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A Note o n Reswitching and 
Capi ta l Reversing* 

J . E . W O O D S 
Trinity College, Dublin. 

Precis: I t is well k n o w n that, in the context of a stationary economy, reswitching of 
techniques implies capital reversing and that capital reversing can occur without reswitching. 
T h e aim of this paper is to discuss these two conclusions in the context of an economy 
experiencing steady growth at an arbitrary feasible rate. Some implications for the 
product ion funct ion and aggregate growth theory are drawn. T h e discussion is conducted 
within the framework of a fixed-coefficients, two-sector model (after Garegnani) , the 
mainly geometrical argument being based on the wage curve and the consumption-growth 
curve. 

I 
Introduction 

CO N S I D E R a f i xed -coe f f i c i en t s t w o - s e c t o r e c o n o m y w i t h o u t j o i n t p r o ­
d u c t i o n such as t he one s t u d i e d b y Garegnan i ( 1 9 7 0 , p p . 4 0 7 — 4 3 6 ) . 

A sys t em o r t e c h n i q u e o f p r o d u c t i o n is charac te r i sed b y a m e t h o d o f p r o ­
d u c t i o n f o r each c o m m o d i t y . I f we assume t h a t t he re is o n l y one t e c h n i q u e 
a n d t h a t t h e m e t h o d s o f p r o d u c t i o n are e m p l o y e d at such in tens i t i e s as t o 
f o r m an " i n t e g r a t e d c o n s u m p t i o n - g o o d i n d u s t r y " , we can der ive f u r t h e r 
i n f o r m a t i o n f r o m t h e wage curve . T h i s f o l l o w s f r o m t h e s imple r ea l i sa t ion 
t h a t t h e ne t o u t p u t o f t h e e c o n o m y is a q u a n t i t y o f t h e c o n s u m p t i o n g o o d . 
A wage curve is i l l u s t r a t e d i n F igure 1 ( i n t h e Garegnan i m o d e l , t he wage 
curve can t a k e o n e , a n d o n l y one , o f t he f o l l o w i n g f o r m s : i t can be b o w e d 
o u t w a r d s , as i l l u s t r a t e d , o r b o w e d i n w a r d s o r a s t ra igh t l i n e ) . T h e i n t e r c e p t 
O W measures n o t o n l y t he wage rate w h e n t h e ra te o f p r o f i t s is ze ro , b u t also 

* I am very grateful to the referees for their comments on earlier versions of this paper. 



Figure 1. A wage curve. 
Figure 2: A wage curve and consumption-

growth curve. 

the net output o f the technique (which is jus t a quant i ty o f the consumption 
good) at any feasible value o f r. A l s o , as indicated b y Garegnani , tan w j P W 
measures the value o f capital per head w h e n r = r j and w = w^. 

N o w , if we maintain the assumptions above, but permit alternative tech­
niques (each wi th a different capital good), we introduce the possibil ity that 
the reswitching and capital reversing phenomena wi l l occur (Harcourt , 1 9 7 2 ) . 
B y the assumption o f "integrated consumption-good industries" (or station­
ary states), we c a n compare the net outputs o f different techniques s imply 
b y reading the vertical intercepts o f the respective wage curves. A l s o , the 
values of capital per man at switch points can be compared b y evaluating the 
tangents of appropriate angles. 

T h e implications for capital theory of the reswitching and capital rever­
sing phenomena have been discussed b y , among others, Pasinetti ( 1966 and 
1969) and Garegnani ( 1 9 7 0 ) , wi th Harcourt ( 1 9 7 2 ) providing a summary 
and references. 

I f we confine our attention to stationary states (or "integrated con­
sumption-good industries") , as most contributors to the literature seem to 
have done, we can conclude inter alia that: 

(i) reswitching implies capital reversing, and 
(ii) capital reversing can occur wi thout reswitching. 

I t is a straightforward matter to illustrate these conclusions pictorial ly . 
I n the remainder of this paper, we wish to discuss these two conclusions 

in the context o f a growing economy. A n immediate impl icat ion of the 
assumption of a growing economy is that the net output o f the economy 
does not consist only of a quantity o f the consumpt ion good. H e n c e , the net 
output of a growing economy cannot be read from the vertical intercepts of 
the wage curves. F u r t h e r analyt ical tools are required and it is for this reason 
that we introduce the consumption-growth curve. J u s t as the wage curve 
w = f(r) is derived from the price equations, 



