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Summary

We establish a well-posed Cauchy problem in Minkowski (R*, n), associated with a ra-
diating Klein-Gordon field ¥ (x) = e**4)(z?), in curvature coordinates {z* = t, p, 0, ¢}
on a static spherically symmetric spacetime (M, g). This is crucial to our primary
concern with proving an optimal L2-bound on the radiating field ¥, decaying at
asymptotic spatial infinity, and manifests as the content of our main Theorem 1:
A proof of the Sommerfeld Finiteness Condition for K-G radiation on (M, g).

In Chapter 1 we provide a context for this problem: we introduce the notion of well-
posedness, we outline the relevant Hilbert and associated Sobolev function spaces
and aspects of coupled Finstein-Matter systems. We define the tortoise coordi-
nate r(p) for mass parameter o?(r) = %f and the Synge isothermal metric dsg =
o (—dt* + dr?) + p*dQ? and show how Euler-Lagrange K-G: 0,9 (z) = 0, distills to
an elliptic-Helmholtz PDE in all R? outside a ball of radius 2Ry, for a radiating field
u(x) = £¢(z') with radial potential V: —Au + (& — ‘;‘—;)ﬁu +Vu+ 2%u = 0.

In Chapter 2 we detail the structure of the complete spacetime (M, g): as a per-
fect fluid ‘star’ inducing the Schwarzschild vacuum (M, gg) and form appropriate
coordinate charts and metrics for the physical system. In Chapter 3 we develop
the functional analytic methods to establish the Sommerfeld bound on u(x): using
antecedent results and theorems of the respective authors cited, we construct suit-
able Hilbert and Sobolev energy norms and bounds. With this set-up we formulate
the dual well-posed Cauchy problem as a hyperbolic wave equation in Minkowski
spacetime (R* 7) and with the structures we have developed prove some ancillary

lemmas using Spectral Theory, with particular focus on a novel light-cone argument

in Minkowski (R*, ), that supports the eventual proof of Theorem 1.
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Abstract

We formulate the covariant Euler-Lagrange equation for a real, massless, spin-zero,

Klein-Gordon (K-G) field ¢ (z) in curvature coordinates {t, p,0,¢} expressed by
Og%(z) = ¢V, V() =0, (1)
radiating with exponential time dependence of complex frequency z, so that
Y(t, p,0,0) = ez‘qﬁ(p, 9,¢) = e* ~(CL‘i), with the restriction: Re z =( > 0,

on a four dimensional connected spherically symmetric static spacetime, denoted by

(M, g) with canonical metric form
ds* = —f(p)dt* + h(p)dp® + p*(d6* + sin® Hd¢?). (2)

The coordinate p is a radial parameter with the property that the 2-sphere for con-
stant ¢, p has standard line element ds? = p?(d#*+sin® fd¢?) and with 0, ¢ the usual
spherical polar coordinates on 2-spheres; thus curvature coordinates are canonical co-
ordinates defined invariantly by the natural symmetries present. We are essentially
concerned with spatial decay at asymptotic infinity, where we seek to determine an
optimal L%-bound on the radiating K-G field 1(z%) — this is the so-called Sommer-
feld finiteness condition of the radiating problem, the proof of which is contained in
Theorem 1, the principal result of the thesis.

To develop the analysis we effect a transformation of the weakly interacting field
Y(z'), effectively defined on the background spacetime (M, g), to a field u(x) which
we can then interpret on a background Minkowski spacetime (R*, 7). This is to be

achieved by using the so-called tortoise coordinate r in the differential relation

%;2 = a?(r), for 0<7r<oo, (3)



where o*(r) is a mass parameter of the curved spacetime M, so that metric (2) on

(M, g) admits the alternative Synge isothermal form
ds® = g datda” = o*(r)(—dt* + dr?) + p*(r)(d6* + sin® 6d¢?). (4)

The transformation of the radiating K-G field ¢ in (1), i.e.

[y (%u(x)) =,  for axl = E@Z(mi), and where r = |x|, (5)

r
thus generates the central equation of our investigation: an elliptic-Helmholtz PDE
for the radiating field u(x), outside a closed ball B, of radius 2R, in R* Euclidian

space and given by

_Au(x) + (i Al

r2 2

) Ku(x) + V(r)u(x) + 2%u(x) = 0. (6)

The transformation from curved to flat spacetime induces the angular Laplacian term
‘;—;ﬁu, in addition an associated asymptotically bounded repulsive potential V(r),

such that
_1d%p

V(r) = pe

(7)

emerges naturally as a consequence of this transformation. The outgoing K-G
radiation decays on the exterior vacuum Schwarzschild spacetime (M, gy) where

p > po > 2M; and for tortoise r = r.(p), in which case we have

dp

: 2 _ 2Ms
(l) %:a(re)_l_

p

L

=; for 0 <y <o

and (i U =¥Vir <

<

Solving (7) yields the exterior tortoise or Wheeler coordinate

re(p) = p + 2M,log(p — 2M;) — 2M + const.



To further assist the analysis we modify the R3- homogeneous Helmholtz equation (6),
to the inhomogeneous form for @(x), as presented in (8) below

—Au(x) + <r_12 — a2(qr)> Xa(x) + V(r)ﬁ(x) + 2%4(x) = f(x). (8)

2
This is associated with the construction of a smooth artificial “source” function f(x),
necessarily compactly supported in the ball defined by B,. For our purposes 0 < r <
2Ry, where Ry is just a finite fixed radius. The potential V(r) agrees with V (r) for
r > Ry and satisfies its bounds everywhere. Since u(x) and @(x) agree for r > 2Rg
any estimates we prove for |&(x)| also apply to |u(x)| for any r > 2Ry. Crucially,
this construction enables a well-posed hyperbolic wave equation representation on
Minkowski (R*,7), associated with the dynamics of the transformed radiating field

u(x) of Eq. (8), and described by

a° 1 o
@U!(X,t) = |:A o (;t = _pj) KX -t V(T)] ’LU(X. t) =0, (9)

with smooth initial Cauchy data: w(0,x) = 0, Q,w(0,x) = f(x). The inhomoge-
neous elliptic-Helmholtz equation (8), derives from the standard Laplace transform

of the hyperbolic wave equation (9), that is, where

Bl = /0 " e, e = il = G, (10)

By finding the optimal L?-bound on % (x), in tortoise coordinate r = |x|, on Minkowski
spacetime (R%,7), we easily infer the bound on ¢(z") in curvature coordinates {p,0, ¢}
at asymptotic spatial infinity, i.e., on the exterior Schwarzschild spacetime (M, go).
To summarise this procedure: we transform the weakly interacting radiating field
Y(z') on (M,g) to a field u(x) on (R%7), we then modify u(x) in the ball B,

yielding the compactly supported inhomogeneous ‘source’ term f(x), we solve the



associated well-posed hyperbolic i.v.p. (9) for w(x,t) and Laplace transform it to get
the modified 4(x). Our analysis works if r is big enough, in which case the modified
@(x) of the inhomogeneous equation (8), is the same as u(x) of the homogeneous
equation (6).

Having established various results for well-posedness of (g1)(z) = 0, we then con-
structing suitable Hilbert and associated Sobolev space metric norms in (M, g) and
using related theorems developed by John Stalker and A. Shadi Tahvildar-Zadeh,
we prove the R3-Euclidian energy norm equalities. Following these authors by using
conservation of energy in R on w(x,t), in conjunction with the domain of depen-
dence and finite speed of propagation property of the hyperbolic wave equation (9),
in a light-cone argument on (R* n), we arrive at the result of Theorem 1: A proof
the Sommerfeld finiteness condition for scalar field ¥ on (M, g), interpreted as a field
u(x) on R3 such that the finiteness condition is the spherically restricted L*(S?)-
space decay estimate for the transformed outgoing radiating field u(x) ~ %e" and

expressed in the bound

1 —nezr 1 _—y
||U(X)HL2(52) < Cl(z)Hf(X)Hm(Ra);e pl C||U(X)||L2(R3);e o
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Chapter 1

Introduction

Unfathomablemind, now beacon, now sea.

Molloy, Samuel B. Beckett.

1.1 Outline of the Problem

1.1.1 The (M, g) Spacetime

A massless spin-zero Klein-Gordon field ¢ (z) radiates with exponential time depen-
dence of complex frequency z, on a four dimensional connected spherically symmetric

static spacetime (M, g) of canonical metric form
ds® = g datdz” = —f(p)dt* + h(p)dp* + p*(df* + sin® fdp?), (1.1)

in curvature coordinates {t, p, 0, ¢}; with covariant Euler-Lagrange equation for ¢ on

(M, g) given by
Og9(z) = ¢*'V,V,9(z) = 0. (1.2)

1



Informally a manifold M possesses a symmetry if its geometry is invariant under a
certain transformation that maps M into itself; i.e., if the metric is the same, in some
sense, from one point to another. Symmetries of the metric are called isometries.
Independence of the metric components on one or more coordinates implies the
existence of isometries. For example if 9,, g,, = 0 for some fixed o, (but for all of 1

and v), there will be a symmetry under translation along coordinate z7*, i.e.

0,.9, =0 = z7 =z +a’ is a symmetry.

All of the metric components of (1.1) are independent of coordinate ¢t = z°, writing

vector

£=08 =¢& = () = &,

(in component notation as &*), we say that £# generates the isometry; the trans-
formation under which the geometry is invariant is expressed infinitesimally as a
motion in the direction of £, it is called a Killing vector field. If £ satisfies Killing’s
equation

Vugu o vufu =0,

it is then always possible to find a coordinate system in which & = 0;. Killing fields
on a manifold are in one-to-one correspondence with continuous symmetries of the
metric on the manifold and every Killing vector implies the existence of conserved
quantities associated with geodesic motion. Appendix B and [1] provides more detail.
When there is a timelike Killing vector we can write the metric in a form where
it is independent of the timelike coordinate as in the metric (1.1), and Noether’s
theorem implies a conserved energy quantity. We state here an important theorem

due to Birkhoff [2]: any static spherically symmetric spacetime possesses a timelike

2



Killing field. The ideas introduced here will surface in greater detail throughout the
exposition.

More precisely on our M we assume a time-like action of R and a space-like action of
SO(3,R) commuting with it. These actions are without fixed points, except that at
most one R-orbit is allowed to be SO(3, R)-fixed, this is the time axis. A spacetime is
said to be spherically symmetric if its isometry group contains a subgroup isomorphic
to the group SO(3,R), and the orbits of this subgroup are two-dimensional spheres so
that the isometries may be interpreted physically as rotations, and thus a spherically
symmetric spacetime is one whose metric remains invariant under rotations. The
spacetime metric induces a metric on each orbit 2-sphere which, because of the
rotational symmetry must be a multiple of the metric of a unit 2-sphere and is
completely characterised by the total area A of the 2-sphere. Following closely
on Synge’s analysis of spherically symmetric spacetimes [3], we choose curvature

coordinate p defined by

A
A=

4’
so that in spherical coordinates (6,¢) the metric on each orbit 2-sphere takes the
form
dsf = p*(df?* + sin® 0d¢?).
This choice of coordinates achieves maximum simplicity for the Einstein-matter field

equations of the problem. By forming the differential

3_” —o(r), for 0<r<oo, (13)
T

such that a?(r) is an R x SO(3,R) invariant on M (interpreted as a mass param-

eter of the curved spacetime), it is possible to express the canonical metric (1.1)

3



alternatively, in terms of Synge’s isothermal coordinates by
ds® = g dr*ds” = o®(r)(—dt* + dr?) + p*(r)(d6? + sin® 0d¢?). (1.4)

In Chapter 2, Section 2.2.1, we will show that o?(r) = —£,£* for the timelike Killing
field £# which generates the R-action. Importantly for this problem, we note that

the quotient space Q, which we define by
(Q,9) = (M, 9)/SO(3,R), (1.5)
yields a conformally flat two-dimensional Lorentzian manifold in the (¢, r)-plane, i.e.
ds? = gudy’dy’ = o®(r)(—dt* + dr?),

isothermal coordinates can always be introduced on a compact domain of a regular
2-dimensional manifold. The conformally flat representation of (Q,3) is crucial to
our problem and it is on this basis we develop all our subsequent analysis (exploiting
known theorems in R™-spaces) culminating in the light-cone argument of the hy-
perbolic initial value problem (equation (9) of Abstract) in Minkowski spacetime
(R, 7).

Solving the differential equation (1.3) yields an explicit form for the so-called tortoise
coordinate r(p), of which two distinct forms emerge in the spacetime structure we
choose. These are labelled the interior tortoise r;(p) and the exterior tortoise r(p);
we configure (M, g) so that the former holds in a non-vacuum region 0 < p < pg
which contains a spherically symmetric distribution of homogeneous fluid matter,
contained in a volume

= 4

V(p()) == gﬂ.pga



the latter obtains in the vacuum region py < p < oo where the tortoise junction
condition at the fluid/vacuum interface is just 7;(py) = 7(po). As we will see in
Section 1.1.2, 7 is an increasing function of p so that 0 < r;(p) < 7:(po) and re(po) <

re(p) < 0. .

1.1.2 The Radiating K-G Equation

We seek an estimate or bound on the spatial decay of an outgoing, weakly interacting,

radiating field ¥ (z?), i.e.
U(z) = ety (z), Tt = {p,0, 9}, and Rez=(>0,

satisfying the Euler-Lagrange equation (1.2) and which effectively decays on the ez-
terior vacuum Schwarzschild spacetime (M, go). The stratagems we conduct to find
the bound on % form the body of the thesis, culminating in the proof of our main
theorem: Theorem 1.

This bound or estimate is known in the literature as the Sommerfeld finiteness con-
dition of the well-posed radiating problem, and understood at asymptotic spatial
infinity. The finiteness condition is usually encountered in conjunction with a second
condition known as the Sommerfeld radiation condition proper, which is concerned
with bounds on the radial derivative of a radiating field u(x) say, and typically pre-
sented for u(x) in R? as the bound on | (Z + ! + 2) u(x)[; the proof of this second
condition relies on the result established in Theorem 1, it is not however treated
in this work, requiring analysis in LP-spaces, but could feasibly form part of a future
extension of it. Together these two conditions prescribe the asymptotic behaviour of

the solutions of exterior boundary value problems for certain classes of partial dif-



ferential equations, usually describing the oscillatory behaviour of physical systems
and moreover, guarantee the uniqueness of their solutions. More often than not in
the literature, these radiation conditions appear as hypotheses of the investigations
concerning them. It is the goal of this thesis, however, following a long history of
previous endeavors [4], to pursue a proof of the finiteness condition in L2-Hilbert
space, specifically for the massless Klein-Gordon field radiating on the static, spher-
ically symmetric spacetime (M, g).

Assuming appropriate extremums for §)(x), from an action principle on (M, g) we

find the massless K-G equation

Ogp(z) = & ( Iglg““auw(x)> =0, (1.6)

.
Vgl
which we express in the isothermal coordinates of (1.4).

We note here that the K-G equation can be alternatively expressed in conformally

variant form

0;®(z) — %R@(m) =0, (1.7)

where ®(z) is the massless scalar field and R the Ricei scalar on (M,§). The
conformally invariant equation is discussed in the Appendix B. Very briefly, for the

reader familiar with the field equations of General Relativity in the form
Rp.u - _.a;wR = T(d)) (].8)

a subsequent perturbation calculation decouples the weakly interacting Klein-Gordon
field ®(z) with energy-momentum tensor Tﬁ)) from (M, g). This yields the weak
field approximation, i.e.

FUT =T'w0, (1.9)

6



and consequently, by contracting equations (1.8) with g#*, i.e.
~uv 1 SHYs D D — zhvep(®)
g R#,,—gg gwR=-R=g"T, ) =T=0, (1.10)

we see the Ricci scalar R ~ 0 so that we are solving a conformally invariant radiating

K-G equation

R, =0, (1.11)

solving this in curvature coordinates {t,p,0, ¢} for a static spherically symmetric
spacetime yields the well known ezterior or vacuum Schwarzschild spacetime (M, go)

of mass parameter M;, given in canonical form by

dsZ, = — (1 - %) dt* + (1 - 2‘24“‘) R dp* + p*(d6* + sin? 0d¢?),  (1.12)
so that our wave equation (1.6) in the weak field case, g ~ gy, is given by
Oy (z) = 0. (1.13)
In isothermal coordinates the exterior metric takes the form
ds2., = (go)wdz’dz” = o®(re)(—dt® + dr?) + p?(r)(d6? + sin? 6d¢?), (1.14)

with positive mass parameter o?(r.) got from the canonical form (1.12)

2M;,

a?(r.) =1 > 0, (1.15)



in the domain of application p > py > 2M,. For this problem ds? represents the
vacuum metric outside a compact spherically symmetric matter source, parametrised
by M, confined to the sphere radius of py > 2M,, i.e.
po
M, = mipo) = 4 [ de (@),
where dp(p) is the fluid energy density, this model is discussed in more detail in

Chapter 2. The explicit form of the exterior tortoise coordinate r.(p) is given by

o oM, \ !
re(p) =/ (1— 5 ) dp = p — 2M, + 2M,log(p — 2M,) + k1, (1.16)
PO

an increasing function of p. An expedient use of metric coefficients (go),, in isother-

mal coordinates finds

i a2w 1 0 ( 28_1,[1) - a2(re)4xl/} = . (117)

a T)= - — ——
w¥(2) otz p2or or p2
We note here, in the interests of clarity, what we will later prove in Section 2.2.3,

that the metric ds?

int?

describing the interior spherically symmetric spacetime (M, g;)
i.e., in the non-vacuum region 0 < p < py of a spherically symmetric distribution of

homogeneous fluid matter can be similarly expressed in isothermal coordinate form

ds? = (G hedePde” = (1) (=dt? + dr?) + p*(r)(df? + sin® 0dp?), (1.18)

int

again with positive mass parameter o?(r;) obtained from Synge’s incompressible fluid
sphere solution [3]. What we have then is the complete Schwarzschild field for the
interior 0 < p < po and exterior py < p < o0, describing the entire spacetime

(Maq) = (M)gz) U (M7QO) for 0 < p < 00, ie.

ds* = o®(r)(—dt* + dr?®) + p*(r)(d6* + sin® 6d¢?), (1.19)

8



and for 0 < r < oo the K-G equation on all (M, g) is then

Py 18 ( 2a¢> a?(r)

A p: K = 0. (1.20)

Og9(x)
We note the conformally invariant form (1.7) of K-G on (M, g;) would look like
1
0, T(z) — {3 — de()} T(2) = 0. (1.21)

for fluid pressure p(p) and density dr(p), this has the form of a massive K-G field.

1.1.3 The Initial Value Problem

For an outgoing radiating field on (M, g) with complex exponential time dependence
of frequency z, for Re z = ¢ > 0, expressed in curvature coordinates {t, p, 0, ¢} with

2% =t we have

Bty = @) = ulz) = 20,0, 0). (1.22)

Transforming 1 of equation (1.20) to u(x), via the tortoise coordinate r = |x| where
_ P

u(x) = ~9(z), (1.23)

with ¢ = e"’tz/;, we eventually arrive at a dual flat space inhomogeneous elliptic-

Helmholtz equation representation of equation (1.6) above, expressed by
—AG(x) + F(r)&a(x) + V(r)ax) + 22ux) = f(x). (1.24)

It is the Minkowski spacetime representation of the K-G equation (1.20) on (M, g)
and the central equation of our investigation, describing the radiating field 4(x) in

all R3. The radial coefficient of the Xi(x) term and the radial ‘potential’ functions

o? ~ " (r
F(T)'—‘iz—?, Vir)= o { )’ (1.25)

=



will be seen to emerge as a consequence of the transformation (1.23), which maps the
scalar field ¢ on (M, g) to the field u, now interpreted on the flat spacetime (R*, 7).
As we will demonstrate in Section 3.3.2, the construction of the smooth compactly
supported ‘source’ function f(x) enables the radiating problem on the complete
Schwarzschild spacetime M, as outlined, to be interpreted by the R*-inhomogeneous
Helmholtz equation (1.24). In very stark terms we map the conformally flattened
spherical interior matter source of M into the compact domain of f in R3 and
the conformally flattened exterior vacuum into everywhere else outside the compact
set, in this way we solve the radiating problem as a well-posed problem in (R*, 7).
In Chapter 2, Section 3.3.1, we show the effective potential V(r) is well behaved,

repulsive and asymptotically bounded, i.e.

Ve, = 2 - 2 (1 2L

>0 > pp > 2M,, 1.26

with an upper bound given by

&,

27

0 <V(r) < for 0<r<o0. (1.27)

<

Our transformed radiating problem for the modified field @(x) in all R?, governed by
the inhomogeneous elliptic-Helmholtz equation of (1.24), is interpreted on the R3*+!
Minkowski spacetime in coordinates {t,r,6, ¢} for 0 < r < oo, as a hyperbolic initial

value problem for the spacetime function w(x,t) given by

g—;w(x, g} — [A i (T% - a;@) X+ V(T‘)] w(x,t) =0, (1.28)

with initial Cauchy data, w(0,x) = 0 and J,w(0,x) = f(x).

