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Abstract

The primary aim of this work is the development of a perturbative analysis of the phase
structure of the lattice Schwinger model. A novel method for implementing this analysis is
presented.

It is shown analytically that the photon propagators which appear in the solution can be
specified without ambiguity, provided special boundary conditions are implemented on the
lattice.

A detailed numerical study is carried out to confirm this analytical work.

The results of the perturbative calculation indicate the absence of a phase transition in the
weakly coupled Schwinger model, contrary to the findings, based on numerical studies, of

other groups.



Acknowledgements

I would like to thank my supervisor, Dr James Sexton for his invaluable guidance during all
stages of this work.

My thanks also to Dr Ralph Kenna with whom I worked closely and who was always available
for help and advice.

This work would not have been possible without the support of the system staff of the
Mathematics Department, David Malone, Ian Dowse, Dermot Frost and Eoin Lawless.

I would like to thank my fellow graduate students, particularly Alfredo Iorio for many illumi-
nating discussions on physics and Fabian Sievers for, among other things, making available
to me his expertise in TEX.

I express my appreciation for the financial support I received from Dublin Corporation and
for the forbearance of my employers, Hitachi Dublin Laboratory during the final phases of
this work.

I thank my family, and particularly my parents for their encouragement and last but by no

means least, Jillian Coffey for her unfailing support through the hard times.



1.

Table of Contents

IERTPRERE D R, * s i 0 5 0L S0 B B it B B ) G P B SR 1
L TR oo iiown i sams BbanE EoaEunmsn s bes o SR s sns bosAPass 52 ot s 1
RPN VLR TOBEIE" &) 056 an ons o s s s o s e oo 6000 & RE5E S E5 5 58502 4
R L s o b i s S8 B B R SR MU W 0SB Bl 5 B 8 BB 7
0. PRI IR .. o0 cowsmpnnsiebon ipein s s swin sk ESEE BRCSE Fee i s b 7
4. ‘Ficld "Theory-1y Eielidean Spare ......cvvssscsnssnivassonmnssiassamnssns 10
0 LIe Lo 00n REIBIOE . oocsniscnmsmnames vememamssnnsssss kit siessbes 13
N L s i i B e v a0 0 B B 58wt B WGSBS B RS 14
1. Fourier TYShalorihs on the Lattice ...ccicimsvrvnennmvssnsssinssssvnssnsns 15
D P FIOOEEHE BB 1ol snan sk s s Van e nmgani 56 oA w50 NS EERES 18
R e i o LR e R ECL FR G OSSR S A |
Abelian Gauge Fields In Two Dimensions ........................... 23
L TR WG BB oo snasesadsasbasssnss o6 BEvss 4640 5600 SHHEHHEE 23
Ak TR TORIN0NN" 0 ihsonssissassns sine b i es bais Ses s Se 55 o6 ow e b m » 25
I SR URHNIN o b o s0 momm o i 2w s e 5 s 2 65 O R B B D T B 29
S0 DRI SR L1 s s ipsn 65 m e v e et e e s ma® B n S w8 58 8BS 35 B 9 4 29
L B N [ dedon st e pe madne ey 0 SEUEEE & 5 R EDRIS 260 58 Py 0 9e®3 30
19: Votuum Eitkeneracy on a Finite Lattice ..........cccovimiiiiarinininns. 32

