
The Economic and Social Review, Vol. 21, No. 1, October, 1989, pp. 127-137 

Inferring Long-Run Supply Elasticities From 
A Short-Run Variable-Revenue Function* 

G. E. B O Y L E 
Maynooth College 
H . G U Y O M A R D 
Institut National de la Recherche Agronomique, Rennes 

I I N T R O D U C T I O N 

R ecent papers by Kulat i laka (1987, 1985) Squires (1987) and Hertel 
(1987), using the seminal exposition of Brown and Christensen (1981), 

which in turn is heavily derivative of the work o f Lau (1976, 1978), have 
emphasised that either the short-run total cost function in the case of Kulat ika 
or the short-run tota l prof i t function in the case of Hertel and Squires is a 
more general specification than their long-run counterparts. In other words, 
a specification of the cost or prof i t function in which one or more arguments 
are assumed fixed in the short run is more general than a specification which 
assumes that all factors or outputs adjust to their opt imal cost minimisation 
or prof i t maximisation levels in the period o f analysis which is predominantly 
one year in most studies. This powerful conclusion stems from the fact that 
long-run responses can be deduced solely from the estimated parameters of 
the short-run funct ion. 

Paper presented at the T h i r d A n n u a l Conference of the Irish E c o n o m i c s Assoc iat ion . 

* A longer version of this paper is available f rom the authors. We would like to thank the conference 
participants for helpful comments . T h e usual disclaimer applies. 
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To date studies have focused on the quasi-fixity of labour and capital in 
the short run,. The motivat ion for this specification, especially that of family 
labour, is evident for non-corporate enterprises like family farms. We contend, 
however, that equally important fixities exist among product ion outputs. 
The example that springs to m i n d immediately is that o f cattle output in the 
agricultural sector. Because of obvious physiological constraints i t is simply 
not possible for cattle output to respond opt imally to a price change w i t h i n 
one year — the typical periodicity of most supply response studies. I n this 
paper, therefore, we focus on modelling the supply responsiveness of cattle 
considered as a quasi-fixed output . 

In specifying technologies a plethora of simplifying possibilities exist. We 
have noted the recent work relating to the cost and prof i t functions. I n this 
paper we consider the revenue function specification. Our motivat ion for 
this specification is twofo ld . First, in the context of model building because 
of the sheer number of outputs and inputs, i t w i l l often be convenient and 
sometimes mandatory to make simplifying separability assumptions. In this 
situation the revenue and cost functions become useful constructs relative to 
the more general prof i t funct ion. A second just i f icat ion is pragmatic. The 
empirical application reported below derives from the findings of a model-
bui lding exercise which imposed weak input-output separability (Boyle and 
O'Nei l l , 1988). 

The plan of the paper is as follows. We first develop for the revenue function 
the theoretical analogues to the derivation of the long-run cost and prof i t 
functions f rom their respective short-run specifications. In our analysis we 
consider a single output (for example, cattle product ion in the agricultural 
sector) as quasi-fixed. We then obtain pertinent elasticity formulae in the 
case of the wel l -known translog specification. We next apply our theoretical 
results to data for the Irish agricultural sector. We feel the latter is a very good 
i l lustrat ion of the methodology as agricultural activity in Ireland is relatively 
more impor tant than most other Member States of the Communi ty . More­
over the correct specification of the cattle sector is critical to assessing supply 
response in Ireland because cattle product ion constitutes about 37 per cent 
of aggregate farm product ion. We complete the paper w i t h some conclusions 
and recommendations for future work . 

I I T H E R E V E N U E F U N C T I O N : SOME T H E O R E T I C A L P R E L I M I N A R I E S 

Suppose, y is a vector of m outputs w i t h prices ( p } , . . . ,p ) > 0, x is a 
vector of n inputs w i t h prices ( w j , . . . , w n ) > 0, and y > 0; x > 0. 