In Chapter 3 we will show that this is because (1.28) can be associated with the

10



inhomogeneous elliptic-Helmholtz equation of (1.24) in the following way: writing

the differential operator

2

1
—-B=A+ (—2—%)4X+V(r), (1.29)
r2  p
so that equation (1.24) is the Laplace transform £ of equation (1.28), i.e.
L{wy(x,8)} + B - L{w(x,t)} = B - a(x) + 2*u(x), (1.30)

where

Llulxt)} = /Ooow(x, te “dt = Ux). (1.31)
Proving this by Hilbert space spectral methods we then establish a well-posed
Cauchy problem for the hyperbolic wave equation of (1.28). Exploiting the domain of
dependence and finite speed of propagation properties of the initial value problem in
(R*,n), following Stalker et al. (5], we employ the light-cone argument of Section 3.5
to find, finally, a spherically restricted optimal L?-bound on the field u(x), in other
words the Sommerfeld radiation bound for the outgoing radiating K-G field.
In seeking to prove these bounded estimates, we are led to a carefully detailed con-
sideration of the Cauchy problem in Chapter 3, for the dynamics of the scalar field
w(t, x) associated with appropriately defined generic initial data w(0, x) and w;(0, x)
prescribed on a domain of dependence, described by a spherically restricted spacelike

hypersurface D () in (R%, 7).

1.1.4 The Complete Schwarzschild Spacetime

The Klein-Gordon field v is weakly interacting and as alluded to in Section 1.1 can

be interpreted as a test field on the entire static spherically symmetric spacetime

11



(M, g) with metric form
ds® = g, dr*dz” = —f(p)dt* + h(p)dp* + p*(db? + sin® 0d¢?),
in curvature coordinates {t,p,0, ¢} or by the equivalent isothermal form
ds* = o?(r)(=dt* + dr®) + p*(r)(d6* + sin® 6d¢?),

in tortoise r(p). We are ultimately concerned with the spatial decay of outgoing
radiation, that is to say, in the exterior vacuum spacetime (M, go) where R,, = 0

and

2M i)
dsty = — (1 =y ) dt? + (1 - 2]/\)43> dp? + p*dQ2. (1.32)

The original interpretation of (1.32) was that it modelled the gravitational field in a
vacuum region outside a spherically symmetric matter source My, a star for example,
and (1.32) was considered only in some coordinate range p > pg, for a py > 2M;.
The metric was matched at p = py to a static interior metric satisfying the coupled
Einstein-Euler system of (1.8) in the interior p < po. This latter metric is of the
form (1.32), but with My = M;(p) such that M; — 0 as p — 0. A natural problem
poses itself if we do away with the star M; altogether and consider (1.32) for all values
of p. At p = 2M,, the metric appears to be singular in (¢, p)-coordinates, however,
with a change of coordinates, this metric can be extended regularly as a solution
of R,, = 0 beyond p = 2M,. That is, there exists a manifold M that contains
both a region p > 2M, and a region 0 < p < 2M,, separated by a regular (null)
hypersurface, the event horizon H*. The metric element (1.32) is valid everywhere
except on H*, where it must be rewritten in regular coordinates.

The hypersurface H* is characterised by an exceptional global property: it defines

12



the boundary of the region of spacetime that can send signals to null infinity Z%,
or in physical interpretation, to distant observers. In general, the set of points
that cannot send signals to null infinity Z* is known as the black hole region of
spacetime, where 0 < p < 2M, and H™ is the event horizon. The global geometry
of the extended spacetime M was clarified by J.L. Synge and later by Kruskal and
Szekeres. These issues took a while to sort out in my thesis:

A person will be imprisoned in a room with a door that is unlocked and opens out-

wards; as long as it does not occur to him to push rather than pull it. [6]

I started with the idea of radiation on a black hole spacetime, to which I became
morbidly attached, notwithstanding that the radiation decays in the asymptotic vac-
uum Schwarzschild region (M, gy) and was easier solved for a nice matter source,
which could be conformally flattened by a positive mass parameter o?(r), that ad-
mits a timelike Killing field, as enabled by the perfect fluid interior solution (M, g;).
Birkhoff’s theorem [2] guarantees that the Schwarzschild metric is the unique vac-
uum solution with spherical symmetry.

So we follow the interpretation of the field outside a static spherically symmetric
distribution of matter, parametrised by positive constant M,. Of course its energy-
momentum tensor must represent a physically realistic matter field, in the sense that
it must necessarily describe a positive energy density that dominates any interior
stresses present, or more precisely, it must satisfy a dominant energy condition [7].
The positive character of energy density dominates gravitation theory and this im-
portant idea is treated in more detail in Appendix B. The choice of gravitating
source does not affect the statement of Theorem 1, and there is no loss in general-

ity if we elect to generate the exterior vacuum spacetime (M, go) with a spherically
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symmetric distribution of perfect fluid, centred on curvature coordinate p = 0, as
describe below. In this way the complete description for (M, g) is made possible.
Put simply, the perfect fluid source is chosen to avoid tedious, unnecessary (and pos-
sibly hazardous!) mathematical arguments arising from the coordinate peculiarities
and other subtleties of the extended vacuum Schwarzschild topology. As mentioned
above the Schwarzschild black hole exterior or naked singularity spacetimes are also
described by metric (1.32), but present difficulties when transformed, in the manner
described by the tortoise coordinate r(p), to the complete Minkowski setting (R*, 7).
In particular, as we will see in Section 3.1, for a® < 0 negative energy interpretations
arise, which happens when the Killing vector field £* = 0, goes from being timelike
to spacelike in the black hole region 0 < p < 2M,.

A perfect fluid is defined as one for which there are no forces between its constituent
particles and no heat conduction or viscosity in the fluid’s instantaneous rest frame.
The interior Schwarzschild solution describing this model, as discovered by Synge, is
treated in greater detail in Section 2.2.2 . As Synge has proven and comprehensively
discussed in Chapter VII of his classic text [3], concerning spherically symmetric
fields, a static spherically symmetric perfect fluid solution can always be matched
to the Schwarzschild vacuum across a spherical surface and can thus be used as an
interior solution in a stellar model. This is because the free boundary condition for
fluids is zero pressure and the spherically symmetric Schwarzschild vacuum has zero
pressure, and so can be matched for continuous radial pressure across the stellar
boundary, we will return to this idea in 2.2.2. As we will see there, the fluid solution
is an exact solution of the Einstein field equations in which the gravitational field is

produced entirely by the mass, momentum and stress energy density of the fluid and
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as such, confers a degree of simplicity on the analysis, another reason why we put it
to use here [3].

In Section 2.2.2 we will also consider in detail the appropriate formulation for the
interior tortoise coordinate r;(p), corresponding to interior mass parameter o?(r;)

where

dp

dr = a2(7'i), for 0< 4 S Po,

this is then solved to achieve a conformally flat representation for the quotient mani-
fold M /SO(3,R) of the interior spherically symmetric spacetime (M, g;), and should
match the vacuum solution at the stellar surface py, i.e., where 7;(pg) = 7(po)-

We follow this procedure to represent the original problem of gravitating perfect fluid
star and radiating scalar field ¢(z*) on the complete Schwarzschild spacetime (M, g).
Ultimately this manifests as the well-posed hyperbolic i.v.p. of equation (1.28), when
mapped via the isothermal metric into the entire (¢,7)-plane of the spherically sym-

metric Minkowski spacetime (R?*,7)
ds? = —dt® + dr® + r*(d6” + sin® 0d¢?) = —dt* + dr.dr.

In Section 3.4, using conservation of energy and prior analysis [5]  we solve our

hyperbolic i.v.p.,
wy(x,t) + B - w(x,t) =0, W, x) =0, 4u0x%x = f(z],

to establish L?-bounds on u(x), in the region r > 2Ry, exterior to the ball B, where

compactly supported generic initial datum f(x) lives.
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1.1.5 Theorem 1: The Sommerfeld Radiation Bound in R?

Here we summarise the terminology and content of Theorem 1: our proof of the
Sommerfeld radiation bound. A weakly interacting K-G field ¥ (x) governed by Euler-
Lagrange Oyt (z) = 0, radiates with complex frequency z, i.e., ¢¥(z) = e“@(mi) on a

static spherically symmetric spacetime (M, g) with metric form
ds* = —f(p)dt* + h(p)dp® + p*(df* + sin® Odp*)

in curvature coordinates {t,p,0,¢}. The outgoing radiation effectively decays on
the exterior vacuum Schwarzschild spacetime (M, go). Without loss of generality we
choose to generate the exterior Schwarzschild vacuum with a spherically symmetric
compactly supported perfect fluid source of mass M, centred at p = 0. Using a

tortoise coordinate representation r(p) where
dp 2
— =a’(r U= 7r< oo,
Y —o?r), 0sr<o
we form the equivalent isothermal metric form

ds® = g, dx"dz’ = o*(r)(—dt?* + dr?) + p*(r)(d6* + sin® 8d¢?),

so that K-G is

Ogth(z) = 5 — o)~ Av=0.

0% 10 [ ,0¢ _a2(r)
oo ?5< _>

The mass parameter/conformal factor a?(r) assumes two distinct forms in M:
a?(r;) in the Schwarzschild interior (M, g;), 0<p<poy, r(p)=r;,

o?(r,) in the Schwarzschild exterior (M, go), po < p < oo, 1(p)=re.

16



Under the transformation u(x) = ’—:1['(/), 6. ¢) the K-G equation 0Oy%, becomes

—Au(x) + (i = %) Au(x) + V(r)u(x) + 22u(x) =0,

P
which is, in particular, non-trivially satisfied for r = |x| > 2R, > 0. We want the
Sommerfeld radiation bound on ¥ (z) = e*'1)(z') which decays on the vacuum region

of (M, g), i.e., on the Schwarzschild exterior (M, go), there we have
_ _ P
U(X) = uE(x) - :¢e(pa 0a ¢)

and |u.(x)| is the bound sought in the region 2R, < |x| < co. We find

2M
a2(7‘)|7":7‘e = L= _/)—7 2Ms < Po < P < 00,

and also the repulsive potential V', given there by

1d%p 2M 2M,
|4 r=r = s = : I~ : ) 2]\/]9 < ’
(r) lr=r. p dr? PE < P ) Po < p <00
with upper bound
OSV(T‘)S%, 0 €7 < o0,
r

similarly we have

a?(r) 1 2M C
— P ) [ i ) G 2M 00
), = p () s @ M<mep<o
so that
1 a? #
F(T) = —ﬁ—? S ﬁ’

for generic constants C'. We are muainly interested in the asymptotic behaviour of
u(x) near infinity, and so we assume without loss of generality that R > 2Ry > ||~
Theorem 1 then establishes the optimal L?(IR*)-bound on u(x), in other words we

prove the Sommerfeld finiteness comdition.
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Theorem 1 Let u(x) € L*(R3?) be a solution of the elliptic-Helmholtz equation given

by

—Au(x) + (r—lz - O‘;(Qr)

outside a ball B,, for 2Ry < r < 0o. Suppose that V(r) is a positive potential

) Ku(x) + V(r)u(x) + 2*u(x) = 0, Hez=1¢ =10,

satisfying the bounds
U
0 < Vin< =
for all v = |x| > 2Ry and suppose also that o*(r) is a mass parameter of the static

spherically symmetric spacetime (M, g) with isothermal metric
ds® = o*(r)(—dt? + dr?®) + p*dQ>.

There are then R > 0 and Ci(|z|) constants such that the following spherically

restricted bound is satisfied for r > R’
|
lu()llz2(s2) < Cr(2)llullz2mey ~e™",

that is, we prove the Sommerfeld radiation bound on the field u(x) outside a compact

source in R3.

It is clear enough that the decay rate is optimal in the case of a spherically symmetric
potential. We note that the dependence of the constant C}(z) on the argument of
z prevents the use of this theorem to derive estimates on analytic functions of the
Schrodinger operator —A + V(r) by contour integration. Before dealing with the
details of this proof it is worthwhile to firs; locate our problem within the wider
historical context of the Sommerfeld radiation conditions, as presented in the math-

ematical literature heretofore.
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1.2 Review of the Sommerfeld Radiation Problem

In order for a partial differential equation to represent a plausible model of the physi-
cal problem it must necessarily be well-posed. Well-posed problems consist of a PDE
in a suitable domain together with a set of initial and/or boundary conditions (or

other auxiliary conditions) that possess the following three fundamental properties:
(i) Emistence: At least one solution exists that satisfies all three conditions.

(i1) Uniqueness: At most one solution exists.

(iii) Stability: The unique solution depends in a stable manner on the data of the
problem. If the data are changed a little, then the corresponding solution

changes only a little.

In accordance with these properties and in particular with the requirements of (i)
and (ii), the mathematical physicist Arnold Sommerfeld, in a comprehensive trea-
tise on the partial differential equations of mathematical physics [8], first introduced
the eponymous condition of radiation for a scalar field u(x) in R?, satisfying the

Helmholtz equation —Awu + k?u = 0. This key extract is reproduced here:

. With increasing domain the eigenvalues become closer and closer; for an
infinite domain they are dense everywhere; we then deal with a continuous spectrum
of eigenvalues. Let us consider, e.g., the interior of a sphere of radius a for vanishing
boundary values. For the case of purely radial oscillations its eigenvalues are given by

the equation

Yolkya) =0,  to(p) = %—’3
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Hence k,a = vm and the difference of successive eigenvalues is

An,,z%—)O for a — 0.
We may therefore consider the function g (kr) which is everywhere regular and van-
ishes at infinity as an eigenfunction of infinite space. Thus, if we have an acoustic
or an optical problem in which the prescribed sources are in the finite domain (with
a discrete or a continuous distribution), and which is to be solved for a given wave
number k, then we can always add the function 1y to the solution. Hence oscillation
problems (in contrast to potential problems) are not determined uniquely by their
prescribed sources in the finite domain. This paradoxical result shows that the con-
dition of wanishing at infinity is not sufficient, and that we have to replace it by a
stronger condition at infinity. We call it the condition of radiation: the sources must
be sources, not sinks, of energy. The energy which is radiated from the sources must
scatter to infinity; no energy may be radiated from infinity into the prescribed singu-
larities of the field (plane waves are excluded since for them even the condition u = 0

fails to hold at infinity). For our special eigenfunctions

tk|r| —tk|r|
ol = 2% <e e )

r r

the state of affairs is simple: for the time dependence exp(—wt), e"*" /r is a radiated,
e ' /r an absorbed, 1o(kr) a standing wave (nodal surfaces kr = vm). By excluding
absorption from infinity we exclude the addition of the eigenfunction o (xr). Hence

the permissible singularities are restricted to the “outgoing” form
eLklrl
Iz

For these singularities we have the condition

! ou
Tl_l*r{.lor <—C,; — Lk:u) = ().
It is called the general condition of radiation and we shall apply it to all acoustic

and electrodynamic oscillation problems that are generated by sources in the finite

domain.
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By imposing this condition of radiation, the ezxistence and uniqueness of the solu-
tions of certain exterior boundary value problems, i.e., requirements (i) and (ii) of
the well-posed problem are met. Such problems generally describe wave propagation
phenomena, usually where incident and scattered radiation is being considered. Ex-
pressed mathematically, these problems usually take the form of an exterior Dirichlet
or Neumann problem for the Helmholtz equations describing them. For scattered
radiation the condition is applied at asymptotic spatial infinity, and when added to
the statement of the boundary values, singles out the unique solution, in physical
applications, which represents the “outgoing” radiation field only.

In the quoted extract Sommerfeld instances the spherical wave solution u(r) which
is outgoing with a plus sign and ncoming with a minus sign. The outgoing wave
satisfies the radiation condition, as he defines it, but the incoming one does not. For

the outgoing solution in R? we then have two conditions:

(i) lim, e |ru(r)| is bounded, this is the finiteness condition.

(ii) lim, e |1(0/0r — tk)u(r)| — 0, this is the radiation condition proper.

The Sommerfeld radiation conditions, applied as boundary conditions at spatial in-
finity, guarantee the uniqueness of solutions, and are so devised to concur with the
phenomenological experience (this is Physics after all!) that no energy is radiated
into the field sources from infinity. Sommerfeld’s proof of this is however restricted

to Green’s function solutions in R? only [9].
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1.2.1 Some Helmholtz Equations

When treatéd in the literature, the Sommerfeld radiation conditions usually assume
the status of hypotheses in the investigations concerning them, that is to say, they are
imposed as a priori conditions of the problem, and thus the uniqueness criterion of
the well-posed problem is met. This is particularly true when the frequency param-
eter z is allowed to be complex. This case was first treated by F. V. Atkinson [10] in
1949. In that paper the author addresses the fact that the two conditions advanced
by Sommerfeld do not purport to be rigorous mathematical arguments and goes on
to present a proof of the proposition that the Sommerfeld conditions do indeed confer

uniqueness on the solutions of the radiating Helmholtz problem.

In a challenging 1959 paper [11] the functional analyst Tosio Kato, also dealt with the
problem of the asymptotic behaviour, for [x| — oo, of solutions of the n-dimensional

reduced wave equation, expressed by
Au(x) + q(x)u(x) =0, (1.33)
for our purposes we write this in the form

—Au(x) + p(x)u(x) — du(x) =0, (1.34)

with A € C and p(x) > 0, considered in a domain |x| > 2R, > 0.
As Kato’s work is the starting point of our dissertation in some respects, and moti-
vates the pursuit of its central problem, that of finding an L?-bouud on the solution

u(x) of a Helmholtz equation with a positive potential V(x), we will expend some

cffort on its explication here. We have that x = (21,25, ,x,) is the variable real
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vector of length |x| = (22 4+ 22+ ---+22)2 =, and Ry an arbitrary but fixed radial
constant. By a solution is meant a complex-valued function u(x), of class C? for
|x| > Ry > 0, which satisfies (1.34). Amongst other things, Kato estimates the rate

of growth of the quantity

1

IS ullissns = | [ o is]" (1.35)

constructed from an arbitrary spherically restricted solution of (1.34), written as
Sru(x), the integrals being surface integrals over the spherical surface defined by
|x| = r. As stated by Kato the estimation of the quantities (1.35) requires different

methods according to the properties of the complex valued function as defined by

Kato distinguishes between various cases of q(x). The case of interest for us, that
is for A € C, with positive real part, and for a positive real potential p(x) > 0, is
covered in the Ezample 7, Section 6 of the 1959 paper, where Re e¢?q(x) < 0 and

|| < 17, we reproduce the extract here:

Let
q(x) = A = p(x)

where p(x) is real and non-negative whereas A is a non-real constant. By symmetry

it suffices to consider the case in which A = |[A|e!? with 0 < ¢ < 7. Then
Re €'q(x) <0,
is satisfied by any 6 such that %rr —p<0< %w. We have
s(r) = —sup Re e?q(x) > 6 = —|\| cos(8 + )
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so that dcosf takes its largest value |A[sin® 3¢ for 6 = 1(m — ¢) [ed. with Kato’s

radiation bound M(r) given by]
M(r) < coexp{—|\|'/?rsin %} =co exp{—Re(—/\)%r} =40

where (=\)'/2 is to be chosen in such a way that its real part is positive. As is
easily seen, the equality holds for some spherically symmetric solutions of Au(x) +

g(x)u(x) =0, when n =1 or n = 3 and p(x) = 0.
Importantly in this example the L? estimate on the spherically restricted u(x), i.e.
|| Sruel| p2(sm-1y < coexp{—Re(=\)?r}, (1.36)

is obtained without assuming anything in advance about the asymptotic behaviour
of the solution u(x). In conformity with this principle, the paper makes extensive use
of differential rather than integral inequalities. The results obtained in Kato’s paper
were subsequently shown to be limited on several fronts — namely only L2-control
of the angular variables is provided there and there is no proof of the derivative
estimate, this being the strong form of the radiation condition.

John G. Stalker and Shadi Tahvildar-Zadeh have recently established sharper decay
estimates than those provided by Kato. The Stalker and Tahvildar-Zadeh paper [5]
is similarly concerned with a Helmholtz equation in R", also modified with a well

behaved potential V' (x) (this corresponds to Kato’s choice of p(x)), and given by
—Au(x) + V(x)u(x) + 2*u(x) = 0, Re z=¢ >0, (1.37)

with V(x) satisfying more general conditions than the potential treated by Kato,

namely, for potentials satisfying the upper and lower bounds U and L, respectively

—F —2)?
=) <V(r) < 7%, with L= (n—4)_ and fj =1
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It succeeds in amending the aforementioned limitations of Kato’s paper; to wit the
authors prove that the L? functions u(x), which solve their Helmholtz equation (1.37)
outside a compactly supported source in R™, do indeed satisfy the strong form of the
Sommerfeld radiation condition — an improved L? decay estimate for u(x) is presented
and in addition L* control is also provided there.

The modified Euler-Lagrange equation in R?

1 o

—Au(x) + (ﬁ - ;;—)Au(x) + V(r)u(x) + 22u(x) = f(x), Re z >0, (1.38)

associated with the compactly supported inhomogeneous term f(x), and which is
the central equation of this investigation, models the outgoing radiating Klein-
Gordon field on the static spherically symmetric spacetime (M, g), in particular,
outside a static spherically symmetric incompressible fluid star, when this system is
transformed to the Minkowski spacetime (R*,7n). Equation (1.38) differs from the
Helmholtz equation treated by both Kato and Stalker (for R"), essentially in its an-
gular Laplacian term, the analysis of the influence of this term on the L” and L*

solutions would form part of a broader investigation.

