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Abstract: This paper gives an account of the R/S statistic and its known properties. I t assesses 
the adequacy of the asymptotic distribution of the statistic in the case of samples of small and 
moderate size, and suggests an improved approximation based on the beta distribution. The 
results indicate that the proposed beta approximation is superior to the asymptotic distribution 
for practical purposes. Hence a new table of critical values is presented as an alternative to that 
of Lo (1991). 

I I N T R O D U C T I O N 

T h i s p a p e r i s conce rned w i t h t h e re-scaled a d j u s t e d r a n g e (R/S) s t a t i s t i c 
as a m e a n s o f i n v e s t i g a t i n g l o n g - t e r m s t a t i s t i c a l dependence or pers i s ­

t ence i n t i m e ser ies d a t a . I n t r o d u c e d b y H u r s t ( 1 9 5 1 ) , R/S a n a l y s i s w a s 
deve loped b y M a n d e l b r o t a n d W a l l i s (1969a , 1969b, 1969c) a n d f i r s t u s e d b y 
h y d r o l o g i s t s t o s t u d y pers i s tence i n geophys ica l t i m e series. A l t h o u g h i t w a s 
also u s e d b y M a n d e l b r o t (1971) t o e x a m i n e pers i s tence i n asset r e t u r n s , t h e 
R/S s t a t i s t i c h a s o n l y r e c e n t l y been u t i l i s e d b y economis t s . H o w e v e r , t h e r e 
a re a l r e a d y a few n o t a b l e a p p l i c a t i o n s t o f i n a n c i a l t i m e ser ies (e.g., Pe te r s 
(1989 , 1 9 9 1 , 1992, 1994); L o (1991) ; M o o d y a n d W u (1995)) a n d a t l ea s t one t o 
p o l i t i c a l o p i n i o n p o l l series (Bye r s et al. ( 1 9 9 6 ) ) . 1 
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1. The financial time series used tend to be very long. For example, although Peters used 
some moderate sample sizes of the order of 300 or 400, Lo used daily price series with between 
1,500 and 6,000 observations, while Moody and W u used tick-by-tick data and had samples of 
hundreds of thousands of observations. 



T h e case fo r p e r s i s t e n c e t o be p l a c e d a m o n g t h e p r a c t i c a l concerns o f 
e conomis t s h a s been s t a t e d s t r o n g l y b y H a u b r i c h a n d L o (1989) , H a u b r i c h 
(1990) a n d L o (1991) . I n d e e d , as L o (1991) p o i n t s ou t , l ong- range dependence 
w a s a n i m p l i c i t h y p o t h e s i s i n s eve ra l e a r l y t h e o r i e s o f t r a d e a n d bus ines s 
cycles , a n d i t i s c o n s i s t e n t w i t h t h e G r a n g e r (1966) d i scovery o f t h e t y p i c a l 
s p e c t r a l shape o f a n e c o n o m i c v a r i a b l e . F u r t h e r m o r e , i t h a s i m p o r t a n t 
i m p l i c a t i o n s fo r seve ra l t heo r i e s i n m o d e r n f i n a n c i a l economics, such as those 
conce rned w i t h o p t i m a l c o n s u m p t i o n a n d p o r t f o l i o decis ions a n d t h e p r i c i n g 
o f d e r i v a t i v e s e c u r i t i e s , as w e l l as fo r s t a n d a r d tes t s o f t h e c a p i t a l asset 
p r i c i n g m o d e l a n d t h e a r b i t r a g e p r i c i n g t h e o r y . 

R/S a n a l y s i s offers a r e l a t i v e l y s t r a i g h t f o r w a r d means o f i n v e s t i g a t i n g t h e 
i s sue o f l o n g - t e r m dependency . I t i s ba sed o n s i m p l e g r a p h i c a l p l o t s a n d 
H u r s t e x p o n e n t s ; i t i s c l a i m e d t h a t i t c an de tec t l o n g - r a n g e dependence i n 
h i g h l y n o n - n o r m a l t i m e series w i t h l a r g e skewness a n d k u r t o s i s , a n d n o n -
p e r i o d i c cycles; a n d t h e R/S s t a t i s t i c i t uses i s c h a r a c t e r i s e d b y a l m o s t sure 
convergence fo r s tochas t i c processes w i t h i n f i n i t e v a r i a n c e . 2 H o w e v e r , i t i s 
k n o w n t o be a d v e r s e l y af fec ted w h e n t h e r e i s s h o r t - t e r m dependence i n t h e 
ser ies (see M c L e o d a n d H i p e l (1978) , a n d H i p e l a n d M c L e o d (1978) ) , a n d i t 
w a s t h i s de f i c i ency t h a t l e d L o (1991) , a n d t h e n M o o d y a n d W u (1995) , t o 
propose m o d i f i c a t i o n s o f t h e R/S s t a t i s t i c . 

U n f o r t u n a t e l y , c e r t a i n s h o r t c o m i n g s r e m a i n i n t h e c a l c u l a t i o n a n d p lo t s o f 
t h e R/S s t a t i s t i c u s e d i n s t a n d a r d R/S a n a l y s i s . M o r e o v e r , a l t h o u g h t h e 
a s y m p t o t i c d i s t r i b u t i o n o f t h e s t a t i s t i c i s k n o w n , t h e r e i s v e r y l i t t l e i n f o r ­
m a t i o n a v a i l a b l e o n i t s d i s t r i b u t i o n fo r s m a l l s amples a n d t h e a d e q u a c y 
o f t h e a s y m p t o t i c d i s t r i b u t i o n as a n a p p r o x i m a t i o n i n t h e s m a l l s a m p l e 
s i t u a t i o n . T h e r e f o r e w e i n v e s t i g a t e t h e s m a l l s a m p l e b e h a v i o u r o f t h e R/S 
s t a t i s t i c , h a v i n g p a r t i c u l a r r e g a r d to t h e q u a l i t y o f t h e a s y m p t o t i c a p p r o x i ­
m a t i o n t o i t s f i n i t e s a m p l e d i s t r i b u t i o n a n d o f a n a l t e r n a t i v e a p p r o x i m a t i o n 
b a s e d o n a b e t a d i s t r i b u t i o n . W e conc lude t h a t o u r b e t a p rocedure g ives a 
b e t t e r a p p r o x i m a t i o n t o t h e f i n i t e s a m p l e d i s t r i b u t i o n o f t h e R/S s t a t i s t i c 
t h a n t h e k n o w n a s y m p t o t i c d i s t r i b u t i o n does. Hence w e p r o v i d e a n e w t a b l e 
o f c r i t i c a l va lue s as a n a l t e r n a t i v e to t h a t g i v e n b y L o (1991). 

T h e p a p e r i s o r g a n i s e d as f o l l o w s . Sec t ion I I describes t h e s t a n d a r d a n d 
m o d i f i e d R/S s t a t i s t i c s a n d o u t l i n e s t h e i r m a i n p roper t i e s . Sec t ion I I I focuses 
o n issues r e l a t i n g to t h e s m a l l s ample d i s t r i b u t i o n o f t h e R/S s t a t i s t i c a n d i t s 
a p p r o x i m a t i o n b y m e a n s o f a b e t a d i s t r i b u t i o n . Sec t ion I V r e p o r t s o n o u r 
e x p e r i m e n t a l w o r k a n d f i n d i n g s , a n d Sec t ion V presen ts o u r t a b l e o f c r i t i c a l 

2. An introduction to long-range dependence is given in the new textbook by Campbell et al. 
(1997, C h . 2). In particular, their footnote 21, pages 62-63, provides a straightforward account of 
the behaviour of the R/S statistic and a simple example that shows why it takes on large values 
in the presence of persistence. 



v a l u e s fo r t h e R/S s t a t i s t i c . T h e p a p e r ends w i t h a s h o r t s u m m a r y a n d 
conc lus ion i n Sec t ion V I . 