1 = a 3 1 w + a 2 l ( r + c ' ) P a n a 

p = a 3 2 w + a 2 2 ( r + d ) p , (1) 

w h e r e t he c o n s u m p t i o n g o o d , w h i c h is the n u m e r a i r e , is i n d e x e d b y 1 , the 
c a p i t a l g o o d b y 2 a n d l a b o u r b y 3 , 
w = t he wage r a t e , 
r = t he ra te o f p r o f i t s , 
p = t h e p r i c e o f t he c a p i t a l g o o d , 
d = the c o m m o n ra te o f d e p r e c i a t i o n , 
c = t he o u t p u t o f t he c o n s u m p t i o n g o o d pe r m a n , 
m = t he n u m b e r o f mach ines pe r m a n , a n d 
g = t he rate o f g r o w t h , 

so the c o n s u m p t i o n - g r o w t h cu rve , c = f ( g ) , is d e r i v e d f r o m the q u a n t i t y 
e q u a t i o n s , 

1 = ag^c + a 3 2 ( g + d ) m a n d 
m = a.21 c + a 2 2 ( g + d ) m . (^) 

T h e wage curve a n d t h e c o n s u m p t i o n - g r o w t h curve are i d e n t i c a l . E l i m i n a t e 
p f r o m ( 1 ) t o o b t a i n 

w = [ l - a 2 2 ( r + d ) ] / [ a 3 1 + ( a 2 1 a 3 2 - a 2 2 a 3 1 ) ( r + d ) ] (3) 

a n d e l i m i n a t e m f r o m ( 2 ) t o o b t a i n 

c = [ l - a 2 2 ( g + d ) ] / [ a 3 1 + ( a 2 1 a 3 2 - a 2 2 a 3 1 ) ( g + d ) ] . (4) 

T h e c o n s u m p t i o n - g r o w t h curve exists i f t he r e is o n l y one c o n s u m p t i o n g o o d 
( o r , w h a t a m o u n t s t o t h e same t h i n g , a f i x e d baske t o f c o n s u m p t i o n goods) . 
I f b o t h goods i n t he Garegnan i m o d e l are c o n s u m e d , t ed ious ca lcu la t ions 
s h o w t h a t t h e c o n s u m p t i o n - g r o w t h curve exis ts o n l y i n t he g o l d e n ru le case. 

T h e usefulness o f t h i s d u a l i t y b e t w e e n t h e wage a n d c o n s u m p t i o n - g r o w t h 
curves can be easily d e m o n s t r a t e d . Cons ide r an e c o n o m y w i t h j u s t one 
t e c h n i q u e avai lable , w i t h a wage curve a n d a c o n s u m p t i o n - g r o w t h curve as 
i l l u s t r a t e d i n F igu re 2 . 

Suppose t h a t the e c o n o m y exper iences s teady g r o w t h at a ra te g j < G ; 
c o n s i d e r i n g t he f igure as a c o n s u m p t i o n - g r o w t h cu rve , t he c o r r e s p o n d i n g 
c o n s u m p t i o n pe r h e a d is c^. F r o m the i d e n t i t i e s , 

y = w + r k = c + g k , ( 5 ) 
w e m a y der ive 

k = ( c - w ) / ( r - g ) i f r f g . (6 ) 



G i v e n g = and c = C | , we can der ive k i f we k n o w r . Suppose r = r^ so 
t h a t w = w - p us ing F igure 2 as a wage cu rve . T h e n t he s lope o f P Q is equa l t o 
k , t h e value o f c a p i t a l pe r m a n . U s i n g e i the r o f t h e i d e n t i t i e s , we see t h a t net 
o u t p u t per m a n is g iven b y O Y and the o u t p u t - c a p i t a l r a t i o is g iven b y O X . 
W i t h g f i x e d at g-̂  ( a n d c at c ^ ) , w e m a y l e t r va ry over t h e i n t e r v a l [ O , R ] 
a n d p l o t , c o r r e s p o n d i n g t o each value o f r , t h e value o f y and k 1 . So , f r o m 
the i n f o r m a t i o n i n t h e wage curve ( a n d t h e c o n s u m p t i o n - g r o w t h curve) and 
g iven t he value o f g, we can c o n s t r u c t a " p r o d u c t i o n f u n c t i o n " . T h i s is 
i l l u s t r a t e d i n F igure 3 . 

w,c,y 

Figure 3: Construction of a "production function" corresponding to a given technique. 