The long-run revenue funct ion is defined as 

R(p,x) (1) 



This funct ion gives the maximum attainable revenue given the vector o f ou tput 
prices and the vector of product ion inputs. The properties assumed for this 
funct ion are (see Diewert (1974)) : positively linearly homogeneous, convex 
and non-decreasing in p ; continuous and twice differentiable in p and by 
Shephard's Lemma: 5R(p ,x ) /5p i = y. (p ,x) , and non-decreasing and concave 
in x. 

I n the short run some outputs may be quasi-fixed so we par t i t ion our out­
put vector in to a sub-vector y° of variable outputs and a sub-vector y 1 of 
quasi-fixed outputs, that is, y = ( y 0 ^ 1 ) , where y° is a vector of m - k outputs 
( y 1 ? . . . , y m _ k ) w i t h typical price element given by (p ; ) and y 1 is a vector 
of k outputs, ( y m _ k » • • • » y m ) w i t h typical price element given by ( p z ) . 
The short-run to ta l revenue funct ion is given as 

R s ( p 0 , x , y 1 ) = R V s ( p ° , x , y 1 ) + S z p z y z (2) 

where R V S is the short-run variable-revenue funct ion. 
I n addi t ion to the properties given above for the long-run revenue funct ion, 

we note that : Shephard's Lemma gives 5 R s ( p ° , x , y 1 ) / 5 y 1

z ^ - p * 1 ( p ^ x ^ 1 ) 
where, p * ' z is the dual price of quasi-fixed factor z and R s should also be 
non-increasing and concave in y 1 . 

This funct ion gives the max imum attainable revenue given the vector of 
ou tput prices, the vector o f inputs and the vector of quasi-fixed products. 
Since short-run to ta l revenue cannot exceed long-run revenue we have by the 
fundamental duali ty inequality (see Chambers (1988), p. 146)) that 

R ( p , x ) > R V . x . y 1 ) (3) 

However, i f the level o f the quasi-fixed output happens to be consistent w i t h 
maximising short-run variable revenue, then R(p,x) and R s ( p ° , x , y 1 ) must 
coincide at some unique price ( p * 1 ) , thus 

R(p,x) = R s ( p ° , x , y * 1 ) (4) 

where y * 1 is the revenue maximising level of output y 1 . 
From the foregoing discussion then i t is apparent that R s ( p ° , x , y 1 ) is a 

more general representation than R(p,x) since the former contains the latter 
as a special case. This opens up rich possibilities for empirical applications. 
For instance it is possible to test statistically whether R(p ,x) equals R s ( p ° , x , y 1 ) 
or in other words whether y 1 equates w i t h the level which maximises short-run 
to ta l revenue. This strategy is preferable to what usually is an arbitrary alloca­
t ion of outputs and inputs to the variable or quasi-fixed categories. Moreover, 



even i f y ^ y * 1 , i t is possible to evaluate the long-run elasticities only f rom 
knowledge of the short-run variable-revenue funct ion. I n this case, i t w i l l be 
necessary as a first step to calculate the opt imal levels of the quasi-fixed 
outputs which correspond to the long-run equil ibr ium levels not necessarily 
achieved by the observed technology. 

I l l A N A P P L I C A T I O N TO T H E T R A N S L O G F U N C T I O N 

For expositional convenience we w i l l assume a single quasi-fixed output 
and inpu t . 1 The translog short-run variable-revenue funct ion is given as 

log (RV s (p° , x , y 1 ) ) = a 0 + 2 ^ l o g ^ ^ ! log(y 1 )+a x log(x) 

+ 1 /22 .2 j a i j log(p i ) l o g ( P j ) 

+ ' / 2 a x x ( l o g ( x ) ) 2 + y 2 a n ( l o g ( y 1 ) ) 2 

+ 2 i a j ] l o g ( p i ) l o g ( y 1 ) 