I I T H E R/S S T A T I S T I C 

H u r s t w a s a c i v i l e n g i n e e r i n t e r e s t e d i n r e s e r v o i r s t o r a g e a n d , i n 
p a r t i c u l a r , t h e i d e a l r e s e r v o i r size. T h u s he w a s conce rned w i t h i n f l o w s a n d 
o u t f l o w s o f w a t e r . F o r economic app l i ca t i ons , t h e i dea o f f l ows has i m m e d i a t e 
r e l e v a n c e t o m a n y v a r i a b l e s a n d p r o b l e m s , s u c h as those i n v o l v i n g s t o c k 
r e t u r n s or f l o w s i n t o a n d o u t o f u n e m p l o y m e n t p e r p e r i o d , a n d i t m a y be 
u s e f u l t o b e a r s u c h e x a m p l e s i n m i n d . H o w e v e r , w e p roceed a l o n g m o r e 
g e n e r a l l i n e s , d e n o t i n g a ser ies o f one p e r i o d changes i n a n y v a r i a b l e b y 
{ x t } t _ 1 , a n d i t s s ample m e a n a n d s t a n d a r d d e v i a t i o n over t h e p e r i o d t = l , . . . , T 

b y m a n d s, r e spec t ive ly . T h e p a r t i a l or c u m u l a t i v e s u m s o f d e v i a t i o n s o f t h e 
Xt f r o m t h e i r m e a n are de f ined as 

p ( k ) = I ( x t - m ) , k = l , . . . , T . 
t=i 

C l e a r l y , w h e n x k ( k > 1) exceeds m , t h e k t h p a r t i a l s u m w i l l i nc rease , a n d 
w h e n x t i s less t h a n m , t h e k t h p a r t i a l s u m w i l l decrease. T h e r a n g e o f t h e 
p a r t i a l sums is 

r = m a x [ p ( k ) ] - m i n [ p ( k ) ] , 
k k 

a n d t h e re -sca led ad jus t ed r a n g e , i.e. t h e R/S s t a t i s t i c , f o r t h e t i m e p e r i o d 
t = l , . . . , T i s j u s t t h e r a t i o o f r to s. Speci f ica l ly , t h e R/S s t a t i s t i c i s c a l c u l a t e d as 

m a x [ p ( k ) ] - m i n [ p ( k ) ] 
R / S = - = k . k . 

T h e a d j u s t m e n t o f t h e r a n g e re la tes to s u b t r a c t i o n o f t h e m e a n , a n d t h e r e -
s c a l i n g t o d i v i s i o n b y t h e m a x i m u m l i k e l i h o o d e s t i m a t e o f t h e s t a n d a r d 
d e v i a t i o n . 

T h e R/S s t a t i s t i c i s o f a r a t h e r complex f o r m w h i c h m a k e s t h e a n a l y s i s o f 
i t s s m a l l s ample b e h a v i o u r d i f f i c u l t , even i n t h e n u l l s i t u a t i o n i n w h i c h t h e x t 

a re i n d e p e n d e n t l y a n d i d e n t i c a l l y d i s t r i b u t e d ( i . i . d . ) . I n d e e d , i t s s a m p l i n g 
d i s t r i b u t i o n fo r f i n i t e samples i n t h i s case r e m a i n s u n k n o w n except fo r t h e 
e x p e c t a t i o n . T h e a s y m p t o t i c p r o p e r t i e s o f R/S a re eas ier t o h a n d l e , t h o u g h 
t h e y a re b y no means u n c o m p l i c a t e d . 

U s i n g s i m p l e e x p e r i m e n t a t i o n , H u r s t (1951) d e r i v e d a n a p p r o x i m a t i o n for 



t h e e x p e c t e d v a l u e o f R/S f o r l a r g e s a m p l e s i n t h e i . i . d . case, n a m e l y 

E [ R / S ] = - ^ - | T . T h i s r e s u l t w a s c e n t r a l t o H u r s t ' s e a r l y a p p l i c a t i o n s o f R/S 

a n a l y s i s . R o u n d a b o u t t h e same t i m e , F e l l e r (1951) d e r i v e d t h e a s y m p t o t i c 
d i s t r i b u t i o n o f R/S u n d e r t h e i . i . d . n u l l hypo thes i s , u s i n g a r e s u l t due t o Doob 
(1949) , a n d t h e r e b y c o n f i r m e d t h e accuracy o f H u r s t ' s a p p r o x i m a t i o n . I m p l i c i t 

i n t h e w o r k o f F e l l e r i s t h a t ( T ~ * ) R / S - - > V , w h e r e t h e d i s t r i b u t i o n 

f u n c t i o n o f V , as g i v e n e x p l i c i t l y b y L o (1991) , i s 

F v ( v ) = 1 + 2 I ( 1 - 4 k 2 v 2 ) e " 2 ( k v > 

k = l 

T h e p r o b a b i l i t y d e n s i t y , a n d hence t h e m o m e n t s o f V , m a y t h e r e f o r e be 

d e r i v e d ; a n d ( n o n - t r i v i a l ) c a l c u l a t i o n shows t h a t E [ V ] = ^ a n d E J V 2 ] = • — . 

I t f o l l o w s t h a t for l a r g e T , 

E [ R / S ] = J | T = L 2 5 3 3 V T a n d 

V [ R / S ] = n 
6 

T = 0 . 0 7 4 I T . 

These r e s u l t s a re w e l l k n o w n . H o w e v e r , to o u r k n o w l e d g e , h i g h e r m o m e n t s 
h a v e n o t b e e n r e p o r t e d i n t h e l i t e r a t u r e . O u r c a l c u l a t i o n s show t h a t t h e 
s t a n d a r d skewness a n d k u r t o s i s coefficients are, r e spec t i ve ly , 3 

0.6132, Pi [ R / S ] = 

w h e r e q(.) denotes t h e R i e m a n n Z e t a f u n c t i o n , a n d 

P 2 [ R / S ] = -
7t 
6 V 

V 

7t*_ , ' 
30 2 

— 3jcq(3) =3.4178. 

3. The standard skewness coefficient is the ratio of the third moment about the :mean to the 
cube of the standard deviation; the standard kurtosis coefficient is the ratio of the fourth moment 
about the mean to the square of the variance. The symbols used here, i.e., Vp x and p2> a r e the 
conventional ones for the skewness and kurtosis coefficients, respectively! 



These f ea tu res o f s l i g h t p o s i t i v e skewness a n d l e p t o k u r t o s i s a re e v i d e n t i n 
p lo t s o f t h e d e n s i t y f u n c t i o n o f V ; see F i g u r e 1 w h i c h also i n c l u d e s a n o r m a l 
d i s t r i b u t i o n (da shed ) w i t h t h e same m e a n a n d v a r i a n c e as V (a s i m i l a r 
d i a g r a m , b u t also c o n t a i n i n g t h e d i s t r i b u t i o n f u n c t i o n , i s g i v e n b y L o ( 1 9 9 1 , 
p . 1292)). 

1.60 T 

F i g u r e 1: Density of V and Normal Distribution 

W h e n t h e x t a r e gene ra t ed by a n A R ( 1 ) process, L o (1991) has s h o w n t h a t 

( T 2 ) R / S — — > ^ V , w h e r e t, = a n d p i s t h e f i r s t - o r d e r a u t o c o r r e l a t i o n 

coef f ic ien t . T h u s fo r A R ( 1 ) d a t a t h e m e a n o f R/S m a y be s e r i o u s l y b i a s e d , 
d e p e n d i n g o n t h e v a l u e o f p , a n d in fe rences m a y be s e r i o u s l y m i s l e a d i n g i f 
based o n t h e use o f c r i t i c a l va lue s o b t a i n e d f r o m t h e s t a n d a r d a s y m p t o t i c 
d i s t r i b u t i o n . I n a n a t t e m p t to account for t h i s t y p e o f effect i n d e t e c t i n g l o n g -
r a n g e dependence u s i n g a s t a t i s t i c whose l i m i t i n g d i s t r i b u t i o n i s i n v a r i a n t t o 
m a n y f o r m s o f s h o r t - t e r m dependence , L o (1991) sugges t ed m o d i f y i n g t h e 
d e n o m i n a t o r o f t h e R/S s t a t i s t i c as fo l lows : 

m a x [ p ( k ) ] - m i n [ p ( k ) ] 
R / S = = = ^ _ _ k > 

a ( q ) a ( q ) 

w h e r e 



G ( q ) 2 = s 2 + 2 i ( 0 j ( q ) y j = - I ( x t - m ) 2 + - £ (0 i ( q ) 
j = i T t = i T j = i 

£ ( x t - m ) ( x t _ j - m ) 
t= j+i 

a n d 

( 0 j ( q ) = l ^ - , q < T . 
q + 1 

T h e i n t u i t i o n u n d e r l y i n g t h i s m o d i f i c a t i o n i s s t r a i g h t f o r w a r d : i f t h e r e i s 
s h o r t - t e r m dependence i n { x t } = 1 , t h e n t h e r a n g e r s h o u l d n o t s i m p l y be 
n o r m a l i s e d b y t h e s t a n d a r d d e v i a t i o n , b u t t h e non-ze ro a u t o c o v a r i a n c e s , 
e s t i m a t e d b y t h e u s u a l s a m p l e e s t i m a t o r , s h o u l d also be t a k e n i n t o account . 
T h e w e i g h t i n g f u n c t i o n , w h i c h i s t h e same as t h a t u s e d b y N e w e y a n d W e s t 
(1987) , a l w a y s produces a p o s i t i v e c j ( q ) 2 , b u t l i t t l e is k n o w n a b o u t h o w bes t 
t o p i c k q , t h o u g h some g u i d a n c e i s p r o v i d e d b y t h e M o n t e C a r l o s t u d y o f 
A n d r e w s (1991) . L o ( 1 9 9 1 , T h e o r e m 3.1) proves t h a t ( T ~ * ) R / S has t h e same 
l i m i t i n g d i s t r i b u t i o n as ( T ~ 2 ) R / S . 

