.

Fig. 4. Schematic diagram of the flow.

Fig. 5. Numerical model.
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is 0.55 × 0.4 m, the velocity U∞ is 50 m=s, and the rectangular jet
of size w × d is set at 17.17w away from the hole, where the nozzle
width w is 30 mm. The distance between the centers of the two jets
is D, and the dimensionless expression is D 0 ¼ D=w. The velocity
variation range of the tandem jets Uj1 and Uj2 is 30–50 m=s, and
the momentum ratio q ¼ Uj2=U∞. Symmetrical boundaries are
used on the left and right sides. The time step is 2.5 × 10−5 s,
and the total computation time is 0.5 s. The output contains the flow
field data for the last 0.15 s, with a time step of 1.25 × 10−4 s. These
data were used for time-averaged flow field analysis and spectral
analysis. Table 1 gives the simulation matrix of different cases
performed using a commercial solver COMSOL.

Meshing

Three kinds of structured grids with element numbers of
7.29 million, 9.9 million, and 12.03 million were used to verify

the grid independence. The number of elements finally selected
for the single jet was 12.03 million, and the total number of grids
for the tandem jets was 14.48 million. Fig. 6 shows the grid dis-
tribution of different sections.

Simulation Verification

Fig. 7(a) shows the verification of grid independence for the single
jet and the comparison between the test and simulation results,
where the incoming flow was U∞ ¼ 50 m=s and the jet velocity
was Uj1 ¼ 40 m=s. A line segment at the position of X=w ¼ −5
and 5 on the central section of Y ¼ 0 was selected to compare the
velocity distribution. At the same time, a comparison was made
between the streamline in Case 6 [Fig. 7(b)] and the trajectory
of the upstream jet [Fig. 7(c)].

It can be seen from Fig. 7 that the velocity distributions
with different element numbers are basically the same, and the

Table 1. Simulation matrix

Case U∞ (m=s) Uj2 (m=s) Uj1 (m=s) q ¼ Uj2=U∞ D 0 Configuration

1 50 — 40/50 — — Single jet
2 50 50 30 1 7.33 Tandem jets with different D,

Re = 108,101/64,860 (Uj2 > Uj1)3 50 50 30 1 5.67
4 50 50 30 1 4.00
5 50 50 30 1 2.33
6 50 30 50 0.6 2.33 Uj2 < Uj1

Fig. 6. Meshing: (a) X-Z section; and (b) X-Y section.
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difference between the results is within 1%. Because LES requires
a high number of elements, the grid selection for a single jet is
12.03 million. Second, the simulated velocity distributions on
the left and right sides (X=w ¼ −5 and 5) are in good agreement
with the experimental results. Because the experimental measure-
ment is not accurate enough for the boundary layer processing, and
because the particle density near the boundary layer in the test is
not high enough, there is a deviation between the test and simula-
tion results in this area. In addition, it was found through the
streamline distribution in Figs. 7(b and c) that the distribution of

two counterrotating vortex pairs obtained from experiment and
simulation, R1 and R2, have basically the same shape and size,
and the trajectory curves of the upstream jets are consistent. In gen-
eral, the simulation model is feasible.

Results and Discussion

This section provides the results from LES simulations, and a dis-
cussion from different aspects including trajectories of S/TJICF,
penetration variation against trajectory, and spectral analysis and
modal analysis.

Trajectories of S/TJICF

The trajectory of S/TJICF has always been an important research
focus because it helps predict the overall flow field development.

Variation of Trajectories
Fig. 8 compares the trajectories of single and tandem jet time-
averaged velocity magnitude contours respectively from Case 1
and Case 5. It can be clearly seen that the height of the downstream
jet of TJICF is higher than that of the single jet of SJICF. Regarding
this variation, the trajectory is a very good tool to perform an evalu-
ation of performance.

There are a few options for defining the jet trajectory. Many
researchers (Makihata and Miyai 1979; No 2015; Schetz et al.
1983; Yuan and Street 1998) use the maximum velocity or concen-
tration in the central plane as the jet trajectory curve, but there
are multiple maximum values near the jet outlet, making such a
definition of the trajectory curve difficult. Therefore, the streamline
that stems from the nozzle center has been mostly used as the jet
trajectory (Pokharel and Acharya 2021), which is also adopted in
this paper as well.