Suppose r = r ^ . T h e c o r r e s p o n d i n g o u t p u t pe r m a n is y ( r ^ ) o n the u p p e r 
v e r t i c a l axis and the c o r r e s p o n d i n g value o f c ap i t a l per m a n , k ( r j ) , is t a n P Q T . 
We use t he sou th-wes t q u a d r a n t t o p r o j e c t values o f r f r o m one axis t o 
ano the r . E x t r a c t i n g k ( r ^ ) f r o m the n o r t h - w e s t q u a d r a n t , we can c o n s t r u c t 
t h e r e l a t i o n b e t w e e n k a n d r s h o w n i n t he south-east q u a d r a n t . A l l t h a t 
remains is t o relate y ( r ^ ) a n d k ( r ^ ) w h i c h is d o n e i n t h e nor th-eas t q u a d r a n t . 

1. When r = g, k = —dc/dg (i.e., the slope of the tangent to the consumption-growth 
curve at P ) . 



I t can be seen f r o m F igure 3 t h a t l o w e r values o f c a p i t a l pe r m a n and o u t ­
p u t pe r m a n are associated w i t h l o w e r values o f r . T h e wage curve i n F igure 
3 represents a t e c h n i q u e i n w h i c h a22 /a 3 2 > a 2 l / a 3 1 " Cons ide r a n o t h e r 
e c o n o m y w i t h o n l y one avai lable t e c h n i q u e i n w h i c h t h e c o r r e s p o n d i n g 
i n e q u a l i t y is reversed. T h e n t he wage curve ( a n d t h e c o n s u m p t i o n - g r o w t h 
curve ) w i l l be b o w e d i n w a r d s , f r o m w h i c h i t is easy t o see t h a t h ighe r values 
o f c a p i t a l pe r m a n a n d o u t p u t per m a n w i l l be associated w i t h l o w e r values 
o f r . 

I t s h o u l d be emphas i sed t h a t F igure 3 has been c o n s t r u c t e d o n t he assump­
t i o n t h a t g = g i • I n d e e d w e s h o u l d w r i t e y ( r ^ , g^ ) a n d k ( r ^ , g^) ins tead o f 
y ( r i ) a n d k ( r ^ ) , r e spec t ive ly . I t f o l l o w s t h a t i f g^ f g^, t h e n y ^ , g i ) f 

y ( r l > §2^ k ( r l > S i ) f k ( r l > §2) m S e n e r a l - So, f o r a d i f f e r e n t g r o w t h ra te , 
a d i f f e r e n t p r o d u c t i o n f u n c t i o n m u s t be c o n s t r u c t e d , b u t can we ar r ive at 
any d e f i n i t e conc lus ions a b o u t t h e changes i n t he p r o d u c t i o n f u n c t i o n con­
sequent o n a change i n t h e ra te o f g r o w t h ? 

L e t us cons ider t h e wage curve i n e i t h e r o f F igures 2 o r 3. I t is e v i d e n t t h a t i f 
g 2 > g i , t h e n k ( r l f g 2) > k ( r i , g i ) a n d y ( i v g 2) > y ( r l f g i ) as l o n g as g 2 is 
feasible. N o w these i n e q u a l i t i e s w i l l be t r u e f o r a n y feasible r j . So we have 

M r > §2^ ^ k ( r > § l ) a n a y ( r > §2^ ^ S i ) ^ o r a u f e a s i ° l e r > F igu re 3 , i t w i l l be 
r eca l l ed , was c o n s t r u c t e d o n t h e a s s u m p t i o n t h a t g = g i . Never the less , we 
c o u l d use t he d i a g r a m t o c o n s t r u c t a n o t h e r p r o d u c t i o n f u n c t i o n cor respon­
d i n g t o g = g2 > gi (u s ing t h e same t e c h n i q u e ) . 

I t m i g h t be t h o u g h t t h a t k n o w l e d g e o f t he t w o inequa l i t i e s — k ( r , g2) > 
k ( r , g^) and y ( r , g2) > y ( r , g-y) f o r a l l feasible values o f r — w o u l d enable us 
t o arr ive at a d e f i n i t e c o n c l u s i o n a b o u t t h e " m o v e m e n t " o f t he p r o d u c t i o n 
f u n c t i o n consequen t o n a change i n t he ra te o f g r o w t h . H o w e v e r , t h i s is n o t 
so as can be d e m o n s t r a t e d p i c t o r i a l l y . I t is possible t h a t the p r o d u c t i o n 
f u n c t i o n c o r r e s p o n d i n g t o g = g2 m a y l ie e i t h e r above o r b e l o w the p r o d u c ­
t i o n f u n c t i o n c o r r e s p o n d i n g t o g = g j and s t i l l be cons i s t en t w i t h the t w o i n ­
equa l i t i es . I n d e e d , there seems t o be n o a priori reason w h y the t w o p r o ­
d u c t i o n f u n c t i o n s s h o u l d n o t in t e r sec t ( a n y n u m b e r o f t i m e s ) . N o r s h o u l d 
w e e x c l u d e the ( s ingula r ) case w h e r e t he t w o p r o d u c t i o n f u n c t i o n s have the 
same g raph , apar t f r o m l o w e r and u p p e r in te rva l s o f k . T h u s , i t seems t h a t 
t he o n l y d e f i n i t e in fe rence we can m a k e is t h a t , i n genera l , the re w i l l be u p ­
w a r d a n d / o r d o w n w a r d " m o v e m e n t " o f the p r o d u c t i o n f u n c t i o n consequen t 
o n a change i n t he ra te o f g r o w t h . 