1.3 Review of Functional Analysis

For most classes of partial differential equations it is not possible to write down a
tidy formula that solves them. However, there are many techniques for ascertaining
existence, uniqueness and stability or other quantitative features of such solutions.
These techniques come mainly from the analysis of function spaces. This section is
a brief summary of aspects of the theory and terminology of function spaces used in

this problem.
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Formally, a function space is a normed space X, the elements of which are functions
(with some fixed domain and range). Most of the standard function spaces of analysis
are also complete normed spaces known as Banach spaces. The norm | f||x of a
function f in X is the function spaces way of measuring how ‘large’ f is. It is
common for the norm to be defined by a simple formula and for the space X to
consist precisely of those functions f for which the resulting definition is sensible
and finite. Thus, the mere fact that a function f belongs to a space X can already
convey some qualitative information about that function. For example, it may imply
some regularity, decay or boundedness on the function f. The actual value of the
norm || f||x makes such information quantitative. That is to say it may tell us how
regular f is, how much decay it has or by which constant it is bounded. We will be
concerned in particular with the square integrable functions f, for which we have
the L?>-norm || f]|z2, and with the quantitative bounds of such functions, that is, we
want to know what is the smallest C > 0 such that [|f||,2 < C for all (or almost
all), z € R™.

Continuous functions on a compact domain D are bounded, so the most natural
norm to place on this space is the supremum norm. The supremum norm is the
norm associated with uniform convergence - it gives simultaneous control on the
size of |f(z)| for all z € D. However, this means that if there is a tiny set of
x for which |f(z)| is very large, then ||f||» is very large, even if a typical value
of |f(x)| is much smaller. In a physical field theory that produces, for example,
an L*™-bound for its field magnitude, this L*-bound then possesses an advantage
in its capacity to falsify hypotheses in the following way: imagine a physical field

of magnitude greater than the theoretical L*>®-bound was detected experimentally,
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assuming a rigorous mathematical analysis we would then be forced to review the
parameters and assumptions of the field theory. The L?*-bound which we establish
for the scalar field z[;(xl) as a root mean square average or average value over a
spherical surface could not do this; it is however, the easiest useful bound to find in
our problem and it is possible to use bootstrap and/or other techniques to ascertain
L? and L*®-bounds from the L?-bound. These are desirable for the reason exampled
above and because it is sometimes advantageous to work with norms that are less
influenced by the values of a function on small sets. The LP-norm of a function f
given by

1l = ( / f(@)Pdz)?,

is defined for 1 < p < oo and for any measurable f. The function space L? is the class
of measurable functions for which the above norm is finite. You might say informally
that while the L*™ norm is concerned solely with the “height” of a function, the L?
norms are concerned with a combination of the “height” and “width” of a function.
Particularly important among these norms is the aforementioned L2-norm space.
This is a Hilbert space endowed with exceptional symmetries, these are briefly out-
lined in the Appendix A, on aspects of Functional Analysis. It is often very useful,
particularly in the analysis of boundary value problems, to make use of the Hilbert
space structure, or at least a Banach space structure of the function spaces from
which the solutions are taken. Doing so makes it possible to apply the results of Func-
tional Analysis to the theory of linear and non-linear partial differential equations.
In many cases these methods are the only ones available in other cases they lead to
more definitive results. Our problem ultimately distills to a well-posed Cauchy initial

value problem and we rely heavily on the Hilbert space structure in our analysis.

27



1.3.1 Sobolev Spaces: Norms and Energy Conservation

The Lebesque norms control, to some extent, the height and width of a function, but
say nothing about regularity; a function in L?, for example, need not be differentiable
or even continuous. To incorporate such information we often use the notion of

Sobolev norms || f||wr.», defined for 1 < p < oo and k > 0 and denoted by

k

£ llwso =Y

J=0

o'f

5af || < (1.39)

P

The Sobolev Space W*P(Q) is the space of functions on a domain 2 for which this
norm is finite. Thus a function lies in W*? if it and its first k derivative all belong to
L?. Importantly we do not require f to be k times differentiable in the usual sense,
but rather in the weaker sense of distributions. We need to consider these generalized
differentiable functions because without them the space W*? would not be complete.
These function spaces adapted to the study of partial differential equations were first
introduced by S.L. Sobolev of Moscow State University (Lomonosov - now a dodgy
part of town). As defined here in (3.1.2), a Sobolev space is simply a vector space of
functions equipped with a norm that is a combination of LP-norms of the function
itself as well as its derivatives up to a given order, the derivatives understood in a
suitably weak sense in order to make the space a complete Banach space. Intuitively
then, a Sobolev space is a Banach or Hilbert space of functions with sufficiently
many derivatives for some application domain such as partial differential equations,
and equipped with a norm that measures both the size and smoothness of a member
function. Solutions of many classes of partial differential equations reside naturally in
Sobolev spaces rather than in classical spaces of continuous functions. Sobolev spaces

can be considered as one of the main tools that made possible the wide development
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of PDEs in the last several decades and are essential to our analysis here [12]. We
use mainly the W12(Q) = H(Q2) norm, interpreting it as the conserved “energy”

associated with a function

@l = [ [ (o + 3|25

where 1(z) is the solution of the Klein-Gordon equation in spacetime (M, g)

Q)dxf = (@) @y,

guﬂvuvuw(x) = 7ﬁtt(‘r) + A : 'w(CU) = O

The domain of the spatial operator A, defined on some initial domain Xy, is contained
within the closure of D(X,), the domain of dependence, under this norm. This norm
is also known as the first Sobolev norm of 1. We provide some formal notation for
definitions of various norms on the Sobolev spaces in the Appendix A where we also

explain the formal Sobolev space notation used throughout this work.
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Chapter 2

The Klein-Gordon Field on the

Static Spacetime

2.1 The Einstein-Matter System

Einstein’s theory of gravitation, as finally formulated by him in 1915, represented
a revolutionary development in the foundations of natural philosophy [13]. Geome-
try, inertia and gravity were unified as aspects of a single theoretical structure: the
Lorentzian metric, and expressed through the symmetric tensor g, assumed to exist
on a 4-dimensional continuum or differentiable manifold M known as spacetime. The
n-dimensional generalization of the object where Riemannian or Lorentzian metrics
naturally live is the manifold. Loosely speaking, a Lorentzian metric is one that
“looks locally like the Minkowski metric”, just as a Riemannian metric looks locally
Euclidian. Spacetime containing matter is thus described as a pseudo-Riemannian

manifold, with the gravitational force manifesting as a curvature of its geometry.
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Thus General Relativity allows the spacetime continuum not to be R* but instead
to be a general manifold M, which may very well be topologically inequivalent to
R*. We call the pair (M, g) a Lorentzian manifold. Properly put, the unknown in
the Einstein equations is not just g but the pair (M, g). Manifolds are the struc-
tures obtained by consistently smoothly pasting together local coordinate systems.
General Relativity postulates that this four-dimensional Lorentzian manifold (M, g),

endowed with metric g, is to satisfy the acclaimed Finstein field equations

1
G,uu = Ruu_ig;wR = KT[JV’ (21)

giving a geometrodynamic theory of gravitation. We take the Einstein equations
as a basic axiom; G, is the Einstein tensor expressed in terms of R,, and R, the
Ricci curvature tensor and scalar curvature of metric g, respectively. 7}, denotes a
symmetric 2-tensor on M known as the stress-energy-momentum tensor of matter
in the manifold and we set the gravitational coupling constant x = 87 G, where G is
Newton’s gravitational constant.

The tensor-field equations (2.1) must be coupled to “matter equations” satisfied by
a set of matter fields {¥;} defined on M, together with a constitutive relation deter-
mining 7}, from {g, ¥;}. These equations and relations are stipulated by the relevant
continuum field theory describing the matter. For our set-up in the Schwarzschild
exterior, the energy-momentum tensor T,ﬁ’f) is that of the massless, spin-zero scalar
Klein-Gordon field ¥ (z).

To construct an action for General Relativity, we must define a Lagrangian L which
is a scalar under general coordinate transformations and which depends on g, (these
are now the dynamical fields) and its derivatives. The simplest non-trivial scalar that

can be constructed from the metric and its derivatives is the Ricci scalar R, which
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depends on g,, and its first- and second-order derivatives. In fact, R is the only
scalar derivable from the metric tensor that depends on derivatives no higher than
second order. From our knowledge of gravitation as a manifestation of spacetime
curvature, we might expect L to be derived from the curvature tensor. Thus, in
searching for the simplest plausible variational principle for gravitation, one is led to
the Einstein-Hilbert action
Ser= / Ry/—gd'z
R

with Lagrangian density Lgy = R\/—g. Considering a variation g,, — g, + 0guw,
where dg,,, and its first derivative vanish on the boundary OR of the region R. For
arbitrary variation of FEinstein-Hilbert action, such that 0Sgy = 0, a standard, if

tedious, textbook calculation, i.e.
1
5551{ = 5/ R\/ —gd4.’L' = / (le - §gWR)(5g“’”\/—gd4x = O, (22)
R R

yields the vacuum Einstein field equations of (2.1), i.e., with energy-momentum
T, = 0. To develop the variational notion for other (non-gravitational) fields, we

simply add an extra term to the action to give

1
S=—Sgg+Sy= / (lﬁEH-f—[,M) d4122,
2K = \ 2K

where Sj; is the matter action and the factor 2%{ is chosen for convenience. Again

the corresponding field equations are got by a variation in the metric tensor, such
that g — g"” 4+ dg*”, and with vanishing on boundary OR, so that we have

1. @ 0
Legg+——~Ly=0.

0S8 = —
. 2K dgHv dogHv

From (2.2) we have
)

5 e = V=9Cur,
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and by asserting the definition for non-gravitational energy-momentum

O
b === \/——gég”" M,

we will then recover the field equations of (2.1) above.

T, (2.3)

2.1.1 Conservation of Energy-Momentum [

The quantities T),, defined in (2.3) are clearly tensorial. From the definition we see
T, is a symmetric tensor, as required by the full Einstein equations. More important,

however, we show how it obeys the covariant conservation equation
YV, 7" =0, (2.4)

From the definition in (2.3), the variation in the matter action resulting from a

variation in the metric is given by

0L p

1
8Sy= | —=8g™d*s = l/ T,.,09" /—gd*z = ——/ T 8g,,/—gd*z. (2.5)
r 09" 2Jr 2 Jr

Consider making an infinitesimal general coordinate transformation

7' = o# + £4(z),

where £*(z) is an infinitesimal smooth vector field. Since the action Sy is, by
construction, a covariant scalar, then we must have §Sy; = 0 under the coordinate
transformation. Following a standard text book calculation [34], requiring some

familiarity with variational and tensor calculus, we find

88w = [ T (9,6) v=ad'a =0, (2.6)
R
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and then using Leibnitz’ theorem for covariant differentiation of a product, we write

8y = / Vu(T*6, )V —gd'z - L(V#T“%\/—_gd“x = 0. (2.7)
R

We use the divergence theorem (Appendix B) to write the first integral as a surface
integral over the boundary OR in the usual manner. Assuming that the functions
&Y(z) vanish on the boundary OR this surface integral vanishes, leaving only the
second integral in (2:7) . Since the £#(x) are arbitrary, however, one immediately
finds that

vV,.T* =0, (2.8)
as required.
We note here that the existence of a timelike Killing vector £# allows us to define
a conserved energy for the entire spacetime. Given " and a conserved T*” we can

construct a current Jr that is automatically conserved
(V“f,,)TW + fu(vuTW) =0, (2'9)

the first term vanishes by Killing equation, the second by energy-momentum conser-
vation. For timelike £, we can integrate over a spacelike hypersurface ¥; to define

total energy [14]
Er = / JEn,/ydz, (2.10)
Lt
where v;; is induced metric on ¥, n, a normal vector to ¥ and in adapted coordinate

€ = guﬂgﬂ = gu;zég = Guo'= 900(52 = a?.

This result fits with our analysis of energy conservation in Section 3.1.2 where the

induced metric on the spacelike hypersurface ¢t = const. is given by
do = ap?dQdr and do = o 'do = p*dQdr,
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and the conserved current J9 in Killing direction & is
1 1 o?
JOZ,,TOV—_— T00=_2 a2 = 2
T § 60 th Tt 21/)1' i 2p2 IV¢| )

so that

1

a2
Zp—s / (w? + 97 + —2|Wl2> p*dQydr.
E¢=O'” p

2.1.2 The Klein-Gordon Field

This classical spacetime field (z) does not correspond to any familiar type of mat-
ter and indeed no such field has yet been observed directly in nature. On the other
hand there are indirect indications that such scalar fields play an important role in
current cosmological and quantum field theories. We work with the Euler-Lagrange
equation for the massless spin-zero wave field ¢(z) on the static spherically symmet-
ric spacetime (M, g). This particular system is one of the simplest to deal with from
a mathematical point of view, and perhaps offers valuable insights into the dynamics
of more complicated radiations on other families of related spacetimes. The premise
here being that knowledge of a one-component field acts as a reliable guide to the
behaviour of multi-component fields (such as electromagnetic A, or gravitational
Juv), with the main advantage gained in studying a non-gravitational test field, such
as the weakly interacting (), is that we can ignore the contributions of the field
energy to the manifold geometry [15]; this fact will be illustrated in a subsequent
simple perturbation calculation in Section 2.1.5, where the manifold (M, g), repre-
senting the static, spherically symmetric spacetime will thus be seen to be effectively
the unperturbed vacuum Schwarzschild exterior background (M, go), on which the

radiating field ¢(z') decays asymptotically at infinity.
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A considerable body of research exists on investigations of scalar fields on curved
spacetimes, concerned with ideas of well-posedness, metric stability, decay and scat-
tering [16] [17], and as a means of probing various cosmic censorship conjectures [18].
According to the extensive literature, such investigations in Schwarzschild (M, go)
can provide, with a degree of simplicity, useful qualitative information in respect of
the stability and asymptotic properties of various model black hole spacetimes or
their related stellar collapse scenarios [19] [15]. In particular, the massless Klein-
Gordon equation has been used heuristically to demonstrate the essentials of the
Schwarzschild metric perturbation problem and the related stability of static black
hole spacetimes, as it shares a similar structure to the mathematically more compli-
cated Regge- Wheeler equation of that problem [17] . These types of wave equations
persist as open research topics in classical General Relativity and there are a number
of excellent introductions and reviews of the subject available [20] [21].

Although our primary goal in this work is to obtain an optimal bound for the radiat-
ing scalar field ?ﬁ(x’), in other words, to prove the Sommerfeld finiteness condition,
we will also need to address the critical issue of well-posedness in this regard also.
This demands some rigour in the analysis of the Hilbert and the associated Sobolev

spaces arising in this problem.
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2.1.3 The Coupled K-G Field

Consider the action Sy for a real scalar field ¢(z) varying the action with respect

to the inverse metric g"”, rather than the field 1), we obtain

comparing this expression with (2.5) we see the energy-momentum tensor for real
scalar field ¥(z) is
(3 1 "
T = ViVt = 50w VoWV, (2.12)

On contraction of the Einstein equations (2.1) with ¢"”, in the absence of matter,

ie T, =0, we get

1 [
Ry, — §gﬂuR =0, = ¢"R, - 59# guwR =0, (2.13)
this is the vacuum solution, with Ricci tensor
R =10, (2.14)

The system of Equations (2.14) are known as the Einstein vacuum field equations,
solving for a spherically symmetric vacuum spacetime yields the Schwarzschild field

solution

~1
ds, = — (1 B ?%> de® + (1 = 2M5> dp? + p* (d6* + sin® 0d¢?) .
p p

The perturbation argument for the weakly interacting scalar field ¢ shows that our

problem effectively presents as a radiating field on the exterior vacuum Schwarzschild
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spacetime (M, go).

A physical solution of the field equations, in other words a spacetime, consists of the
manifold M together with its metric g. Two spacetimes are physically equivalent,
in other words, give rise to the same gravitational field if their respective metrics
can be transformed into each other. Mathematically, we should regard the physical
solutions of the Einstein field equations (2.1), as equivalence classes of spacetimes

possessing metrics which are related by legitimate coordinate transformations.

2.1.4 Conservation of Energy-Momentum]]:

We note that in classical field theory it is common to define also a canonical energy-
momentum tensor, based on Noether’s theorem which states that every continuous
symmetry of a Lagrangian implies a corresponding conservation current and conse-
quently its invariance under canonical spacetime translations z# — z# + a* leads to
the conservation of energy-momentum. The free massless scalar-field Lagrangian £

in flat spacetime (R*,n) with coordinates {z# =t,7,0, ¢} and metric
ds% = Ndztdr” = —dt* + dr? 4 r?(d6? + sin? 0d¢?) = —dt® + dr.dr,

is given by
L =n"0,9(x)0.(z), (2.15)
this is used to obtain the flat energy-momentum tensor in the the standard way, i.e.

oL
) TR o — [V
THU 8(8"1#) 81/1[} £77 )

il
= 0,Y0,9 — 577“"801/)8"11). (2.16)
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This quantity is conserved under canonical spacetime translations and as a conse-

quence of Noether’s theorem, we arrive at the energy-momentum conservation law
gar = (2.17)

The above relations embody the conservation of energy-momentum at a differen-
tial level. Integrating (2.17) between homologous hypersurfaces and applying the
Minkowski-space version of the divergence theorem we obtain global balance laws.
If T,z is assumed to be compactly supported, then, integrating between t = t; and
t = to we obtain

/ Toodztdz?dz® = / Toodztdz?da®.
=ty

t=to

With respect to the chosen Lorentz frame, the zeroth component of the above equa-
tion represents the conservation of total energy, while the remaining components
represent conservation of total momentum.

We need a method to obtain field equations of physical systems in General Rela-
tivity when the corresponding equations are known in Special Relativity. In this
instance (mimicking established practice), we invoke the so-called Principle of mini-
mal gravitational coupling — this is a simplicity principle of limited application which
is adequate to the task here as the Klein-Gordon ¢ (z) is a weakly interacting spin-
zero scalar field. Essentially minimal coupling says we should not add unnecessary
terms in making the transition from the Special to the General theory. Since in local
geodesic coordinates, the covariant derivative reduces to the ordinary derivative, we
can also express this principle as follows: in local geodesic coordinates the equations
of motion are those of Special Relativity. In practice this means that no terms explic-

itly containing the curvature tensor should be added in making this transition from a
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flat to a curved spacetime. Guided by this principle we substitute the curved metric
g" for the flat metric »* and in addition we ought to replace partial derivatives by
their covariant counterparts — for the scalar field ¢(z) these are in fact equivalent.
Consequently, for our system the field Lagrangian L, energy-momentum tensor 7,

and conservation law respectively are given by

L = ng;ﬂlivuiﬁ, (218)

1
T = VvV - 5¢*L, (2.19)
VI = & (2.20)

Importantly, equations (2.20), which we also derived in Section 2.1.1, as equa-
tions (2.8), is the analogue of Minkowski energy-momentum conservation equa-

tions (2.17) above. We note V# = ¢g"”V,, refers to the covariant connection

VaTy = Ty ~ 3Ty, — T3, T,

g

associated with metric g. Energy-momentum conservation is in agreement with the

Einstein field equations through the contracted Bianchi identities:
VeRabed + VeRabde + VaRapec = v[eRab]cda
these identities imply
be 1 be be be
Vb(R == §g R) = 0, or VbG = () = VbT = () (221)

It should be noted that the minimal coupling principle is not a symmetry principle
and its raison d’étre is really just its ease of application in aspects of General Rela-

tivity, it is not a general law and cannot be applied to all the equations of Physics. It
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does not, for example, apply to the equation of motion of the spin S of a rigid body

-in local geodesic coordinates, with proper time 7, it would tell us dS/d7 = 0 since
this s the spin equation in the absence of gravitation and it is wrong! Tidal torques
are present in the true equation of spin, and motion depends on the Riemann tensor
R, minimal coupling is thus generally unreliable and only to be used as a last resort.
We remind ourselves that we are also solving here the equation for the conformally
invariant massless Klein-Gordon field ¥(z) on a non-vacuum Lorentzian manifold
(M, g), given by

O;%(z) — éﬂR@(l‘) =1 (2.22)

this equation is discussed in greater detail in Appendix B.
From the Principle of least action, a standard variational calculation of the action
functional A, on the manifold (M, g), corresponding to the real massless scalar field

Y(z) : M — R, and associated with a generic 4-volume form of measure dp,, i.e.