Matter Fields



I I T i s S B B NS 5 e B s B i S 36

17 EEBBREEIDETREOTS ... ..c.unvodursisususssnsssisasnssiassnonsnssanionsss 3
PR ARECRRTINEY S o U5 ¢ 4 LA LA R B 40
B o 1 - i e W g 35 0 i 0 5 S 0 00 B S 41
B0 RLOR DI C A0, o0 oo srcoannsrnnansnsronrnsenaossssspinsasnessss 43
B WEOD FermiionBd  ....ococvvinecuonissnnennsosrssonsssessnnsssnsssasnss 45
TR BewiInger MIOUEBL ..o cnusonaosienns soxsansass Vs avesiesenss g ssans 47
22:/CHiral Symmetry And Nassless Physics ...cccovonveimsissssssssssnsnas 47
D E I TS o ovsonmnsmmsnsns 0 uas ey oms bs & s s g ais $E 008w s s g 48
24 Uhnbetties Schwinger Model ....s:svsisssossassnssimssonwsmosnenrwonss 49
25.. Cmwént 'Status Of The ' Phase Diagram ......covvirmvisisvasesnsnsnnase 50
Thes Forthim. SIEUEIRY . oo cn o5 om 5em s nssss Banss ks €56 nins oevmsssus sh s s 51
26. Btiuctore of the Permion LIDEIREGT 5 o s «ssess swesssmss anwm oo smnssesss o gl
B7. el pentntein. | Fas ol CaRilih o s pas es s eson st nsn b anssasnssmson s sens 96
28. Propertiesof the EigenBystemm: i ... ivoiiiieiievreramssasnncnssscrenes 63
29. Phase Stiucture of the:Free Fermion Field ............cccovvviiiinnnnn 68
Pure:Gange Expectation Values .......i.coveeisossvsssasisssssrsessas 71
B VB | Lk il s s et b Cui o Ouen B £ s 08 s e o B A s e s AP 71
L "L hE Fatt e DD o onsundi snecnsil duabeiss 2o s os 658 snsss ware huns i |
e S O J i rsin i ain b o i ook Bl e & a Sl e 20 B8 Smr wE B0 wan s BB 12
85 Dnibe Voluatie LAHBTE ....ovnonsssnovimiinssbonnnonsessssssnnssassnss 76
O R IIRIONE . ... o ociccivnomonin am5msan e Ens maspwsEEnes s xan sy 78
35. Some Useful Expectation Values ... 82
36. Axial Gauge with Zero Boundary Conditions .......................... 84
37. The Action In Feynman Gauge - .........c.ccvvernerenenienninnenarennss 86

38. Weak Coupling Expansion

39. The Feynman Propagator with Zero Boundary Conditions ............- 89



8. Numerical Evaluation of Expectation Values ........................ 91

40 Monte Carlo Integration ...........ccoovvivisionesnnsanssisesssassssns 91
DR RN - o d i 0 b s 8 W AV B R N S S P b Bs T & 93
42. The Plaquette Without Gauge Fixing ...t 94
LT A R DU D 109
g: 188 Propapator 19 AXIal GORIER .. oocxosvsisansennsiss ias v senmsans s 110
48 -Cotopating 16 8 Fied GOUER .. vovvcisissassssmnnniisinsnssams soness s 110
45. Results With Periodic Boundary Conditions .....c.csscvivrcisssvonnes 117
46. Results With Zero Boundary Conditiong .....ssscsvssmsssssnisavinnns 119
10. The Propagator in Feyumon Gatge ......cctreivrssrivsmncsrsnnsnasss 125
47. Implementation of Feynman Gauge ................cooiiiiiiiiiii.. 125
418. Results With Periodic Boundary Conditions .......csssvvsssssscnvnres 126
49, Results With Zero Boundary Conditions .......:ccomcucranarissassnss 132
11. Phase Structure of the Weakly Coupled Schwinger Model ......... 136
80. The Partition Funetion af Weak COupling ..o« ov s cosssssansesssns vrssss 136
51. Additive Expansion Of The Partition Function ........................ 138
52. Multiplicative Expansion Of the Partition Function ................... 140
B0 LB PRnt CIARE BHITE .o oivnmmmusns moss s vmmsenwmss i ss 5o b esiesansdons 142
o T T R R 143
55. Partition Function Zeroes in Feynman Gauge ......................... 146

12. Conclusions



13. References



1. Introduction

The beginner . .. should not be discouraged if ... he finds
that he does not have the prerequisites for reading the prerequisites.
— P. Halmos

1. Background

The successful description of the fundamental structure of matter remains one of the primary
aims of physics. The most promising approach to this goal at the present time is provided
by relativistic quantum field theories.

The earliest theories of this type were introduced shortly after the development of quan-
tum mechanics by, amongst others, Dirac, Born, Jordan, Pauli and Heisenberg. This work
was motivated by the need to achieve a description for the electromagnetic field that was
consistent with both special relativity and the new quantum mechanics.

Following twenty years of development by many physicists, the theory of quantum electrody-
namics reached its finished form in the work of Feynman, Schwinger, Tomonaga and Dyson.
It remains the most successful and accurate theory in physics to the present day.

Quantum electrodynamics cannot be solved exactly; indeed very few exact solutions are
known in quantum field theory as a whole. It owes its success, rather, to the fact that
the coupling constant associated with the electromagnetic field is small (a =~ 1/137). As a
consequence, the perturbative expansion of the theory in powers of the coupling constant
yields highly accurate approximate solutions.

