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6X 6 effective mass Hamiltonian for heterostructures grown on(11N)-oriented substrates
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The 6x6 effective mass Hamiltonian for semiconductor heterostructures grown dy){drlented sub-
strates is derived and is compared with the 4t model. The hole subbands of InGaAs/InP single quantum
wells grown on (1N)-oriented substrates witN=c (that is,(001)], 0, 1 are calculated using the effective
mass Hamiltonian as an example. The spin-orbit coupling affects the light-hole subligrelatbut it affects
all subbands at finité, for all substrate orientations. In thex#4 model (without spin-orbit coupling the
coupling between the heavy hole and the light hole is overestimated. At a critical uniaxial stress, the position
of the first heavy hole and the first light hole as the highest energy level cross over. The separation between the
first heavy hole and the first light hole is overestimated at the uniaxial stress below the critical value and is
underestimated above the critical stress in theddmodel. The spin-orbit coupling greatly affects the valence
band structures of the semiconductor heterostructures resulting in the modifications of the optical transitions
anisotropy for structures grown on (N}-oriented substrates.
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. INTRODUCTION conduction-valence bands mixin§.In this paper, we will

mainly focus on the mixing in valence band, therefore we

Recently, many semiconductor heterostructures have begiygage to neglect the coupling between conduction band and
successfully grown on high-index substrate&The growth  \51ence band.
of GaAs(Al,Ga)As quantum wells(QW's) on non{002)- The purpose of this paper is to illustrate the coupling be-
oriented substrates has attracted much interest for its poteaween the HH, LH, and the SO bands with the strain in the
tial in the fabrication of semiconductor nanostructures havheterostructures grown on (M}-oriented substrates. The
ing better crystallographic morphology. The self-organizingkane model with spin-orbit coupling is derived in the basis
growth mechanisms on planar and patterned high-inde®f p-like states [X)1,|Y)1,12)1,[X)1,[Y)],|Z)| and is
semiconductor surfaces leading to high quality quantunfhanged into the 86 Luttinger-Kohn model in angular mo-
wires (QWR'S) and quantum dotéQD’s) have been devel- Mentum basigjm;) with j=3,3 by the unitary transforma-
oped in GaAs materiafs® Also, high quality QD's with uni-  tion for the structures grown 0o110-, (111)-, (112-, (113,

form size distributions on high-index InP substrates hav nd (12°)-oriented substrates. The hole subband structures,

been fabricate.According to the substrate orientation, the he effect of the uniaxial siress along the growth direction are

. ! ) . o : studied and compared for each substrate orientation with and
anisotropy in the interband optical transitions is changed relithout spin-orbit coupling
flecting the inherent anisotropy of the materials and the '

quantum confinement of electronic systems. Moreover, the Il. THEORY
anisotropy reveals the crystal direction which generates the _
most intense optical transitions. This information is very im- A. Effective mass theory

portant for c_thicaI device applications. For the interpretation  The three axes of the coordinate system used in this paper
of the physical phenomena in these heterostructures growsire defined as follows: the three axis is along the growth

on high-index substrates, a detailed understanding of the Virection, the two axis is in thETlO] direction, and the one

lence band mixing is needed. Effective mass _theory_is widel)énd three axes in the_q_D) plane.g is the angle between the
used to calculate the energy band structures in semlconductﬂ{ree axis and tha-y plane wherex,y,z axes are the three

: TS
systems. The #4 and 6<6 Luég?zger-Kohn models® and  yirections of the primitive vectors of a simple cubic Bravais
the 6x6 and 8<8 Kane modefs™have been used for the | ttice: asg varies from 0 tom/2, the growth plane perpen-

heterostructures grown o@01)-oriented substrate. Xia has gjqjar to the three axis changes from (110) in succession to

proposed an effective mass theory for superlattices grown opy 11y (112 113) (14). ie.. (001). Making the coordi-
(11N)-oriented substrates based on Luttinger’s theory with %te)t};nsfg}gn ).(18), i.e., (001). g

4X 4 matrix including the coupling between the heavy and

light holes®® Optical transitions involving the spin-orbit S 1 c
split-off bands in GaAs/AlGaA¢&Ref. 14 and strained ZnSe/ ky=—=ki— —=ko+—=Kks,
ZnS (Ref. 15 superlattices have been observed. The strain \/E \/5 \/E
effect introduces additional coupling between heavy-hole