H o w e v e r , M o o d y a n d W u (1995) have r e c e n t l y a r g u e d t h a t Lo ' s r e - s c a l i n g 
fac tor , 0 ( q ) , has a s i g n i f i c a n t d o w n w a r d b ias for s m a l l T w h i c h d i s t o r t s R / S . 
T o ove rcome t h i s p r o b l e m t h e y propose a n u n b i a s e d r e - s c a l i n g fac tor , <y(q), 
t h a t co r rec t s f o r m e a n biases i n r due to s h o r t - t e r m dependencies w i t h o u t 
i n d u c i n g t h e d i s t o r t i o n s i n s m a l l samples t h a t R/S a n d R / S do. Speci f ica l ly , 

o ( q r = 
2 3, 

1 + — j i c O j ( q ) ( n - j ) 
T 2 j = i 

s 2 + - £ o v ( q ) 
T j = i 

I ( x t - m ) ( x t _ j - m ) 
t=j+i 

w h e r e 

^ 1 T 9 
3 2 = I ( x t - m ) 2 

T - l t = i 

i s t h e s t a n d a r d u n b i a s e d e s t i m a t o r o f t h e v a r i a n c e . A l t h o u g h a f o r m a l p r o o f 
h a s n o t b e e n g i v e n , one m a y specula te t h a t , g i v e n t h e cons i s tency o f o ( q ) 
u n d e r t h e c o n d i t i o n s g i v e n b y L o (1991) , T ~ 3 t i m e s t h e M o o d y a n d W u 
m o d i f i e d R / S s t a t i s t i c 

R 7 S = =L= 
a ( q ) 

a l so h a s t h e s a m e l i m i t i n g d i s t r i b u t i o n as T " 1 t i m e s t h e p r e v i o u s t w o 
v a r i a n t s o f t h e s t a t i s t i c . M o o d y a n d W u p o i n t o u t t h a t Lo ' s R / S gives 
d i f f e r e n t r e s u l t s d e p e n d i n g o n t h e choice o f q , b u t t h e i r o w n v a r i a n t o f t h e 



s t a t i s t i c also depends o n q a n d m a y w e l l suffer f r o m t h e same s e n s i t i v i t y t o 
t h e choice o f i t s v a l u e . 

F i n a l l y , w i t h r e g a r d to s m a l l s a m p l e p r o p e r t i e s o f t h e R/S s t a t i s t i c , A n i s 
a n d L l o y d ( 1 9 7 6 ) , u s i n g a t h e o r e m o f S p i t z e r ( 1 9 5 6 ) , h a v e d e r i v e d t h e 
e x p e c t a t i o n 

w h e r e T ( . ) i s t h e g a m m a f u n c t i o n , fo r t h e case o f i . i . d . n o r m a l v a r i a b l e s . O f 
course , t h e F e l l e r r e s u l t o n t h e a s y m p t o t i c e x p e c t a t i o n emerges as a spec ia l 
case o f t h i s as T - > °°. A n i s a n d L l o y d also show t h a t t h e i r r e s u l t a p p l i e s 
t o t h e case o f s y m m e t r i c a l l y c o r r e l a t e d n o r m a l v a r i a b l e s , w h i l e H i p e l a n d 
M c L e o d ( 1 9 7 8 ) , o n t h e bas i s o f M o n t e C a r l o s i m u l a t i o n s , c l a i m t h a t i t 
r e m a i n s a good a p p r o x i m a t i o n for i n d e p e n d e n t l y d i s t r i b u t e d v a r i a b l e s o f 
v a r i o u s n o n - n o r m a l f o r m s . T h i s r e s u l t has b e e n u s e d t o s u p p l e m e n t t h e 
H u r s t / F e l l e r v a r i a n t o f E [R /S ] for p r a c t i c a l w o r k w i t h s m a l l samples . 

U n f o r t u n a t e l y , a p a r t f r o m t h e A n i s a n d L l o y d ( 1 9 7 6 ) r e s u l t o n t h e 
e x p e c t a t i o n , v e r y l i t t l e is k n o w n a b o u t t h e s m a l l s a m p l e p r o p e r t i e s o f R/S. 
T h e r e f o r e t h e m a i n p u r p o s e o f t h i s p a p e r i s t o p r o v i d e some i n f o r m a t i o n 
a b o u t t h e m . I n p a r t i c u l a r , one o f o u r concerns i s t o assess h o w good a n 
a p p r o x i m a t i o n t h e a s y m p t o t i c d i s t r i b u t i o n o f R/S i s i n t h e f i n i t e s a m p l e 
s i t u a t i o n . U s i n g M o n t e C a r l o s i m u l a t i o n m e t h o d s , w e conc lude t h a t fo r t h e 
cases e x a m i n e d , t h e a s y m p t o t i c a p p r o x i m a t i o n i s n o t good, even for samples 
as l a r g e as 500, a n d the re fo re t h a t t h e use o f a s y m p t o t i c c r i t i c a l va lues , s u c h 
as those p r o v i d e d b y L o ( 1 9 9 1 , T a b l e I I ) , m a y be m i s l e a d i n g . A n o t h e r conce rn 
i s to exp lore w a y s o f i m p r o v i n g t h e d e s c r i p t i o n o f t h e s a m p l i n g d i s t r i b u t i o n o f 
R/S fo r s m a l l samples . H i g h l y sa t i s fac to ry r e s u l t s a re o b t a i n e d fo r t h e cases 
e x a m i n e d u s i n g a b e t a a p p r o x i m a t i o n based o n t h e f i r s t f o u r m o m e n t s . W e 
w o u l d sugges t t h e r e f o r e t h a t fo r p r a c t i c a l purposes , o u r b e t a - a p p r o x i m a t e 
c r i t i c a l va lue s are p re fe rab le to those based o n t h e a s y m p t o t i c d i s t r i b u t i o n . 
F u l l d e t a i l s o f t h e e x p e r i m e n t s a n d r e s u l t s a re g i v e n i n S e c t i o n I V ; a n d 
d e t a i l s o f t h e c o n s t r u c t i o n o f t h e t a b l e o f c r i t i c a l v a l u e s a r e g i v e n i n 
Sec t ion V . T h e p r e s e n t sec t ion concludes w i t h a b r i e f d e s c r i p t i o n o f t h e b e t a 
a p p r o x i m a t i o n me thodo logy . 

L e t X be descr ibed b y a be t a d i s t r i b u t i o n o f t h e f i r s t k i n d , i .e . x e (0 , 1) a n d 
x ~ P(p, q) , w h e r e p(. .) denotes t h e be ta d e n s i t y f u n c t i o n a n d p a n d q a re i t s 
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p a r a m e t e r s . T h e f i r s t f o u r m o m e n t s o f X are w e l l k n o w n ; a n d t h e f i r s t t w o o f 
t h e m a re g i v e n e x p l i c i t l y a n d u s e d b e l o w . 4 T h e i d e a i n f i t t i n g t h e o r e t i c a l 
f o r m s t o e m p i r i c a l d i s t r i b u t i o n s i s to equate c e r t a i n t h e o r e t i c a l m o m e n t s w i t h 
t h e i r s a m p l e c o u n t e r p a r t s so as t o be ab le t o so lve fo r t h e u n k n o w n 
p a r a m e t e r s o f t h e t h e o r e t i c a l d i s t r i b u t i o n . A l t h o u g h t h e r e a re j u s t t w o 
u n k n o w n b e t a p a r a m e t e r s t o be e s t i m a t e d he re , t h e exercise i s c o m p l i c a t e d 
b y t h e need t o re-scale R/S t o t h e r ange (0, 1). 