Figs. 9 and 10 show the trajectory curves of S/TJICF for differ-
ent cases, which illustrate the comparison of the trajectory between
two configurations. First, it can be seen from Fig. 9 that for the
single jet, with the increase of jet velocity, the height of the trajec-
tory rises as expected. Then, in Fig. 10, it can be detected that
the trajectories in tandem jets, regardless of the upstream jet or
the downstream jet, can go much higher and the maximum of the
height can reach approximately four times that of the single jet.
Moreover, in Fig. 10 it can be also found that under different spac-
ing D, the upstream jet trajectory approximately remains with little
change, while the downstream jet trajectory apparently increases
with D 0.

Fig. 7. Simulation verification.

Fig. 8. Contours of time-averaged velocity magnitude: (a) single jet; and (b) tandem jets.

© ASCE 04023090-5 J. Aerosp. Eng.

 J. Aerosp. Eng., 2024, 37(1): 04023090 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

T
ri

ni
ty

 C
ol

le
ge

 L
ib

ra
ry

 o
n 

10
/0

6/
23

. C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.



Modeling of Trajectories
Modeling of the jet trajectories was conducted in this paper to give
a further quantitative analysis of the trajectory variation. To date,
most of the corresponding research on the trajectory has focused on
circular jets, and various semiempirical equations have been ob-
tained through dimensional analysis (No 2015; Yuan and Street
1998). In contrast, the rectangular jet penetrates deeper than the
circular jet, delaying the vortex breakdown (Pokharel and Acharya
2021). According to the semiempirical formula of the circular
jet trajectory equation, the rectangular jet trajectory equation is
derived here by taking the momentum ratio q, jet diameter w, and
trajectory coordinates Xi as parameters, expressed as

Zi

w
¼ AqB

�
Xi −D

w

�
C

ð6Þ

where Zi = height of the trajectory curve; w = width of the nozzle;
q ¼ ρjU2

j2=ρ∞U2∞ is the momentum ratio of the upstream jet to the
incoming stream; and A, B, and C = correlation coefficients of the
formula.

It can be seen from Fig. 10(a) that the trajectory of different
cases changes very little, and a semiempirical trajectory curve
equation can be obtained through data fitting. However, the momen-
tum ratio q in Eq. (6) is a fixed value, and q ¼ 0.6 for Case 6 is
different from q ¼ 1 for Cases 2–5. For this reason, we use the
data from Cases 2–5 to fit Eq. (6), and the fitting results are shown
in Fig. 11 and Eq. (7):

Zi

w
¼ 1.36q

�
Xi −D

w

�
0.73

ð7Þ

We know that the momentum ratio q of Case 6 is different from
that of Cases 2–5. When the momentum ratio q of Case 6 changes,
the corresponding correlation coefficient Bwill also change, but the
impact on A and C is unclear. At the same time, when D changes,
the value of the correlation coefficient C will also be different, and
whether it will affect A and B needs to be further studied. There-
fore, to further study the effect of the momentum ratio q, as well
as D, on the correlation coefficients A, B, and C, instead of the
previous uniform fitting, we now make a separate fitting, and
the values of the correlation coefficient are obtained by fitting
the upstream trajectory curves for Cases 2–6, as shown in Table 2.

Through the analysis of Table 2, first, it is found that the change
of B is mainly affected by the momentum ratio q, and is indepen-
dent of D. The values of A and C are affected by both D and the
momentum ratio q. Then, when D 0 is less than 5.67, A decreases
and C increases. Instead, when D 0 is greater than 5.67, the change
trend of A and C values is reversed. Therefore, D 0 ¼ 5.67 is an
important law for D for the TJICF.

Fig. 9. Trajectory of single jet.

Fig. 10. Trajectory of tandem jets: (a) upstream jet; and (b) downstream jet.

Fig. 11. Fitting curve of upstream jet trajectory.

Table 2. Semiempirical formula correlation coefficient for the upstream jet
trajectory curves

Case Configuration D 0 A B C

5 Tandem jets with
different spacing D,
q ¼ 1 (Uj2 > Uj1)

2.33 1.4866 1 0.7242
4 4.00 1.3027 1 0.7369
3 5.67 1.0243 1 0.8319
2 7.33 1.5725 1 0.8041
6 q ¼ 0.6 (Uj2 < Uj1) 2.33 1.4009 0.4154 0.9219