(HH) and light-hole(LH) bands, and spin-orbit split-ofSO) =k ket ks,

bands'® Therefore the inclusion of SO bands in valence band 2 27 2

mixing is crucial for the explanation of the physical proper-

ties of semiconductor heterostructures. According to Bahder, k= —cky+ sk, 1)

the strain effect introduces a wave vector dependent
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TABLE I. Values ofa,b,d,e,f,g for matricesA,B,C, ... F',G'.

b d

a e f g
2 2-2 3 4 2
s°  3sc s°c 1 s s
A S+ 0 - +sd 352+c? 0 S+mHct
c? sc 1 s?
B 5 0 _s¢ 3 0 5
2 4 3 2 22 2
C C_ C_ 4 0 7_C 3 C_ 2 0 3s°c C_
>+ 5 +s > +s’c > +s 5 >
D —s? 0 0 —sc 0
F 0 —sc 0 0 —c? 0
G sctsc—2s%c 0 —3s°c? —sc 0 s’c+sc—2sc?
2 2-2 3 2 4 2
, s> 3s’c s’c  sc® s s
A 2 0 > _ 2% h 0 22 42¢?
4 4 4 2 4 4 4
B’ 1 ¢ 0 s¢ -3 0 1S
44 4 44
2 4 3 2 22 2
c’ _C L% e 0 s s’ c” 0 3s°c® ¢
4 4 4 2 4 4 4
2
D’ 0 _“ 0 0 sc 0
2
2
F 0 s¢ 0 0 -z 0
2 2
) sc sc s’c? &t ¢t sc s’c  sc
G - - 45 —_— - 0 sC— ———
2 2 2 2 2 2 2
s 1 c H,=Lk?l —(L—M)(AK3+Bk3+ CK3+ Dk;kp+ Fkyks
Jy=—=dy— ——Jpt—=J,
27 27 \2 +Gkyks) — 2N(A'k2+B'k2+ C'k2+D'kyk,

J,= > Ji+ ! Jo+ ¢ J
y \/E 1 \/E 2 \/E 3
JZ:_CJ1+SJ3, (2)

wheres andc represent si? and co9, respectively. And the
matricesJ; in the bases,Y,Z are

00 0 0 0 i
Jh=0 o —i|, 3=[0 0 o,
0i 0 —i
0 —-i 0
=i o of. )
0 0 0

Inserting Egs(1) and(2) into the 3x 3 Kane Hamiltonian in
X,Y,Z bases for hole energy statés

Hi=LK2l = (L—M)(kZJZ+ k55 +K22) — 2N(Kyky [ Jedy ]

+ kykz[‘]y‘]z] + kxkz[JxJz]) ) (4)

we obtain the X 3 effective mass Hamiltonian in thH&,2,3
coordinate system

+F'koks+G'kqks), (5

whereA,B,C, ... F’,G’' are 3x3 matrices which have the
following form:

X
Il
o T o

b d
e fl. )
f g

Values ofa,b,d,e,f,g which are functions of and c for
each matrix are presented in Table I. For constructing the 6
X6 Kane Hamiltonian, the set of spin-dependent basis func-
tions |[ma) with m=X,Y,Z for I';5 valence band states,
and o=1,] for spin-up and spin-down spinors
IXTY,IYT),1Z1),0X]),|Y1),|Z]) are introduced. The total
Hamiltonian is composed of tHe p partH,.,,, and the spin-
orbit interaction part go

H 0
) (7)

H"'P:( 0 H,

and the spin-orbit interaction matrix in these bases is given
by the expression
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—-i 0 0 0O 0 1 I's heavy and light hole states and the tWe spin-orbit
i 0 0 0 0 —i split-off states, taking the values/3,—2A/3, respectively.
The new basis functions are generated by means of a unitary
H Al 00 -1 i 0 . transformation
30 0 0 -1 0 i of ®
0 0 —i ~—i 0 _
1 i 0 0 0 |ij>:% Umo,jmj|m0'>! ©)
whereA is the spin-orbit split-off energy. This is diagonal in
the angular momentum baé,ijsm) with j=3,3 for the four ~ where
1 0 1 0 0 1
V2 V6 V3
i 0 i 0 0 [
2 V6 V3
2 1
0 \ﬁ 0 0 — 0
3 s
Um(r,jmj_ . 1 . 1 1 . ’ (10)
V6 V2 3
0 | 0 | ! 0
G V2 \3
2 1
0 0 \ﬁ 0 [0 JE—
3 B
|
3 3 1 Luttinger parameters are given in terms of Kane parameters
§,§> =- EKX‘HY)T),