L e t us n o w cons ide r t he a l t e rna t ive f o r m s o f t he wage curve i n the Gareg-
n a n i m o d e l . I n F igu re 4 , we have t he wage curve o f a t e c h n i q u e i n w h i c h 

a 2 2 ^ a 3 2 < a 2 l / a 3 1 - 1 1 i s c l e a r t h a t i f S2 > Sl> k ( r l > §2) < k ( r l > S i ) a n d 

v ( r l > 82) ^ y ( r l > g i ) a s l ° n g ^ g2 l s f e a s i b l e - H e n c e , we have k ( r , g2) < 
k ( r , g j ) and y ( r , g 2 ) < y ( r , g j j f o r a l l feasible values o f r . N o w we c o u l d 
c o n s t r u c t p r o d u c t i o n f u n c t i o n s i n th is case c o r r e s p o n d i n g t o g = g^ a n d 



Figure 4: 
g 2

 r i R = G r<8 
A wage curve (and consumption-
growth curve) of a technique for 
which the physical-capital/labour 
ratio is less in the capital good 
industry than in the consumption 
good industry. 

S i 
Figure 5: 

•2 '1 
A wage curve (and consumption-
growth curve) of a technique 
with equal physical-capital/labour 

g = g2 (u s ing t he m e t h o d o u t l i n e d above a n d i l l u s t r a t e d i n F igure 3 ) , c o m p a r ­
i n g t h e m i n o r d e r t o arr ive at conc lus ions a b o u t the " m o v e m e n t " o f t he 
p r o d u c t i o n f u n c t i o n consequen t o n a change i n t he g r o w t h ra te . H o w e v e r , 
o u r a rguments have a l ready been w e l l rehearsed above w h e n we e x a m i n e d 
t he case o f a t e c h n i q u e i n w h i c h ^22^32^ a 2 l / a 3 1 ' ^ n u P w a r ( ^ o r d o w n ­
w a r d " m o v e m e n t " o f the p r o d u c t i o n f u n c t i o n is cons is ten t w i t h the t w o 
inequa l i t i e s - k ( r , g 2 ) < k ( r , g j ) and y ( r , g 2 ) < y ( r , gi) f o r a l l feasible values 
o f r . A g a i n , o u r o n l y inference is t h a t t he d i r e c t i o n o f " m o v e m e n t " o f the 
p r o d u c t i o n f u n c t i o n is a m b i g u o u s . 

T h e t h i r d poss ible f o r m o f t h e wage curve is i l l u s t r a t e d i n F igure 5. T h i s 
occurs w h e n 3 2 2 / 2 3 2 = a 2 l / a 3 T E v i d e n t l y t he change i n t he rate o f g r o w t h 
does n o t a l t e r e i t he r k o r y . T h a t is , k(r^, g2) = k ( r g , g 4 ) whe re a n d r g are 
feasible values o f r and g2 and g ^ are feasible values o f g. 

W e have es tabl ished o u r t e r m i n o l o g y and n o t a t i o n b y reference t o t he 
one - t echn ique case. We n o w t u r n o u r a t t e n t i o n t o the i m p l i c a t i o n s o f the 
exis tence o f m o r e t h a n one t e c h n i q u e . 

I I 

I n th is s ec t ion , we e x a m i n e t he v a l i d i t y o f c o n c l u s i o n ( i ) i n t he c o n t e x t 
o f a g r o w i n g e c o n o m y . O u r a r g u m e n t is i l l u s t r a t e d b y F igure 6 i n w h i c h 
there are t w o t echn iques , d e n o t e d b y ( a ) a n d (/3), w h i c h have s w i t c h - p o i n t s 
(F, w ) a n d (r~, w ) . 