© ASCE 04023090-6 J. Aerosp. Eng.
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Tangential Angle on the Trajectories
As clearly depicted, with flow conditions varying, the performance
of the trajectory curves can differ significantly. To further study
this, the change of trajectories, especially on the tangential angle,
is discussed. TJICF is a complex flow, including many interesting
flow characteristics, for example, those shown in Fig. 12. First, the
trajectory formed by the upstream and downstream jets penetrating
the incoming flow is shown in the figure, and the change character-
istics of the trajectory can be determined by the tangential angle, α,
of the trajectory, which is the angle between the tangential direction
and the horizontal direction at any point. Then there is an interac-
tion zone SD between the two jets, in which two counterrotating
vortex pairs R1 and R2 exist. During the flow process of the down-
stream jet, the trajectory of the downstream jet deflects to the left
and reaches the maximum offset δ at the inflection point F1 as a
result of the adsorption of R2. The tangential angle, α, of the tra-
jectory at the inflection point F1 is 90°, and the trajectory starts to
deflect to the right after reaching the maximum offset.

Figs. 13 and 14 show the trajectory curves of the tandem jets and
the streamline distributions, respectively. First, it can be seen from

Fig. 13 that the trajectory curves of the low-velocity jet will shift to
the side of the high-velocity jet, and the maximum offset δ will be
reached at the inflection point F1. Second, according to the flow in
SD, when the D 0 is different, the size of the counterrotating vortex
pair formed in the SD area is also different. With increasing D 0, the
sizes of R1 and R2 both decrease, and the vortex formed on the side
with low jet velocity is larger. Moreover, with the increase of D 0,
the fluid of the downstream jet adsorbed into the SD area also in-
creases, but only a small part of the fluid sucked into the SD area
forms vortex R2.

The downstream jet deflects to the left in the flow process,
mainly because the downstream jet has a lower velocity and forms
a larger vortex R2, which causes the downstream jet to deflect to
the left under the effect of R2 adsorption and reach the maximum
offset δ at the inflection point F1. To further quantitatively analyze
the change characteristics of tangent angle of trajectory curve
under different cases, the tangent angle α and maximum offset δ
of trajectory with different spacing D 0 were obtained as shown in
Fig. 15, where Figs. 15(a and b) correspond to upstream jet and
downstream jet, respectively. In Fig. 15(b), on the one hand, the
trajectory on the left side of F1 deflects to the left, so α < 0; on the
other, the trajectory on the right side of F1 deflects to the right,
so α > 0. The maximum offset of δ was reached at point F1.
Tangential angle change Δαmax on the left side of F1 reaches the
maximum at the peak value in Fig. 15(b). The maximum tangen-
tial angle change Δαmax and δ are shown in Table 3 and Fig. 16.

To begin with, it can be seen from Fig. 15(a) that because the
upstream jet is between the incoming jet and the downstream jet, its
flow fluctuation is limited, so at different spacing D 0, the change of
the tangential angle α of the upstream jet is small. In Areas I and II,
the change of tangential angle α with spacing D 0 ¼ 2.33 and 7.33
is closer. Additionally, from Fig. 15(b) and Table 3, it can be de-
tected that the maximum change of tangential angleΔαmax of the
downstream jet trajectory and offset δ both increase with D 0. More
specifically, it is found from Fig. 16 that with the increase of D 0,

Fig. 12. Schematic diagram of TJICF.

Fig. 13. Trajectory curve of the tandem jets.

Fig. 14. Vortex distribution in SD.

© ASCE 04023090-7 J. Aerosp. Eng.
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the maximum change of tangential angle Δαmax increases linearly,
and the offset δ increases exponentially.

Effect of Downstream Jet

In the last section of the trajectory study, it was found that due to the
influence of the counterrotating vortex pair in the interaction area,
the downstream jet trajectory was deflected, resulting in the change
of the tangential angle of the downstream jet trajectory. To further
understand the mechanism of the influence of the flow in the SD
region on the downstream jet trajectory, the downstream jet was
further analyzed.

Fig. 17 is the streamline distribution, where Figs. 17(a and b) are
the streamline distribution of different D 0. Flow Parts 1, 2, and 3
represent different flow directions. In addition, Fig. 17(c) is the
boundary of Flow Parts 1, 2, and 3, the contour line without arrow

is the velocity contour in the Z-direction, and o, p, and q are the
percentage of the flow area of each part in the total width of the
downstream jet. First, it can be seen from Fig. 17 that the formation
of R1 and R2 is related to the shearing effect of the upstream and
downstream jet, and the flow of the downstream jet is divided into
multiple flow directions due to the adsorption effect of R2. Second,
when D 0 ¼ 2.33, the flow of the downstream jet is mainly com-
posed of Parts 1 and 3, most of Flow 3 is injected vertically. Finally,
it can also be found that with the increase of D 0, the flow of the
downstream jet is divided into three parts. Flow Part 1 is related to
the formation of the vortex R2, and another Part 2 is mixed with the
shear layer of the upstream jet and accelerated, which inhibits the
upstream jet from forming the vortex R1. Therefore, Flow Part 2
became the main source of R1. The flow direction of Flow Part 3
remains vertical.