1
0A, =46 [5/ L (Y(x), 0,9 (z)) dug] =1, (2.23)
M
engenders the Euler-Lagrange wave equation on (M, g), introduced by equation (1.6)

in Sec. 1.1, as
1
Ip(@) = =0, |Vide o) =0, (2:24)
d Vgl J
which is explicitly derived in Section 3.1.1. Thus, following the minimal coupling
principle, the coupled Einstein-matter system on our manifold (M, g), for the mass-
less, zero-spin Klein-Gordon field ¢ (z) can be written
Guw = &I =w(VipVuth - 39w VotV9),
B = ¢V, V. i =0,

(2.25)
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2.1.5 Decoupling the Einstein-Matter System

Exact solutions of coupled Einstein-matter systems are rare indeed. However, if
the deviation from a known exact solution is ‘small’ in some sense, an approximate
solution may be useful. In their original work [17], Regge and Wheeler studied

perturbations of the metric directly by introducing the metric form

Guv = gzu + hul/v

where gz,, is the known exact or background solution and |h,,| is considered ‘small’
in some sense, so that only the terms linear in h,, are retained in all subsequent
calculations. This provides a considerable simplification for the equations involved.
For this problem we assume the scalar field )(z) is weakly coupled to the gravita-
tional field g,,, that is, the effect of its energy-momentum on the spacetime M may
be neglected, this simplifying approximation has proven to be surprisingly robust.
Consider the equation

£(g) =0, (2.26)

for an unknown function g (which, more generally, may be a collection of functions or
tensor fields, etc.) In the case of interest, g is the spacetime metric possibly together
with variables describing the matter distribution and £(g) represents Einstein’s field
equations as expressed by Eq. (2.1). Suppose an exact solution g of (2.26) is known
and suppose also that we are interested in studying situations where the deviation
from g° is considered ‘small’. What we would like to have then is a one-parameter

family g(s) of exact solutions, which we express by

Elg(s)] =0, (2.27)
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and where s measures the size of perturbations in the sense that, (i) g(s) depends
differentiably on s and (ii) g(0) = ¢°. Thus small s corresponds to small devia-
tions from a background metric ¢°(0) and a knowledge of g(s) for small s would
give us an exact perturbed solution, equation (2.27) however, may still prove too
difficult to solve. Nevertheless, we can derive a much simpler equation from (2.27)
by differentiating it with respect to s and then setting s equal to zero, so that

d%g[g(s)] =0. (2.28)

s=0

Equation (2.28) is a linear equation for the function

G (2.29)

ds|,q

in other words it can be expressed in the form
F{h) =D, (2.30)

where F just represents a linear operator. If we can solve Eq. (2.30) then g° + sh
should yield a good approximation to g(s) for sufficiently small s, and thus issues of
physical interest can be more easily investigated.

Here we will denote a one-parameter family of spacetimes by (M, g(s)) associated
with a parametrised scalar field which we label by ¥(s), depending differentiably on
this parameter s. For each s the field quantities g(s) and 1(s) satisfy the coupled
Einstein-scalar system of Eq. (2.25) above. For small perturbations of the background
spacetime we expand the parametrized field functions g(s) and ¥ (s) in a perturbation

expansion about s = 1, which we then write as

g(s) =gp+sg+s*g+-,
V(s) =1y + 8Py + 8%hy+ -+ .

(2.31)
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Importantly for small perturbations we will ignore all terms of order s? and higher in
the above perturbation expansions. It is clear from Eq. (2.25) that 7}, (s) is quadratic

in 9(s). For s = 0 in the expansion we write

g(s) = g(0) = gs,

this is just the unperturbed or background spacetime. The scalar field v (s) is then
written as 1(0) = 1, which is, of course, just zero here as this represents the un-
perturbed spacetime. Differentiating the Einstein-scalar system of Eq. (2.25) above,

with respect to s, and setting s = 0 we find

0

— %) =)L :
s (s) it 0 (2.32)
We see also that
0 0 0 0
— 7 = — AL  —_ = — ne = U, 2
8SG“ (s) ] 8gG“ (s) 839(3) » agG“ (s)- ¢ B 0 (2.33)

contained in this equation is an expression for Regge-Wheeler gravitational waves,
this detailed calculation is not, however, part of the investigation here [35].
Taking the coupled system of Eq. (2.25) and again differentiating with respect to
s and then setting s = 0 in its perturbation expansion, we find the expansion in
Eq. (2.31) yields

0 )
55 (Og%(s))| = Ogoy¥ (0) = Og, 31 = 0. (2.34)

s=0

This provides our decoupled equation of motion, describing a weakly interacting,
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massless Klein-Gordon field 1, (z) on the background spacetime (M, g;). Relabelling
to let 11 = ¥ (x) now represent the scalar field, we arrive at an equivalent expression

for the wave equation of the weakly interacting field ¢ (x)

O, () = ——8,0v/ [0l 8,9(z)] = 0. (2.35)

Vil

This is consistent with the derivation of the Euler-Lagrange equation for the scalar
field ¢(x) that is a stationary point of the action functional A, propagating on the
complete Schwarzschild background (M, g;), which was discussed in Section 2.1.3.
The Einstein-matter equations when contracted with metric tensor g"¥ where T =

g1, give

1
9" By = 59" gu R = kgT®) = R=—«T, (2.36)

so that the conformal Klein-Gordon equation becomes
1
Og¢(z) + ngw(ac) == (2.37)

Using the perturbation expansion of Eq. (2.31) above, for energy-momentum scalar
T(s) quadratic in s, and ignoring s* terms and higher for the small perturbation
approximation, we find 7'~ 0 and thus g = g; and again we return the wave equa-
tion on background spacetime (M, g,). For time dependence ¥ (z) = e*(p, 6, ),
in curvature coordinates, we have the originating Helmholtz-type equation of our

investigation.
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2.2 The (M, g) Spacetime Structure

I must have fallen asleep, for all of a sudden there was the moon, a huge moon framed in
the window. Two bars divided it in three segments, of which the middle remained constant, while
little by little the right gained what the left lost. For the moon was moving from left to right, or
the room was moving from right to left, or both together perhaps, or both were moving from left to
right, but the room not so fast as the moon, or from right to left, but the moon not so fast as the
room. But can one speak of right and left in such circumstances? That movements of an extreme

complexity were taking place seemed certain, and yet what a simple thing it seemed. ..

Molloy, S.B.

The manifold (M, g) represents a four-dimensional, connected, spherically symmetric
static spacetime. Indulging the oxymoron, this symmetry brings profound simplifica-
tions to certain features of classical General Relativity and these spacetimes continue
to provide a rich source of investigation and speculation, albeit for the mathematician
rather than the physicist. We seek all solutions of Einstein’s equation which describe
the completer gravitational field of a static, spherically symmetric spacetime. First
we define more precisely the meaning of the terms “static” and spherically “sym-
metric” and then choose a convenient coordinate system for analysing this class of
spacetimes

A spacetime is said to be stationary if there exists a one-parameter group of isome-
tries ¢, whose orbits are timelike curves. This group of isometries expresses the
“time translation symmetry” of the spacetime. Equivalently, a stationary spacetime
1s one which possesses a timelike Killing vector field £*. The spacetime is said to be
static if it is stationary and if in addition, there exists a (spacelike) hypersurface ¥,
which is orthogonal to the orbits of the isometry ¢;. By Frobenius’s theorem [14] this

is equivalent to the requirement that the hypersurface-orthogonal timelike Killing
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vector field £ satisfy

f[uvu §w] = Euvué‘w + fwvugu Ay guvwgu - Euvwéu - §uvu€w T fwvuéu = 0. (238)

The condition of hypersurface orthogonality for the metric can be best seen by intro-
ducing convenient coordinates for static spacetimes as follows. If £# # 0 everywhere
on the hypersurface ¥, then in a neighbourhood of ¥, every point will lie on a
unique orbit of £* which passes through ¥. Assuming £* # 0, we choose arbitrary
local spacelike coordinates {z'} on ¥, and label each point p in the neighbourhood
of ¥ by the parameter, ¢, of the orbit which starts from ¥ and ends at p, and the
coordinates {z', 2%, z®} of the orbit at 3. Precisely because the theory is invariant
under coordinate transformations, allows us to choose whatever coordinate system
is most convenient to perform the desired analysis. Since this coordinate system
employs the Killing parameter ¢ as one of the coordinates, the metric components
in this coordinate basis will be independent of t. Furthermore, since the surface %,
(defined as the set of points whose “time coordinate” has the value t) is the image
of ¥ under the isometry ¢, it follows that each ¥ is also orthogonal to £#. Thus in

these coordinates the metric components take the canonical form
ds? = —a?(z!, 2%, 2°)dt® + hy(x', 2%, 2°)dx'da?, (2.39)
with time independent coefficient
a?(z') = —£,6* > 0, (2.40)

and the absence of dtdz’ cross terms expresses the orthogonality of the Killing vector

&*, to the hypersurface ¥ and g,,£#¢” < 0 for timelike &*.
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A spacetime is spherically symmetric if its isometry group contains a subgroup iso-
morphic to the group SO(3,R), and the orbits of this subgroup, i.e., the collection of
points resulting from the action of the subgroup on a given point, are two-dimensional
spheres. In this sense the SO(3,R) isometries may then be interpreted physically
as rotations, and so a spherically symmetric spacetime is one whose metric remains
invariant under rotations. The spacetime metric induces a metric on each orbit
2-sphere which, because of rotational symmetry, must be a multiple of the metric
of a unit 2-sphere, and is thus completely characterised by the total area A of the

2-sphere. It proves convenient to introduce the R x SO(3, R)-invariant function

p =+ Aldr, (2.41)

where SO(3,R) represents the two-sphere S? of radius p, which is a sub-manifold
embedded in M. These spheres are said to foliate the R3-space and in spherical co-
ordinates (6, ¢), the metric induced on the orbit 2-sphere takes the familiar spherical
form

ds = p?(df? + sin® 0dg?). (2.42)

In flat three-dimensional Euclidian space, p is the distance from the surface to the
centre of the sphere. In curved space a sphere need not have a centre, the manifold
structure could be, for example, described by R x S?; and even if it does have a
centre p need not bear any relation to the distance to the centre. Nevertheless, we
refer to p as the “radial coordinate” of the sphere and this is how it is used in Synge’s
curvature coordinates {z* = t, p, 0, ¢}, defined invariantly by the symmetries present.
If a spacetime is both static and spherically symmetric, and if the static Killing field

&" is unique, then £ must be orthogonal to the orbit 2-spheres and invariant under
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all rotational isometries. However, this requires its projection onto any orbit sphere
to vanish, since a non-vanishing vector field on a sphere cannot be invariant under all
rotations. Thus the orbit spheres lie wholly within the hypersurface ¥;, orthogonal
to £*. Spherical symmetry can be defined rigorously in terms of Killing vector fields
as follows: A spacetime is said to be spherically symmetric if and only if it admits
three linearly independent spacelike Killing vector fields X, whose orbits are closed

(i.e. topological circles) obeying a Lie algebra
[Xia X]] = 6ik:m)(ma
with spherical representation in (6, ¢) as follows

X = sinqbi + cot 0 cos ¢ 0

¢ 09’

5} .o, 8

Xy = cosqﬁa—g——cotqﬁsmcp%,
0
X3 = a_¢7

generating the group of motions of the sphere S? and a coordinate system exists in
which the Killing vectors take on a standard form. Convenient local coordinates on
the spacetime M may be chosen as follows. We select a sphere on ¥ = %, and
choose standard spherical coordinates (6, ¢) on it. We “carry” these coordinates to
the other spheres of ¥ by means of geodesics orthogonal to the 2-sphere, we choose
(p, 0, ®) as local coordinates in X, and finally we choose {t, p, 0, ¢} as local curvature
coordinates for the spacetime, according to the prescription described in Eq. (2.39).

the metric on M in these coordinates is then
ds® = — f(p)dt* + h(p)dp* + p*(d6? + sin’ d¢?). (2.43)
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2.2.1 The Schwarzschild Solution

A now standard textbook calculation, first presented in 1916 by Karl Schwarzschild
(at the time he was serving on the Russian front, where he was to die the same
year), yields the static, spherically symmetric, asymptotically flat vacuum solution
of the Einstein field equations R, = 0, exterior to a spherical source of matter. In
curvature coordinates {t, p, 0, ¢}, with mass parameter M, describing the spacetime
geometry (M, go), outside a spherical source of matter, for p > 2M;, we have the

famous Schwarzschild exterior solution

; 2M,\
ds® = g, dz*dz” = — (1 — 2][\)/[ > dt* + (1 e ) dp* + p*d?, (2.44)

where d2? = (d#? + sin® fd¢?) is the usual metric on the 2-sphere. From standard
arguments in the weak field regime (as p — o0) the invariant scalar My, which
functions as a parameter, can be interpreted as the conventional Newtonian mass of
the gravitating object producing the vacuum Schwarzschild field. Because the metric
of (2.44) contains only a single constant of integration M, this implies that the metric
exterior to the spherical body, parametrised by M, is completely independent of the
composition of that body and Burkhoff’s theorem: A spherically symmetric vacuum
solution in the Schwarzschild exterior spacetime is necessarily static [2] guarantees
the unique spherically symmetric vacuum solution. From (2.44) we see

oM\ ! oM 1 1
00 S 14 S 22 44
= — 1 — = 1 === 3 = ) = : )
1 ( p ) e ( p ) T 9T e

it follows that z° = ¢ is timelike and z' = p is spacelike as long as p > 2M, and both
z? = 0 and 2® = ¢ are spacelike. Since the metric is independent of ¢ with no cross

term in dt, it follows the solution is static and ¢ is the invariantly defined world time
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of (M, g). The coordinate p is a radial parameter which has the property that the
2-sphere ¢ = constant, p = constant has the standard line element

ds, = p*(d6* + sin® 0d¢?),
from which it follows that the R x SO(3,R)-invariant 2-sphere surface area is

A(p) = 4mp?,

and 0 and ¢ are usual spherical polar coordinates on the spheres. Thus curvature
coordinates {z*} are canonical coordinates defined invariantly by the symmetries
present. The timelike Killing vector field £ is hypersurface-orthogonal to the family
of hypersurfaces ¥, where ¢ is constant, it is clear from (2.44) that the R x SO(3.R)-

invariant conformal factor is

oM,
a? = —€,8" = (1 - ) >0, p>2M,. (2.45)
p

The Schwarzschild vacuum solution (2.44) abstracted away from any source, for all
values of p, is degenerate at p = 2M, and at p = 0. The value p = 2Mj is called the
Schwarzschild radius, it is the null hypersurface H* known as the event horizon. The
hypersurface p = 2M, turns out to be a removable coordinate singularity, indicated

by the Riemann invariant
48 M?
6

which is finite at p = 2M,. It blows up as p — 0, which is an intrinsic or real

Rpuo‘w s

Ruuaw )

singularity. The vacuum solution bifurcates at the horizon 2-sphere, separating the

manifold M into two disconnected components:

L 2M,<p<oa and II. O0<p<2M,
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Inside the region II the coordinates ¢ and p reverse their character, with ¢ now being
spacelike and p timelike. It follows that the topology of the Schwarzschild solution
is not simply Euclidian. This fact causes fundamental problems, particularly with
energy interpretations, in other words, with everything!, when we transfer the curved
spacetime radiating K-G system to the Minkowski spacetime in {t,r,6,¢}. Issues
arise in the fully extended 0 < p < oo vacuum spacetime (M, g), for example,
where the Killing vector & = 9/0t goes from being timelike to spacelike at the
event horizon, effecting inter alia our Sobolev-norm energy argument when a? < 0.
We avoid the disaster (Gk. pun!), with impunity by inducing the exterior vacuum

with the incompressible perfect fluid stellar source.

2.2.2 The Interior Schwarzschild Solution

You boil it in sawdust: You salt it in glue:
You condense it with locusts and tape:
Still keeping one principal object in view —
to preserve its symmetrical shape.

Lewis Carroll [22]

Without loss of generality we choose our gravitating source to be a white dwarf. It
is a matter of indifference (I just like white dwarfs) insofar as the statement and
proof of Theorem 1 is concerned, i.e., the proof of an L?-bound on the radiat-
ing Klein-Gordon field ¢ decaying at asymptotic spatial infinity on the manifold
(M, g) which is the vacuum Schwarzschild spacetime (M, go). Following Birkhoff’s
theorem, a neutral static black hole or naked singularity spacetime or an alternative

static spherically symmetric compact matter source would equally induce the vacuum
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(M, go). However, with this particular choice of gravitating source as incompressible
perfect fluid sphere, we simplify the mathematics in our bid to represent the curved
spacetime problem for 9)(z") in terms of u(x) on the Minkowski manifold (R*,7).

A manifold endowed with an affine or metric geometry is said to be mazimal if every
geodesic emanating from an arbitrary point of the manifold, either can be extended
to infinite values of the affine parameter along the geodesic in both directions or ter-
minates on an intrinsic singularity. If in particular, all geodesics emanating from any
point can be extended to infinite values of the affine parameters in both directions, the
manifold is said to be geodesically complete. Clearly a geodesically complete manifold
is maximal. Minkowski spacetime provides a trivial example of a geodesically com-
plete manifold. Neither the Schwarzschild (M, go) nor the Eddington-Finkelstein
advanced or retarded extensions therein, is in fact maximal. The Kruskal solution
is maximal but contains intrinsic singularities. Our manifold (M, g), fluid interior
and vacuum exterior, is geodesically complete and can be fully mapped into the
Minkowski manifold. Real stars evolve, and it may happen that a star eventually
collapses, shrinking down to below p = 2M; and further into a singularity, resulting
in a static black hole - this dynamical scenario is by no means a necessary endpoint
of stellar evolution, and as we will see in the explicit form of the interior tortoise
coordinate 7;(p), the collapse scenario is proscribed in the geometric setup of this
problem as it stands. The appropriate general form of the metric for the spherical
fluid star is again in a canonical symmetric form in curvature coordinates {¢, p, 6, ¢}

given by

ds?, = —e*P)dt* + 2P dp? + p*(df? + sin® 0d¢?) , (2.46)

int
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with the unknown functions a(p) and b(p), are now required to satisfy the non-
vacuum solutions of the full Einstein field equations in the star’s interior. As shown

in Synge [3], the Einstein tensor in curvature coordinates is of the form

1
Gtt = ?eZ(a—b) (2p8pb(p) -1+ e2b)

1
G = e (2p950(p) =1 ¢”)

1
Goy = ple™® (aﬁa(p) + (8pa(p))* = 0,a(p)dpb(p) + ;[apa(p) - 8pb(p)])
Ggs = sin?0Gyy (2.47)
For a perfect fluid model there are no forces between the particles, no heat conduc-

tion and no viscosity in the instantaneous rest frame where the components of the

energy-momentum T for a perfect relativistic fluid are given by

—d(p) o 0 o0 |

)] = 0 pp 0 0 ’
0 0 pp O

| 0 0 0 plp) |

where d(p) and p(p) are the proper mass density and isotropic pressure respectively.

We have the Einstein-matter field equations

1 1
Guv = B = SR = KT or Ry, = —k(TS) — 5T 9w). (2.48)

Pursuing a similar perturbation argument to that used on the exterior spacetime,
we do not have an energy-momentum contribution from weakly interacting ¢ in the

stellar interior, thus for this model the energy-momentum tensor is given by
TS = [dr(P) + p(p)] uut — p(p)guy, and  guutu’ = —1. (2.49)
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The energy density dr(p) and pressure p(p) will be functions of p alone and with
the four-velocity pointing in a time-like direction (for a static solution), normalised
to u*u, = —1. This is the simplest analytic interior solution for a relativistic star,
there is no physical justification for the constant density assumption, it is believed
that the interiors of dense neutron stars are of nearly uniform density and so it is
borderline realistic. Our star is in a state of hydrostatic equilibrium, the fluid is at

rest and thus we have the following four-velocities u,,

Ni=

Utzuoz(—goo), u, =u; =0, ug = up = 0, ug =uz =0,
and as we will see for ggg < 0, with the requisite positive energy density component
sy = —dr(p)goo > 0. (2.50)

(see Appendix B on energy conditions). Following through the analysis we have

-1
ds?, = —e?Pge? + (1 e M) dp? + p*(d6? + sin® 0d¢?). (2.51)
p

int

The component of g,, is an obvious generalisation of the Schwarzschild case, but the
gu equation, i.e.

1
-10—26_% (200,a(p) + 1 — ezb) =8rGp (2.52)

yields
d

d—pm(p) = drp’dr(p),

which on integration gives

m(p) = 4 / " dr(0)pPdp.

Our star extends to a radius pg at the star’s surface, after which we are in Schwarzschild

vacuum, or more precisely, we encounter the weakly coupled radiating scalar field
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1/;. In order that the metrics, exterior and interior, match at the radius pg, the mass

parameter M, is such that

po
M, =m(p) =47 [ delp)idp, (2.53)
0

which can be (more or less) interpreted as the mass contained within a sphere of
radius pg, the star’s self-gravitating mass. For the simple and semi-realistic model
of an incompressible perfect fluid star: the density dr(p) is a constant out to the

surface of the star, after which it vanishes, i.e.

dr(p) 0 <p <po,
dr(p) = .
0 it p> pg > 2M,.

For p > po, dr(p) and p(p) are both zero of course and the mass parameter, m(p) =

m(pg) = M, that is

m(p) = 37dr(p)p’ for p < po,
smdp(p)py = M, for p > po.