o 2mg
71——§E(L+2M),

31 1 2
E'§> :_%|(x+|v)l>+ \/;IZT%

~1Img
72——§ﬁ(L—M),

3 1
517 §> =%|(X—IY)T>+ \[lZU

3 ~1Img
-5 |<x )1, CRE TR 12
11, 1 . 1 From Eq.(5), Table I, and unitary transformation, the<®
2'2 _ﬁ|(x+'Y)l>+ ﬁu”' effective-mass Hamiltonian can be obtained for heterostruc-

tures grown on(11N)-oriented substrates, fdd=0,c=1s

=0; N=1c=2/35=1//3; N=2c=1/\3,5=2/3; N

1 1 1 ) 1 P _ N P .
s - 2) = (X=iY) 1) = ——=|Z1). (11) =36=12/115=3/11; N=»,c=0s=1; etc. The matrix

2" 2 \/5 \/§ has the following form:
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TABLE II. Values of P,Q,R, andS for the matrix in Eq.(13) for (11N)-oriented substrates.

N=0 P=—y,k?
Y.
Q=- S (2K~ k)~ 3 ya(ks~K3)
S=23(y3kaka—i y2koks)
V3 _

R= 5 {2(2ki— k3~ K3) — vl (K3 —k3) +i4kik]}
N=1 P=—y.k?

Q= ys(ki+k3—2k3)

6 2y3
S=- \/——(72_ y3) (K tikp)?+ %(272"‘ v3) (K1 —ikp)ks

3 ., 26 .
R= 3 (v212y3) (ki —ik) "= = (v2~ 73) (K +ika)ks
N=2 P=—y,k?
Q—J_%(kg—k§+2\/§klk3)— ?(2k§+ K2— 3K2— 22k ka)
6 .
S= z 7ol (K3 K3+ 212kaks) —i(2Keka+ V2koks)]
6 .
— 3 7al (K~ k5= 2\/2kiks) —i(2kik, — V2koks) ]
V3 _
R:\/: 5 ¥l (K3— K3+ 2\/2k1K3) +1(8k1ky+ 4+/2kks) ]
3 .
+ 5 val(6Ki—5K5— K3+ 22k;kg) —i(4kik,— 412koks) ]
N=3 P=—y.k?
Q=— 137 72(5K2+ 11k3— 16k3+ 18y2k K3) — 137 ¥3(27k3+ 11k3 — 38Kk3— 48,2k k3)
6
S=— 1£2172[(15k§+ 33k2— 48Kk3+ 542k k3) — i (66K kp+ 2212k K3) ]
6 .
— 757 vl (L5KI+33K5— 48K3— 672k ks) — i (66K K, — 33\2kzk)]
3
g Yol (5ki+ 11k3 — 16k5+ 182k k) +i (198 K, + 6612k ks) ]

R= —
23

+ m«yg[(eaki—55|<§—8|<§+ 92Kk ks) — i (22k ko — 33y2koks) ]
N=co P=—y.k?
Q= ya(ki+k3—2Kk3)

S=2/3y5(ky—iky)ks
R=3[ y3(ki—k3) —i2ykk,]

1
P+Q S R 0 —s V2R
V2
st P-Q 0 R —V2Q —\és
R’ 0 P-Q -S —\ﬁsT V2Q
h? 2
H— : (13)
1
2mp| R -s' P+Q —\2R" s
V2
Ly -2Q —\ﬁs —\V2R  P-A 0
2 2
J2R? —\EST J2Q is 0 P—A
2 V2

The values ofP,Q,R,S in Eq. (13) for (11N)-oriented substrates wheid=0,1,2,3, and«~ are presented in Table II.
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B. Uniaxial stress effects

In this section the effects of external uniaxial stress along the growth direction are discus¥e¥,Znbases the strain
Hamiltonian caused by a homogeneous strain is giveén by

lextm(eyyte,,) Neyy Ney,
H|(8): nsxy |8yy+m(8XX+SZZ) I’lsyz (14)
Nexy Ney, leytM(eyy+e,,)

wherel =D}, m=DJ,n=D}/ are the deformation poten- where S;,S;,,S44 are the cubic elastic compliance con-

tials. This can be expressed as a form similar toxa@33Kane  stants,C,,,C;,,Cy, are the elastic stiffness constants, and
Hamiltonian: c.p. refers to the terms obtained by the cyclic permutation of
indices. From Eq(18) it can be obtained that
Hi(e)=lel —(I—m)(exJi+eyyJo+e,07)