The techniques that had proved so effective in the case of quantum electrodynamics were
also applied to the other fundamental interactions. A quantum field theory of the strong
interaction, quantum chromodynamics, (QCD) was developed in the 1970s. QCD describes
the interactions between quarks and gluons and has the curious property of asymptotic
freedom; the quarks interact weakly at short distances with the strength of the interaction
growing with separation. As a consequence, the high energy (short distance) features of
QCD can be analysed with conventional perturbation theory; however this approach fails
in the low energy regime. Perturbative QCD cannot therefore be used, for example, to

calculate hadron masses or to investigate the confinement of quarks. These phenomena are
fundamentally non-perturbative.



1. Introduction

The most promising current approach to these non—perturbative problems is a formulation
proposed by Wilson, in which spacetime is discretised into a set of finitely spaced points ( a
lattice). Such a model is in many ways analogous to spin systems in statistical mechanics.
Lattice field theories possess two important advantages as far as non—perturbative studies
are concerned. Firstly, they admit strong coupling approximations, which cannot be realised
in a continuum theory. Secondly, the discrete nature of the lattice means that lattice theories
lend themselves to numerical investigation. Indeed the potential of this numerical approach
is limited only by the power of present day computer technology. Numerical studies in lattice
field theory are today the principal tool in theoretical hadron physics. They are currently
able to predict low lying hadron masses to an accuracy of a few percent.

The lattice approach is not without its disadvantages, however. On the one hand, the tran-
scription of continuum fields onto the lattice presents technical problems, most notoriously
so in the case of fermions, where a doubling of the fermionic degrees of freedom in the lattice
formulation appears unavoidable. The most natural cure for this problem is to add an extra
(Wilson) term to the lattice fermion action; this term however raises additional difficulties
of its own.

The opposite transition, from the lattice to the physical continuum theory presents its own
difficulties; indeed, only under very special conditions does a lattice theory have a meaningful
physical continuum limit. The determination of these conditions is in general a highly non—
trivial problem.

The complexity of full QCD renders many of these problems intractable. Some insight may
be gained, however, by a study of simpler ‘toy’ theories and a variety of such theories have
been investigated. One of the most important is the Schwinger model which describes the
interaction of photons and electrons in 1 + 1 dimensions. Although this model might seem
grossly unphysical, it actually shares some interesting features with QCD, not the least
of which is confinement of charge. Moreover, the massless version is exactly solvable in
the continuum and is therefore a useful testbed for the development of numerical methods
involving dynamical fermions.

A crucial feature of any lattice field theory is its phase structure, since it is only at the critical
points in the parameter space of the theory that a continuum limit may be attained. The
phase diagram of the Schwinger model has not been fully determined. There is considerable
current interest in this problem, since it is believed that the phase structure is likely to be
similar in some respects to that of QCD.

It is known that the Schwinger model possesses critical points in both the strong and the
weak coupling limits; some numerical results have also been obtained at intermediate values.

The primary aim of this thesis is to complement these numerical approaches with an ana-

§1. Background
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lytical investigation of the phase structure of the Schwinger model.

Our approach will be as follows. The critical behaviour of the theory is governed by the
behaviour of the zeroes of the partition function as the lattice size goes to infinity. The
locations of these zeroes must therefore be determined, (for fixed coupling) as a function of
lattice size. These locations cannot be determined exactly; therefore a perturbative scheme
in the coupling strength is implemented. The analysis will therefore be restricted to the
weak coupling regime.

The perturbative expansion yields terms which are functions of expectation values over the
photon field. It is well known that such expectation values are potentially ill-defined; for
example the photon propagator exhibits an infra-red divergence at weak coupling in Feynman
gauge.

A second objective of this work is therefore to develop a scheme for the unambiguous speci-
fication of such expectation values. We will trace the origins of the problem to the vacuum
degeneracy exhibited by the photon field on a finite lattice, and demonstrate that this de-
generacy can be removed by a suitable choice of boundary conditions.

The gauge of choice in perturbative lattice calculations is Feynman gauge; however the
propagator cannot be determined exactly in this gauge and it is necessary to use a weak
coupling approximation.

The third objective of the thesis is to determine expectation values exactly, in order to
investigate their behaviour under different choices of boundary condition. We find exact
expressions for quite general classes of expectation values in axial gauge and show, in par-
ticular, that the expectation value (¢;?) of relevance to the main perturbative calculation
is actually independent of both coupling and lattice size when the usual periodic boundary
conditions are imposed. This means that axial gauge with periodic boundary conditions can-
not be used for the perturbative calculation. On the other hand (¢;?) acquires the proper
functional dependence when the proposed new boundary conditions are employed.

The fourth objective of the thesis is to investigate the behaviour of the expectation values
numerically. We find that Monte Carlo simulations reproduce the analytic results obtained
in axial gauge as well as in Feynman gauge with the proposed new boundary conditions.
We would expect unusual numerical behaviour in the case of the Feynman propagator with
periodic boundary conditions in view of the infra-red divergence associated with this object
and indeed we find enormously long decorrelation times. We present evidence that suggests
that the simulation in this case is not ergodic.