U s i n g (5) a n d (6) above , w e have 

k a f t 8) = ( c a - * ) / ( f - g ) J t f l ( r ' « ) = ( c 6 - ^ ) / ( r - § ) ? ( 7 > 

Y a f c g) = ^ + r k a ( r , g) , y g ( r , g) = w + f k g ( r , g) (8) 

k < # > g) = ( c a - ^ ) / ( f - g ) $ ^ ( F , g) = ( c f l - w ) / ( f - g ) (g f T) (9) 

Y a ^ ' g) = w + r k a ( . ^ g) 5 y p ^ ' g) = ™ + ^ 0 ^ ' 8) ( 1 ° ) 

w h e r e k a ( f ^ g) = t h e va lue o f c a p i t a l p e r m a n i n t e c h n i q u e ( a ) g iven T a n d g 
y a ( r , g) = t h e va lue o f o u t p u t p e r m a n f r o m t e c h n i q u e ( a ) , g i v e n T a n d 

g , e tc . 
We shal l cons ide r th ree cases, c o r r e s p o n d i n g t o g's l y i n g i n t h e in t e rva l s [0 , r ) , 
(7 ,7 ) a n d (F, R ] . 

C A S E 1 L e t g = g i < T . F r o m ( 7 ) — (10) above , w e c o n c l u d e t h a t 

ccfi>&l) > Cflfcgl) 
ML»gl)> ¥F, g l) ( u ) 
y a ( r ' g i ) > y / ? ( r > g i ) 

a n d 
c a(E ' g l ) > cfl(f>gl) 
ML'*l) > MS 8!* <12> 
y a ( r ' g i ) > y ^ g i ) 

C a p i t a l revers ing occurs at t h e s w i t c h - p o i n t ( r , w ) i n th i s case, j u s t as i t 
w o u l d i n t h e s t a t i o n a r y state case. W e c o u l d c o n s t r u c t a p r o d u c t i o n f u n c t i o n 
c o r r e s p o n d i n g t o g = g i ; i t w o u l d c e r t a i n l y e x h i b i t the same sor t o f "per ­
ve r se" b e h a v i o u r as t he p r o d u c t i o n f u n c t i o n i n t h e f a m i l i a r s t a t i o n a r y state 
case. W i t h m a n y t echn iques , t h i s i nvo lves a s l igh t m o d i f i c a t i o n o f t he 



m e t h o d o u t l i n e d i n the p r ev ious s ec t i on a n d i l l u s t r a t e d i n F igure 3. F i r s t 
o f a l l , c o n s t r u c t t he wage curve o f each t e c h n i q u e . T h e o u t e r envelope o f 
these wage curves is t h e wage f r o n t i e r . F o r each feasible va lue o f r , f i n d t he 
c o r r e s p o n d i n g t e c h n i q u e o n t h e f r o n t i e r a n d ca lcu la te t he value o f ne t o u t ­
p u t pe r m a n a n d t h e va lue o f c a p i t a l pe r m a n o f t h e t e c h n i q u e at t h a t va lue 
o f r a n d t h e g iven va lue o f g . A t a s w i t c h - p o i n t b e t w e e n t w o t echn iques , any 
c o n v e x c o m b i n a t i o n o f t h e t w o t echn iques c a n b e used. W h e n th i s p rocedu re 
has been f o l l o w e d f o r each feasible va lue o f r , t he p r o d u c t i o n f u n c t i o n can 
be c o n s t r u c t e d . I f r e s w i t c h i n g occurs , a t e c h n i q u e w i l l c o n t r i b u t e t w o o r 
m o r e segments t o t he p r o d u c t i o n f u n c t i o n , these segments b e i n g separated 
b y segments c o n t r i b u t e d b y o t h e r t e c h n i q u e s . T h e r e s w i t c h i n g p h e n o m e n o n 
creates w e l l - k n o w n p r o b l e m s f o r some e c o n o m i s t s ; f r o m the p o i n t o f v i e w o f 
production, t w o i d e n t i c a l p l an t s do not represent t w o i d e n t i c a l p l an t s 
( S o l o w ( 1 9 5 5 ) , p . 1 0 1 ) . 

C A S E 2 L e t g = g 2 a n d T < g2 < T . A g a i n u s ing ( 7 ) — ( 1 0 ) , w e have 

ccS?>%2) < cflCvg2) . 
k a ( F , g 2 ) > k0(7 ,g 2 ) ( 1 3 ) 

Ya^>82) > yjj(F.g2) 
a n d 

c a ( i ' S 2 ) < c f l ( ^ g 2 ) 
k a ( r , g 2 ) < k ^ ( F , g 2 ) ( 1 4 ) 

y a ( F - g 2 ) < y p 1 ' ^ 

I t is clear t h a t , i n th i s case, c a p i t a l revers ing does n o t o c c u r at e i the r ( r , ^ v ) 
o r ( r , w ) . T h e p r o d u c t i o n f u n c t i o n c o r r e s p o n d i n g t o g = g 2 appears " w e l l -
b e h a v e d " . 