- 2n(*‘»‘xy[‘]x']y] +exd Id ]+ 8yﬂ:Jy‘Jz])- (15 Exxt eyytT €77~ (S11+285)T=

Cut ZC12) T a9

In the case of the uniaxial stre$salong the growth direction

(that is, three axis the stress tensor components is independent of orientation, i.e., this term represents a con-

stant energy shift. Using E¢L8) the Hamiltonian in Eq(15)
Tog=TamsT,  a,B=XY.2, (16) ~ can be rewritten as

Hi(e)=1Cal = (1 =m){(Cpms— Ce) I+ (Cpmo—Ce) 7

c
= Ty:ﬁ, Ea (7 + (Cng_ Cd)‘]g}_ 2ncf{TxTy[‘]x‘]y] + 747 Iy J;]
and the strain tensor components + 7y Iy} (20
where
exx=[(S1—S1) 5+ S| T
1 C.= T C.— Copol
:HC c Ti)Ti * Cut2Cp ¢ (Cut2C1)(Cu—Co)’
117 “~12
Co, T T
- Co=z—=— Cr=5c— (21
(C11+2C12)(C11_C12)}T’ P *Cu—Cp " 2Cy,

and | is 3X3 identity matrix, respectively. The Pikus-Bir
T, cp., (18) deformation constants, ,b, andd are related to the defor-

1 1
exw== Sy T= =
V2T T2 Cyy mation potential$,m,n in Eq. (14) by

Q 0 4]

HH1
HH1 (a)

Energy (meV)
Energy (meV)

Energy (meV)

- _\I\ o PO »

0.0 2.0 4.0 6.0 0.0 2.0 4.0 6.0 0.0 2.0 4.0 6.0
8 -1 8 -1 8 -1
k, (10'm") k, (10°m") k, (10°m")

FIG. 1. Hole subbands for the JgGa 4As/INP quantum wells grown on (N)-oriented substrates witke) N=o, (b) N=0,
(c) N=1.
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_I+2m b_I—m d= n 09
a,= 3 T3 = ﬁ (22
With the same procedures, thex® strain Hamiltonian in the angular momentum basis can be written as
1
Pa+ Qs Ss Rs 0 TSS \/ERS
2

3
Ss Ps - Qs 0 Rs - \/EQS - \/;Sg
3
Rs 0 Pa - Qs - Ss - \/;S8 \/EQa

H(e)= 1 : (23)
0 RS - Sa Ps+ Qs - \/ERE 78&
J2
1 3
=S, —\2Q, —\[sg —\V2R, P, 0
7 % TVz
3 1
\/ERf _\/>S \/EQs 78}‘ O Pa
2 € \/E o
where \/§ 1
_ o 4_ 2
R.= 7 bCy \/gdcf (3c*—2c9).

P.=a,C,, (24
[l. RESULTS AND DISCUSSION

1
Q:=—bCy— < bCy— ﬁdcf INP QW'’s with various substrate orientations as a test ex-
ample for the spin-orbit coupling effect on valence band
structure. The InGaAs is lattice-matched to InP, the well

width is L,=60 A, the Luttinger parameters are,

)(9 g 2) The valence subband structure is calculated for InGaAs/
—-c*—3c
4

S,=3 bCy— idCf (ssc— 3303), =14.0,y,=5.4,y3=6.2, the valence band offsetv,
° J3 2 =370 meV, and the SO energy=360 meV are used. The
0 0 o

(a) (b) (c)

-50

LH___

=)
(=]

Energy (meV)
Energy (meV)
Energy (meV)

o
o

-200

250 . B -250 ) - -250\ L
0.0 2.0 4.0 B.0 0.0 2.0 4.0 6.0 0.0 20 4.0 6.0
k, (10°m") k, (10°m") k, (10°m™)

FIG. 2. Hole subbands for the quantum wells grown(an(11x»)-, (b) (110-, (c) (11)-oriented substrates under the uniaxial stress
T=1.0x10° Pa.
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0 0 0
(a) ®)
LH1 [
N ]
HH HH1

Energy (meV)
Energy (meV)
Energy (meV)

-250 — ey, y ) 4 -250 1 v 3
0.0 2.0 4.0 6.0 0.0 20 4.0 6.0 0.0 20 4.0 6.0

k, (10°m") k, (10°m") k, (10°m")

FIG. 3. Hole subbands for the quantum wells grown(an(11x=)-, (b) (110-, (c) (11)-oriented substrates under the uniaxial stress
T=2.0x10° Pa.