The Tolman-Oppenheimer-Volkoff equation of hydrostatic equilibrium (the details

of which are not strictly relevant to this work [23] [24]) is given by

d .+ [dr(p) +p(p)][Gm(p) + 4nGp’p(p)]
dp (o) = plp — 2Gm(p)] ) (254)

and relates p(p) to dp(p), since m(p) is related to dp(p) via (2.53). Integrating (2.54)

for a constant density dp(p) yields

Vs — 2GMyp? — 3pov/po — 2G M,

o7

p(p) = dr(p)



Finally we get the metric component g, = —e?2(#)

1/2 1/2

o) = 3 (1 _2GMN\T _1(, 26Mp*

e 1 1 - P < pPo.
2 Po 2 I

We see that the pressure increases near the core of the star as expected and also
there is zero pressure at the free boundary pyg, i.e., p(po) = 0. We can clearly see
how, for a star of fixed radius py, the central pressure p(0) will need to be greater

than infinity if its mass exceeds

4

M., = —
max 9G

Po, (256)

if we try to squeeze a greater mass than this inside a radius pg, classical General
Relativity admits no static solutions; a star that shrinks to such a size must inevitably
keep shrinking, eventually forming a black hole. We have shown this result for the
rather strong assumption that the density is constant but it continues to hold with
this assumption considerably weakened. This is summarised in Buchdahl’s theorem:
Any reasonable static, spherically symmetric interior solution has M, < %% [25].
This result makes sense; if we imagine that there is some maximum sustainable
density in nature, the most massive object would have that density everywhere and
we assume as much for the fluid interior solution of our stellar model which could be

a white dwarf.

2.2.3 The Interior Tortoise Coordinate 7;(p)

Using the perfect fluid model we are now in a position to consider in more detail the

geometry of this interior. Our tortoise coordinate

re(p) = p — 2M; + 2M;log(p — 2M;) + k1 (2.57)
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is restricted to the exterior region where p > py > 2M, and writing 7.(po) = 70
the exterior tortoise coordinate is sensibly defined in the range ro < 7.(p) < oc.
Following Synge’s analysis [3] the complete Schwarzschild field for an incompressible
perfect fluid sphere is given by the two metrics:

Interior (p < po):

_ 3 1 %
ds? = (1 - qp®) ™" dp? + p*dQ* — (5\/1 —apg—5V1- qp"') dt?,  (2.58)

Exterior (p > p3):

oM\ ! A
ds? = (1 - ) dp? + p*d0? — (1 M > at e, (2.59)
P p
where we define
i 2G M,
q= ;;/idp(ﬁ) = 3 (260)
: Jors

and we note

3 1 2
goo(p) = gie(p) = — <§\/ 1—qpk— 5\/1 s qp2) <0,

the metric ds? is manifestly static (independent of coordinate t), thus admitting the
timelike Killing vector £ = 0/0t. We also note that at the star’s surface, where

p = po, we find

2]/‘)43)_ = (1—gp®) . (2.61)

2b(p) = .
e’ |p=po 7 (1

When we effect the transformation

’;)1/7(;), 0,9) =u(p,0,¢),
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to the (¢,7)-plane in Minkowski spacetime we need to express this interior metric ds?
in conformally flat form where r = r;(p) is its associated interior tortoise coordinate,
so that it can be suitably matched to the conformally flat exterior metric in the
(t,r)-plane, expressed in tortoise coordinate 7.(p). In this way the (¢,r)-light-cone
plane in (R*, n) is fully covered by coordinates (¢,7; Ur.). This is to be achieved in

the following way: for the interior tortoise r;(p) we write

3
B2=1—¢qp® and ¢ = 5\/1 — qp3, (2.62)

so that the interior metric may be written

dp? i
ds? = 224 2402 + () - SB)de?

32
= (¢ — %B)Q (6'2(01 - %B)"2dp2 — dt2) + p*dQ?, (2.63)
by choosing
dr} = 67%(cy — 5B)2de?, (2.64)
we get
ds? = (¢c; — %ﬂ)Q (=dt® + dr?) + p*d*. (2.65)

The quotient spacetime (Q, g;) = (M, ¢;)/(SO(3,R)) is now in conformally flat form

with coordinates ¢t and r; now assigned on quotient manifold Q such that
Japdy®dy’ = o (r;)(—dt* + dr}), (2.66)

in the stellar interior where p < po and py > 2G My, this implies the R x (SO(3,R))-

invariant
3 1 .
?(r)) = —€H€, = —gu = (5\/ 1—qp2 — —2~\/1 - qu) > 0, (2.67)
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so &*¢, < 0 and the time-like Killing field £# = 0, in these coordinates. From the

condition imposed by equation (2.64) we have

d Ti 1

d_P a B- (Cl e % ),
and with S(p) = 1/1 — ¢p? we can form the integral

1 1

Ty =i—e—— d
W=-7) TP @15

using standard substitutions, completing squares, etc., we find

B,

2

(o) = %-ﬁ[log( (1= 4d) - (5 - 20)

(2.68)

(2.69)

—1og(2(\/u——%5-ﬂ—2clﬁ+1)>] + ks,

with ko the arbitrary constant of integration. We solve for ko by noting the condition

at our coordinate origin
7Mi(/7) |p=l) = Oa

and using the constants stated in Eq. (2.62) above, we have

2 VO =9 (1-3T=am)

ri(0) = ————"log
Vq(9gp% — 8) 2(1 - 3+v/1—qp})
1 2 _
= ——2‘10g g_qﬁo__8’+k2:0,
q(9qp5 — 8)

and thus we find for the arbitrary constant

Cs

kgz——-log —4—
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+ k&

2

(2.70)
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The exterior tortoise coordinate at p = pg is given by
TC(pO) = Po + 2Ms 108(P0 . 2Ms) =i 2Ms *F kla (272)

and matches to the interior tortoise coordinate 7;(pg) there. We have

2 VO =8 - (VI=a - 3V1-aR})

e + ks
q(99p5 — 8) 2(v/(9¢%05 — 84) - p— 3v/1 —qpg - /1 —gp* +1)
5 1—qp®—3/1—
_ : V1-=ap* = 3v/1 - ap} (2.73)
v a(9qp5 — q(9gp3 — 8) - 2 V1—qp?+1|
and also
rilpn) = —————lo = 1—w°
Va0 =8 |vaOam = 8) - po + 345 — 2|’
= po— 2M, + 2M,log(po — 2M;) + k. (2.74)

We observe here that r;(p) is a sensible coordinate, it is real and finite in respect of

the condition of Buchdal’s theorem as stated in (2.56), i.e., for total fluid mass

4
MS = Mmax < ary )
9Gp0

using (2.60) this implies
2G M,
g(fil)%—8>a

P

or in the g-notation of the interior metric

9gp2 — 8 > 0,
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thus hydrostatic equilibrium is necessarily maintained —a collapse scenario is pro-
scribed by this model. Realistically the gravitating source could be a maximum
density white dwarf — supported by electron degeneracy pressure. We easily find the

value of the arbitrary constant of (2.74) to be given by
k1 = 1i(po) + 2M, — po — 2M,log(po — 2M,),

and thus we now have a full expression for the exterior tortoise coordinate

p—2M,
Po — 2Ms

Te(p) = p+ T‘i(po) = Db =k 2]\/13 IOg

= 1o+ p+2Mlog|p—2M,|. (2.75)

We have shown here how it is possible to account for the spatial extent of this
arbitrary interior model when we map the conformally flat quotient manifold Q =
M/SO(3,R) , where r = r; Ur, to the (¢,7)-plane of spacetime (R*,n). The interior
solution is mapped into the compact set B, for 0 < r < 2R,. We have presented a
sensible tortoise coordinate r;(p) in the interior domain of M, the tortoise exterior
coordinate r.(p) covers the exterior domain and with r.(py) = ri(po) we cover the
entire (R*, n) manifold so that our radiating problem on M can be represented in
Minkowski spacetime. Crucially, as we will see, the spacelike domain where initial
datum f(x) lives, can be explicitly defined.

We see also that the Killing field &* is clearly just 0; and the quotient space Q =
M/SO(3,R) is a two-dimensional Lorentzian sub-manifold whose metric is now in

conformally flat form, i.e.
ds? = o?(r;)(—dt* + dr?).
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These coordinates specify a conformal mapping from the 2-dimensional pseudo-
Riemannian manifold Q, into the flat Minkowski (¢, r)-plane; isothermal coordinates
can always be introduced on a compact domain of a regular 2-dimensional manifold.
Importantly, the causal structure of the spacetime, defined by its light cones is pre-
served here — the new coordinates must have both a “timelike” and “radial” part.
Following the previous discussion on symmetric spacetimes, we know that these co-
ordinates are unique up to translations in the ¢ and r coordinates and rotations in
the spherical 6 and ¢ coordinates.
The volume form element for the spacetime M, in isothermal coordinates is given
by

duy = V/|gldiz = o?(r)p?(r)dQdrdt. (2.76)

We also have the induced volume form on the Cauchy space-like hypersurfaces ¥, of
constant z° =t given by

do = a(r)p*(r)dQdr. (2.77)

We note two other volume forms on these hypersurfaces that will be useful in this

analysis, namely

’

do = a(r)de = o*(r)p*dQdr and do’ =a ' (r)do = p*dQdr.  (2.78)

The significance of the choice of volume form do” will become clear in the next

section.
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Chapter 3

The Elliptic-Helmholtz Problem

3.1 The Well-posed Cauchy Problem for (z)

Although we do not deal directly with a Cauchy initial value problem on the static
spacetime (M, g) — our problem presents as a hyperbolic initial value problem for a
function w(t,x) on (R?*, n), from which we then ascertain a bound on the transformed
field u(x) in R®. Nonetheless, a careful consideration of the form of a related well-
posed Cauchy problem on (M, g) yields some useful results. Specifically we examine
aspects of well-posedness criteria for the originating wave equation Oyt(z) = 0 in
particular, with regard to the properties of a self-adjoint Hilbert space operator A,

which enters the initial value problem set-up in the form
0/p(z) + A P(z) =0, ¥(0,2) = h(z), 0(0,2)=g(x).  (3.1)

We will explain the provenance of this form, and the relevance of the properties
of operator A will become clear as we proceed through the exposition. Ordinary

Cauchy evolution determines a solution of a partial differential equation only within
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the domain of dependence D(X) of the initial data surface. We see this in an explicit

formula for the solution u of the R3-wave equation
uy(t, x) = c*Au(t, x), with data on £, (0,x) = ¢(x), u:(0,x) = ¢(x),

which is given by Kirchoff’s formula

1 0 )
u(to,XO) = 47T02t0//sw(x)ds+5t; [m//g(b(X)dS:l,

where S is a sphere of centre xy and radius ctg. From this we see the value of

u(to, Xg) depends only on the values of 1(x) and ¢(x) for x on the spherical surface
S = {|x —xg|} = ¢ty but not on the values of ¥(x) and ¢(x) inside the sphere. This
statement can be inverted to say that the values of ¢ and ¢ at a spatial point x;
influence the solution only on the surface S = {|x — x;|} = ct of the light cone that
emanates from (x;,0).

In original work by Wald [18], a physically sensible, fully deterministic dynamical
evolution prescription is given for the case of a massless Klein-Gordon field propagat-
ing in an arbitrary static spacetime, i.e., one with arbitrary singularities consistent
with staticity, in other words, a non-globally hyperbolic spacetime. Wald shows that
the problem of defining the dynamics can then be translated into the mathematical
problem of finding self-adjoint extensions of the spatial part of the wave operator
A, as presented in Eq. (3.1); effectively this amounts to establishing a well-posed
Cauchy problem for the scalar field. This is a well studied classical problem, and it is
known that for positive A, self-adjoint extensions necessarily exist, Wald chooses the
natural Friedrichs eztension. The dynamical evolution prescription is then defined
and shown to satisfy the following properties: (1) solutions are uniquely determined

in spacetime by their initial Cauchy data, (2) where ordinary dynamical evolution
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is defined, i.e., in the usual domain of dependence of the initial data surface, the
results coincide with the evolution prescription, (3) smooth initial data of compact
support yields smooth spacetime solutions. Wald’s motivation for this prescription
1s that if cosmic censorship is abandoned, deterministic dynamics is still possible in

such non-globally hyperbolic spacetimes.

3.1.1 The Euler-Lagrange Equation for v (x)

By considering a variational of the action functional on the static spherically sym-

metric spacetime (M, g)

1
.Aw = 5/ Edug,
M

with Lagrangian density corresponding to the real massless scalar field ¢)(z) : M — R
L =g"V(z)Vui(z), (3.2)
we deduce the Euler-Lagrange equation in the standard way
Oy¢(z) =0.

In our chosen isothermal coordinate system {t, p, 6, ¢} i.e., with tortoise coordinate

r(p), we found
ds? = gudatda” = —a*(r)df + a(r)dr® + pA(r)d22,
on M, from which we construct our scalar Lagrangian density, i.e.

L=—a2(r)? + a2 (r)Y? + p 2 |VY), (3.3)
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where V1 is the unit-spherical gradient. Thus the action integral introduced in
Eq. (2.23), associated with the natural volume measure, given in Eq. (2.76) of Sec-

tion 2.1.2 by
dug = +/|gld*z = o*(r)p?(r)dQdrdt, dQ) = sin pdfdg,

can now be expressed as

1

A= / (—a292 + a 22 + p 2V Y[) dpy. (3-4)

Performing the d-variation on the action functional Ay, via the spacetime scalar
fields ¢(x) in the usual manner, we get

|

0Ay = 3 / (—a26y7 + 72692 + p~26|V¥?) dug
Hg

- / (—a 280 + 2,80, + p 2|V YIS|V ) a?p*ddrdt
Hg

= /—wtdwtp2d9drdt+ / Vr6,p*dedrdt + / V|8V | ddrdt.
=~ N~

~—
i Vo V3

We remind ourselves of this procedure by calculating these three integrals, Vi, V2

and V3 in full. For the Vi- integral we have
0
Y0y = U)t&d‘d), (3.5)

and so
9
Yt It

Integrating this expression with respect to the measure a~?(r)du, and noting that

oY = % (djt(sw) — 0Py (36)

0Y(x) = 0, on the hypersurface extremum, but is otherwise arbitrary, we find

/Q / ( /_ :, % (%)) dt) p*dQdr = /Q / (d) |, - p%dr =0,  (3.7)
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and thus the Vi- integral is
- // /(2 (V10) — Py - (51[1) p2dQdrdt = |ty - ¢ p*dQdrdt. (3.8)
rJQJt ot Vi
For the V,- integral we have
2 2, 0
P '(»br&»br =p %55% (39)

so that
P 'l/)r_ Y =— (P wr&ﬁ) p2¢rr6w — 2pp: 0%, (310)

and we integrate with respect to the measure drd)dt

///(%@%MWW%MWJW%MOWMﬁ (3.11)
tJQJr

Bearing in mind that we can integrate into the coordinate r = r; = 0, in the stellar

interior, i.e., from Eq. (2.73), where

7(p) |p=0 = N T \f ap* = 3+/1—apj == [
= a0 =8) | Va0 =8 p—3v1- R VI-a+1
and as with the previous calculation at the extremum we find
/6;WMWM—pmeO— (3.12)

giving the V;, -integral as

// / (_1/}7'7' i gpﬂpr) : 6¢,02deth (313)
tJQJr P

For the final V3 -integral
SIY9I* = 8(y5) + (sin® 6)716(vy)
= 1hpdthy + (sin® 0) 11y, (3.14)
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giving integrals with measure df) = sin 0dfd¢

/t / < /¢ /9 Yo0tp sin §dfde + /0 (sin? )~ /¢ behpdd sin 0d9) a2drdt,  (3.15)

noting

Vg = 1110 51/) 8(¢05¢) d1eg,

and integrating by parts at extremum we find for the first angular integral in Eq. (3.15)

above

/ / oSty sin 0d6dg = [sin Ove8e], , — / / R )
¢ JO b 6 Jo sin @

with the boundary term [sin6yd¢], , = 0, similarly for the second integral in
Eq. (3.15) we find

/6 (sin? )" /¢ V0bydg sin 0dO = [1gd1)]g 4 — /0 (sin®6)~! /¢ Vgs01de sin 0d6,

adding these expressions together under the full integral to get the Vs-integral

/// (—89 sin 61g) + 1/}99) - 6dQaldrdt. (3.16)
" sin @

Adding all of the above integral contributions, i.e., fVl s fvz jg fv3> to find

2
0Ay = / / / (wtt — Yrr = %prwr - %Alﬁ) - 6¢pp*dQdrdt = 0, (3.17)
tJr JQ

where
cos

sin 6
and because 69 # 0 in general, we deduce the Euler-Lagrange equation on (M, g) as

_0%(z) 18 [ ,0y(@)) o B
Hep(z) = oz Ror (p 8r> p24xw(z)_0. (3.18)

1
Kip(x) = eg + (o +sin—20w¢¢’
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Equation (3.18) emerges, of course, from a direct substitution of the metric coeffi-
cients of ds? in the decoupled wave equation (2.35) on the manifold (M, g), derived
in Section 2.1.5, with 1/|g| = a?p?siné, etc., i.e

Ogp(z) = (V919" %) u
= 9o(\/1919"%0) + 81( lglg" 1) + Oa( |91922¢2) + 05(v/19]9%vs)
= —8;(a?p® sm9( 5 )¥t) + 0, (a®p sm0( =)¥r)

+ Op(a’p smH( 5)V6) + 04(a’p 51n9( 1 )z/)¢)

2 2

= —ty + (p Ur)r + ———(sin6)y) g + o 9w¢¢. (3.19)

p?sind

Switching to conventional partial differential notation we expressing the spatial op-

erator above by

19,,0, o
= —"—(pP—)— — 20
p28r( ar) p24x’ (3.20)
so that we may express our massless Klein-Gordon equation on (M, g) in the concise
form
82
O,%(x) = (éﬁ - A) Y(z) =0. (3.21)

As we discussed in Subsection 3.1, on the related Cauchy problem, the properties of
this spatial operator A bear significantly on the analysis of our Helmholtz problem,

this will become clearer in the next section.

The symmetric property:

Using routine integration by parts over the hypersurface ¥,

[ v@asar = - [ [ ¢( 2 (0%,) + ——j—m) pdS2dr
= L /Q / Yo (66,)drd - / o? /Q VAdQdr. (3.22)



For the first part of the integral in Eq. (3.22) above we have

0
/U)E(p%br)dr = (d)p2¢r) |80 o /(brwrpzdr = _/erwrderv (323)

with boundary term zero this is clearly symmetric under ¢(z) <> ¢(x) interchange.
For the second part of the integral in Eq. (3.22) we have for the function é(a:) €
Co° (%)

0 . 00 v P\
/1/)(:17 Kp(z)dQ = // (s 550" 80 + sm2¢93752) sin 0dfde. (3.24)

Integrating Eq. (3.24) by parts, again we find

a¢aw 1 060\ .
’ // (86 60 Sln208—¢58—¢) Smadadd), (325)

the first two terms here are zero and so the integral of Eq. (3.25) is again clearly

9.|"

(wsm980)

symmetric under the ¢(z) +» ¥(z) interchange, and so for the entire integral.

The positive definite property:
We simply replace ¢(z) (or ¢(x)) with ¢ (z) in the previous integrals of Eq. (3.23)
and Eq. (3.25) above, to find

Y(z)AY(z)de” = ///(p?/) + o (v + 20 %,)) sin 0dOdodr

I /7‘/4)/0 (1113 + ;(wé + Sin—zew;)) p? sin 0dOdgdr

- / <¢2+O‘—2|v¢|2) do” >0 (3.26)
s\ P R

with equality only for ¢(z) =0

5t

In summary we have demonstrated the symmetric and positive definite property
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of the extended operator A, sometimes written as Ag, with respect to the Hilbert
space inner product of L2-functions, associated with the modified induced volume

form do” = a~1(r)do, i.e.

(¥(z), A¢(I)>L2(Z,a—1da) = (¢(z), A¢(I)>L2(z,a—lda),

and

(W(x), A%(@) 2z 010y = O (3.27)

The simplest way to see why we make this choice of measure is to note, as in Wald’s

paper [16], that equation (3.21) can be written as the H-space inner product

(¥, AX) 2(s,0-1d0) = (X, AV),

and also

2
(¥, AY) [2(5,0-1d0) = />: (1/13 + %%Nwl?) do” = Qa(v) > 0. (3.28)

In the notation of Wald [16] the operator

B 10 9 0 a? _ a
A= _Ea(p E) = ?4& = —aD*aD,),

ie.
0y = aD*(aDy),
and acts on the Hilbert space H of square integrable functions on hypersurface ¥

with o?(r) = —£#€,, where £* is the static Killing field with Killing parameter ¢ and

D, denotes the derivative operator on the hypersurface ¥. In this notation we show
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that operator A is positive and self-adjoint on L*(2, a~1do):

(6, AV) 2(z.0-1d0) = —/):CbDa(aDaw)dU
— /aD“qSDawda
)
— / aD,pD*pdo
>
= —/Da(aDacb)wda
5

= (A¢,¥)12(2a-1do)s (3.29)

and this will only work with measure do” = a~'do. It is then a classical result [27]
that equation (3.21) is well-posed if the initial domain of A consists of sufficiently

smooth functions. The quantity

Qa(¥) = (¥, AY)12(5,0-1d0) = /

5t

2 a2 2 " ‘
<wr L ;IWI ) do" > 0, (3.30)

is called the quadratic form and assists the construction of the appropriate metric

norms for the problem, which we will see in the next section.