T h e m i n i m u m v a l u e o f R/S c a n be s h o w n to be u n i t y ( M a n d e l b r o t , 1972) , 

w h i c h m e a n s t h a t t h e m i n i m u m o f ( T 2 ) R / S w h i c h fo r conven ience w e 

choose t o w o r k w i t h , i s zero a s y m p t o t i c a l l y , t h o u g h r e f e r r i n g to F i g u r e 1, i t 

c a n be seen t h a t 0.5 c o n s t i t u t e s a n e f fec t ive m i n i m u m for t h e l i m i t i n g 
_x 

d i s t r i b u t i o n o f ( T 2 ) R / S. S i m i l a r l y , M a n d e l b r o t gives t h e m a x i m u m v a l u e o f 

T — 1 A/T 
R/S as — a n d hence t h a t o f ( T 2 )R / S i s ; b u t a g a i n f r o m F i g u r e 1 a n 

2i £ 

ef fec t ive m a x i m u m for t h e l i m i t i n g d i s t r i b u t i o n i s , say, 3. Re- sca l ing o f R/S 
c o u l d be d o n e u s i n g i t s t h e o r e t i c a l b o u n d s , b u t use o f " e f f ec t i ve" o r 
a p p r o x i m a t e b o u n d s y i e l d s s u p e r i o r r e s u l t s . F o r specif ied f i n i t e s ample sizes 
t h e "ef fec t ive" m a x i m u m a n d m i n i m u m va lues for R/S m i g h t be d e t e r m i n e d 
d i r e c t l y f r o m e x p e r i m e n t a l l y g e n e r a t e d a p p r o x i m a t i o n s to t h e s a m p l i n g 
d i s t r i b u t i o n , b u t w e p r e f e r t o d e t e r m i n e t h e m as p a r t o f t h e b e t a f i t t i n g 
p r o c e d u r e as f o l l o w s . I t s h o u l d be n o t e d t h a t a l t h o u g h t h e m e t h o d o l o g y i s 

e x p l a i n e d i n t e r m s o f R/S, i t app l ies e q u a l l y to ( T 2 )R / S. L e t 

R / S - L 
x = -

U - L 

w h e r e U i s t h e a p p r o x i m a t e m a x i m u m o f R/S a n d L i s t h e a p p r o x i m a t e 
m i n i m u m . T a k i n g expec ta t ions o f b o t h sides o f t h i s e q u a t i o n , t r e a t i n g x as a 
r e a l i s a t i o n f r o m a b e t a d i s t r i b u t i o n , a n d r e p l a c i n g E [ R / S ] b y i t s s a m p l e 
e s t i m a t o r m ( R / S j , w e have 

p _ m ( R / S ) - L 

p + q U - L 

. 2 ( q - p ) 1 / p + l + l 
4. The third and fourth moments of B(p, q) are, respectively, VB \ = and 

(p + q + 2)Vpq 

6[(p + q + l ) ( q - p ) 2 - (p + q + 2)pq] 
B 0 = + 3. For details of a beta fitting procedure using the 
V i pq(p + q + 2)(p + q + 3) 

first four moments similar to the procedure used here, see, for example, Harrison (1972). A 
referee has suggested an alternative means of solution for p, q, U and L and this will be explored 
in any future research. 



B y s i m i l a r r ea son ing , we m a y w r i t e 

Vpq _ s ( R / S ) 

(p + q ^ p + q + 1 U - L 

w h e r e s (R/S) deno tes t h e s t a n d a r d d e v i a t i o n o f t h e e m p i r i c a l s a m p l i n g 
d i s t r i b u t i o n o f R/S fo r a g i v e n s a m p l e size. These l a s t t w o e q u a t i o n s c a n be 
s o l v e d fo r U a n d L , g i v e n v a l u e s o f p a n d q . T h e p a n d q v a l u e s m a y be 
o b t a i n e d i n t h e u s u a l m a n n e r b y e q u a t i n g t h e t h e o r e t i c a l s k e w n e s s a n d 
k u r t o s i s coeff ic ients o f t h e b e t a d i s t r i b u t i o n t o t h e c o m p u t e d skewness a n d 
k u r t o s i s measu res fo r t h e e m p i r i c a l s a m p l i n g d i s t r i b u t i o n , w h i c h process i s 
i n d e p e n d e n t o f scale; see H a r r i s o n (1972) for f u r t h e r d e t a i l s . I n t h i s w a y w e 
m a y f i t a b e t a d i s t r i b u t i o n w i t h t h e same skewness a n d k u r t o s i s as t h e 
e x p e r i m e n t a l l y d e t e r m i n e d f i n i t e s ample s a m p l i n g d i s t r i b u t i o n , a n d sca led i n 
accordance w i t h t h e observed m e a n a n d s t a n d a r d d e v i a t i o n . C r i t i c a l v a l u e s 
for R/S c o r r e s p o n d i n g t o r e q u i r e d s ign i f i cance l eve l s m a y t h e n be o b t a i n e d 
f r o m t h e be ta tab les u s i n g t h e r e l a t i o n 

R / S a = L + ( U - L ) x a , 

w h e r e a i s t h e s igni f icance l eve l . 

I V E X P E R I M E N T S A N D R E S U L T S 

I n o r d e r t o i n v e s t i g a t e t h e f i n i t e - s a m p l e d i s t r i b u t i o n a n d p r o p e r t i e s o f t h e 
R/S s t a t i s t i c u n d e r t h e n u l l hypo thes i s o f independence , t h e m e t h o d o f M o n t e 
C a r l o s i m u l a t i o n w a s used. T h r e e f o r m s o f p r o b a b i l i t y d e n s i t y f u n c t i o n w e r e 
u s e d t o g e n e r a t e s a m p l e d a t a . F i r s t t h e s t a n d a r d n o r m a l d i s t r i b u t i o n , a n 
obv ious choice i n v i e w o f t h e fac t t h a t t h e o n l y a v a i l a b l e exac t s m a l l s a m p l e 
r e s u l t r e l a t e s t o t h i s case. Second, t h e u n i f o r m d i s t r i b u t i o n o n t h e i n t e r v a l 
(0 , 1), a n o t h e r s y m m e t r i c , b u t b o u n d e d d i s t r i b u t i o n b y c o n t r a s t to t h e n o r m a l ; 
a n d t h i r d , t h e a s y m m e t r i c l o g - n o r m a l d i s t r i b u t i o n w h i c h , a l t h o u g h b o u n d e d 
beloW, c a n p r o d u c e e x t r e m e p o s i t i v e v a l u e s . S p e c i f i c a l l y , t h e l o g - n o r m a l 
v a r i a t e was d e r i v e d as t e n r a i s e d to t h e p o w e r o f a s t a n d a r d n o r m a l v a r i a b l e . 
I n each case, s ample sizes o f 5 t o 100, i n c l u s i v e , i n steps o f 5, a n d 110 t o 200 , 
i n c l u s i v e , i n steps o f 10, a n d also 225 to 500, i n c l u s i v e , i n s teps o f 25 , i .e . , 
42 d i f f e r e n t s ample sizes, w e r e t a k e n . T h e obse rva t ions w e r e p r o d u c e d u s i n g 
t h e r a n d o m n u m b e r g e n e r a t o r o f L ' E c u y e r ( 1 9 8 8 ) w h i c h c o m b i n e s t w o 
d i f f e r e n t r a n d o m n u m b e r sequences w i t h d i f f e r e n t pe r iods so as t o o b t a i n a 
n e w sequence whose p e r i o d is t h e leas t c o m m o n m u l t i p l e o f t h e t w o pe r iods . 
T h i s g e n e r a t o r has a p e r i o d w h i c h i s a p p r o x i m a t e l y 2.3 x l O 1 8 , m o r e t h a n 
a d e q u a t e fo r t h e s i m u l a t i o n w o r k t h a t w a s c a r r i e d o u t . I t i s s t r o n g l y 



r e c o m m e n d e d b y Press et al. (1992), w h o p r o v i d e f u l l d e t a i l s , a n d i t i s n o t 
k n o w n t o h a v e f a i l e d a n y s t a t i s t i c a l tes ts o f r andomness . F o r each o f t h e 126 
c o m b i n a t i o n s o f p o p u l a t i o n a n d s a m p l e size, t h e v a l u e o f ( T ~ 2 ) R / S w a s 
c a l c u l a t e d , a n d t h e process r e p l i c a t e d 100,000 t i m e s t o y i e l d a n e m p i r i c a l 
a p p r o x i m a t i o n t o t h e s a m p l i n g d i s t r i b u t i o n . F u l l d e t a i l s o f t h e c o m p u t e r 
p r o g r a m s a n d m a c h i n e u s e d are descr ibed i n T reacy (1997). 

S e l e c t e d s u m m a r y r e s u l t s f r o m t h i s e x p e r i m e n t , n a m e l y , t h e m e a n , 
s t a n d a r d d e v i a t i o n , skewness coeff ic ient , k u r t o s i s coeff ic ient , m i n i m u m a n d 
m a x i m u m o f t h e e m p i r i c a l s a m p l i n g d i s t r i b u t i o n s for t w e l v e selected s ample 
s izes , a r e g i v e n i n T a b l e s 1, 2 a n d 3. I n o r d e r t o a i d a n a l y s i s o f t hese 

T a b l e 1: Estimated Moments of Sampling Distributions: Normal Population 

T Mean Std. Dev. Skewness Kurtosis Min. Max. 

