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Abstract: Cascade conical refraction occurs when a beam of light travels 
through two or more biaxial crystals arranged in series. The output beam 
can be altered by varying the relative azimuthal orientation of the two 
biaxial crystals. For two identical crystals, in general the output beam 
comprises a ring beam with a spot at its centre. The relative intensities of 
the spot and ring can be controlled by varying the azimuthal angle between 
the refracted cones formed in each crystal. We have used this beam 
arrangement to trap one microsphere within the central spot and a second 
microsphere on the ring. Using linearly polarized light, we can rotate the 
microsphere on the ring with respect to the central sphere. Finally, using a 
half wave-plate between the two crystals, we can create a unique beam 
profile that has two intensity peaks on the ring, and thereby trap two 
microspheres on diametrically opposite points on the ring and rotate them 
around the central sphere. Such a versatile optical trap should find 
application in optical trapping setups. 
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1. Introduction 

Conical refraction of light was predicted by Hamilton and demonstrated by Lloyd in one of 
the earliest theoretical predictions that was followed by an experimental demonstration [1, 2]. 
In internal conical refraction, a beam of light refracted along one of the optic axes of a slab of 
biaxial crystal, propagates as a slant hollow cone of light inside the crystal. Upon exiting the 
crystal, this cone is refracted into a ring-shaped beam that propagates in the same direction as 
the incident beam. Hamilton’s geometrical optics description has been extended to the 
paraxial wave optics theory of conical diffraction by Berry and others [3, 4] and the 
agreement with experimental results is excellent [5–7]. The ring-shaped beam is most sharply 
defined at the position known as the focal image plane (FIP). 

Optical traps are used in a wide variety of experimental setups from basic studies of atom 
dynamics to biological cell stretching studies. The early work owes much to the insight of 
Ashkin and his associates who led off this research area in 1986 [8, 9]. Traps are now 
routinely used to optically manipulate micron-scale objects in physics, chemistry and biology. 
Recent reviews of the field of optical trapping describe the large range of areas to which 
trapping has been applied and suggest future developments [10, 11]. There is now a great deal 
of sophistication in the geometry of the optical trap since beams can be produced and altered 
using a wide range of optical devices. Various trap arrangements have been studied in which 
optical orbital angular momentum, in addition to linear optical momentum, is used to 
manipulate microscopic objects [12, 13]. Counter-propagating beams are used to improve the 
stiffness of the trap, while, by using two or more laser frequencies, it is possible to manipulate 
a trapped microsphere and write nanoscale features on a surface [14, 15]. Of particular note is 
the use of spatial light modulation techniques to make an array of traps and so manipulate a 
whole assembly of particles [16–19]. In a recent study, we have shown how conical refraction 
of linearly polarized light beam can be used to control the angular position of a trapped 
microsphere, thereby adding to the panoply of techniques for optical manipulation studies 
[20]. In this study, using cascade conical diffraction, we can form a unique optical profile 
consisting of a ring-shaped beam with a central Gaussian spot which offers new functionality 
for optical trapping and manipulation. 

2. Cascade conical refraction of light 

Internal conical refraction of light occurs in a biaxial crystal when a narrow beam of light is 
incident on a slab of biaxial crystal such that the beam is refracted along one of the optic axes. 
The beam propagates as a slant cone of rays inside the crystal and emerges as a hollow 
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cylindrical beam. If the principal refractive indices are n1<n2<n3, the semi-angle A of the slant 
cone is given by: 

 3 2 2 1
2

1
( )( )A n n n n

n
= − −  (1) 

and the radius of the ring-shaped beam at the focal image plane (FIP) is given by R0 = AL, 
where L is the length of the crystal, as depicted in Fig. 1. The FIP is the spatial position where 
the rings are at their sharpest occurring at the equivalent incident beam waist position. The 
refracted ring of light is in fact a double ring of light separated by a dark ring, known as the 
Poggendorff ring. The ring radius R0 is the radius of the Poggendorff dark ring, and occurs 
due to the circularly symmetric double refraction of the light around R0 [4]. 

In dealing with cascade conical refraction, it is necessary to specify the relative azimuthal 
orientation of the different crystals, with respect to the axis defined by the direction of 
propagation of the light. To do this we define a second direction, in addition to the optic axis, 
in the biaxial crystal. Here we take γ to be perpendicular to the optic axis and in the direction 
of the displacement of the center of the ring beam from the line of propagation of the ray 
which is refracted in the ordinary manner, which is simply identified by being polarized 
tangential to the ring. The relative angle between successive crystals directly affects the final 
intensity profile. 

 

Fig. 1. Schematic of conical refraction. A beam traversing a crystal of length (L) is refracted 
through a semi-angle (A) to give a ring radius of R0. The beam shift direction (γ) is in the 
direction of the parallel polarization component towards the orthogonally polarized component 
at the opposite side of the ring. 