3.1.2 Sobolev Energy Norms

We previously defined the canonical energy-momentum tensor of the massless Klein-

Gordon field ¥ (z) by
1
Tls-:f) = vﬂdjv"w - aglﬂlc (wa 3;:@0) ’ (331)
associated with the Lagrangian density

L=a 2(r)y} +a ()7 + p~*(r) VY, (3.32)
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using these quantities we form the following tensor component

a?(r)
5 179> 0, (3.33)

1 1
Too = =92 + =07
00 th+2wr+

Too is clearly positive in (M, g) and in classical field theory is usually interpreted as
an energy density, whose integration over an entire volume form is interpreted as the
total energy of the propagating spacetime scalar field ¢)(x) . If we choose to integrate

I =

over the volume form, in this case given by do p*dQdr, we may then form the

scalar integral

1 2 1

The form of these integrals motiwvates the construction of the following normed
Sobolev function spaces on the space-like hypersurfaces ¥, associated with the in-
duced volume form do” which are defined as follows:

H'(%;): Denotes the completion of smooth compactly supported functions f on the

hypersurface ¥; with respect to the norm:

2
«Q "
Iy = | ISP+ FIVdeU ; (3.35)
Lt

H°(%;): Denotes the completion of smooth compactly supported functions on ¥,

with respect to the norm:

1 a0y = / \f2do”. (3.36)

We note that the quadratic form introduced in Eq. (3.30), can be expressed in terms

of the Sobolev norm of Eq. (3.35) as follows
— 2 a2 2\ = 2
Qa¥Y) = g Yy + ?WW /’ do" = (Y, AY)r2(,0-1d0) = [Yl2(8y)-  (3:37)
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The Sobolev function spaces are discussed in more detail in the Appendix A. More-
over, using these Sobolev norms with Eq. (3.34) above we may form, what I will

tentatively call an energy norm and define here by

1 "
£w) = 3 (IWlnwy + loey) = [ Tdo”>0. (338

Differentiating the quantity £(1), formed by Eq. (3.38), with respect to the local

time parameter t, i.e.

9 10
FE® = 55 (11w + lelfioqm,)
10
= 55{ (<w, Aw>L2(Z,a*1da) =t <wt’d)t>L2(E,a*1dg))
= (1, AY) + (Yu, ¥r)

= (Yu + A, )
= () =0 (3.39)

This scalar quantity defined by () in Eq.( 3.34) above, is thus shown to be con-
served under the flow of the timelike Killing field % in M, and following Noether’s
theorem we identify this positive conserved quantity £(1) with the total energy of
the Klein-Gordon field ¥ (z). We see our choice of measure do” also assists in our

definition of appropriate Sobolev norms on the spacelike hypersurfaces ¥; above.

3.2 The Radiating Problem on (R* 7)

For time dependence ¢(z) = e*4)(z%) in curvature coordinates 1(z*) = ¥(p, 0, ¢)
our hyperbolic K-G equation

2
1
—8—¢+A-w:0 where As—p

- (o) - 4 (340)
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becomes an elliptic-Helmholtz equation for ¢ (z*) on (M, g), expressed as
24P (zt) + Ap(zt) = 0. (3.41)

Our strategy here is first to transform the curved spacetime equation (3.41) on
(M, g) to an equation we can then interpret on Minkowski (R* 7). In this way
we will be able to apply some analysis developed by Stalker and Tahvildar-Zadeh [5]
for (R* n), in order to obtain the desired bound on the radiating field u(x) in R>.
This strategy is of course possible only if the manifold M has at least the same
topology as R*. We assume this to be the case and denote the local coordinates on
R* by the same letters as those on M, namely (¢,7,Q) € R x Rt x S? and a time
slice hypersurface in R* is again denoted by ¥;. We now define a spacetime function,

u(t,x) : R* — R, by the following radial transformation:

ult,r, Q) = ﬁ’irr—)w(t,r, Q), (3.42)

with p and 7 = |x| having their usual interpretation as areal and tortoise coordinate
respectively, (6, ¢) are the usual S? angular coordinates. Using this transformation
in Eq. (3.41) we derive an alternative flat spacetime Euler-Lagrange equation for
the field u(x). After a careful consideration of the interior Schwarzschild geometry
(M, g;), we can modify the radiating Helmholtz problem for u(x) in R? such that
0 < |x| < oo and thus transform the radiating problem to a well-posed hyperbolic

initial value problem on the entire flat Minkowski spacetime (R*, 7).

3.2.1 The Euler-Lagrange Equation for u(t,x)

We have the Euler-Lagrange equation for ¢(z) from Eq. (3.19), which we express

in terms of the transformed field u(t,x) on the spacetime (M, g) with volume form

0L



7 = () ) sind, et e
0, (Suew) = o | Vi (5 |
- a[ () G)

- a[m ),

and an easy calculation then gives

+

V(%) ()|
+ 0 [xﬂﬂ (ﬁ) (%“) ,J ’

o? 10 [ 7 a?

—u(t —— |p%0, | —u(t, —Xu(t,x) =0. 3.43

gt + 222, (Lue0)) | + S tute (3.43
We need to massage this clumsy radial second term into something resembling the

flat spherically symmetric radial Laplacian. To this end we write

i(()r {pZ& (H)} — ia, [praru +p2u8r(z)]
rp p

IR & {lar (7"28ru) g + 0,u0, (%)] + 2" term. (3.44)

plLr’
It is clear enough that our radial Laplacian is contained within the derivatives of the

first term and so we write

5 i3r (Tzaru) P 0,1, (Z)J +2™ term = %3, (TQBTU) +fa,u6, <E> +2™ term.
r p r p r

p|r?
(3.45)
We now have the flat radial Laplacian plus something else, which an easy calculation

reveals to be simply

T P 1 2 ol = P”(T)u = Tl
;arua,(;) + 58, [p u@r(p)} ="z = V(r)u, (3.46)
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and so we can write our Euler-Lagrange equation for u as the flat radial wave equation

with an angular term and a radial “potential” V(r), that is

0?u  0*u  20u  o?(r)

AL —0 . 47
52 " 52 " n oy e KLu+V(r)ju=0 (3.47)
Writing
B=—28, (r8,) - B g V(r) (3.48)
= | |

we can express the wave equation (3.47) more compactly by

2

wu(t, x) + B -u(t,x) = 0. (3.49)

With the assumed harmonic time dependence of our scalar field, and abusing notation
a little, by having the same letter u describe both the time dependent and time

Ze*tu(x), we can express

harmonic field, so that u(t,x) = e*u(x) and thus uy; = 2
the hyperbolic equation (3.47) as an elliptic equation, in terms of the flat Laplacian,

as follows

1 o

—Au(x) + <— - —) Ku(x) + V(r)u(x) + 2%u(x) = 0, ¢ =Re z>0. (3.50)

2
We note the emergence of the “potential” V/(r) as a relic of the spherically symmetric
spacetime curvature, this is the intrinsic Gaussian curvature of the 2-sphere of radius
p(r) with metric dp? + p?dQ?, and determinant |g,|, and can be expressed in terms

of the Schwarzschild Riemann curvature tensor Ryg4 by

p(r) 1
L -
p(r) ~ lga| 0%

A simple calculation for the spherically symmetric potential (required later) gives

3 2M 2M,
Vel = p(r) = 33 (1 R ) =10 where p>po>2M,.  (3.51)
p(r) — p p
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We have now explicit representations for the A and B operators of the wave equations

in their respective 1(z) and u(t,x) representations, i.e.

’(Z)tt((lf) + A- 'I/J(III) = 0,
uy(t,x) + B -u(t,x) =0,

(3.52)

because

2
Ypudo” = / b (— ) 2drdQ = / u—r2drdQ
B 5, p Ot N

this implies the following equivalence on the respective spacelike hypersurfaces >

/ (Y + YAY)do = / (uuy + uBu)dx = 0, (3.53)
Et 2!
and we easily deduce the equivalence of their quadratic forms, that is
Qi) = [ YAypdo" = / uBudx = Qp(u), (3.54)
Zg 2:

alternatively we may write
Qa(¥) = (U, AY) 125 .0-1d0) = ( U, Bu) r2ms) = @B (), (3.55)
and integrating by parts for
1 a? -
B = —A + (ﬁ = ?)ﬁ o V(T‘), (306)

with R3-Euclidian measure dx = r?drdS), the quadratic form @Qp(u) is deduced as

follows

2
Qp(u) = —/ ulza, (r*0,u) r2drdQ—/ %Euﬁuﬁdrdﬂ—f-/ V (r)uridrds2
% 7 ¢ Bt

_ />: (u + P + V() )dx. (3.57)
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Since the quadratic forms corresponding to A and B are equivalent, we can easily
identify self-adjointness and the Sobolev space metrics based on them, which we do

in the next section.

3.3 L?-Decay for the Scalar Field

We have established the equivalence of the quadratic forms @Q4(v) and Qp(u), cor-
responding to the operators A and B in the wave equations (3.52) and we can also
identify their self-adjoint extensions Ag and Bg, and consequently the Sobolev space
norms based on them. Such self -adjoint extensions are guaranteed to exist for pos-
itive, real, symmetric operators if their initial domains consist of sufficiently smooth
functions, and in particular for smooth functions of compact support on ¥, these are

then well-posed problems [26]. For

/at u(x)Bpu(x)dx = /E! u(x) (—A + (T—ll, ~ C;—;)A + V(r)) u(x)dx

1 a? 1/2
S L2(R3)
we define the H!-norm by
lu(x) [l = [|(Be)"*u(x)|| 22(go)- (3.59)

Let H* denote, what I will call here, the B-based Sobolev space, defined as the
completion of smooth compactly supported functions on R*/{0} with respect to the
‘H®-norm given by

o — ||(BE)S/2u(x)HLz(R3). (3.60)

u(x)]
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The H*-norm is defined by interpolation for 0 < s < 1 between H!-norm and the
H° = L?-norm and we define the H*-norm for —1 < s < 0 by duality. We provide

a detailed proof of this in Appendix A. For s =1 we have from the quadratic form

Q@p(u) that

bl = [ (P + SIPuGP + VORGP dx. (36D

3.3.1 Asymptotics and Bounds

Asymptotics of radial coordinates r and p:
By considering the potential V(r) in the range 0 < r(p) < co and letting V' (0) = 0

and recalling the exterior tortoise coordinate as an increasing function of p, i.e.
r(p) = ro + p+ 2M,log|p — 2M,], p > po > 2M,,

so that in the exterior Schwarzschild (M, gg) we have

Vir = p(r) = 2]\;[3 <1 - 2Ms> , p > po > 2M,, (3.62)
p(r) p p

in the asymptotic limit, as p — oo then r(p) — oo and we may express the following

bounds
0 < V(r) = 22;[3(1—2]/\)/[5) < 22343 = %, (3.63)
and likewise
0 ‘;‘j((:)) %(1 2%4*") 5 % (3.64)

(3.65)




we now find asymptotics on this radial function F'(r) which may illuminate our final
result. We are only interested in the case where both r and p are considered large.

We note the exterior tortoise coordinate

r(p) = ro+p+2M;In(p/2M, — 1),
~ p+2MIn(p/2Ms),
as p — 0o,

2M,
p

=1

and

2M;plog(p/2M; — 1)/p — 0.

Hence we find
log(1 — 2M,/p) — 0,

r

=14 2M,log(p/2Ms;—1)/p — 1,

log(r/p) = 0,

and

But we have
p—r+2Mlog(r/2Ms) = 2Mlog(p/r) + 2M;log(1 — 2M,/p),

so that

p—1+ 2Mlog(r/2M,) — 0.
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We also have a = /1 — 2M,/p, so that

1 a

N | oM,
= = ] =

R o p
_ P2 — + 2Msp
i r2p2 d

As shown above

p=r—2Mlog(r/2M,) + é(r),

where §(r) — 1. Now

1 o _(5)24M310g(r/4Ms)+u(r)

r2 2 P e d
where
log?(r/2M,)  2M,
ur) = app U2 2Mp
r r
As p— o0
u(r) — 2M;,
and
u(r)
log(r/4 M) =l
SO
2 272
1/r*—a?/p — _aM,,
r=3log(r/4Mj)
in other words
1 o 4M, r
F(r) = R F = ey log <4Ms> + error, (3.66)



and our F'(r) asymptotic follows

2 4,
T O . . log<r>. (3.67)

r—00 = gt r3

Bounds on u(x):

We use these bounds in the H!'-norm as follows

e = [ (I + S 9G0P + VP ) ax
ol < [ (Il + ST + Vouslra?)
= /]RS <|ur|2 + %Nu]? + %u?) dx
< C/RS (lurI2 + %[Vuﬁ + ;12—u2> dx

C/Rs <|Vu|2 + (§>2> dx, (3.68)

INA

with C being used here to label the generic bound on this integral.

We now define the ancillary Sobolev norms H* in the following way
lull s = H_AEU’HH(]R?')
= <—A§u,—A5u>L2(R3)

= (A%, u>L2(1R3) (3.69)
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In the H! case, for example, we have the differential identity:
ulAv =V - (uVv) — (Vu) - (Vv), (3.70)

integrating over a domain ) with volume measure dr and using the Divergence
Theorem on the dot product to the right, where Vu - n is the directional derivative

g—z, we obtain Green’s First Identity:

(Av,u) = / wiNudy = u%ds — /(Vu) - (Vo)dr, 3L
Q oo On Q

and we can easily deduce Green’s Second Identity:

/Q (uhv — vAu) dr = /a ; (ua—n e v—a—n) ds. (3.72)

Choosing suitable boundary conditions on u and v, such that the integral over the

surface 0€) vanishes, it is clear that —A is positive definite and formally self adjoint,

so that
lu@llin = ||-atue)|,
= <—A5u(x),—A5u(x)>L2(Q)
- (‘A%U)L?(Q)
= —/uAud’r
Q
= / |Vu|?dx, (3.73)
Q
that is

lull: = /Q |Vuldx = || Vul|r2().-
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Hardy Inequality:
If f is an integrable function with non-negative values, then the celebrated Hardy’s

inequality states:

[7 Gooa) ar < (-25) stapas e

with equality holding if and only if f(x) = 0 almost everywhere. This can be alter-

natively expressed for L?-norms as

0
EU(T)

, (3.75)

L2(R")

C
n—2

L2(R™)
for n > 3. The inequality was first published (without proof) in 1920 in a note by
Hardy [37], with a proof provided in a later text [38]. Now writing the first part of

the final integral in Eq. (3.68) in terms of the A'-norm, i.e.,

//QIVu|2r2drdQ = HVquLz(R;;) = “uHip’ (3.76)

and using the inequality (3.75) for the n = 3 case here, we can then express the
second part of the integral in Eq. (3.68) as an L?-norm in the following way, where

dS) denotes the solid angle in R3

u\ 2 U
/’r\/;2 (;) 7‘2d7'd(2 = ”;“LQ(RS), (377)

and we note the resulting inequalities

9 ()

—u(r) 5

r

< l

< |Vullpagsy = llullg - (3.78)

L2(R3) L2(R3)

Combining these inequalities we can form bounds for the s = 1 case, and as we will
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later prove in the spectral argument of Lemma 2.2, for the 0 < s < 1 case. From

Equation (3.68) we have that:

2
o< [ (190 + (2)") Paraa < cpul
R3 T

We state here again the bounds on #?*, in the case 0 < s < 1, in the form

s < C°?|ul

[[ul S (3.79)

which are got by interpolation and by duality for the case —1 < s <0
|ull g < C™*/2||ul3¢s. (3.80)

The full details of the proof of these interpolation norms and their duals is provided
in Appendix A.5. These Sobolev bounds are required in a subsequent calculation to

find for the L*-decay of the field u(x) on (R*,n).

3.3.2 The Inhomogeneous Problem

We recall the transformation u : R* — R, of the Euler-Lagrange equation for the
scalar field ¥ (z) on the spacetime (M, g) to a flat wave equation in R* for the field

u(t, x), associated with a radial potential V'(r), i.e.
U(t,T,Q) = B@w(t,/r, Q), (t,r, Q) eR x R+ X SQ.
r

In effecting this transformation we assumed the spherically symmetric manifold
(M, g) to have the same topology as R*, denoting the coordinates on R* by the same

letters as those on M. We subsequently provided a justification of this assumption
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in setting up our gravitating source as a static perfect fluid star, and demonstrated
a conformally flat Minkowski representation in the (t,7)-plane for its local radial
coordinate 0 < p < po, expressed by the interior tortoise coordinate r;(p) and with
the complex exponential time dependence we arrived at the Helmholtz problem.

It is of no consequence to the analysis of the Sommerfeld radiation conditions, which
are after all, concerned with bounds on u(x) at asymptotic infinity, whether we work
with the homogeneous problem

—Au(x) + (%2 - %) Ku(x) + V(r)u(x) + 2%u(x) =0,

in an exterior region of R3 or with an inhomogeneous problem of the form
—Au(x) + (— - —) Ki(x) + V(r)i(x) + 2*u(x) = f(x),

in all of R3, for an appropriate V(r) and provided the inhomogeneous term f(x),
which we construct presently, is compactly supported in B*. We note here, for a
later spherical restriction application, that a subset of R? is compact, if and only if it
is closed and bounded, since smooth functions are de facto continuous, the support
is always closed, that is, vanishing outside a bounded set.

Suppose that u(x) satisfies the homogeneous problem above, for r = |x| > Ry
say, and suppose that V(r) also satisfies the bounds there. We choose an arbitrary

smooth C* function ~y(|x|), such that

0 for |x| < Ry,
y(r) = (3.81)
1 for |x| > 2Ry,

and we modify u(x) by setting
u(x) = y(r)u(x),
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so that

f
a(x) = ; SRl = (3.82)
u(x) for x| > 2Ry,

and multiplying our homogeneous equation by ~ to get

—yAu(x) + F(r)yfu(x) + vV (r)u(x) + y2*u(x) = 0, (3.83)
looking at the first term here we can write

Alyu) = 06;0;(yu)di; = 8; (ub;y + v0;u) &;

= (u@iaj’y + Biuaj’y + Bi'yc')ju + ’782'8]'11,) 51‘]’

= ulAvy+2Vy.Vu + yAu,
and so we may write Eq. (3.83) as
—A(yu) + F(r)&(yu) + V(r)(yu) + 2%(yu) = —2V7.Vu — yAu . (3.84)
Our equation for the modified field @, in the exterior region is now expressed by

~ 1 & ...  &rae _
—AT+ (ﬁ - ?)ﬁu + V(r)i+ 2%i = f(x), (3.85)
where V(r) = vV (r) is a function which agrees with V (r) for r = [x| < 2Ry, and

satisfies the upper and lower bounds

0<V(r) <

2| <

; (3.86)

everywhere. The smooth ‘source’ function f(x) is thus compactly supported in the

annulus Ry < |x| < 2Ry and is given by

f(x) = —u(x)Ay — 2Vu(x)- V7. (3.87)
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It is clear from our definition of (r) that the inhomogeneous problem in all R? is
equivalent to the homogeneous problem exterior to the annulus, i.e., for |x| > 2Ry,
where we find f(x) = 0, @(x) = u(x) and V(|x|) = V(|]x|). Having flattened the
white dwarf with tortoise r; we map into the region 0 < Ry where v = 0. In this way

we isolate the interior radiating field u;(x) and so solve the problem in (R*,n).

3.3.3 L%-Bound on the Compact ‘Source’ f(x)

In this section we find the L?-bound on our ‘source’ function f(x), as constructed

for the inhomogeneous Helmholtz equation (dropping tildes so u = 4 etc.)
—Au(x) + F(r)&u(x) + V(r)u(x) + 22u(x) = f(x).

For a combination of heuristic and pedagogic motives I will outline the attempt,
which first suggests itself to reason, at finding this bound. As we will see the exegesis
goes full circle, but we gather some useful material from the endeavour, which we
put to use in the succeeding (successful) analysis, working with an alternative metric
which we label by d&?.