hole subbands for the §aGa, - As/INP QW’s grown on  under the uniaxial stress@s=1.0 and 2. 10° Pa along the
(11IN)-oriented substrates witi = [that is,(001)], 0,1 are  growth direction. The position between the second heavy-
shown in Figs. 1a)-1(c), respectively. The solid curves are hole and the LH1 is changed at a critical stréss 0.3
with the spin-orbit coupling and the dotted curves are with-x 10° Pa for the(001) substrate and=0.4x 10° Pa for the

out the spin-orbit coupling. Ak;=k,=0, the light-hole (110 and(111) cases. Fof110) and(111) cases, the valence
(LH) energy levels are affected by the spin-orbit coupling inband mixing is increased by the stress below the critical
all substrate directions, which is shown by the large differ-stress at which the highest level changed from HH1 to LH1,
ence between the light-hole energies calculated with theesulting in an anticrossing of the HH1 and LH1 subbands.
spin-orbit coupling and without the spin-orbit coupling. In Under uniaxial stress the HH subbands are not affected by
contrast, the heavy-holgHH) energies are not affected by spin-orbit coupling ak; =k,=0. The LH in-plane effective
the spin-orbit coupling. As is shown in E@13), the LH  mass is underestimated by ignoring the spin-orbit coupling.
bands are strongly coupled with SO bandkatk,=0 in At a stressT=2.0x10° Pa, the first level is LH1 and the
contrast to the case of HH bands which is independent frongritical stress for the HH1 and LH1 crossing over is around
the coupling for the specific substrate orientationgQff1), 1.3 and 1.4 (1dPa) for (001) and (110), (111 substrates,
(112). In those cases the coupling strength between HH angkespectively. Over the critical stress, the valence band mixing
SO bands is in proportion to the fractions of,(-y3), is weakened and the separation between the HH1 and LH1 is
which is negligible as a reasonable approximation. Howeverunderestimated in the>44 model. Below the critical stress,
both HH's and LH's are affected by the spin-orbit coupling atthe separation is overestimated in the 4 case. As quantum
finite k; andk; so that the hole subbands are pushed upwargyell width increases, the critical stress decreases because the
by the SO band. The LH confinement energies are quite simisubband splitting from quantum confinement effects de-
lar for the three substrate directions with and without spin-creases with the increasing well widtior example, the criti-
orbit coupling. By contrast, the HH confinement energies argal stress is around 0.7 and 0.8 {1®a) for(001) and(110),

reduced for(110- and (11D-oriented substrates, reflecting (111) substrates, respectively, in 100 A QW
the increase in effective mass. In Figc)lthe position of the

third heavy-holgHH3) and LH1 is changed by the spin-orbit
coupling for the(111)-oriented substrate showing that quan-
tum confinement effects are underestimated in the model The 6x6 effective-mass Hamiltonian is derived for het-
without spin-orbit coupling. This can be seen from the facterostructures grown on (N)-oriented substrates. To under-
that LH1 is the fourth level in widerl(,=100 A) QW with  stand the optical properties of the semiconductor heterostruc-
and without spin-orbit coupling fa110- and(111)-oriented  tures grown on the high index substrate for the device
substrates. applications, knowledge of the accurate valence subband
The hole subbands for QW’'s grown on (Jtoriented structures is required. Since the spin-orbit coupling changes
substrates under the external uniaxial stress along the thbe HH and the LH coupling, this gives strong effects on the
growth direction are calculated with spin-orbit coupling. Theanisotropy in the interband optical transitions. Therefore the
elastic  stiffness constantsC;;=9.991C,,=4.924C,, inclusion of the SO band in the valence subband calculation
=4.887 (10° Pa) and the Pikus-Bir deformation constantsis necessary for studying the inherent anisotropy of the high
a,=1.075,b=—1.753,d= —6.058 (eV) are used. Figures index substrates and the quantum confinement of the elec-
2(a)—-2(c) and Figs. 8a)—3(c) show the hole subbands for tronic systems. To investigate the effects of uniaxial stress in
QW'’s grown on(001), (110, and (111)-oriented substrates the growth direction with spin-orbit coupling, the<@ strain

IV. CONCLUSION
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Hamiltonian is presented. The valence band mixing is in-cal stress. Under high uniaxial stress, the spin-orbit coupling
creased by the uniaxial stress below the critical value atlecreases the confinement of the LH1 due to the increased
which the HH1 and LH1 cross over. The LH1 becomes theeffective mass, greatly affecting the optical transition
first level and is well separated from the HH1 over the criti- properties.
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