Fig. 18 shows the percentage of each flow part of the down-
stream jet, where 1, 2, and 3 correspond to o, p, and q, respectively.

Fig. 15. Tangential angle α of the tandem jets: (a) upstream jet; and (b) downstream jet.

Table 3. Value of maximum deflection angle and offset of the downstream
jet with D

D 0 Δαmax (degrees) Offset δ (mm)

2.33 4.8 2.9
4 16.9 11.9
5.67 29.5 25.4
7.33 44.2 48

Fig. 16. Variation of maximum deflection angle and offset the down-
stream jet with D 0.

Fig. 17. Streamline distribution of different D 0: (a and b) streamline
distribution; and (c) boundary of flow parts.
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It can be seen from Fig. 18 that with the increase of the spacing D,
the proportion of Flow regions 1 and 2 increases, and most of the
flow in 1 is accelerated by the upstream jet and mixed with the
downstream jet. In addition, with the increase of D 0, the interaction
zone SD between the jets becomes larger, and the proportion of 1
and 2 increases so the SD area can be effectively filled, but whenD 0
increases to 7.33, the proportion of 1 and 2 increases less; as a re-
sult, the SD area’s inadequate packing makes the flow in this area
more unstable, thus causing the downstream jet swinging before
mixing, which makes the offset of the downstream jet increase sig-
nificantly when D 0 is 7.33.

Time-Averaged Velocity Distributions on the
Trajectories

To further understand the flow characteristics on the trajectories, it
is helpful to further discuss the time-averaged velocity distributions
on the trajectories, which are shown in Figs. 19 and 20. The Ux

and Uz are the velocity components in the horizontal and vertical
directions, and U is the resultant velocity.

It can be seen from Fig. 19 that Ux increases rapidly first and
then suddenly decreases. In particular, in the absence of the down-
stream jet, theUx reduction is faster. Additionally, for the single jet,
Uz gradually decreases and drops to zero. However, for the tandem
jets, the Uz value of the upstream jet increases and tends to a sta-
ble value.

In Fig. 20, it is apparent that the downstream jet has a neg-
ative value of Ux due to the adsorption of the vortices R2, and
as D 0 increases, the velocity Ux increases in the negative direction
and Uz decreases. Then, after reaching the peak, Ux increases in
the opposite direction, and Uz continues to decrease for Case 5
(D 0 ¼ 2.33) and Case 4 (D 0 ¼ 4.00). When D 0 > 5.67, Uz in-
creases slightly. For the case with the same spacing D and the
upstream and downstream jet velocities are reversed (i.e., Cases 1
and 6), time-averaged velocity distribution rules of the jet trajecto-
ries are also reversed.

In general, the time-averaged velocity distributions on the jet
trajectories of single jet and tandem jets are obviously different.
For the tandem jets, the time-averaged velocity along the trajectory
changes regularly with the change of the spacing D 0. At the same
time, when the jets’ velocity change (i.e., the upstream and down-
stream jet velocities are reversed), the time-averaged velocity dis-
tribution jet trajectories are also reversed.

Penetration Variation against Trajectory

Jet penetration into incoming flow is an important feature of
S/TJICF. In this process, some complex flow phenomena, such as
entrainment and vortex generation, occur between jets and incom-
ing flow due to shear effect. Therefore, study of penetration can
contribute to a deep understanding of the complex flow of J/TICF.
The trajectory can be used to approximately describe the penetra-
tion depth, but it can only describe the change of the jet center

Fig. 18. Percentage of each flow part.

Fig. 19. Velocity distributions on the trajectories of the upstream jet.
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trajectory and cannot clearly describe the penetration boundary.
However, when analyzing penetration variation against trajectory,
they are positively correlated, and as such a corresponding study
can be conducted.

The contour of velocity magnitude cannot clearly analyze the
penetration and mixing of jets, especially for multijet problems.
Instead, researchers (Ivanova et al. 2010; Ryan et al. 2017) use an
ST model to analyze the mixing of the jets and cross flow, which
was also used in this paper, and the distribution of jet penetrating
the incoming flow can be clearly seen.