By the triangle inequality for f(x) in Eq (3.87) we have
1£ GOl e2mey < [lu(x)AY(r)l|2me) + 2| Vu(x) - V()] 2 ws)- (3.88)

The first term to the right is clearly bounded by max |Av(7)|||lu(x)||2r3). From
Schwarz’s inequality we have, for the second term to the right, in equation (3.88)

above, that
(V- V) < [VulZe - [VA]IZ, (3.89)
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and observing the dot product inequality, with complex conjugate @ we can write
[Vu - Vv|? < (Vu- Va)(Vy - V7), (3.90)

which holds point-wise, we then have the integral

1V y)2aqms) = /R [Vu- Vadx < /R (V7 V) (Vu- VBN (391)

Using Green’s first identity and integrating over the domain R?® we have

¥ « (uVa)ldx = / uggds = Vu - Vudx + / uAudx, (3.92)

R3 OR3 on R3 R3

where %f—l = n - Vu, is the directional derivative in the outward normal direction and

for convenience we write
Nalri = Veglry = &lr),

which is by definition supported in the ball B,, of radius 2Ry, so that in these

integrals

/R3 e(r)H [u(x)] dx = / e(r)H [u(x)] r*dr sin 0d0d¢ ) (3.93)

Br=j2Ry|

and the surface integral in R? is then simply

+ / u@ds = / u@ds =0 (3.94)
JOR3 on M Rol on

where H [u(x)] is a continuous function of its arguments in the volume integral and

we integrate for

ARo| > 2 Rol (395)
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in the surface integral over this radius. The integral on the far right of Eq.( 3.91)

can then be written as

/6(7") (V- (uVT) — uAT) dx
. % T 2 _ 2,12
= /RS(:(T) <§VV|U| — F(r)ulfu — V(r)|u| —ZIU|)dx
1 2dx — e(r)F(r)ufadx — e(r)|ul* (V(r 2\ dx
L §/wav'v'“|dx \/}g()p()ad / (Juf? (V(r) + Re 22) dx.

R3
p egelt
S1 Sa S3

Using Green’s identity again in the first integral |, 5, Wwe have
e(r)V - V[u> = V- (e(r)V|ul®) — V|ul* - Ve(r),

and integrating this over the entire space volume, for x € R3, and using the Diver-

gence theorem over the surface of radius A|Ry| we find

i

3 [ Suttax =1 [ (9 V) - Vlul Vi) ix = -3 [ Oupverii

Applying the same procedure again to the above integral on the extreme right we

find
1 2 1 2
—= | Vu|* - Ve(r)dx = = [ |u|*Ae(r)dx.
2 R3 2 R3

For the second integral [, s,» We have from a previous calculation (where we found for

Jos V&pdQ) that

/R3 €(r) F(r)ufudx = /BT:M | e(r)F(r) (/ﬂ uAﬂdQ) r2dr = — /]Ra e(r) F(r)|Vul2dx.
0 (3.96)
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We have a bound on F(r) given by

using this with the Euclidian gradient in {r, 6, ¢} spherical coordinates
1 1
Vu = Vu+ ;Vu, so that [Vul* = |V,ul> + <|Yul?,
P
to get

2 1 2 2
/R3 e(r)F(r) |[Vul® dx < C/ (r) = [Vul|* dx < C’/W elr) [Vul* dx. - (3.97)

€
R3
For convenience we drop the radial argument in €(r), and by definition € is compactly

supported in a ball of radius 2R,. We have that
V(eu) = uVe+ eVu,
and from the triangle inequality we find
IV(ewlZ: < [[uVellZ: + lleVula. (3.98)

Integrating over the solid region D C R3, we can write this as

/ |V (eu)Pdx < / [uVe|*dx +/ leVu|2dx. (3.99)
D D D
Using Green'’s First Identity on the product uVu - €2 we have '
/ V - (EuVu)dx = / V(€*u) - Vudx +/ uludx, (3.100)
D D D

and applying the Divergence Theorem on the left hand side of (3.100) to find

/ (€uVu) -nds = /V(EQU)-Vudx—i—/ezuAudx
oD D D

= / (uVe2 -+ 62Vu) - Vudx +/ 2uAudx
D D

= / 2euVe - Vu—i—/ e | Vul? dx+/ uAudx.
D D

D
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The left hand side integral over the spherical surface 0D = 2AR, as defined by (3.95)

is zero, and so we now have
—/ uludx — / 2¢uVe - Vu = / €2 |Vul? dx.
D D D
Using Eq. (3.100) then implies
—/ V - (EuVu)dx = / | Vul® dx, (3.101)
D

D

we can see this in a ‘rule of thumb’ way, i.e., using self-adjointness of €(r) and

‘switching’ sign of V under change of position in brackets to get
|eVu||22 = (eVu, eVu), = — (V- (€Vu),u),, . (3.102)
From our elliptic equation in R? outside a ball B,, we have
V- -Vu=Au=F@Fr)fu+V(@r)u+22u=0
and so we find
V(¢ Vu) = € ( F{u+ Vu+ 2*u) + 2¢ Ve - Vu.
Recalling equation (3.102) we see that

leVul|2, = ( e (Fhu+ Vu 4+ 2%u) + 2¢Ve- Vu ,u>L2

=3 < e2FXu, u>L2 + <62Vu, u>L2 + <62z2u, u>L2 +2(eVe: Vu ,u),»

IN

ll€® F k]| 2 ||ul| .2 + 2[|eVe - V|2 [ 2
+ (max |V | 4+ max |€22%|) ||u/3.. (3.103)
For the last term of the second line above, we use the Cauchy-Schwarz inequality to

get
(eVe-Vu ,u);, < ||eVe- Vu||p2||ul| 2. (3.104)
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We now apply the following trick to the above norms, that is, for p = ||ul|;2 and

= 2||eVe - Vul|z2 and for p,q € R we have the following inequality

0

INA

(p—q)?
p? 1 1,
= —@-9)=p-q¢ < G+ (G,
3 2 2
where 34° = C is a large constant and 13 = ¢, is a small constant. From

inequality (3.104) we then have
(eVe-Vu ,u);. < Cilluli?2 + cof|eVe - Vu|3s, (3.105)

and this gives us a ||ul|3, bound on (3.104) above. The above analysis brings us to

a point where we still have to deal with the integral

( sz(r)ﬁu,u>L2 =— /IR3 e(r)F(r)|Yul?dx,

and thus in exploration we have arrived where we started! at the bound in equa-

tion (3.97)

/IRS e(r)F(r)|Yul|?dx < C/R3 e(r) %2 [Vul? dx < C/RS e(r) |Vul? dx.

Metric Equivalence:
We find a way around this is as follows: we start again with the by now familiar

equality
17 G zaqgsy = e AY(r) aqes) + 2l Vu(x) - Ty (r)]| zaces), (3.106)

it proves convenient to express the differential operators A and V on the R3-Euclidian

space with metric
do? = 0;dz'dz’ = dr® + r?df* + r? sin® 0d¢?, (3.107)
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in terms of an alternative metric given by

2
d6* = 6yditdd = dr® + 2 (a6 + sin® 0dg?) . (3.108)

«

In these coordinates we find the following differential forms in do?

Vsu(x) = ure, + %Ugeg + psin9u¢e¢’ (3.109)
and
a? a?
A& = T 5 i Ul
u(x) Upp + e Ugg Y oo

1 a? 1
= Au-— ﬁﬁu + P <U99 . = 9u¢¢)

2

1
= Au—}—(%———)ﬁu

r2

= Au— F(r)fu. (3.110)
Using these alternative operators we form this inequality
[p(x) [l 2@s) < Nlu(x)As7(r)|lz2ms) + 2 Voulx) - Vv (r)|ams), (3.111)
the first term to the right of the inequality is clearly bounded by
max| Az (r)|[|lu(x) | 2 ®s),
and as before we use the inequality independent of a coordinate basis given by
lesull%: = [IVa(esu)l|72 < [[Va(es)ulla + lleaVaul3s, (3.112)
and of course where

€z = €5(1) = Vsv(r).Vsy(r) = Vy(r) - Vy(r) = e(r) = e.
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From equation (3.102) we also have
|€Vsull7: = (€Vsu, eVau) 2 = — (Vs - (€V5u),u) ,, (3.113)
and similarly
Vi (€Vsu) = €Asu+2eVse- Vsu, (3.114)
so that using this in the expression of equation (3.113) above we find
|eVsull3: = (eVsu,eVsu),,
= —(€Asu+2eVze- Viu,u) ,. (3:115)
Now we can use equation (3.110) to find the Laplacian
Asu(x) = Au(x) — F(r)&u(x) = V(r)u(x) + 2%u(x),
and so

|eVsulli: = (€Vu+ 2°u+ 2eVse - Vsu, uy,,

= <62V’U,, u>L2 - <e2z2u,u>L2 + (2eVze - Vsu,u) 2

< (max le2V| + max [ezzzl) |ul|22 + (2¢Vse - Vsu,u), s . (3.116)

Using the Cauchy-Schwarz inequality as in equation (3.104) and applying the same

method we use there to find
(6V&E § V5’LL ,U)Lz S Cl||’uHiz + CQHEV,}E i V&U“%Q, (3117)

and similarly for C; and c,, the large and small constants respectively, and in exactly

the same way we establish a bound on this norm, given here by
Ip()172rey < leVsullfz < CllullZ2, (3.118)
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so that finally we have
leull%s,, = IVs(ewlze < IVs(e)ullz: + le(Vsu)llZe < Cllullz.. (3.119)
We have the alternative metrics given by
o(z,z) = do® = oy;dz'da? = dr* + r?dQ?, (3.120)

and

2
5(z,7) = do? = 6,;d5'd3’ = dr® + %dQQ. (3.121)

If we can establish upper and lower bounds on these metrics, such that

do?,. < (d&2 =dr’ + g—dm) < dd? ., (3.122)
in other words, for the generic constants k£ and K, if
ko(z,z) < 6lz,x) < Ko(z,z) (3.123)
holds, so that from the notion of metric equivalence
leul gy < Kull:, (3.124)
we can form the following upper and lower bounds:
kllwll sy < Nlwll ey < Kllwll o o), (3.125)
and we can then say for the s = 1 case that
klwll gy < lwlliney < Kllwll gy (3.126)
and so it follows
PO 2aqmsy < leulZgy < Klleuly g < K'lullagy < K lulZay  (3:127)
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and in this way we establish the bound on f(x).

We have previously found that

1.e.

alternatively, in the domain of application where p >> 2M; and for p < r we also

have
2M,
o = 1—
p
1 P
= — =
a? p—2M
P’ p*
=5 ~ S=p >0 (3.128)
o p
and as p — oo we have an upper bound given by
2
L O (3.129)
@
similarly
a? 1 2M,
= = 2" !
p p p
1
L =y (3.130)
p
and so for the lower bound we find
p? 2 2
o2 > gt rr, (3.131)
That is
et €doy .. £ do (&, 8) € doo. <10, (3.132)
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and thus we establish metric equivalence, i.e.
colz, ) < &(z,2) < Colz,2),
with the foregoing reasoning we can conclude our bound, i.e.
||f(x)||L2(IR3) < ||U(X)A’Y(T)HL2(R3) + 2[|Vu(x) - v7(r)|,L2(R3) e CUH“H%?(U) - (3.133)

Since u(x) and @(x) agree for |x| > 2Ry, any estimates we prove for |a(x)| apply

equally to |u(x)| provided |x| > 2Ry.

3.4 The Hyperbolic Initial Value Problem

3.4.1 Classical results

In this section we establish two important lemmata, namely the results stated in (3.135)

and (3.136) below:

Lemma 2.1 For w(t,x) in the solution of the hyperbolic initial value problem

2

@w(t,x) + B - w(t,x) = 0; wf0,x) =0, w0, x)=f(x), (3.134)

the Laplace transform is given by

) = /Ooow(t,x)e_”dt. (3.135)

Lemma 2.2 We prove the following conservation of energy result by using #°-norms

and spectral analysis

lw@3 + 19aw(t)]

e 2 [, (3.136)
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We recall that a real, symmetric and positive operator is self-adjoint if its initial
domain consists of sufficiently smooth functions. The initial domain of B consists of
the C°(X) functions, i.e., functions of compact support so that B is densely defined
and it is then a classical result [27] that the Cauchy problem (3.134) is well-posed.
We have then a problem for which a sensible, fully deterministic dynamical evolution
prescription can be given [18]. The wave equation (3.134) is similar to the classical
massless Klein-Gordon wave equation — the Hilbert space analysis leading to its solu-
tion was originally laid down by von Neumann [26], and as we have alluded to, used
also by Wald [16] [18] to establish deterministic dynamics in non-globally hyperbolic
spacetimes (those that admit naked singularities and are thus geodesically incom-
plete), as a challenge to a putative cosmic censor, who insists on global hyperbolicity
for spacetimes and thus forbids the nakedness of singularities, clothing them with
the event horizon hypersurface H* etcetera.

These classical works of von Neumann, Wald et al. motivate the following approach
to establishing the results for the well-posed problem here. The inhomogeneous

equation of our radiating system in R? can be expressed in the following way
B - u(x) + 22u(x) = f(x), (3.137)

with the differential operator

a2

1
BE—A—%—(ﬁ*F)A%—V(r),

previously established as real, symmetric and positive definite and thus with the
self-adjoint property guaranteed via the unique self-adjoint extension Bg [26]. There
are many versions of the spectral theorem for a compact, self-adjoint operator on a

Hilbert space H. The following version, appropriate to the analysis here, states that:
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Every bounded self-adjoint operator is unitarily equivalent to a multiplication operator
on a suitable L*-space.

This means that, given a bounded self-adjoint operator B, on a separable Hilbert
space H, we can always find a measure p on a measure space M and a unitary

operator U : H — L*(M, du) so that
UBU™! - u(x) = B(x)u(x), and  u(x) € L*(M,dpu), (3.138)

for some bounded real-valued measurable function 5(x) € L*°(M,du) on M. The
formula given by Eq. (3.138) is called the “spectral representation” of the self-adjoint
operator B.

Lemma 2.1 Consider the initial value problem with given initial data:

2

é—t—Qw(t,x) + Bw(t,x) = 0; w(0,x) =0, w0, x)= f(x) (3.139)

From the spectral theory of positive self-adjoint operators and with
w(t,x) € L°(R,H*) and Guw(t,x) € L®(R,H™),

the elliptic-Helmholtz solution u(x) admits an integral representation in z-space, for
z > 0 given by

(%) = /000 w(t,x)e *dt, (3.140)

which is an L?(R3) N H'(R?) solution of the homogeneous Helmholtz equation

—Au(x) + (r_lz - Z—j) Ku(x) + V(r)u(x) + 2*u(x) =0, (=Rez>0. (3.141)

We prove this as follows:
Using the foregoing definition and notation for spectral representation we can define

the following
UBU™" - u(y) = B(y)uly), (3.142)



and
Uf(B)U™" - u(y) = f(B(y))uly),
where

B=U"'8(y)U, f(B)=U"'[feB(y)U ad UU' =],

and we note for later that
U-u(x)=d(y) and U-f(x)=f(y).
We have the initial value problem of Eq. (3.139), i.e.
wy(t,x) + B - w(t,x) =0,
applying unitary operator U, this then implies
U - wu(t,x) + UBIL- w(t,x) =0,

and also

U - wy(t,x)+ (UBU_I) U -w(t,x) =0,

which we can express by

(Uwy)(y) + B(y)(Uw)(y) =0,

solving this linear second order ordinary differential equation we get

)sin By)t

(Uw)(t,y) = (Uw)(0,y) cos v/B(y) + (Uw)(0,y
B(y)

for initial values w(0,x) = 0 and J,w(0,x) = f(x), this is

= f(y>8i“7_— Vﬁfg)t
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(3.149)
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or in terms of the operator B

sin \/—Bt

w(t,x) = cosVBtw(0,x) + Wi wy (0, x)
sin v/ Bt
b ' 3.151
7B f(x) (3.151)
We also have Eq. (3.141) which we write as
B-u(x) +1-2%u(x) = f(x), (3.152)

following the spectral theorem we apply the unitary transformation U
UBI - u(x) + 12U - u(x) = U - f(x),
and with unitarity U~'U = I we form

(UBU Mi(y) +1- 2%u(y) = f(y),

that is
Bly)i(y) + 2*uly) = f(y),
so that
e e T o o i
u(y) = B0y) + 2 U - u(x). (3.153)

Applying the inverse unitary operation U~! to this we get

u(x)=U"" Wf)(yj—ﬁ (3.154)
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now we integrate w(t,y) with respect to ¢ as follows

iy) = [ ety
[

— z—1 B(y _ e—(z—{—z\/l—i(T)t)

b ¢
)
Bly) + 22
= a(y),

(3.155)

and thus we find

and the result of Lemma 2.1 follows

wl(x) = /000 U ot y)] dt = /Ooow(t,x)e_z‘dt. (3.156)

Note that this representation of wu(x) is clearly consistent with the operation of

Laplace transform £ on the solution of Eq. (3.139), i.e.
3 1
L{O;w} — AL{w} + 2T AL{w} + VL{w} =0,

where

and

L{0w(t,x)} = 220(2) — 2w(0,x) — w;(0,%) = 22w (2) — f(x),
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which yields the elliptic equation in w(z)

—Aw(z) + (% — %) Ki(z) + V(r)w(z) + 220(z2) = f(x),
that is where
u(x) =w(z) = /oow(t,x)e_”dt < 00. (3.157)

Lemma 2.2 Consider again the IVP of Eq. (3.139), with 0 < s < 1 and for initial
datum f(x) € H*~!; a solution w(x, t) then exists which satisfies a conservation law
given by

lw®) Iz + 10w () 351 = I1f I3go-1- (3.158)

We prove this as follows:

Using the spectral representation of Eq. (3.144), we have
F(B)=B" = UF(BU™ = F(8(y)) = f"*(y) ,  (3.159)
with the definition of the H*-norm, which we previously introduced, i.e.
1B, y)|3 = 18%20(t, y) |22,

admitting a representation for the L?-norm above, given by

f\(/yB) sin /Bt = 7 ) (y) f(y) sin v/Bt. (3.160)

B*%i(t,y) = Bi(y)

With this we can write

o, y) 1 = / B f(y)sin v/Bt| dx
R3
s=1y = 2
% /R BT fy) sin VB dx
- / ﬁs‘lf(yfsin?\/ﬁt\dx, (3.161)
]RS
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and in similar fashion we find

= /IR3 ‘ﬂ(s"l)f(y)zcos2 \/Bt‘ dx, (3.162)

adding these two integrals to get

s—1

=) f(y)

,2

(6, ¥) e + 00, ¥) s = [ |8 B (3163)

and using the definition of these so called B-Sobolev norms, we find

s—1

s—1y = 2
/Ra 8¢5 7 ()| dx = B2 f2 = 111, (3.164)

thus proving our second lemma,
lw@)l15es + 10w ()31 = [1f 13gs-1 - (3.165)

These lemmata will be used in the succeeding argument for L?-spatial decay.

3.5 Light-Cone Argument for L?-Decay

We now use a light-cone argument to find for optimal L?-decay of the radiating field
u(x). From the H* and H* norm estimates for u(x), deduced in Eq. (3.79) and

Eq. (3.80) for w(t) € L*(R,H?*), we have from the interpolation argument we used

for ||u|l3s with 0 < s < 1 ( the proof of which is provided in Appendix A.5)

e < C2[lw(t)]

Jw(?)| oty (3.166)

and clearly

(=)
[w(®)|lps-—1 < C2 |lw(?)]

P (3.167)
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Using the conservation law established in Eq. (3.158), in conjunction with the s-space

estimates, we deduce the following estimate

lwll ga@sy < CIFllgo-1(my» (3.168)
for s =1 we then have
llw(t)||H1(R3) < Clliflgomsy = Clif 2w, (3.169)
and likewise for s = 0 we have
lw(®)l jorsy = lw)llr2@e) < Cllfll -1 (ms) (3.170)
and thus
lw@llz2s) - WOl irgs) < C Il 1l -1 gy- (3.171)

Since f € L%(R®) and is by definition compactly supported in the ball of radius 2Ry,
we have from using our interpolation argument (Appendix A.5) for the dual spaces

—1 <5 <0 that

1 fllg-1msy = 1| = A72 fl|Lomey < C"|I 1l 2w, (3.172)

using this in the inequality (3.171) we find

() atms) - @I oy < € 1F Nl 2s). (3.173)

We now need the result of an important lemma, which I will call the SZ Restriction
Lemmea, due to Stalker and Tahvildar-Zadeh and proven in their novel and challeng-

ing paper on the Helmholtz equation in R™ [5], where they provide a proof of the
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Sommerfeld radiation conditions and not yet published at the time of going to press.

The ST Restriction Lemma

For the spherical restriction operator S,, from functions on R™ to functions on S™ 1,

defined by

Sru(a) = u(ra),

there is a constant Cy(n) such that

1S ru(x) | 2(sn-1) < Co(m)[u() | oigny - 1uC o™ (3.174)

for all u(x) € L2(R3) N H!(R3).

The spherical restriction operator S, confines functions u(x) in R" to lie on hyper-
spheres S™~1; it is used to get from R™ to the embedded sphere of radius r, expressed
in the notation used above by S,u(«). The corresponding Sobolev Restriction theo-
rem is false and so we must use the result of the Restriction Lemma instead [5]. The
details of this Lemma are rather involved but the result is crucial to our analysis of
the L?-decay here. As the S, operation will be used again later, it is worthwhile to

give a simple example of its effect in R? using spherical coordinates given by

1 = rsinfcos ¢,
Ty = rsinfsin ¢,
s = poosl,

to express the polar form integral

27 g 0o
fixjde= / / / f(rsinf cos ¢, rsin @ sin ¢, 7 cos §)r?drd2.
R3 o Jo Jo
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If g is a function on the unit sphere S? = {z € R? : |x| = 1}, with angular coordinates

v = (sin 0 cos ¢, sin f sin ¢) we define the surface element do(7y) by

/52 g(v)do(v) = /027r /Owg(v) sin 0d0d,

resulting in the spherical restriction to a radius r, that is where

[ foax= [ [ " fryyrdrdo(y).