C A S E 3 L e t g = g 3 a n d ? < g 3 < \R.0 . U s i n g (7 ) - ( 1 0 ) , we have 

and 

^ f c g s ) > c 0 ( r ' g 3 ) 

yafcgs) < y^frgs) 

c a ^ ' S 3 ) > C 0 € ' S 3 ) 
ka(£? g 3 ) k j 3 ' ( L ' S 3 ) 
y-afc-gs) < y^^-gs) 

( 1 5 ) 

( 1 6 ) 

C a p i t a l revers ing occurs i n th is case, b u t n o t e at ( r , w ) and n o t at (F, w ) as 
i n the f i r s t case . .S imi lar c o m m e n t s r ega rd ing t he p r o d u c t i o n f u n c t i o n apply-



i n th i s case as i n t he f i r s t case; t he p r o d u c t i o n f u n c t i o n w i l l e x h i b i t "per­
verse" b e h a v i o u r , b u t i n th i s case at (F, w ) . 

I t is clear f r o m the th ree cases cons ide red above t h a t q u i t e dras t ic changes 
i n the p r o d u c t i o n f u n c t i o n can resu l t f r o m ve ry smal l changes i n g. F o r ex­
a m p l e , a change i n g f r o m 7—5 t o 7 + 5 , w h e r e 5 is a r b i t r a r i l y sma l l a n d pos i ­
t i v e , w i l l e l i m i n a t e cap i t a l revers ing at ( r , w ) . L i k e w i s e , a change i n g f r o m 
7—6 t o 7+5 w i l l i n t r o d u c e c a p i t a l revers ing at (7, w ) . 

I n th i s s ec t i on , we e x a m i n e c o n c l u s i o n ( i i ) i n the c o n t e x t o f a g r o w i n g 
e c o n o m y . O u r a r g u m e n t is i l l u s t r a t e d b y F igu re 7. I n th i s e x a m p l e , we have 
th ree t echn iques , ( a ) , (|3) a n d (7) , t w o s w i t c h - p o i n t s , (F, w ) and ( r , w ) , and 
n o r e s w i t c h i n g . W i t h regard t o cho ice o f t e c h n i q u e , the s w i t c h - p o i n t ( r , w ) 
b e t w e e n (j3) a n d (7) can be i g n o r e d as b o t h t echn iques are d o m i n a t e d b y 
( a ) over the i n t e r v a l [ 0 , r ) . H o w e v e r , f o r o t h e r reasons, th i s s w i t c h - p o i n t 
s h o u l d n o t be i g n o r e d , as w i l l b e c o m e clear . 

I l l 

C A S E 4 L e t g = g 4 < Y . F r o m ( 7 ) - ( 1 0 ) , w e have 

a n d 

ca(*> §4) > cpF> §4) 
kafc 84) > k f l f o §4) 
y a f c § 4 ) > kp(*' §4) 

( 1 7 ) 

c 0 ( r > g 4 ) < c T ( F , g 4 ) 
k 0 ( r . 84) < k

7 v l > 84) 
V0(r , g 4 ) < y 7 ( r , g 4 ) . 

( 1 8 ) 

So w e have c a p i t a l revers ing at (F, w ) . 

C A S E 5 L e t g = g 5 a n d r < g 5 < 7 . F r o m ( 7 ) - ( 1 0 ) , w e have 

a n d 

caF> 85) > c/sfc 85) 
k a ( ^ > 85) > fyfr 85) 
y a ( r ' 85) > kp£> 85) 

( 1 9 ) 

c j 3 0 j S 5 ) > c 7 ( r > 8 5 ) 
85) > k 7 ^ ' 85) 

y 0 ( r > 85) > y 7 ( ? - 85) . 



I t is clear t h a t there is n o c a p i t a l revers ing i n th is case. As there is n o re-
s w i t c h i n g , b y c o n s t r u c t i o n , i t f o l l o w s t h a t t he p r o d u c t i o n f u n c t i o n i n t h i s 
case w i l l be m o r e we l l -behaved t h a n t h e p r o d u c t i o n f u n c t i o n o f Case 4 . 