Scalar Transport Model

The transport equation for a passive scalar is

∂
∂t ðρYiÞ þ∇ · ðρuYiÞ ¼ −∇Ji ð8Þ

where Ji = diffusion flux of species i; and parameter Yi = mass
fraction of species i. The passive scalar Yi is used to calculate
the mass fraction distribution of the jet, and the variation range
of Yi is 0–1, where 1 and 0 represent that the mass fraction of
the jet is 100% and 0%, respectively (Ivanova et al. 2010; Ryan
et al. 2017). As such, the Yi value of the jet should be 1 and
the Yi value of the incoming flow should be 0. Furthermore, for
tandem jets, owing to the different velocities of the two jets, the
amount of flow ingested is different. The value of Yi is distributed
according to the velocity ratio of the jet, such as Uj1=Uj2 ¼
3=5 ¼ Yj1=Yj2, and Yj1 þ Yj2 ¼ 1. After solving the scalar trans-
port model, the distribution of mass fraction will be obtained, so the
jet penetration can be assessed more clearly and intuitively accord-
ing to the contour of the mass fraction. This study mainly used the
time-averaged mass fraction distribution to analyze the penetration
characteristics of the jets.

We adopted the ST method to describe the penetration charac-
teristics of a jet based on the results of a scalar transport model.

Fig. 21 shows the time-averaged mass fraction Cmass distribution
of the jets, where Fig. 21(a) shows the substance concentration
Cmass distribution of the single and tandem jets, and the filtered
Cmass range is 0.25–0.8. Fig. 21(b) shows the time-averaged
mass fraction distribution of the single jet. It can be seen from
Fig. 21(a) that the area where Cmass ¼ 0.25–0.8 is the main area
for jet and incoming flow mixing, and it can be observed that the
penetration depth of tandem jets is significantly higher than that
of a single jet. Moreover, this area also clearly shows the penetra-
tion boundary after the jet penetrates the crossflow. To obtain the
penetration boundary, the contour line of Cmass ¼ 0.26 was se-
lected as the penetration boundary line [as shown in the dotted
line diagram in Fig. 21(a)].

Penetration Boundary and Trajectories

The mass fraction distribution of the jet can be obtained using the
scalar transport model, and the penetration boundary formed after
mixing the jet with the incoming flow can be described quantita-
tively. This study focused on the impact of different cases on the
penetration, such as single/tandem jets and tandem jets with differ-
ent spacing D 0.

Fig. 22 shows the mass fraction Cmass distribution of the
tandem jets for the constant velocity, and the D 0 changes of Cases
2–5 corresponding to Figs. 22(a–d). It can be seen from Fig. 22
that the height of the air curtain formed by tandem jets is higher
than that of the single jet, and the width of the jet area formed
increases slightly with the increase of D 0. Then the two jets
mix, and the concentration in the SD area decreases with the in-
crease of D 0.

According to the method of Fig. 22(a), the penetration boundary
curve is selected to describe the penetration depth as shown in
Fig. 24. Fig. 24(a) shows the penetration characteristic curves of
Cases 1–5. The ΔS and ΔT are the penetration depth correspond-
ing to Cases 1 and 4, respectively, and their ratio is shown using the

Fig. 20. Velocity distributions on the trajectories of the downstream jet.
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line with triangle in Fig. 24(b). At the same time, the ratio ΔT=ΔS
of the trajectory height of single and tandem jets is plotted using
the same method is shown by the line with square in Fig. 24(b). At
the same time, the changes of the penetration boundary curve and the
upstream jet trajectory are compared, as shown in Fig. 23.

First, combining Figs. 22 and 23, it is found that for the single
jet, owing to its large mixing zone (i.e., concentrated distribution
area of jets’ mass fraction), the difference between the central tra-
jectory curve and the penetration boundary curve is large, and ΔZ
can reach 59.3 mm. Second, for the tandem jets, the mixing zone
between the jets and the incoming flow is obviously narrowed
and relatively concentrated, and the difference between the penetra-
tion boundary curve and the trajectory curve decreases, and the

difference will also increase with the increase of the D 0. Moreover,
for D 0 ¼ 4.00, the difference between the penetration boundary
curve and the trajectory curve is obviously greater than other cases;
ΔX can reach 133.8 mm at most.