25 1.051 0.234 0.423 2.921 0.426 2.063 
50 1.105 0.252 0.510 3.107 0.434 2.379 
75 1.128 0.258 0.559 3.248 0.434 2.427 

100 1.146 0.262 0.565 3.275 0.450 2.558 
150 1.164 0.264 0.572 3.311 0.487 2.671 
200 1.176 0.266 0.585 3.349 0.446 2.618 
225 1.180 0.268 0.599 3.395 0.486 2.879 
250 1.183 0.267 0.598 3.395 0.463 2.605 
275 1.187 0.268 0.595 3.363 0.484 2.655 
300 1.189 0.268 0.597 3.359 0.506 2.655 
400 1.197 0.269 0.595 3.376 0.486 2.664 
500 1.202- 0.270 0.598 3.363 0.493 2.759 

T a b l e 2: Estimated Moments of Sampling Distributions: Uniform Population 

T Mean Std. Dev. Skewness Kurtosis Min. Max. 

25 1.065 0.245 0.463 3.004 0.354 2.186 
50 1.115 0.258 0.548 3.215 0.412 2.674 
75 1.140 0.262 0.579 3.321 0.420 2.789 

100 1.157 0.265 0.591 3.348 0.443 2.637 
150 1.173 0.268 0.605 3.343 0.474 2.621 
200 1.183 0.268 0.598 3.384 0.477 2.697 
225 1.188 0.269 0.591 3.366 0.474 2.699 
250 1.189 , 0.268 0.601 3.393 0.486 2.916 
275 1.192 0.270 0.611 3.413 0.447 2.746 
300 1.194 0.270 0.598 3.368 0.481 2.727 
400 1.204 0.270 0.593 3.372 0.507 2.658 
500 1.208 0.271 0.618 3.406 0.491 2.748 



T a b l e 3: Estimated Moments of Sampling Distributions: 
Log-normal Population 

T Mean Std. Dev. Skewness Kurtosis Min. Max. 

25 1.016 0.157 0.836 4.239 0.507 2.044 
50 1.044 0.172 0.808 4.009 0.511 2.173 
75 1.057 0.180 0.806 3.960 0.533 2.089 

100 1.066 0.184 0.792 3.910 0.526 2.236 
150 1.076 0.191 0.793 3.870 0.555 2.231 
200 1.082 0.195 0.799 3.867 0.525 2.324 
225 1.084 0.196 0.787 3.842 0.501 2.364 
250 1.087 . 0.198 0.774 3.808 0.535 2.319 
275 1.089 0.200 0.781 3.818 0.522 2.288 
300 1.092 0.201 0.779 3.792 0.495 2.254 
400 1.096 0.203 0.752 3.725 0.534 2.373 
500 1.100 0.207 0.772 3.774 0.554 2.498 

t a b u l a t e d r e s u l t s , F i g u r e s 2, 3, 4 a n d 5 are p r o v i d e d t o show g r a p h i c a l l y h o w 
t h e e s t i m a t e d f i r s t f ou r m o m e n t s o f t h e s a m p l i n g d i s t r i b u t i o n s o f ( T ~ 2 ) R / S 
v a r y w i t h s a m p l e size T. F i g u r e s 6, 7 a n d 8 s h o w t h e a c t u a l f o r m o f t h e 
a p p r o x i m a t e s a m p l i n g d i s t r i b u t i o n s fo r a s a m p l e size o f 200 t a k e n f r o m t h e 
n o r m a l , u n i f o r m a n d l o g - n o r m a l d i s t r i b u t i o n s , r e s p e c t i v e l y . T h e g r a p h s 

F i g u r e 2: Means of Empirical Sampling Distributions 
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F i g u r e 3: Standard Deviations of Empirical Sampling Distributions 
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F i g u r e 4: Skewness Coefficients of Empirical Sampling Distributions 

p l o t t e d i n a l l f i g u r e s a re based o n t h e d a t a for a l l 42 o f t h e s a m p l e sizes 
i n v e s t i g a t e d ; a n d i n F i g u r e s 2 t o 5, i n c l u s i v e , t h e p l o t s i n d i c a t e t h e cor­
r e s p o n d i n g a s y m p t o t i c v a l u e o f t h e m o m e n t b y a h o r i z o n t a l so l i d l i n e . 



F i g u r e 5: Kurtosis Coefficients of Empirical Sampling Distributions 

1.8 T 

Statistic 
F i g u r e 6: Empirical Sampling Distribution: Normal Population, T=200 



F i g u r e 7: Empirical Sampling Distribution: Uniform Population, T=200 
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F i g u r e 8: Empirical Sampling Distribution: Log-normal Population, T=200 



Tab les 1 t o 3, a n d F i g u r e s 2 to 5 espec ia l ly , r e v e a l a v e r y close a g r e e m e n t 
b e t w e e n t h e b e h a v i o u r o f t h e t w o sets o f d e s c r i p t i v e s t a t i s t i c s r e l a t i n g t o t h e 
samples d r a w n f r o m t h e n o r m a l a n d u n i f o r m p o p u l a t i o n s . T h e s i m i l a r i t y o f 
t h e m e a n s for these t w o p o p u l a t i o n s accords w i t h t h e f i n d i n g s o f H i p e l a n d 
M c L e o d (1978) . T h e r e s u l t s also show t h a t for t h e s y m m e t r i c p o p u l a t i o n s t h e 
r a t e o f convergence to t h e a s y m p t o t i c v a l u e is n o t i c e a b l y s lower i n t h e case o f 
t h e m e a n t h a n i t i s for t h e o t h e r t h r e e m o m e n t s , w h o s e a s y m p t o t i c con­
v e r g e n c e r a t e s a re s i m i l a r . F o r e x a m p l e , t h e second , t h i r d a n d f o u r t h 
m o m e n t s o f t h e s a m p l i n g d i s t r i b u t i o n are c e r t a i n l y close t o t h e i r a s y m p t o t i c 
v a l u e s fo r a s a m p l e o f size 200 , a n d y e t t h e m e a n i s s t i l l n o t close t o i t s 
a s y m p t o t e for a s ample as b i g as 500. 

B y c o n t r a s t , i n t h e case o f s ample s d r a w n f r o m t h e h i g h l y s k e w e d l o g -
n o r m a l d i s t r i b u t i o n , a l l f o u r m o m e n t s o f t h e s a m p l i n g d i s t r i b u t i o n a re 
d i f f e r e n t f r o m b o t h t h e i r a s y m p t o t i c va lues a n d t h e c o r r e s p o n d i n g v a l u e s o f 
t h e m o m e n t s i n t h e n o r m a l a n d u n i f o r m cases. T h e m e a n converges t o i t s 
a s y m p t o t i c v a l u e a t a n even s lower r a t e for t h e l o g - n o r m a l p o p u l a t i o n t h a n i t 
does fo r t h e s y m m e t r i c p o p u l a t i o n s ; a n d u n l i k e i n t h e l a t t e r cases, t h e 
b e h a v i o u r o f t h e m e a n does n o t c o n f o r m w e l l t o t h e e x a c t e x p e c t a t i o n 
p r o v i d e d b y t h e A n i s a n d L l o y d (1976) r e s u l t g i v e n above. W e w o u l d suggest , 
t h e r e f o r e , t h a t t h e c l a i m t h a t t h e m e a n o f t h e R/S s t a t i s t i c i s r o b u s t , as p u t 
f o r w a r d b y M a n d e l b r o t a n d W a l l i s (1969c) a n d H i p e l a n d M c L e o d (1978) , for 
e x a m p l e , m a y be o v e r s t a t e d . T h e s t a n d a r d d e v i a t i o n also converges t o i t s 
a s y m p t o t i c v a l u e a t a m a r k e d l y s lower r a t e t h a n i t does i n t h e cases o f t h e 
s y m m e t r i c p o p u l a t i o n s . T h e s k e w n e s s a n d k u r t o s i s c o e f f i c i e n t s b e h a v e 
s i m i l a r l y w h i c h i n d i c a t e s t h a t t h e s a m p l i n g d i s t r i b u t i o n r e m a i n s m o r e 
p o s i t i v e l y s k e w e d a n d l e p t o k u r t i c t h a n i t does i n t h e s y m m e t r i c p o p u l a t i o n 
cases, a n d t h a n w h a t i t i s a s y m p t o t i c a l l y , even fo r t h e l a r g e s t o f o u r s a m p l e 
sizes. M o r e o v e r , t h e dec reas ing mode o f convergence o f t h e t h i r d a n d f o u r t h 
m o m e n t s i s i n s t a r k c o n t r a s t to t h e t e n d e n c y for t h e o t h e r m o m e n t s t o 
increase t o w a r d s t h e i r a s y m p t o t i c va lue as s ample size increases . 