+ 2 i a

i x

 l o g ( P ; ) l o g ( x ) + a x l l o g ( x ) l o g ( y 1 ) (5) 

where the a's are the parameters to be estimated. 
Shephard's Lemma gives us 

S l o g t R V J / S l o ^ p ^ P i Y i / R V * 

= M , = aj+2 .aylogtep+a;! log(y 1 )+a i x log(x) (6) 

Several elasticity concepts may be derived from (6) but we w i l l concern our­
selves here w i t h the price elasticities. For the derivations given below we draw 
heavily on the results o f Guyomard (1988) for the case of the short-run to ta l 
cost funct ion. 

Short-run Price Elasticities 
The own-price elasticity is defined as 

e'ij = 5 1 ° g ( y i ) / 5 l o g ( p i ) | y 1 ;x 

From (6) we have 

Yi = ( R V s / p i ) ( a i + S j a i j l o g ( P j ) + a i l l o g ( y 1 ) + a j x l o g ( x ) ) (7) 

1. Separabi l i ty between inputs and outputs allows us to aggregate inputs using an index number. 
T h i s case is the mirror of the mult i - input cost funct ion with only one aggregated output . 



Hence, 

§ 1 ° g ( y i ) / 6 1 ° g ( P i ) i y > x = (ajj+MVMjJ/Mj (8a) 

I n a similar manner we can obtain the cross-price elasticities as 

5 1 ° g ( v j ) / 5 l o g ( P j ) i y 

"(MjMj+a^/Mj (8b) 

Long-run Price Elasticities 
I n the long run the short-run quasi-fixed input output can adjust to its 

op t imal level in response to price changes. Thus the long-run own-price elas­
t i c i ty is given by 

e C

u = ( S l o g ^ / S l o g ^ i y 1 

+ (51og(y i ) /51og(y 1 ))(81og(y 1 ) /51og(p* 1 ))(61og(p* 1 ) /51og( P i )) 

where, M * 1 - - p 1 y * 1 / R V * s , y * 1 is the derived opt imal level of cattle out­
put and R V * S is the calculated level of short-run variable revenue where 
cattle is set at its estimated op t imal level; 2 p * 1 is the opt imal or " v i r t u a l " 
cattle ou tpu t price. We note that R V S must be concave in y 1 . Thus 6 2 R V S / 
(6 y 1 ) 2 must be negative semi-definite so (aj j + ( M * 1 ) 2 - M * 1 ) must be < 0. I n 
(9a), therefore, the Le Chatelier-Samuelson principle holds i f the latter con­
d i t ion is satisfied. 

I n a similar manner we can obtain the various long-run cross-price elastici­
ties. Thus we have 

( a a + M * 1 M . ) 2 / ( a u + ( M * 1 ) 2 - M * 1 ) M i (9a) 

e f i

; j = e s

j j - ( a u + M * 1 M J ( a j l + M * 1 M j ) / ( a 1 1 + ( M * 1 ) 2 - M * 1 ) M . 

e e

H = ( a i l + M * 1 M j ) M * 1 / ( a 1 1 + ( M * 1 ) 2 - M * 1 ) M i 

(9b) 

(9c) 

e e

u = - ( a n + M * 1 M i ) / ( a n + ( M * 1 ) 2 - M * 1 ) 

e e

u = M * 1 / ( a 1 1 + ( M * 1 ) 2 - M * 1 ) 

(9d) 

(9e) 

2. T h i s expression could also be evaluated using the derived dual prices and observed output levels. 
I f the dual and observed prices of the quasi-fixed output are equal , then the short-run equi l ibr ium and 
the long-run Marshal l ian equi l ibr ium coincide. 



I f the short-run variable-revenue funct ion is concave w i t h respect to the quasi-
f ixed output , the denominator of (9e) w i l l be negative and since M * 1 = 
- p 1 y * 1 / R V s i t fol lows that e £

u > 0. 