C A S E 6 L e t g = . g 6 a n d ? < g 6 < R a . U s i n g ( 7 ) - ( 1 0 ) , we have 

c a ( 7 > §6) < c / j fc §6) 
kaF> 66) > kfi> §6) 
ya^' §6) > yjsCf, g6) 

a n d 
c j 3 v r , g 6 ) > c

7 ( r , g 6 ) 
k ^ g 6 ) > k 7 ^ ' § 6 ) 

So, there is n o c a p i t a l revers ing i n t h i s case, as i n Case 5. 
T e c h n i q u e (a ) c a n n o t s u p p o r t a g r o w t h ra te greater t h a n R a > H e n c e , i f g is 

greater t h a n R a , we can ignore t e c h n i q u e ( a ) w h i c h leaves us w i t h the ex­
a m p l e ana lysed i n S e c t i o n I I . So Cases 7 (whe re g = gy a n d R f l < gy < r ) and 
8 (whe re g - gg a n d 7 < gg < R ^ ) have a l ready been discussed. 

T h e analysis o f th is s ec t i on c o n f i r m s t he c o n c l u s i o n o f t he p rev ious sec­
t i o n r ega rd ing t he e f fec t o f changes i n g o n t he p r o d u c t i o n f u n c t i o n . F u r t h e r ­
m o r e , c o n s i d e r a t i o n o f Cases 4 a n d 5 leads us t o c o n c l u d e t h a t w h a t happens 
o f f the wage f r o n t i e r ( o r t he c o n s u m p t i o n - g r o w t h f r o n t i e r ) m a y w e l l be 
i m p o r t a n t . T e c h n i q u e s (j3) a n d (7) have a s w i t c h - p o i n t ( r , w ) w h i c h is i r re le ­
v a n t w h e n e x a m i n i n g cho ice o f t e c h n i q u e because the s w i t c h - p o i n t occurs i n 
an i n t e r v a l i n w h i c h b o t h t echn iques are d o m i n a t e d b y t e c h n i q u e (a ) . H o w ­
ever, k n o w l e d g e o f the wage curves o f (j3) a n d (7) over the i n t e r v a l ( 0 , T ) 
is c r u c i a l i n d e r i v i n g expressions ( 1 8 ) and ( 2 0 ) w h i c h establish re la t ions be­
t w e e n values o f ne t o u t p u t pe r m a n and c a p i t a l per m a n o f (]3) and (7) at 
s w i t c h - p o i n t s o n t he wage f r o n t i e r . 

I V 

Conclusions 
We m a y use the t e r m aggregate p r o d u c t i o n f u n c t i o n t o describe the rela­

t i o n b e t w e e n the value o f ne t o u t p u t pe r m a n and the value o f c ap i t a l per 
m a n . I t is e v i d e n t f r o m the above t h a t t he p r o d u c t i o n f u n c t i o n is dependen t 
o n the rate o f g r o w t h . We can c o n c l u d e t h a t i f there is a change i n the ra te 
o f g r o w t h , the p r o d u c t i o n f u n c t i o n w i l l change. T h i s w i l l occu r i f each t ech­
n i q u e can sustain the l o w e r a n d h ighe r rates o f g r o w t h ; i t w i l l also o c c u r i f a 
p a r t i c u l a r t e c h n i q u e c a n n o t sustain t h e h ighe r g r o w t h r a t e , f o r t h e n t he tech­
n i q u e w i l l c o n t r i b u t e t o t he p r o d u c t i o n f u n c t i o n at the l o w e r g r o w t h ra te , 
b u t n o t at the h igher g r o w t h ra te . F o r e x a m p l e , i n F igure 5, i f i n i t i a l l y 

( 2 1 ) 

( 2 2 ) 



g = gg w h e r e 1 < gg < R a , t h e n (a ) w i l l c o n t r i b u t e t o t he p r o d u c t i o n func­
t i o n , whereas i f g = g 7 w h e r e R a < gy < R ^ , ( a ) w i l l n o t c o n t r i b u t e t o t he 
p r o d u c t i o n f u n c t i o n . M o r e spec i f i ca l l y , we can see f r o m an e x a m i n a t i o n o f 
Cases 1 — 3 i n S e c t i o n I I a n d Cases 4 a n d 5 i n S e c t i o n I I I t h a t the shape o f 
t he p r o d u c t i o n f u n c t i o n m a y w e l l change i f there is a change i n the rate o f 
g r o w t h ; t he p r o d u c t i o n f u n c t i o n c o r r e s p o n d i n g t o g = g j ( i n Case 1) w i l l 
genera l ly have a d i f f e r e n t shape f r o m t h a t c o r r e s p o n d i n g t o g = g2 ( i n Case 2 ) . 
S i m i l a r inferences m a y be d r a w n b y c o m p a r i s o n o f o t h e r Cases (2 and 3, 1 
and 3, a n d 4 a n d 5 ) . 