T h e g e n e r a l f ea tu res o f s l i g h t p o s i t i v e skewness a n d l e p t o k u r t o s i s o f t h e 
a p p r o x i m a t e s a m p l i n g d i s t r i b u t i o n s associa ted w i t h t h e n o r m a l a n d u n i f o r m 
p o p u l a t i o n s , for n e a r l y a l l o f t h e s ample sizes cons idered , echo t h e p r o p e r t i e s 
o f t h e a s y m p t o t i c d i s t r i b u t i o n d i scussed i n S e c t i o n I I . H o w e v e r , t h i s s i m i ­
l a r i t y i s n o t so a p p a r e n t i n t h e case o f t h e e m p i r i c a l s a m p l i n g d i s t r i b u t i o n s 
assoc ia ted w i t h t h e l o g - n o r m a l p o p u l a t i o n . T h i s m a y be seen b y c o m p a r i n g 
F i g u r e s 6 to 8 w i t h F i g u r e 1. A l t h o u g h t h e r e s u l t s p r e s e n t e d i n F i g u r e s 6 to 8 
a re i n each case r e p r e s e n t a t i v e o f those for m o s t o t h e r s a m p l e sizes, for s m a l l 
s amp le s i n w h i c h T < 15, t h e e m p i r i c a l d i s t r i b u t i o n s a re q u i t e i r r e g u l a r . T h e 
m o s t s t r i k i n g f e a t u r e o f t h e d i s t r i b u t i o n s a r i s i n g f r o m t h e l o g - n o r m a l p o p u ­
l a t i o n c o m p a r e d w i t h those f r o m t h e s y m m e t r i c p o p u l a t i o n s , as i l l u s t r a t e d i n 



F i g u r e 8, is t h e h e a v y c o n c e n t r a t i o n o f p r o b a b i l i t y mass — i.e., t h e sp ike — a t 
a b o u t t h e v a l u e u n i t y . T h i s p h e n o m e n o n i s t h e subject o f o n - g o i n g resea rch , 
b u t a n e x p l a n a t i o n i s sugges ted b y T r e a c y (1997) . 

V A P P R O X I M A T I O N S A N D T A B L E S 

C r i t i c a l v a l u e s fo r t h e R/S s t a t i s t i c a re a v a i l a b l e to p r a c t i t i o n e r s i n t h e 
t a b l e p r o v i d e d b y L o ( 1 9 9 1 , p . 1288) . These c r i t i c a l va lues w e r e d e r i v e d b y L o 
f r o m t h e a s y m p t o t i c d i s t r i b u t i o n . T h e f i r s t t a s k i n t h i s sec t ion i s to use o u r 
e x p e r i m e n t a l l y d e r i v e d f i n i t e - s a m p l e r e s u l t s t o assess t h e q u a l i t y o f t h e 
a s y m p t o t i c d i s t r i b u t i o n as a s m a l l s a m p l e a p p r o x i m a t i o n . T h u s , u s i n g t h e 
e l e v e n a s y m p t o t i c c r i t i c a l v a l u e s f r o m Lo ' s t a b l e r e p r o d u c e d i n T a b l e 4 t o 
d e f i n e t w e l v e i n t e r v a l s , t h e a s y m p t o t i c p r o b a b i l i t y a s soc ia t ed w i t h e ach 
i n t e r v a l w a s c o m p a r e d to t h e r e l a t i v e f r equency o f occur rence o f ( T 2 )R / S 
v a l u e s i n t h e c o r r e s p o n d i n g i n t e r v a l o n t h e e m p i r i c a l s a m p l i n g d i s t r i b u t i o n . 

T a b l e 4: Lo's Critical Values for V 

Pr(V<v) 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 

v 0.861 0.927 1.018 1.090 1.157 1.223 1.294 1.374 1.473 1.620 1.747 

T h i s , w a s done fo r t h e d i s t r i b u t i o n s a r i s i n g f r o m a l l t h r e e p o p u l a t i o n s a n d a l l 
s a m p l e sizes. F r o m these d a t a , s t a n d a r d ch i - squa red goodness-of-fi t s t a t i s t i c s 
w e r e c o m p u t e d , a n d these a re g i v e n i n T a b l e 5 fo r se lec ted s a m p l e sizes 
b e t w e e n 25 a n d 5 0 0 . A s c a n be seen f r o m t h i s t a b l e , t h e %2 v a l u e s a re 

T a b l e 5: %2 Values of Goodness of Fit ofVto the Empirical Sampling 
Distributions 

T Normal Uniform Log-normal 

25 8.2 xlO 5 7.3 x10 s 1.3 xlO 5 

50 4.0 xlO 5 3.6 x10 s 8.7 xlO 4 

75 2.8 x10 s 2.3 x10 s 7.2 xlO 4 

100 2.0 x10 s 1.6 x10 s 6.3 xlO 4 

150 1.3 x10 s 1.1x10s 5.3 xlO 4 

200 9.8 xlO 4 8.2 xlO 4 4.9 xlO 4 

225 9.0 xlO 4 6.8 xlO 4 4.7 xlO 4 

250 7.7 xlO 4 6.5 xlO 4 4.4 xlO 4 

275 7.0 xlO 4 6.1xl0 4 4.3 xlO 4 

300 6.7 xlO 4 5.7 xlO 4 4.1xl0 4 

400 4.8 xlO 4 3.9 xlO 4 3.8 xlO 4 

500 4.2 xlO 4 3.3 xlO 4 3.5 xlO 4 



e x t r e m e l y l a r g e a n d a l l a re h i g h l y s i g n i f i c a n t s t a t i s t i c a l l y . T h i s m a y n o t be 
s u r p r i s i n g g i v e n , espec ia l ly , t h e d i s p a r i t y b e t w e e n t h e a s y m p t o t i c m e a n a n d 
t h e b e h a v i o u r o f t h e m e a n o f t h e e m p i r i c a l s a m p l i n g d i s t r i b u t i o n s . T h i s poor 
fit o f t h e a s y m p t o t i c d i s t r i b u t i o n i s i l l u s t r a t e d i n F i g u r e s 9 a n d 10. 

1.8 T 

0.25 0.75 1.25 1.75 2.25 2.75 
Statistic 

F i g u r e 9: Empirical Sampling Distribution, Asymptotic and Beta 
Approximations: Normal Population, T=200 

W i t h a v i e w t o i m p r o v i n g t h e a p p r o x i m a t i o n t o t h e s m a l l - s a m p l e d i s t r i ­
b u t i o n s , a be t a d i s t r i b u t i o n , w h i c h encompasses a w i d e v a r i e t y o f f o r m s , w a s 
i n v e s t i g a t e d as a n a l t e r n a t i v e u s i n g t h e f i t t i n g m e t h o d o l o g y based o n t h e first 
f o u r m o m e n t s o u t l i n e d i n S e c t i o n I I I . H o w e v e r , as t h e u n u s u a l e m p i r i c a l 
d i s t r i b u t i o n fo r t h e l o g - n o r m a l case, i l l u s t r a t e d i n F i g u r e 8, c a n n o t be 
a d e q u a t e l y c a p t u r e d b y a be t a d i s t r i b u t i o n , t h e i n v e s t i g a t i o n focused so le ly 
o n t h e s y m m e t r i c d i s t r i b u t i o n s . F r o m t h i s p o i n t o n , t h e n , t h e p a p e r conf ines 
i t s e l f to t h e case o f R/S s t a t i s t i c s c a l c u l a t e d f r o m o b s e r v a t i o n s d r a w n f r o m 
s y m m e t r i c d i s t r i b u t i o n s . 

T h e fit o f a be t a d i s t r i b u t i o n to t h e e m p i r i c a l d i s t r i b u t i o n s a r i s i n g f r o m t h e 
n o r m a l a n d u n i f o r m p o p u l a t i o n s was assessed i n t h e same m a n n e r as w a s t h e 
a s y m p t o t i c d i s t r i b u t i o n . T h e r e s u l t i n g x 2 v a l u e s t h a t w e r e o b t a i n e d a r e 
p r e s e n t e d i n Tab les 6 a n d 7. A n i m p r e s s i v e i m p r o v e m e n t i n t h e q u a l i t y o f t h e 
fit i s i n d i c a t e d . T h e e x t e n t o f t h i s i s e m p h a s i s e d g r a p h i c a l l y i n F i g u r e s 9 a n d 
10, i n each o f w h i c h t h e be t a d i s t r i b u t i o n fits t h e s a m p l e d a t a so w e l l t h a t i t 
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F i g u r e 10: Empirical Sampling Distribution, Asymptotic and Beta 
Approximations: Uniform Population, T=200 