We apply spherical restriction S, to u(x), as defined by the Laplace transform
Llw(t,x)] of Eq. (3.157), and form the following restricted integral

Sulx) = ulro) = /000 S,w(t, x)e”*dt. (3.175)
Recall that w(t,x) is the unique solution for the Cauchy problem
O?w(t,x) + B - w(t,x) =0,
with generic initial datum f(x), so that
Saw(t,x) = /0 E S, f(x)]\im sin \/Btdt. (3.176)
The spherically restricted function S, f(x) first defined in Eq. (3.5) is
Sy f(x) = =S,u(x)Av(r) — 2V (Syu(x)) . Vy(r),

and is compactly supported in the ball of radius r = |x| < 2R, where 7(r) is zero.
The finite speed of propagation asserts that the value of the unique solution w(t,x)
of the hyperbolic wave equation (3.139) for ¢t > 0, is determined only by Cauchy

data in the ball {|xo — x| < ct}, which is the intersection of the solid light cone
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with the initial data hypersurface ¥;—y in Minkowski spacetime (R*, 7). The solid
cone of this base is called the domain of dependence or the past history of the vertex
event labelled (x,t); it is precisely the portion of the hypersurface cut off by the

characteristics {|xo — x| = ct}. If ¢t < r — 2R, then

Sewit,x) =10,
and thus
Sru(x) :/ S,w(t,x)e *dt. (3.177)
(r—2Ro)

The homogeneous problem for S,u(x) is defined in all R? outside the compact set B;,
the ball of radius 2Ry; there is radiating field dynamics in R3, as it were, only when
|x| > 2Ry. That is to say, the spherically restricted function S,u(x) attains a non-
trivial value only for r — 2Ry > 0 and for the massless radiating Klein-Gordon field,
as u(x) in R3, this implies that ct > r — 2R,;. We see from Equation (3.177) above,
the hyperbolic wave function w(t, x) is integrated along the world-line parametrised
by ¢, until it attains a non-trivial value after a proper time lapse of t; = % |2Ro| at
which point it enters its domain of dependence. It is this fact that brings about the
improved L?-decay estimate which we demonstrate presently.

Using the result of the Restriction Lemma, Eq. (3.174), for the case n = 3 in con-
junction with the bound deduced from Eq. (3.173) above, on the now spherically

restricted w(t, x), we find for the ||S,u(x)|| estimate as follows

1rw(t, )52 < Collwlt, ) ags 1wl Oz o 7™ < Cllflzoyr ™, (3.178)
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with this we evaluate the norm for the spherically restricted field u(x) as follows

/ S,w(t, x)e”*dt

||Sru(x)”L2(s2) =
—2Ro

L2(S52)

S IS ue ey < [ ISt 0 e
r—2Ro

1 % i
> ISl < Clfligny [ s (3.179)

—2Ro
whence we arrive at the estimate for ||u(x)||z2(s2) on evaluating the integral in ¢,
which is the sought Sommerfeld Radiation Bound

_ 1 .,
180 lzagsny = u(0)lz2 < Clal™ €2 ||l sy ~e " (3.180)

This completes the proof of Theorem 1 for the L*-decay bound on u(x), which we

write concisely as
! 1 —(r 1" 1 —(r
HU(X)HLz(SZ) < C Hf||L2(R3);e _<_ C |IUHL2(R3);6 : (3181)

We easily get the K-G bound [¢(p,8,¢)| in (M, g) by using the exterior tortoise

coordinate 7(p) = p + 2M, log (p/2M, — 1) with the transformation ¥ (z?) = %u(x).

In conformity with the standard structure of theses I conclude with a brief and
temperate paragraph suggesting possible future extensions to this theorem. From

previous work [5] on the flat Helmholtz equation in R™
—Av(x) + P(x)v(x) + 2%v(x) = 0, (3.182)

for potentials P(x) which satisfy the bounds

L U (n—2)
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outside a compact set in R™, and following a detailed analysis, an L*-bound is

provided for a radiating solution v(x) and given there by

)l = C'r "7 ¢ (3.184)

With the following rough heuristic argument we might anticipate a similar radiation

condition for the radiating field u(x) outside a compact set in R® as the solution of
—Au(x) + F(r)&u(x) + V(r)u(x) + 2%u(x) = 0, Rez=0( > 1. (3.185)
where the potential V() satisfies the bound (3.183) for n = 3 and with n = 2, i.e.

0 < V()< v

-_— — ’['2.

Very crudely, since V(r) and F(r) vanish at spatial infinity, from the asymptotic
behaviour of the Hankel functions we would expect optimal radial decay in outgoing

spherical form
e¢r

g([x1) ~y(6,9)

)
r

we have shown that as p — 0o, 7(p) — oo we have an asymptotic

3 . J L. o 4M, r 1
lim F(r)= lim (7‘_2—_>N_ 3 10g<4—]\/ls)Nr_4’

r(p)—o0 r(p)—o0

in this regime V (r) dominates F(r) so that the elliptic-Helmholtz equation (3.185)
is asymptotically equivalent, in some sense, to equation (3.182), so that the bound
on |u(x)| should be of the same character as the |v(x)| bound. It is worth pointing
out that the L>°-bound has the capacity to falsify competing scalar field analyses in
the following way: if a gedanken experiment recorded a measurement of the fields

intensity at local curvature coordinates {R, g, ¢r} to be given by |u(R)|* say, and if
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the scalar field theory predicts an L*°-bound, the supremum bound, to be less than
|u(R)|?, then the theory contradicts experiment and is thus falsified — some compo-
nent of the argument is incorrect and requires reconsideration; an L2-bound, which
is essentially a root mean square bound, does not have this discriminating quality. It
is feasible that an L*°-bound can be ascertained by a so-called bootstrap argument,
using the L%-bound and Young’s inequality for convolutions to get from L? to LP
and ultimately arrive at the L>®-norm. This would be an extension of the L? result

established here and require considerably more effort in establishing its proof.

As much of my time was spent or perhaps misspent on Killing time, in the same
building where he was born on Westland Row, Dublin 2 (now in danger of collapsing
under the heft of the spawning by-products of the ‘knowledge’ industry), it is as well
to finish with this pertinent or perhaps impertinent quote from the timeless wit of

Oscar Wilde, all depending dear reader on your relative frames of reference

. In the wild struggle for existence, we want to have something that endures, so we fill our
minds with rubbish and facts. The mind of the thoroughly well-informed man is a dreadful thing. It

is like a bric-a-brac shop, all monsters and dust, with everything priced above its proper value.

Oscar Fingal O’Flahertie Wills Wilde.
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Appendix A

Functional Analysis

A.1 Definitions of Metric Spaces

A distance function (or a metric) on a set M is a function d : M x M — R which
to any pair of points z,y € M associates a real number d(z,y), called the distance
from x to y. To get a reasonable notion of distance, it has proven advantageous to

require that the following three conditions are satisfied:

1. Positive definite

d(z,y) >0, forallz,ye M, =0&z=y.

2. Symmetry
d(z,y) =d(y,z) for all z,y € M.

3. Triangle
d(z,z) < d(z,y) + d(y,z) for all z,y,z € M.
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Definition A.1

A metric on a set M is a function d : M x M — R satisfying the above three distance
conditions.

A pair (M, d) consisting of a set M together with a specific metric d on M is called
a metric space.

Definition A.2

Let H be a complex vector space with an inner product (-,-) and the induced norm
| - |I; if H is a Banach space, in other words a complete normed vector space, with
respect to the induced norm || - ||, it is then called a Hilbert space.

A Hilbert space is an inner product space H which is a Banach space with respect
to the induced norm.

Definition A.3

If A= A* ie., (Az,y) = (x, Ay), where A is an operator on H and for all z,y € H

then A is called self-adjoint (or Hermitian).

A.2 Function Inequalities

The L*>-Theory: The main idea is to regard orthogonality as if it were a geometric

property. The inner product on (a, b) is defined

(f,g)E/f(x)%)dm.

The L?-norm of f
=t = | [ @]
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and the quantity

i)

I =gl = | [ 17) - stz

is a measure of the “distance” between two functions f and g, also called the L?
metric.

Cauchy-Schwarz: If x,y € X, where X is an inner product space, then the follow-
ing inequality holds

[z, y)| < llzllllyll-

Minkowski: For any real number p > 1, and any pair of continuous functions

f,9 € Co(R), the following inequality holds

1f +gllp < Ifllp + llgllp-

A.3 Sobolev Spaces

Definition 1: The Sobolev space H'(2) is defined by

ov
8.’1)1‘

H'(Q) = {UELZ(Q): € L*(Q) i=1~-n}, (A.1)

Q is a general open subset of R". The space H!(Q)) is equipped with the scalar

"\ Ou Ov
(m) = /Q (uv 5 ; oz, 8xi)d$’

and the corresponding squared norm

o1 :/(2(v2+ﬁ:(§—;)2>da:. (A.2)

Remark: By definition of the distributional derwative the following are equivalent:

product
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(a) v € HY(Q)

(b) v € L*() and there exists g1, ga, - - -, g € L*(Q) such that

/va(bdx:—/giqﬁdx, VopeD,
o Oz Q

Then, by definition, gg% = g; in a distributional sense. This definition can be natu-

rally extended when replacing the L?(£2) space by a general L?()) space.

Definition 2: For any 1 < p < oo, the Sobolev space W1?(Q) is defined by

Wir(Q) = {v c @) : 2

T

cLP(Q) i= 1n} (A.3)

The space WP(Q) is equipped with the norm

Iollwsay = [ | (1P + Z

When p = 2 the space W?(Q) is often denoted by H'(€2) and this is the notation

ov

)da:] ; (A4)
we use throughout. We do not consider higher order derivatives here.

A.4 Summary of Sobolev Norms

In the simple notation encountered in the thesis, and with the interpolation spaces

defined for 0 < s < 1, we summarise the norms used as follows:
() [lu@)Z: = [ lu(x)*dx
(ii) lu@lle = J lu(x)Pdx
(iii) [lu()llf. = [1(=2)"*ux)||72, fors =0, H® = [lu(x)|l}.
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(iv) e 13 = 1(=2)2u(x) 2, = [ [(-A)2u(x)|" dx = (vV=Bu(x), v=-Bu(x))
= (Au(x), u(x)) = [ —u(x)Au(x) = [ [Vux)|*dx = | Vu(x)| .2

V) lu@)liEs = 10 = A)2u(x)||Z., fors =0, H® = [lu(x)||Z

V) u@) s = (=4 + V) Pu)|ls, fors =0, H° = [lu(x)||Z.

(vii) We encounter a special case for the H'/2 norm Hu(x)||i-11/2

= 27 [(C* + n*)2|a(¢, m)[Pd¢dn

A.5 Lemma: Interpolation Bounds 0 < [s| < 1:

Suppose that B is a non-negative self-adjoint operator on a Hilbert space H, and
that v € ‘H. We assume without loss of generality that H is a real Hilbert space,
since every complex Hilbert space is also a real Hilbert space, and every self-adjoint

operator on the former is then a self-adjoint operator on the latter. Define
kp(s,t) = 7 'sin(rs) min (%7 BY%0|? + e ||lw|)?),
v+w=u

for all s € (0,1) and all real ¢. Then, for all

|BY 2| = /_ " k(s )t (A5)

for all s € (0,1).

Equation (A.5) is proved as follows. By spectral theory there is a set M with pos-
itive measure u together with an isometry U : H — L?(M,u) and a non-negative
measurable function 8 with the property that

B =U""MjU,
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where Mp is multiplication by 8 in L2(M, p1). The fractional powers of B referred to
above are defined by
B*? = U™ M. U.

Since U is an isometry

kp(s,t) = n ' sin(mws) min_ (e““HMﬁl/z’&H2 + eSt||1D||2) ,

V+wW=u

where @ = Uu € L*(M, p). Now

Mgt + el = [ (BT + e aw)) dutw)
yeEM

From the identity

ab(€ + 1) + (a€ — bn)?
a+b

a&® +bn? =

we see that

_ e B)ay)* + e B(y)i(y) — ei(y)]?

st—t ~ 2 st~ 2
e B(y)o(y)” + e w(y) et—tB(y) + et

b

when 9(y) + w(y) = u(y). The quantity in brackets is zero for

- 1 ~
u(y) = my—)u(y),

and
o e'By)
oy) = 1+ e 1B(y)

and positive for any other 9(y) and @(y) such that 9(y)+@(y) = u(y). These choices

u(y),

therefore minimise the integrand above for each y € M. It follows that

kp(s,t) = 7~ sin(ms)et / e'B(y)

i Wa(y)%ﬂ@)
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Integrating this

/_oo kp(s,t)dt = 7! sin(ms) /oo est/y Mﬂ(y)%y(g)dt.

o0 0o em 1+ e 1B(y)

Reversing the order of integration,

[ (s, = - singes) [ B’ / ) %dtdm).

o0

Making the change of variable r = 1/(1 + e~ 'A(y)),

oo w = ' s—1 e\ —S o - -
/—oo 1+ etB(y) ain /0 r* (1 =r)7dr =T(s)I'(s — 1) = mesems.

Evaluating the inner integrals then,

/ kp(s,t)dt = By)*u(y)*dply) = | Mgl = || BYu|>.
oo yeM
Suppose now that we have a pair of non-negative self-adjoint operators A and B,

such that

1AY20]| < | BY?0]],
for all v € H. Then
| AV |2 + e w2 < B0 + el
and hence
Bals t) = bplsd),

for all s € (0,1) and for all real ¢. It then follows from equation (A.5), and from its
counterpart for A, that
1A*2u]) < ||B*2ul.
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If, instead of ||AY2v| < ||BY?v||, we have
|42 < C||BY2v]],

then we apply the same argument, not to A and B but rather to C™'A and B,

obtaining

1A 2ul| < C*|| B*?ul|.
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Appendix B

Aspects of General Relativity

B.1 Covariant Calculus

Scalar Gradient:

V6 = (Vad) e = (3ud) €

Divergence:

Vov=Vat+ T80 =

l a
m&z ( lg|v ) :

Laplacian:

8¢ =VaV6 = —=0, (VIglg"00)

=l

Stokes Theorem:

/ &z/[gIV, VH = / =y Aln V™
M oM
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Metric Identities:

g= det[gm/]; 5\/ g = _1/2\/ —ggyuagﬂu; 69 = gglwég;w = _gg;wéglw'

B.2 Killing Fields

Any vector K, that satisfies V(,K,) = 0 implies that the scalar quantity K,p” is

conserved along a geodesic trajectory:
V(#Ku) — (= p”V#(KUp“) =0 (B.l)

The existence of a timelike Killing vector allows us to define a conserved energy for
the entire spacetime. Given a Killing vector K, and a conserved energy-momentum

tensor T, we can construct a current J5 = K, T that is automatically conserved
Vudy = (VKo T + K (T, T =0

The first term vanishes by virtue of equation B.1 and the second by conservation of

T

B.3 Energy Conditions

It is sometimes useful to think about Einstein’s equation without specifying the the-
ory of matter from which 7},, is derived. This allows a great deal of arbitrariness;
consider for example the question of what metrics obey Einstein’s equation? In the

absence of some constraint on 7, the answer is any metric at all; simply take the
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metric of choice, compute the Einstein tensor G, for this metric and demand that
G = T, It will automatically be conserved, by the Bianchi identity. Our real
concern is with the existence of solutions to Einstein’s equations in the presence of
“ realistic” sources of energy-momentum. One strategy is to consider specific kinds
of sources, such as scalar fields, dust or electromagnetic fields. It is advantageous
to understand properties of Einstein’s equations that hold for a variety of different
sources and so energy conditions that limit the arbitrariness of 7),, are imposed. We
give two examples here : the Weak and Dominant energy conditions.

These are coordinate invariant restrictions on 7),,. Therefore we must construct
scalars from 7),,, typically accomplished by contracting with arbitrary timelike vec-

tors t* or null vectors [*. For example the Weak Energy Condition is
Lt 2 1,
For a perfect fluid in coordinate p

T, = {d(p) + p(p) yuuu, +p(p)g",

because the pressure is isotropic 7),,t*t” will be nonnegative for all timelike vectors

t* if both T, u,u, > 0 and T),,1,l, > 0 for some null vector [*#. We therefore evaluate
Twu'v =d(p),  Twl"1*{d(p) + p(p)}(uul").

The weak energy condition therefore implies d(p) > 0 and d(p) +p(p) > 0. These are
simply the reasonable-sounding requirements that the energy density be nonnegative
and the pressure not too large compared to the energy density.

The Dominant Energy Condition includes the weak energy condition (7),,t#t” >
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0, for all timelike vectors t#), as well as the additional requirement that 7%, is a non-
spacelike vector (namely that 7, T¢t*t* < 0). For a perfect fluid, these conditions
together are equivalent to the simple requirement that d(p) > |p(p)|; the energy
density must be nonnegative, and greater than or equal to the magnitude of the
pressure.

Most ordinary classical forms of matter, including scalar fields, obey the dominant
energy condition. The energy conditions are not, strictly speaking, related to energy
conservation; the Bianchi identity guarantees that V, 7" = 0 regardless of whether
we impose any additional constraints on 7", Rather, they serve to prevent other
properties that we think of as “unphysical” such as energy propagating faster than
light, or empty space spontaneously decaying into compensating regions of positive

and negative energy.

B.4 The Conformally Invariant K-G Equation

Here we briefly remind ourselves that an equation for a field ¢(z) is said to be
conformally invariant if there exists a number s € R (called the conformal weight of
the field) such that ¢ is a solution with a metric g,,, if and only if b= Q(zH)g is

a solution with metric
v = QQ(x”)g;w»

and where the conformal factor Q(z*) is a smooth, strictly positive function, so a
conformal transformation is essentially a local change in scale.

The Lagrangian density of a massive ( massless case m # 0) scalar field in curved
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Spacetime 18 gi\/en by
C 1 iz 1 2 .2 2
=Vv—4g 29 ;u;u 2”L Qb /\]Z(b .

We include a direct coupling to the Riemann scalar R parametrized by dimensionless
constant A. In the literature there are two favourite choices for the value of A:
minimal coupling simply turns off the direct interaction with R and as we will see

conformal coupling sets
n—2
4(n—1)

A=
making the scalar field theory invariant under conformal transformations. Many
equations for physical fields are conformally invariant and the study of the behaviour
of equations under conformal transformations is also useful for many mathematical
purposes. Conformal transformations occur in many contexts in General Relativity,
in particular in the definition of asymptotic flatness where the transformation brings
infinitely remote points to a finite distance [7]. At these points the metric ds?* is
meaningless, but the conformal metric ds? is regular; it is the conformal structure
that proves important for studying the general properties of a spacetime, this is
because it determines the causal properties of the neighbourhood of a point, including
the properties of null cones and it also emphasises the influence of curvature, through

the Ricci scalar R, on the test field dynamics. In the interests of generality it is worth

noting that the massless Klein-Gordon equation for a field ¢(z), i.e.
Oy6(x) = g VaVpé(z) =0, (B.2)

is not conformally invariant on a general n-dim Lorentzian manifold (M, g) unless

dim M = 2 and noting also for n-dim that g**g,s = n. Using a transformation
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<Z~> = (2°¢ in the conformal coordinates
056 = §**Va Vs, (B.3)
and a simple, if quite tedious, calculation eventually yields

O = Q%s(s+n —3)pg*P VOV,
+ Q35¢g*V, V0
+ 73254+ n — 2)g*VQV50

+ gV, V9, (B.4)

now we choose s = 1 — n/2 in which case the V,QV ¢ term is eliminated. Using

the Ricci scalar conformal transformation R = §*? Rag which is given by

R = Q%R-2(n—1)g**V.V;slogQ}
+ Q7%(n—2)(n—1)g**V4(log Q) Vs log N
= Q2R -2073(n - 1)g*°V,V;sQ2

+ Q74(n —2)(4 — n)g*PV OV, (B.5)

Using the Ricci scalar conformal transformation (B.5) we add the term AR¢ to
equation (B.4) with
n—=2
4(n—1)’

A=—
following Wald [14] for the conformally invariant wave equation for n-dimensional
spacetime, with weight s =1 —n/2 we have:

n—2
4(n—1)

~abyr © n—2 s -n —1-n a
(ﬂmw—a:ﬂﬂﬁf“ﬂ=ﬂlﬂgwﬂr R| ¢, (B.6)
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the right hand side of Equation (B.7) is in the physical metric and the left hand side

is in the conformal metric, in our case, n = 4 and s = —1, and we find
Avily - —1 -3 | ~ab 1
gV — ER [Q ¢] = () 9¥VaVp — gR é, (B7)

and for the vacuum static spacetime (M, go) the Riemann scalar R = 0, so that the

conformal K-G equation is

| =

(gabﬁﬁb = —R> Q7 lp = Q3g%V, V.6, (B.8)

a conformally invariant generalization to curved geometry of the K-G equations in

flat spaces.
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