When a Gaussian light beam propagates through two identical biaxial crystals in cascade 
with optical axes and γ aligned parallel the output beam is ring-shaped with a radius twice that 
obtained for a single crystal. If the angle α between the beam shift directions is 180°, a ring 
profile is generated following the first crystal, and after this propagates through the second 
crystal the ring beam is converted back to the original Gaussian spot. For values of α between 
zero and 180°, the beam profile after conical diffraction in the two crystals is ring-shaped with 
a Gaussian spot at the centre. The relative intensity of the Gaussian and the ring can be 
adjusted by changing the angle α. The effect of propagating a Gaussian beam along the optic 
axes of N biaxial crystals have been investigated theoretically by Berry [21]. Two-crystal 
cascade conical refraction has been used in the construction of a high efficiency optically 
pumped laser [22]. We have studied the creation and annihilation of optical vortices in 
cascade conical refraction using careful manipulation of the polarization between successive 
biaxial crystals [23]. In a recent study, we have experimentally investigated cascade conical 
refraction for two crystals, of equal and unequal lengths, and shown that the results are in 
good agreement with the paraxial theory of conical refraction [24]. 
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3. Experimental setup 

 

Fig. 2. Experimental setup for observation of focal image plane profiles. The two biaxial 
crystals are located between the two lenses, one rotated at an angle α around the beam axis; 
optical elements can be placed after the laser or in between the crystals and include linear 
polarizer, quarter or half wave-plate, or some combination of these. 

The biaxial crystals used were slabs of KGd(WO4)2 obtained from CROptics with dimensions 
of 4.0 x 3.0 x 21.1 mm and 4.0 x 3.0 x 20.9 mm respectively. The principal refractive indices 
of the crystals were n1 = 2.013, n2 = 2.045, n3 = 2.086 for a wavelength of 632.8 nm. This 
implies that the semi-angle of the cone of rays in the crystal A = 0.0177 rad and the ring 
radius for propagation through each of the crystals is R01 = 0.374 mm and R02 = 0.370 mm 
respectively. The laser used was a circularly-polarized 10 mW He-Ne focused to a 45µm 
waist, w0, using a converging lens with 10 cm focal length. For internal conical diffraction the 
ring beam is most sharply defined at the FIP, which corresponds to the image of the Gaussian 
beam waist in the crystal. We can define a parameter ρ0 = R0/w0 which determines the 
sharpness of the fine structure in the radial irradiance distribution in the FIP. A converging 
lens was used to form an image of the FIP, with unit magnification, on a 2-dimensional CCD, 
as shown in Fig. 2. 

(a) (b) (c) (d) (e)
1.48mm 0.748 mm1.48mm

 

Fig. 3. CCD images of the FIP with (a) α = 0°,(b) α = 20°, (c) α = 45°, (d) α = 90°. (e) 
Processed image of all frames from α = 0 to 180°. The path of the Gaussian central spot travels 
along the patch of the ring generated from the first crystal and increases in intensity. is 

Figure 3 shows CCD images of the FIP profile for a range of values of α, the relative 
azimuthal orientation of the two biaxial crystals. The transition from double ring beam to 
Gaussian spot can clearly be seen. At α = 0, the central spot is absent. For an angle of 20°, the 
spot is clearly observed together with the ring, and as α is further increased the optical power 
in the ring declines relative the spot. For sufficiently large values of ρ0 the ring and spot 
distributions will not overlap; as is the case in Fig. 2, where ρ01 = 8.3 and ρ02 = 8.2. In that 
case it can be shown the optical power of the spot relative to the ring is given by 
(1 cos ) / (1 cos )α α− +   [21]. It should be noted that as α is varied by rotating the second 

crystal the ring and spot rotate together on a circle with a radius equal to R02. As the crystals 
are rotated with respect to each other, the path of the Gaussian spot rotates on a path matching 
that of the ring formed by the 1st crystal, as shown in Fig. 3(e). In the experiments below we 
fix the angle α to define the power ratio between the rings and spot. 
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4. Experimental results for optical trapping 

Figure 4 shows the optical setup for optical trapping using cascade conical diffraction beam, 
using a Gaussian beam from a 532 nm Nd-YAG CW. The laser is focused using a 10 cm focal 
length converging lens (L1) to a beam waist with a 1/e2 radius of 37 μm. . At 532 nm the 
refractive indices are n1 = 2.031, n2 = 2.063, n3 = 2.118, with a cone angle A = 0.02024 
radians. The resulting ring radii are R01 = 0.428 mm and R02 = 0.431 mm and  
R01+02 = 0.859mm. This results in ρ01 = 11.56, ρ02 = 11.64 and ρ01+02 = 23.20. Both linearly 
and circularly polarised light are used. This beam propagates through two almost identical 
biaxial crystals with optic axes aligned parallel. The second crystal is rotated about the optic 
axis to adjust the angle α between the displacement directions of the two crystals and so vary 
the optical power ratio between the centre spot and the rings in the FIP. The irradiance 
distribution in the FIP plane is imaged to the sample plane of the microscope with 
demagnification determined by the lens L2 and the objective L3. The diameter Dt of the 
outermost ring in the sample plane is: 

 3 01 02

2

( )
2 .t

f R R
D

f

+
=  (2) 

For f2 = 22 cm and f3 = 1.81 mm (Leitz Neoplan Fluotar 100 × 0.9NA objective), the dark ring 
has a diameter Dt = 12.4 μm. This beam was used to trap polystyrene microspheres suspended 
in water. Polystyrene spheres of either 5.2 μm or 2.8 μm diameter are used and both have 
refractive index n = 1.55. A drop of the microsphere suspension is sealed between two 
microscope cover slips using Vaseline around the edges. To measure the optical power in the 
trap, the sample holder is replaced by an optical power meter. 