T a b l e 6: %2 Goodness of Fit of Beta Distributions: Normal Population 

T X2 P Q L U 

2 5 15 .7 4 . 4 3 10 .60 0 .46 2 .50 
5 0 35 .1 4 . 7 2 1 4 . 8 8 0 .46 3 . 1 4 

7 5 9 7 . 6 5 . 2 4 2 1 . 2 3 0 . 4 6 3 . 8 5 

1 0 0 14 .3 5 .42 2 3 . 3 3 0 . 4 6 4 .11 

1 5 0 19 .6 5 . 7 8 2 7 . 4 6 0 .46 4 . 5 3 

2 0 0 4 3 . 4 5 . 8 9 3 0 . 5 4 0 .46 4 . 8 8 

2 2 5 4 7 . 2 6 . 1 5 3 6 . 4 4 0 .45 5 . 4 9 

2 5 0 6 5 . 8 6 . 2 0 3 6 . 9 5 0 .46 5 . 5 2 

2 7 5 5.0 5 .74 3 0 . 1 4 0 .48 4 . 9 1 

3 0 0 4 4 . 5 5 . 5 7 2 8 . 4 3 0 .49 4 . 7 8 

4 0 0 43 .1 5 . 9 6 3 2 . 9 8 0 .48 5 . 2 0 

5 0 0 2 2 . 7 5 . 6 0 2 8 . 9 7 0 . 4 9 4 . 8 7 

i s obscu red b y t h e p l o t o f t h e da t a , w h i l e t h e a s y m p t o t i c d i s t r i b u t i o n l i es w e l l 
t o t h e r i g h t . T h e i m p l i c a t i o n o f t h i s , o f course, is t h a t t h e a c t u a l size o f a one -
t a i l e d ( r i g h t - s i d e d ) t e s t , w h i c h is t h e n a t u r a l p rocedure t o e m p l o y t o de tec t 
p o s i t i v e pers i s tence , w o u l d be s m a l l e r , t h e p r o b a b i l i t y o f e r r o r t y p e t w o l a r g e r 
a n d t h e p o w e r s m a l l e r , i f t h e a s y m p t o t i c d i s t r i b u t i o n is u s e d for in fe rence . 



Tab le 7: Goodness of Fit of Beta Distributions: Uniform Population 

T X2 P Q L U 

25 8.8 4.56 12.32 0.43 2.77 
50 31.9 5.10 19.36 0.45 3.66 
75 61.7 5.67 27.18 0.44 4.48 

100 98.5 5.65 28.50 0.46 4.69 
150 39.7 5.06 23.76 0.50 4.35 
200 22.5 5.97 33.74 0.46 5.25 
225 21.8 5.96 32.40 0.46 5.11 
250 19.8 6.04 35.05 0.47 5.38 
275 15.3 5.94 35.60 0.47 5.50 
300 28.9 5.71 30.17 0.48 4.96 
400 84.2 5.99 32.98 0.48 5.21 
500 12.4 5.53 30.93 0.51 5.13 

G i v e n t h e s u p e r i o r i t y o f t h e b e t a a p p r o x i m a t i o n , i t w o u l d seem w o r t h w h i l e to 
d e r i v e a n associa ted t a b l e o f c r i t i c a l va lues for use i n p r a c t i c a l a p p l i c a t i o n s . 

T h e f i r s t f o u r m o m e n t s o f t h e s t a t i s t i c a re v e r y s i m i l a r i n t e r m s o f t h e i r 
b e h a v i o u r over d i f f e r e n t s ample sizes i n t h e case o f t h e n o r m a l a n d u n i f o r m 
p o p u l a t i o n s (see F i g u r e s 2 t o 5) . T h e r e f o r e t h e n o r m a l case w a s chosen as 
r e p r e s e n t a t i v e , a n d a m a t h e m a t i c a l f u n c t i o n w a s u s e d t o d e s c r i b e t h e 
obse rved b e h a v i o u r as a f i r s t s tep i n t h e c o n s t r u c t i o n o f a t a b l e o f c r i t i c a l 
va lue s . O f course , fo r t h e m e a n , t h e exac t r e s u l t o f A n i s a n d L l o y d (1976) i s 
a v a i l a b l e w h i c h , as m e n t i o n e d above, app l i e s t o t h e n o r m a l p o p u l a t i o n , b u t 
w h i c h also conforms w e l l t o o u r e m p i r i c a l r e s u l t s for t h e u n i f o r m p o p u l a t i o n . 
T h e f u n c t i o n u s e d for t h e second a n d h i g h e r m o m e n t s m a y be r e f e r r e d t o as 
t h e e s t i m a t e d m o m e n t f u n c t i o n , a n d t h i s w a s chosen t o be a n i n v e r s e t a n g e n t 
f u n c t i o n o f t h e f o r m : 

y t = A j a r c t a n ( f i T ) , i = 2 , 3 , 4 , 

w h e r e y s i s t h e i t h e s t i m a t e d m o m e n t o f ( T ~ 2 ) R / S , a n d A ; a n d f ; a r e 
p a r a m e t e r s t o be d e t e r m i n e d . S ince t h e i n v e r s e t a n g e n t has a n a s y m p t o t i c 
v a l u e o f - | , t h e A ; p a r a m e t e r s w e r e d e t e r m i n e d b y d i v i d i n g t h e r e l e v a n t 
a s y m p t o t i c m o m e n t of t h e s t a t i s t i c b y - | . T h u s , for e x a m p l e , A 3 = 0 .6132( - | ) " 1 . 
T h e f s v a l u e s w e r e d e t e r m i n e d b y o r d i n a r y l e a s t s q u a r e s r e g r e s s i o n o f 
t a n ( - ^ - ) o n T . S u m m a r y r e s u l t s f r o m these regress ions are g i v e n i n T a b l e 8. 
I t can" be seen f r o m t h e R 2 a n d t s t a t i s t i c s t h a t e x c e l l e n t f i t s a n d h i g h l y 
s i g n i f i c a n t r e s u l t s a r e o b t a i n e d fo r t h e s t a n d a r d d e v i a t i o n a n d s k e w n e s s 
coeff ic ient . I n t h e case o f t h e ku-rtosis coeff ic ient t h e f i t i s s o m e w h a t l o w e r b u t 
t h e s ign i f icance o f t h e e s t ima te o f f ; r e m a i n s v e r y h i g h . 



T a b l e 8: Estimated Parameters of Moment Functions and Regression 
Statistics 

Moment A fi R2 t 

Std. Dev. 0.173 0.1680 0.98 86.3 
Skewness 0.390 0.0838 0.92 34.9 
Kurtosis 2.176 0.1700 0.74 17.4 

U s i n g t h e e x a c t m e a n a n d t h e e s t i m a t e d m o m e n t s c o r r e s p o n d i n g t o t h e 
s a m p l e sizes r e q u i r e d , v a l u e s o f p , q , U a n d L w e r e o b t a i n e d as desc r ibed 
e a r l i e r , a n d c r i t i c a l v a l u e s f r o m t h e assoc ia ted b e t a a p p r o x i m a t e s a m p l i n g 
d i s t r i b u t i o n s d e r i v e d . T h e v a l u e s u s e d for t h e m o m e n t s a re g i v e n fo r a few 
selected s a m p l e sizes i n T a b l e 9, a l o n g w i t h t h e p a r a m e t e r s u s e d i n t h e final 
b e t a f i t t i n g . T h e b e t a a p p r o x i m a t e c r i t i c a l v a l u e s fo r t h e s t a t i s t i c a r e 
p r e s e n t e d i n T a b l e 10, t o g e t h e r w i t h t h e c o r r e s p o n d i n g a s y m p t o t i c v a l u e s 
g i v e n i n t h e l a s t r o w for purposes o f c o m p a r i s o n . T h e first c o l u m n o f T a b l e 10 
r e fe r s t o s a m p l e size, t h e first r o w , e x c l u d i n g t h e f i r s t e n t r y , re fers t o t h e 
s i g n i f i c a n c e l e v e l , a n d t h e n u m b e r s i n t h e b o d y o f t h e t a b l e are t h e c r i t i c a l 
v a l u e s o f t h e s t a t i s t i c fo r t h e assoc ia ted s a m p l e size a n d p r o b a b i l i t y l e v e l . 
A g a i n , o n l y se lec ted s a m p l e sizes, a n d o n l y s t a n d a r d p r o b a b i l i t y l eve l s , a re 
i n c l u d e d i n T a b l e 10; f u l l e r i n f o r m a t i o n is a v a i l a b l e f r o m t h e a u t h o r s . 