By analyzing Fig. 24, on the one hand, it can be concluded that
the penetration depth of the single jet is slightly higher than that of
tandem jets when 0 < X=w < 1. On the other hand, when X=w > 1,
the penetration depth of the upstream jet in the tandem jet con-
figuration is much higher than that of the single jet. In addition,
for comparison between penetration curve and trajectory line,
when the penetration depth reaches the maximum, the corre-
sponding D 0 is 4.00, while when the trajectories are the highest,
the corresponding D 0 is 2.33. More importantly, the maximum

Fig. 22. Mass fraction distribution (Cmass ¼ 0–0.8): (a) Case 5; (b) Case 4; (c) Case 3; and (d) Case 2.

Fig. 21. Time-averaged mass fraction Cmass distribution: (a) filtered Cmass of single and tandem jets; and (b) Cmass distribution of the single jet.
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ratio ΔT=ΔS of the penetration depth of single and tandem jets
can reach 2.8, while the maximum ratioΔT=ΔS of the trajectories
can reach 4.5.

In general, the height of the penetration boundary curve is al-
ways higher than the height of the trajectory. When D 0 ¼ 2.33, the
difference between the penetration boundary curve and the trajec-
tory is the smallest. As the spacing D 0 increases, the difference in-
creases first and then decreases. When D 0 ¼ 4.00, the difference
reaches the maximum.

Interaction of the Jets Associated with the Trajectory

Interaction of the jets is an important and complicated feature in
TJICF. In this paper, the analysis of the interaction was conducted
from the spectral analysis point of view.

PSD Analysis
The PSD function is an important tool for flow stability analysis
and is often used to study the stability and frequency characteristics
of a shear layer (Pokharel and Acharya 2021). Data from different
points in the flow area are selected to perform PSD analysis on the
fluctuation velocity. The sampling time step is 1.25 × 10−4 s,
making the maximum sampling frequency 8,000 Hz. According to
the Nyquist theorem, the analysis frequency can be up to 3,200 Hz.
The Welch’s method is used to calculate the power spectrum. The
block size is 211, and the overlapping length between each window
is 50%. The Hanning window function is used.

Fig. 25 is a schematic diagram of the selected points, in which
Q1 and Q2 are points respectively close to the upstream and down-
stream jets. Points P1–P4 are equidistant points in the center of the

upstream and downstream jet trajectory, which are mainly used to
analyze fluctuations of the tandem jets after mixing.

Fig. 26 is the PSD diagrams of the vertical velocity of Q1, Q2,
and a certain point Pi in the central area under different spacing,
and the frequencies corresponding to the peaks as given in Table 4.
Fig. 27 is the PSD diagram at Points P1 to P4.

Based on the analysis of Figs. 26 and 27 and Table 4, it can be
first concluded that as the spacing increases, the center frequency
fc decreases. When D 0 ¼ 2.33, the upstream jet fluctuation
frequency fa is about 314 Hz, the downstream jet fluctuation fre-
quency fb is 82.1 Hz, and the central area fluctuation frequency fc
tends to be closer to the upstream jet fluctuation. The frequencies

Fig. 23. Comparison of penetration boundary curve and upstream jet trajectory.

Fig. 24. Penetration characteristic curves: (a) penetration characteristic curves of Cases 1–5; and (b) ΔT=ΔS for penetration and trajectory.

Fig. 25. Schematic diagram of the selected points.
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fa and fc are the same, indicating there is no obvious mixing effect
between the upstream and downstream jets. In addition, when
D 0 ¼ 4.00, fa decreases and fb increases, indicating that the
two jets are mixed to affect their velocity fluctuations. The fluc-
tuation frequency fc in the central area is consistent with fb. Then,
when D 0 ¼ 5.67, the fluctuation frequencies of fa and fb are both

Fig. 26. PSD diagrams of the vertical velocity at Q1, Q2, and Pi: (a) Case 5; (b) Case 4; (c) Case 3; and (d) Case 2.

Table 4. Frequency corresponding to peak value at Q1, Q2, and Pi

Frequency D 0 ¼ 2.33 D 0 ¼ 4.00 D 0 ¼ 5.67 D 0 ¼ 7.33

fa 314.4 191.4 82.3 150.4
fc 314.4 136.7 95.7 82.0
fb 82.1 136.7 95.7 82.0

Fig. 27. PSD diagrams of the vertical velocity at P1–P4: (a) Case 5; (b) Case 4; (c) Case 3; and (d) Case 2.
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decreased and the difference is not significant, indicating that
the two jets are sufficiently mixed and the flow after mixing is
relatively stable. Finally, when D 0 ¼ 7.33 and the fluctuation
frequency of fa increases again, the fluctuation frequency fb is
consistent with the case of D 0 ¼ 2.33. In general, through compre-
hensive analysis, it was found that when D 0 ¼ 5.67, the frequen-
cies fa, fb, and fc have the smallest difference, indicating that the
flow after mixing is more stable in this state.