With these results in hand an unambiguous weak coupling expansion can be implemented
for the Schwinger model on a finite lattice. The lowest zeroes of the partition function are

located to first order. Their scaling behaviour indicates the absence of a phase transition in

81. Background
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the weak coupling regime. This analytic result contradicts the findings of recent numerical

findings based on finite size scaling.

2. Outline Of The Thesis

The thesis is structured in the following way.

Chapters 2, 3 and 4 consist mainly of an overview of field theory in the lattice setting.
Chapter 2 begins with a brief review of the path integral approach to quantum field theory.
The concept of the lattice as a regulator of the continuum theory is then introduced and some
technicalities associated with lattice calculations are discussed. The next part of Chapter 2
describes how useful physical information can be extracted from the lattice and demonstrates
that such calculations are only valid at the points of phase transition of the lattice theory.
The Chapter concludes with a discussion of the method of Lee and Yang for determining
the location of such a phase transition from an investigation of the zeroes of the partition
function.

Gauge fields are introduced in Chapter 3. The discussion is restricted to U(1) fields in
two dimensions since it is fields of this type that appear in the Schwinger model. The
Wilson action is introduced and the lattice versions of gauge invariance and gauge fixing are
discussed.

The final part of Chapter 3 addresses the problem of implementing a weak coupling approx-
imation scheme for the pure gauge field. The vacuum degeneracy of the gauge field on a
finite lattice with periodic boundary conditions is explicitly demonstrated. The new idea of
imposing zero boundary conditions is introduced. It is shown that such a procedure elimi-
nates the vacuum degeneracy and permits an unambiguous weak coupling approximation to
be implemented.

Chapter 4 concerns itself with fermion fields. After a brief review of the theory of linear
operators, the continuum fermion field is discretised and the lattice fermion propagator is
computed. It is shown that naive discretisation leads to the well-known fermion doubling
effect and that this doubling can be removed by the addition of a momentum dependent
mass term (Wilson term) to the action.

Following these three, mostly introductory, Chapters, the Schwinger model is introduced
in Chapter 5. The motivation for the work to be described in subsequent Chapters and
its relevance to analogous problems in QCD is discussed. The continuum Schwinger model
is introduced and the corresponding lattice action derived. Previous work on the phase

structure of the lattice Schwinger model is reviewed.

§2. OQutline Of The Thesis



1. Introduction

The analytical determination of the phase structure of the Schwinger model described in
this thesis is based on an expansion of the partition function around the free fermion field.
Chapter 6 therefore concerns itself with an analysis of the free field problem. The two-
dimensional and four-dimensional cases are analogous and are treated in parallel. Although
the thesis is concerned primarily with the Schwinger model, the results of this Chapter show
that, as far the fermion field is concerned, similar methods can (in principle at least) be
applied to four-dimensional QED.

The first important result of this Chapter is that the fermion matrix, although not hermitian,
does belong to the more general class of normal matrices. Standard perturbative techniques
can therefore be applied to the free fermion operator. The eigenvalues and eigenvectors of the
operator are obtained and are shown to be highly degenerate. This degeneracy considerably
complicates the perturbative expansion of the operator. The Chapter closes with an analytic
determination, via an investigation of the zeroes of the partition function, of the phase
structure of the free fermion theory.

The proposed weak coupling expansion requires the calculation of gauge-dependent pure
gauge expectation values. This presents a serious obstacle to the calculation since such
objects depend on both the gauge and the boundary conditions. The unambiguous definition
of the object (¢;?) which is required for first-order perturbation theory presents particular
difficulties. The next four Chapters in the thesis are devoted to a careful investigation, both
analytical and numerical, of such expectation values.

The major part Chapter 7 is devoted to the analytical evaluation of both gauge-invariant
and gauge—dependent expectation values. General expressions for a wide class of expectation
values on a finite lattice in axial gauge are derived. The quantity (¢;?) is shown to be ill-
defined in both axial gauge (where it is constant) and in the weak coupling approximation in
Feynman gauge (where it is divergent) as long as periodic boundary conditions are imposed.
The imposition of zero boundary conditions results results in well-defined expressions in both
gauges.