I V A N E M P I R I C A L A P P L I C A T I O N TO I R I S H F A R M D A T A 

One of the main implications of the preceding sections is that estimation 
of the short-run variable-revenue function is sufficient to obtain all relevant 
elasticities. Moreover, estimation of the long-run revenue funct ion may be 
inappropriate i f one or more outputs cannot be adjusted opt imal ly in the short-
run. The interesting empirical question raised then is what are the consequences 
for elasticity estimates of estimating a long-run revenue function when such 
a strategy is in reality inappropriate? 

We examine this question using data for the Irish agricultural sector. Pre­
vious work on this data set by Boyle and O'Nei l l (1988) had estimated a long-
run revenue funct ion for the sector which produced a small but negative 
supply elasticity for cattle ou tput . The revenue funct ion employed was slightly 
more restrictive than that considered in earlier sections in that the components 
of aggregate output were assumed to be homogeneously weakly separable 
f rom variables outside o f this aggregate. Essentially this assumption allows 
for a mul t ip le stage decision rule. I n terms of the specification of the revenue 
funct ion it implies that the arguments are output prices and the level of aggre­
gate output not the level of aggregate input . 

The empirical analysis in this paper considers whether the long-run revenue 
funct ion is an incorrect specification and i f so, we establish the consequences 
for the derivation of elasticity estimates. Our estimation strategy is as follows. 
First, we estimate and derive elasticity estimates for the long-run revenue 
funct ion specification. Second, we estimate a short-run variable-revenue 
funct ion in which cattle output is specified as quasi-fixed. We then test 
whether the latter model can be rejected and i f not we obtain the implied 
long-run elasticities and contrast these values w i t h those supplied from the 
first specification. 

The data set spans the period 1960-82. 3 We consider five output categories: 
m i l k , cattle, sheep, crops and a residual grouping. The short-run variable-
revenue funct ion is estimated j o i n t l y w i t h the revenue share equations. We 
impose linear homogeneity in prices and in aggregate output and symmetry 
is also imposed in the estimation. A l l regressors are normalised to 1970=1 
and the estimator employed is maximum l ike l ihood. 

The regression results for the long-run and short-run variable-revenue 
functions are given in Table 1. The reported findings for the long-run revenue 

3 . Detai ls of the data may be found in B o y l e and O'Nei l l (1 988) and Boy le ( 1 9 8 7 ) . 



Table 1: Regression Results for Alternative Specifications of the Translog 
Revenue Function 

All Outputs Variable Cattle Output Quasi-fixed 

a00 5.76 a00 5.33 a00 
(.002) 

a00 
(.01) 

a01 .26 
(.006) 

a01 .39 
(.01) 

a02 .38 
(.005) 

a02 - .54 
(.15) 

a03 .04 
(.001) 

a03 .07 
(.002) 

a04 .15 a04 .24 a04 
(.003) 

a04 
(.004) 

a l l .40 a l l .79 a l l 
(.08) 

a l l 
(.11) 

a22 .17 
(.03) 

a22 -1.90 
(1.91) 

a b 
3 3 b 

a33 
a 4 4 b a 44° 
a12 .02 a12 - .10 a12 

(.03) 
a12 

(.15) 
a13 - .05 a13 - .14 a13 

(.02) • 
a13 

(.02) 
a14 - .12 

(.03) 
a14 - .19 

(.04) 
a23 - .04 

(.008) 
a23 .08 

(.03) 
a24 -.06 

(.02) 
a 24 - .14 

(.05) 
a34 .004 

(.01) 
a34 - .05 

(.17) 

Log L 366.8 240.3 

Standard errors in parentheses. 
Notes: a l=milk; 2=cattle; 3=sheep; 4=crops. The numeraire price was residual outputs. 

bthese coefficients are obtained by setting agg=agg(l-aQg) and a44=ao4( l - ag4) 
which imply that the long-run own-price elasticities of crops and sheep are zero 
at the point of approximation. 