4.1 Linearly polarized input beam 

With linearly polarised light entering the first crystal, the emerging beam from the cascade 
consists of a crescent with a bright spot at the centre, as shown in Fig. 5. By rotating the plane 
of linear polarisation of light incident on the cascade, the position of the maximum irradiance 
of the crescent rotates around the ring. Using this beam, it is possible to trap one particle in 
the high intensity spot in the centre and have another particle orbit around it. Frames from 
such an orbit of trapped 5.2 μm diameter spheres are shown in Fig. 6. Note that there is some 
movement of the centre particle. The maximum deviation of the centre of this particle from its 
average position is about 1.2 μm. Media 1 shows the rotation of the microsphere trapped on 
the ring with respect to the microsphere trapped at the centre of the beam. 

 

Fig. 4. Optical setup for cascade conical diffraction optical trap. The dichroic mirror prevents 
the 532 nm trapping beam entering the CCD. Sample illumination for CCD recording is 
provided by the light source below the sample. Optical elements can include linear polarizer, 
quarter or half wave-plate, or some combination. 
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Fig. 5. (a) Intensity profile of cascade conical refraction beam in the FIP with linearly polarized 
532nm light incident on the first crystal. (b) 3-D plot of the intensity distribution in (a). 

12µm

 

Fig. 6. Several individual frames showing how a particle trapped in the crescent beam orbits 
around the particle trapped in central beam spot. Media 1 shows the rotation of the outer 
microsphere with respect to the centrally trap microsphere as the plane of polarization of the 
incident beam is rotated. 

4.2 Half wave-plate located between the two crystals 

A beam with crescent–shaped intensity distributions on either side of a central spot is 
obtained by placing a half wave-plate between the two crystals, as shown in Fig. 7. For this 
experiment, the input light is circularly polarized and the beam is rotated by rotating the half 
wave-plate between the crystals. As before, the crescent-shaped lobes can be rotated around 
the central beam spot by rotating half wave-plate between the crystals [24]. This beam profile 
was used to trap three particles in a line, and rotate the outer two around the central particle 
while keeping them diametrically opposed, as shown in Fig. 8 and in Media 2. Particles rotate 
anti-clockwise. They move slightly away from being on a straight line due to small intensity 
variations in the beam profile. 

1.71mm

 

Fig. 7. Beam profile in the FIP with a half-wave plate between the two biaxial crystals. 
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Fig. 8. Frames from rotation of two diametrically opposed particles trapped in lobes around a 
stationary particle trapped in the centre. Media 2 shows the continuous anti-clockwise rotation 
of the two microparticles around the central particle trapped in the Gaussian spot. 

4.3 Characterisation of optical trap 

The maximum trapping force on the particle trapped in either the ring or the central spot was 
measured by moving the sample at increasing speeds until the particle escapes. The maximum 
force F is related to this maximum speed v by Stokes’ law: 

 6 ,pF R vπ η=  (3) 

where Rp is the radius of the particle and η is the viscosity of the water. The input beam was 
circularly polarised and used to produce a beam of the form shown in Fig. 3, and the value of 
α was varied to change the relative intensity of the ring and the central spot. The maximum 
force is found to be proportional to the total power in the beam, P, and the strength of the trap 
can be expressed by the dimensionless parameter Q, which is the fraction of the linear optical 
momentum transferred to the particle; F = QnP/c. The force was measured for powers 
ranging up to 200 mW. A typical measurement, for α = 20° and P = 97 mW, results in 
maximum forces of 1.86 pN in the central spot and 1.37 pN in the ring, which corresponds to 
Q = 0.0043 and 0.0032 for the spot and ring. Note that only a small fraction of the overall 
power in the ring is used to trap the particle held there. 

5. Conclusions 

In conclusion, we have developed a novel optical trap based on cascade conical refraction 
where two biaxial crystals are arranged in series with their optical axes aligned. Then for 
circularly polarized input the output beam is ring-shaped with a central spot. The relative 
intensity of the spot and ring may be altered by varying the azimuthal angle between the slant 
cones in the two crystals. For linearly polarized light the ring is reduced to a crescent, and this 
beam has been used to trap one microsphere on the ring and a second in the centre. The 
particle on the ring may be rotated by simply rotating the incident linear polarization. An 
extension of the arrangement, whereby two particles were trapped at diametrically opposed 
positions on the ring, was also demonstrated. These new optical beam shapes should find 
application where simultaneous trapping of two or more particles is required and where 
optical rotation is needed, as in optical motors. 
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