A f a m i l i a r piece o f m o d e r n neo-classical c o m p a r a t i v e m a c r o - d y n a m i c 
analysis runs as f o l l o w s : i n a one-sector m o d e l , an increase i n the ( n a t u r a l ) 
ra te o f g r o w t h w i l l resu l t i n a decrease i n o u t p u t per m a n , c a p i t a l per m a n , 
the o u t p u t - c a p i t a l r a t i o , t he wage ra te , t he wage- ren ta l r a t i o , a n d an increase 
i n the r e n t a l rate (Wan , 1 9 7 1 ) 2 . These conc lu s ions m a y be d e r i v e d b y e x a m ­
i n i n g a d i ag ram such as t he one used b y W a n ( 1 9 7 1 , p . 4 5 ) . 3 T h e e q u i l i b r i u m 
p o s i t i o n is o b t a i n e d b y l o c a t i n g t he i n t e r s e c t i o n o f the curve k n / s and the 
p r o d u c t i o n f u n c t i o n f ( k ) . I t is assumed t h a t w h e n the ( n a t u r a l ) rate o f 
g r o w t h changes, the p r o d u c t i o n f u n c t i o n is n o t a f f ec ted . H o w e v e r , we have 
s h o w n t h a t th i s a s s u m p t i o n is n o t genera l ly v a l i d . I n d e e d , f r o m o u r analysis 
i n S e c t i o n I , we k n o w t h a t i n general the " m o v e m e n t " o f t he p r o d u c t i o n 
f u n c t i o n consequen t o n a change i n t h e g r o w t h ra te w i l l n o t be u n a m b i g u o u s . 
Suppose t h a t t he e c o n o m y has a n u m b e r o f t echn iques ava i lab le , some w i t h 
wage curves charac ter i sed b y F igu re 2 , o thers w i t h wage curves character­
ised b y F igure 4 , and f i n a l l y those w i t h wage curves charac ter i sed b y F igu re 
5. Suppose t h a t t he e c o n o m y has a ra te o f g r o w t h g = g i . We can c o n s t r u c t 
t he c o r r e s p o n d i n g p r o d u c t i o n f u n c t i o n (ca l l i t f i ) u s ing t he m e t h o d o u t l i n e d 
o n page 9 2 . N o w suppose t h a t there is a n o t h e r e c o n o m y w i t h t he same tech­
n iques ava i lab le , b u t the rate o f g r o w t h g = g2 ( t h a t is , i f we d o n o t w a n t 
t o say, suppose t h a t the e c o n o m y achieves s teady g r o w t h at a rate g = g2 
w i t h the same t e c h n i q u e s ) . We can c o n s t r u c t t he c o r r e s p o n d i n g p r o d u c t i o n 
f u n c t i o n (ca l l i t f 2 ) . W h a t w i l l be the r e l a t i o n b e t w e e n the t w o p r o d u c t i o n 
f u n c t i o n s ? F r o m o u r analysis i n S e c t i o n I , w e k n o w t h a t over some in te rva ls 
f2 w i l l l i e above f^ a n d over o t h e r in te rva l s f2 w i l l l i e b e l o w f^ . T h i s is w h a t 
was m e a n t w h e n we s ta ted above t h a t t he " m o v e m e n t " o f the p r o d u c t i o n 
f u n c t i o n w o u l d n o t be u n a m b i g u o u s . 

I f we are w i l l i n g to stay w i t h i n the conf ines o f a t rue o n e - c o m m o d i t y 
m o d e l ( f o r e x a m p l e , a c o r n - i n p u t , c o r n - o u t p u t m o d e l r e f e r r ed t o b y Pas ine t t i 
( 1 9 6 6 ) ) , t h e n t he c o m p a r a t i v e m a c r o - d y n a m i c results s ta ted above are v a l i d . 
Such a m o d e l is o b v i o u s l y o f l i m i t e d a p p l i c a b i l i t y and i t is l e g i t i m a t e t o en­
q u i r e h o w far t he results f o r t he o n e - c o m m o d i t y (o r l e e t s / b u t t e r / j e l l y ) 

2. These results are taken from Wan (1971) , p . 46 . 
3 . See Figure 26 on p. 45 of Wan (1971) . 



m o d e l ca r ry over t o mode l s w i t h d i s t i n c t c a p i t a l and c o n s u m p t i o n goods . 

O u r pu rpose here is n o t t o r e -examine the C a m b r i d g e con t rovers ies ; r a the r , i t 

is t o p o i n t o u t t h a t t he one-sector neo-classical m o d e l (as c o m m o n l y em­

p l o y e d ) is defec t ive i n i t s o w n t e rms . 
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