cthese coefficients are obtained by setting a$$=&03(l~and a44=ao4(l-ag4) 
which imply that the short-run own-price elasticities of crops and sheep are zero 
at the point of approximation. 



funct ion incorporate the restriction that, at the point of approximation, that 
is 1970, the own-price elasticities of sheep and crops are jo in t ly equal to zero. 
This restriction could not be rejected w i t h the l ikel ihood ratio test. The co­
efficient value for a 2 2 implies that at the point of approximation the own 
price elasticity of cattle output is negative. The nul l hypothesis that the own 
price elasticity of cattle ou tpu t was equal to zero was rejected. 

The coefficient estimates for the short-run variable-revenue specification 
also incorporate the unrejected restrictions that the short-run own-price elas­
ticities of sheep and crops are not significantly different f rom zero at the 
point of approximat ion. I t is comfort ing to note that as the sign of the cattle 
intercept is negative, concavity of the function w i t h respect to the level of 
cattle output is satisfied at the poin t o f approximat ion. 

Before we discuss the elasticities associated w i t h these estimates it is neces­
sary to establish whether the variable or quasi-fixed output specification is 
statistically appropriate. This can be most readily achieved by employing the 
Conrad and Unger (1987) test. The log l ikel ihood value under the null hypoth­
esis that the observed level of cattle output is at its opt imal level is 270.9. 
Under the alternative hypothesis the log l ike l ihood is 286.4 which is signifi­
cantly different from the nu l l . Thus the specification of cattle output as 
short-run variable is rejected for our data. 

The impl ica t ion of this test is that the observed level of cattle output 
deviates from its impl ied opt imal level. In other words there is evidence of 
short-run disequil ibrium. The same point can be made in a more i l luminat ing 
way by evaluating the opt imal level of cattle output at each data point and 
contrasting these values w i t h the observed series. The opt imal level of cattle 
output implied by our estimated short-run variable-revenue function is derived 
by solving Equation (6) for y * 1 . 

The resulting opt imal or implied long-run equil ibrium level of cattle output 
is p lo t ted against the observed level in Figure 1. This chart tells us principally 
that the long-run revenue function specification wou ld not accord w i t h 
observed behaviour in that the derived revenue-maximising levels of cattle 
ou tput are different f rom the observed annual values. The discrepancy is 
particularly notable for the last few years of the sample. 4 

4. F igure 1 prompts some interesting speculation. T a k i n g one year with another we would expect 
the observed and opt imal scries to track each other fairly well in the face of " n o r m a l " price develop­
ments . Per iodical ly , however, the Ir ish cattle industry has been beset by "crises" which have caused 
cattle prices to collapse. R e c o v e r y from such "crises" can take a considerable length of time as exces­
sive slaughtering in the period of the "cris is" obviously implies a lead time for stock build up. Dur ing 
this recovery phase we would expect the opt imal and observed series to be out of kilter. F o r our sample 
period two major "cr ises" have afflicted the industry , namely , 1965 /66 and 1 9 7 4 / 7 5 . Recovery from 
the first s lump appears to have been relatively fast and while the optimal and observed series deviate 
init ial ly they come together relatively qu ick ly . T h i s recovery might have been assisted by the operation 



Figure 1: Observed Versus Optimal Level of Cattle Output (1970=1) 

1960 1966 1972 1978 1982 

The set of long-run price elasticities derived from the specification of the 
revenue funct ion where all outputs are assumed to be short-run variable are 
exhibited in Table 2. The interesting features o f these results are the relatively 
high own-price elasticity for mi lk output , the negative, but relatively small, 
elasticity for cattle and the complementary relationship between cattle and 
mi lk p roduc t ion . 5 

Table 2: Translog Long-run Revenue Function, Long-run Price Elasticity Estimates, 1970 