T a b l e 9: Exact Mean, Estimated Moments and Final Beta Parameters 

T Mean StdDev Skewness Kurtosis P a L U 

25 1.052 0.232 0.439 2.916 4.07 9.76 0.475 2.434 
50 1.105 0.252 0.522 3.163 5.15 • 18.02 0.443 3.420 
75 1.130 0.259 0.552 3.248 5.47 22.49 0.444 3.952 

100 1.145 0.262 0.567 3.290 5.61 25.21 0.449 4.278 
150 1.164 0.265 0.582 3.333 5.73 28.31 0.457 4.655 
200 1.175 0.267 0.590 3.354 5.79 30.03 0.464 4.866 
225 1.180 0.268 0.592 3.361 5.81 30.63 0.466 4.941 
250 1.183 0.268 0.595 3.367 5.82 31.12 0.469 5.002 
275 1.186 0.269 0.596 3.371 5.83 31.53 0.471 5.052 
300 1.189 0.269 0.598 3.375 5.84 31.87 0.473 5.096 
400 1.197 0.270 0.602 3.386 5.87 32.84 0.479 5.218 
500 1.203 0.270 0.604 3.392 5.88 33.44 0.483 5.294 

A s a final check, t h e q u a l i t y o f t h e be t a d i s t r i b u t i o n s u n d e r l y i n g t h e t a b l e 
o f c r i t i c a l v a l u e s as a p p r o x i m a t i o n s to t h e s i m u l a t e d s a m p l i n g d i s t r i b u t i o n s 
w a s e x a m i n e d , b y m e a n s o f goodness-of-fi t s t a t i s t i c s a n d p lo ts . T h e n u m e r i c a l 
r e s u l t s a re g i v e n i n T a b l e 11, a n d a r e p r e s e n t a t i v e p l o t based o n t h e u n i f o r m 
p o p u l a t i o n i s g i v e n i n F i g u r e 11. T h e s u p e r i o r i t y o f t h e final b e t a a p p r o x i ­
m a t i o n c o m p a r e d to t h e a s y m p t o t i c a p p r o x i m a t i o n is clear . 



T a b l e 10: Beta Approximate Critical Values of T '2R/S 

T 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99 

20 0.617 0.657 0.698 0.754 1.334 1.427 1.505 1.592 
25 0.619 0.662 0.706 0.764 1.366 1.465 1.551 1.648 
30 0.622 0.668 0.713 0.773 1.390 1.493 1.584 1.688 
35 0.626 0.673 0.720 0.781 1.408 1.515 1.609 1.718 
40 0.630 0.678 0.725 0.787 1.422 1.532 1.628 1.741 
45 0.634 0.682 0.730 0.793 1.434 1.546 1.644 1.760 
50 0.638 0.687 0.735 0.798 1.444 1.557 1.658 1.776 
60 0.644 0.694 0.743 0.806 1.461 1.576 1.679 1.800 
70 0.650 0.700 0.749 0.813 1.473 1.590 1.694 1.818 
80 0.655 0.705 0.755 0,819 1.483 1.601 1.707 1.833 
90 0.659 0.710 0.759 0.824 1.491 1.610 1.717 1.845 

100 0.663 0.714 0.764 0.828 1.498 1.618 1.726 1.854 
120 0.669 0.720 0.770 0.835 1.509 1.630 1.739 1.870 
140 0.674 0.726 0.776 0.841 1.517 1.640 1.749 1.881 
160 0.679 0.730 0.781 0.846 1.524 1.647 1.758 1.890 
180 0.682 0.734 0.784 0.850 1.530 1.653 1.764 1.898 
200 0.686 0.737 0.788 0.853 1.534 1.658 1.770 1.904 
225 0.689 0.741 0.791 0.857 1.539 1.664 1.776 1.910 
250 0.692 0.744 0.794 0.860 1.544 1.668 1.780 1.915 
275 0.695 0.747 0.797 0.863 1.547 1.672 1.785 1.920 
300 0.697 0.749 0.800 0.865 1.550 1.675 1.788 1.924 
350 0.701 0.753 0.804 0.869 1.555 1.681 1.794 1.930 
400 0.704 0.756 0.807 0.873 1.560 1.685 1.799 1.935 
450 0.707 0.759 0.810 0.876 1.563 1.689 1.803 1.940 
500 0.709 0.761 0.812 0.878 1.566 1.692 1.806 1.943 
oo 0.755 0.809 0.861 0.927 1.620 1.747 1.862 2.001 

T a b l e 11: Goodness of Fit Statistics for Final Beta Distributions: 
Symmetric Populations 

T Normal Uniform 

25 28.8 213.6 
50 36.4 97.8 
75 92.9 109.0 

100 10.6 160.7 
150 24.6 121.3 
200 48.4 82.1 
225 43.3 137.2 
250 70.7 76.7 
275 10.6 64.2 
300 46.2 85.1 
400 44.1 142.1 
500 23.9 47.3 
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F i g u r e 1 1 : Empirical Sampling Distribution, Asymptotic and Final Beta 
Approximations: Uniform Population, T-200 

T h i s p a p e r has d i scussed t h e H u r s t R/S s t a t i s t i c a n d i t s p r o p e r t i e s , a n d 
h a s i n d i c a t e d some o f i t s uses i n economics . T h e adequacy o f t h e a s y m p t o t i c 
d i s t r i b u t i o n as a n a p p r o x i m a t i o n t o t h e s a m p l i n g d i s t r i b u t i o n o f t h e s t a t i s t i c 
i n s m a l l s amp le s has been e x a m i n e d a n d a n a l t e r n a t i v e b e t a a p p r o x i m a t i o n 
sugges ted a n d assessed. A t a b l e o f be t a a p p r o x i m a t e c r i t i c a l va lues has also 
b e e n p r o v i d e d as a n a l t e r n a t i v e t o those o f L o (1991) . T h e m a i n conc lus ions 
a re as fo l lows : 

F i r s t , t h e a s y m p t o t i c d i s t r i b u t i o n i s n o t a good a p p r o x i m a t i o n i n t h e s m a l l 
s a m p l e case, a n d e v e n for s ample s as l a r g e as 500 , w h e t h e r o b s e r v a t i o n s 
a r e t a k e n f r o m s y m m e t r i c or a s y m m e t r i c p o p u l a t i o n s . I n p a r t i c u l a r , t h e 
a s y m p t o t i c m e a n a p p e a r s t o d i f f e r m a r k e d l y f r o m t h e a c t u a l m e a n o f t h e 
s m a l l s a m p l e d i s t r i b u t i o n , e v e n i n t h e case o f s a m p l e s f r o m s y m m e t r i c 
p o p u l a t i o n s w h e r e t h e o t h e r m o m e n t s converge t o t h e i r a s y m p t o t i c v a l u e s 
r e a s o n a b l y q u i c k l y . T h e i m p l i c a t i o n o f t h i s g e n e r a l f i n d i n g is ser ious , n a m e l y , 
t h a t i f a s y m p t o t i c c r i t i c a l va lues are used for p r a c t i c a l t e s t i n g purposes , t h e r e 
i s a s izeable p r o b a b i l i t y t h a t inferences w i l l be m i s l e a d i n g . 

Second , o u r r e s u l t s cas t d o u b t o n t h e w i d e l y h e l d v i e w t h a t t h e R/S 
s t a t i s t i c i s r o b u s t t o t h e f o r m o f p o p u l a t i o n f r o m w h i c h o b s e r v a t i o n s a re 
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t a k e n . I n p a r t i c u l a r , h e a v i l y s k e w e d p o p u l a t i o n s , s u c h as t h e l o g - n o r m a l , 
appear t o g ive r i s e t o v e r y d i f f e r e n t b e h a v i o u r o f t h e m o m e n t s o f t h e s a m p l i n g 
d i s t r i b u t i o n as s a m p l e size v a r i e s , as w e l l as t o t h e f u n c t i o n a l f o r m o f t h e 
s a m p l i n g d i s t r i b u t i o n , w h i c h w o u l d n o t be as w e l l a p p r o x i m a t e d b y a b e t a 
d i s t r i b u t i o n . T h i s m a t t e r i s t h e subject o f c o n t i n u i n g resea rch . 

T h i r d , o u r sugges t ed f o u r - m o m e n t b e t a a p p r o x i m a t i o n i s s i g n i f i c a n t l y 
b e t t e r t h a n t h e a s y m p t o t i c d i s t r i b u t i o n as a n a p p r o x i m a t i o n t o t h e f i n i t e -
s a m p l e s a m p l i n g d i s t r i b u t i o n o f t h e R/S s t a t i s t i c , a t l e a s t fo r s i t u a t i o n s i n 
w h i c h t h e p a r e n t p o p u l a t i o n i s s y m m e t r i c . T h i s b e i n g t h e case, w e w o u l d 
sugges t t h a t o u r n e w t a b l e o f c r i t i c a l v a l u e s offers a r a t h e r m o r e r e l i a b l e 
bas i s for R/S in fe rence i n t h e case o f s y m m e t r i c p o p u l a t i o n s t h a n t h e t a b l e o f 
a s y m p t o t i c c r i t i c a l va lue s c u r r e n t l y ava i l ab l e i n t h e l i t e r a t u r e . 
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