SPOD Modal Analysis
Some researchers (Zhao et al. 2018b) used the proper orthogonal
decomposition (POD) method to analyze the mode of tandem jets,
but it cannot represent the time evolution of the structure (Towne
et al. 2018). The SPOD method is evolved from POD, which was
originally derived by Lumley (2007) according to the stochastic
method. The POD method often used the velocity variable vðx; tÞ
in the flow field, which is related to time and space, and it looks
for a certain function ΦðxÞ to better approximate this random var-
iable. First, we need to find a correlation function of time and
space

Rðx; x 0; t; t 0Þ ¼ hvkðx; tÞv�kðx 0; t; Þi ð9Þ

where 〈〉 is used to find the ensemble average of vðx; tÞ; and vk and
v�k are any two adjacent points. From the correlation function R, the
POD mode ΦðxÞ can be obtained by solving the Lumley integral
formula

ZZ
Rðx; x 0; t; t 0ÞΦkðx 0; t 0Þdx 0dt 0 ¼ λkΦkðx; tÞ ð10Þ

Through eigenvalue decomposition, the obtained POD modes
decompose the flow

vjðx; tÞ ¼
X
k

αjkΦkðx; tÞ ð11Þ

For SPOD, the conversion from the time domain to the fre-
quency domain is carried out on the basis of POD, so as to obtain
the time correlation of long time series (Towne et al. 2018). First, a
segment time scale τ is introduced, and a window function wðτÞ ¼
eð−ðτ=TÞ2Þ is set on the total time scale T. The spatiotemporal cor-
relation function becomes

Rðx; x 0; t; t 0Þ ¼ hvkðx; tþ τÞwðτÞv�kðx 0; tþ τ 0Þw � ðτ 0Þi ð12Þ
ZZ

Rðx; x 0; τ ; τ 0ÞΦkðx 0; τ 0Þdx 0dτ 0 ¼ λkΦkðx; τÞ ð13Þ

The modal analysis of the vertical velocity componentUz on the
central section of TJICF was carried out using the SPOD method.
Figs. 28–30 show the SPOD modal distribution of the velocity
component Uz for D 0 ¼ 2.33, 5.67, and 7.33, respectively.

First, based on the PSD analysis results, it was found that the
main frequency fluctuations atD 0 ¼ 2.33 are fa ¼ fc ¼ 314.2 Hz.
Therefore, in the SPOD results from Fig. 28, it was found that
under f ¼ 100 and 200 Hz, except for the area where the trajectory
line Z > 0.2 m, there are few fluctuation structures. Meanwhile,
when f ¼ 400 Hz, Modes 1 and 2 show coherent structures that
are uniformly distributed along the trajectory, and the coherent
structures are mainly biased toward the distribution of the upstream
jet trajectory, indicating that the central area is greatly affected by
the upstream jet.

Second, as can be seen in Fig. 29, it can be concluded that with
the increase ofD 0, the fluctuation frequency fc decreases, resulting
in a few coherent structures appearing at low frequencies (f ¼ 80,
160 Hz). Furthermore, when f > 400 Hz, the coherent structures

Fig. 28. SPOD modal distribution (D 0 ¼ 2.33).
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around the trajectory curves in the region of Z > F1 are signifi-
cantly reduced compared with D 0 ¼ 2.33 and 7.33, and combined
with the PSD results, the difference between the fluctuation
frequencies fa and fb is the smallest in this case, indicating once

again that the upstream and downstream jets are thoroughly mixed
during the flow process, making the flow most stable.

What is more, it can be seen from Fig. 30 that compared with
D 0 ¼ 5.67, there is a significant increase in coherent structures,

Fig. 29. SPOD modal distribution (D 0 ¼ 5.67).

Fig. 30. SPOD modal distribution (D 0 ¼ 7.33).
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indicating that the flow fluctuation is strengthened, and the flow is
unstable. Moreover, many small coherent structures are decom-
posed in the SD area, and the coherent structures in the SD area
are the most obvious at D 0 ¼ 7.33. Combined with the analysis
of the PSD analysis, it is concluded that the SD area is not effec-
tively filled due to the large spacing, which makes the flow in this
area more prone to fluctuations, resulting in flow instability.