Price 

Quantity Milk Cattle Sheep Crops Other 

Milk .80 .46 -.15 -.31 - .80 
Cattle .31 -.17 - .07 -.01 -.07 
Sheep -.99 -.62 .00 .25 1.42 
Crops - .54 - .02 .07 .00 .50 
Other -1.21 -.15 .33 .44 .58 

of a government scheme (the "Calved Heifer S c h e m e " ( C H S ) ) designed to maintain the breeding stock 
in the wake of the "cris is". T h e story for t h e l 9 7 4 / 7 5 "cris is" is quite different. O n e explanat ion for 
the sluggish output performance might have been the absence of any comparable government initiative 
such as the C H S . A second possible explanat ion might have been the impact of relative price expecta­
tions in the p o s t - E C accession period. T h e unprecedented increase in relative mi lk prices superimposed 
on the 1 9 7 4 / 7 5 price shock might have conspired to substantially retard adjustment . 

5. T h e standard errors of elasticities are not calculated in this study. Indeed as pointed out by G r e e n 
et al. (1987) the delta method used to obtain a first order T a y l o r ' s series approximat ion for the vari­
ance of the elasticities is of questionable accuracy in small samples. 

K 



The long-run price elasticities derived f rom the revenue funct ion which 
specifies cattle as quasi-fixed in the short run are presented in Table 3. These 
estimates are derived from the formulae (9a)-(9e) and are estimated using 
the computed opt imal level of cattle output . The most interesting aspect of 
these findings is the contrast w i t h those derived f rom the long-run revenue 
funct ion specification. The elasticity for cattle output is now positive. Equally 
surprising is that we get a vastly greater own-price elasticity for mi lk output . 
The long-run own-price crops elasticity is also found to be much larger than 
the zero estimate yielded by the long-run revenue specification. The sheep 
own-price value is, however, not different from zero. Substi tution rather than 
complementari ty is found between cattle and mi lk over the long run . 

Table 3: Translog Short-run Variable-revenue Function, Long-run Price Elasticity 
Estimates, 1970 

Price 
Quantity Milk Cattle Sheep Crops Other 

Milk 1.73 - .33 .03 - .84 - .57 
Cattle -1.70 .02 -.56 1.99 .29 
Sheep .05 - .17 .38 .57 - .80 
Crops -1.09 .50 .46 •!7 -.03 
Other - .37 .04 - .32 -.01 .66 

V CONCLUSIONS 

This paper, utilising the concept of a short-run variable-revenue funct ion, 
has explored the implications o f specifying the cattle product for the Irish 
agricultural sector as quasi-fixed in the short run. The principal merit of this 
approach is that all relevant long-run elasticities can be derived from the 
short-run specification and thus the first methodology is the more general 
procedure. This more general representation of the product ion problem is 
contrasted w i t h the typical approach in supply response studies which is to 
specify cattle output as variable in the short run . 

The main drawback w i t h our approach is that while we present long-run 
results we do not identify the nature or duration of the adjustment process. 
We do not feel that this is a serious deficiency since the techniques which 
are available to model the dynamic adjustment process are typical ly ad hoc 
and very di f f icul t to empirically implement, especially when the adjustment 
scheme is multivariate. 

To date, in most studies of this genre at tention has been focused exclusively 
on potential factor f ix i t ie^ , e.g., labour and capital. However, i t is at least 



l ikely that there exist important fixities in product ion outputs. Cattle out­
put i n the agricultural sector is an obvious candidate for the quasi-fixed status 
given the physiological obstacles which inhibi t rapid adjustment to price 
shocks. I n more recent times the existence o f the dairy quota i n the EC has 
rendered mi lk product ion appropriate for a similar specification. 

Our results establish that very different elasticity values are obtained when 
we specify cattle output as quasi-fixed. The main lesson from our analysis is 
that i f product quasi-fixities are ignored, the resulting elasticities may be 
substantially unreliable. 
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