Conclusion

This paper performed an LES numerical simulation to study the
trajectory, as well as the penetration and interaction of S/TJICF re-
lated to the jet trajectory. To begin with, the simulation model was
validated by experiments. Then the flow characteristics associated
with trajectories, e.g., the variation and modeling, and the penetra-
tion depth of the jet using scalar transport were analyzed. Further-
more, PSD and SPOD were used to study the interaction of the jets.
The following important conclusions can be drawn:
• Through modeling and characteristic analysis (e.g., velocity,

tangential angle) of the trajectories, it is found that the height
of the trajectory curves of the tandem jets is significantly higher
than that of the single jet. In addition, the upstream jet trajectory
changes little at different spacing D 0, while the downstream jet
deflects as a result of the influence of the counterrotating vortex
pair in the SD area. Moreover, the SD area is not effectively filled
with the increase of D 0, which causes the downstream jet to
fluctuate, thus causing a greater deflection of the downstream
jet trajectory.

• Based on the scalar transport model, the penetration character-
istics of S/TJICF and the variation characteristics of the penetra-
tion boundary curves were analyzed and the trajectories were
compared. It was found that the height of the penetration boun-
dary curve is always higher than the height of the trajectory.
When D 0 ¼ 2.33, the difference between the penetration boun-
dary curve and the trajectory is the smallest. As the spacing D 0

increases, the difference increases first and then decreases.
When D 0 ¼ 4.00, the difference reaches the maximum. In ad-
dition, the height of the trajectory formed by the tandem jets can
reach four times that of the single jet, and the penetration depth
of tandem jets can reach 2.8 times that of the single jet.

• The fluctuation frequencies of the upstream jet and the down-
stream jet are different due to the different velocities. When
D 0 ¼ 2.33, the fluctuation of the central area is significantly
affected by the upstream jet fluctuation, and the jet frequency
difference between upstream and downstream is quite large, in-
dicating that the mixing of the tandem jets is poor. In addition,
with the increase of D 0, the fluctuation frequency of the central
area is consistent with the downstream jet. Moreover, when
D 0 ¼ 5.67, the fluctuation frequency of the tandem jets de-
creases and the difference is the smallest, indicating that the
two jets are fully mixed, and the flow is the most stable.

• When the spacing is small, the coherent structures are inclined
to the distribution of the upstream jet trajectory, the fluctuation
frequency after mixing is dominated by the upstream jet, and the
frequency is high. However, with the increase of D 0, the fluc-
tuation frequency decreases, and the coherent structures begin to
appear at low frequencies. At the same time, the coherent struc-
tures are mainly distributed evenly along tandem jets, and the
fluctuation frequency is greatly affected by the downstream jet.
Furthermore, when D 0 ¼ 5.67, the frequency difference be-
tween the upstream and downstream jets is minimal, and the
coherent structures are significantly reduced, indicating that
the flow mixing is the best and the mixed flow is the most stable.

On the other hand, when D 0 ¼ 7.33, the coherent structures
generated in the area SD are the most obvious, which makes
the flow stability worse after the jets and the incoming flow
are mixed.
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Notation

The following symbols are used in this paper:
A, B, C = correlation coefficients;

Cmass = time-averaged mass fraction distribution of
the jets;

D = distance between the centers of the two jets;
D 0 =D=w, by dimensionless D of w;
Ji = diffusion flux of species i;
p̄ = pressure of the fluid;
q = momentum ratio;

R1, R2 = two counterrotating vortex pairs;
Rðx;x 0; t; t 0Þ = correlation functions;

SD = interaction zone between the two jets;
S̄ij = strain tensor;
Uj1 = velocity of the upstream jet;
Uj2 = velocity of the downstream jet;
ūi = velocity component;
w = nozzle width;

wðτÞ ¼ eð−ðτ=TÞ2Þ = window function;
Yi = mass fraction of species i;
α = tangential angle of the trajectory;

Δαmax = tangential angle change;
δ = maximum offset at the inflection point F1;
ν = viscosity;

vk, v�k = any two adjacent points;
νsgs = eddy viscosity model;
ρ = density of the fluid;
τ = segment time scale;

τ ij = compressive lattice stress;
Φkðx 0; t 0Þ = POD mode ΦðxÞ; and

〈〉 = used to find the ensemble average of vðx; tÞ.
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