The numerical confirmation of these analytical results forms the major content of Chapters 8,
9 and 10. Chapter 8 introduces the basic technique of Monte Carlo integration and discusses
the statistical analysis of the results. The technique is then applied to the calculation of
the plaquette expectation value. The statistical fluctuations and finite size errors occurring
in a calculation of this type are demonstrated explicitly by comparing the results with the
analytic value for the expectation value of the plaquette on an infinite lattice.

Chapter 9 focuses on calculations in axial gauge. The additional problems associated with
numerical calculations in a fixed gauge are discussed in general terms and then demonstrated
explicitly. The expectation value of (¢;%) is calculated with both periodic and zero boundary

§2. Outline Of The Thesis
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conditions and found to agree with the predicted values in both cases.

The case of Feynman gauge is considered in Chapter 10. The value of (¢i2) is predicted
to diverge in this gauge when periodic boundary conditions are imposed. This divergence
manifests itself as a non—ergodicity in the numerical simulation. The value of (#;*) obtained
when zero boundary conditions are imposed is in agreement with the theoretical prediction.
The first part of Chapter 11 is concerned with the implementation of the weak coupling
expansion in the Schwinger model. Both additive and multiplicative expansions are pre-
sented. Although neither expansion on its own suffices to identify the zeroes of the partition
function, it is shown that the two expansions taken together do suffice to determine these
Zeroes.

The second part of Chapter 11 consists of an analysis of the first order shifts in the lowest
zeroes. It is shown that the behaviour of these zeroes indicates the absence of the expected

phase transition.
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2. The Lattice

Suit the action to the word, the word to the action; with this special observance,
that you o’er step not the modesty of nature: for anything so overdone is from the
purpose of playing, whose end, both at the first and now, was and is to hold, as
‘twere, the mirror up to nature.

— Hamlet

This Chapter consists of a review of the lattice formulation of field theory. The path integral approach
to field theory is described and the lattice introduced as a regulator of the continuum theory. Difference
operators and Fourier transforms are defined on the lattice. The problem of extracting physically meaningful
information from the lattice is discussed. It is argued that such information can only be extracted when the
lattice theory is at one of its critical points and a method for determining such critical points is introduced.

3. Path Integrals

In this section we will briefly review some basic elements of field theory in the continuum.
The path integral approach as developed by Feynman (1948) will be used throughout.
Quantum field theory is concerned with the study of dynamical systems of quantised fields. It
is essentially a generalisation of quantum mechanics which is consistent with special relativity,
in contrast to the original formulation of quantum mechanics which treated the dynamics of
particles and was fundamentally non-relativistic in nature.

The most natural and intuitive approach to quantum mechanics is the path integral. The
method can be generalised in a straightforward way to the quantisation of fields and has
several attractive formal features, not the least of which is manifest Lorentz invariance.
Details of the path integral approach can be found in many texts; see, for example, Rivers
(1987) and Roepstorff (1994).

From our point of view the greatest virtue of the path integral approach is that it lends itself
to a discretised formulation from which numerical results can be obtained.

Consider a spacetime field ¢(z). A particular choice for the function ¢ corresponds to
a configuration of the field. The path integral method assigns a weight e to each such
configuration. The ezpectation value of a function of the field is then the value of the

function averaged over all the weighted configurations, thus

F(¢(z)) e

iS

(F(¢(.’L'))> ¢! all configs

all configs
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2. The Lattice
which we will write

1y _ [IDIF(9(@) ¢
(F@@) = =5 s

The weight function characterises the particular field theory being considered. The quantity

(2.1)

S occurring in this weight function is the action of the classical theory

i = /d4x£(¢)

where L£(¢), the classical Lagrangian density, is required as an input to the theory. The in-
gredients of the weight function are thus entirely classical—field quantisation enters through
the definition of the integration measure [D¢)].

The expectation value (2.1) is an example of a functional integral (or path integral), the
integral running over all possible functions, or configurations, ¢(z).

A fundamental quantity in the theory is the two-point correlation function

Yo' f[D¢] d(z1) ¢(w2) g
(¢(z1)o(z2)) = [[Dg] €S
Higher order correlation functions are defined similarly
_ D9l ¢(z1) ... p(xn) €
<¢(1‘1) far ¢($n)> ! f[D¢] eiS (2'2)

The entire content of the theory resides in the weight function e** and the integration measure
[D¢]. All information relating to local properties, such as scattering amplitudes and decay
rates, is contained in the correlation functions (2.2), which connect particular points in
spacetime.

The global structure of the theory, on the other hand, is determined by the physical param-
eters contained in the Lagrangian and by the measure. The fundamental object describing
this global structure is the partition function, which is obtained by integrating out the fields
using the prescribed measure

S / (D] &S (2.3)

where the a’s are the physical parameters of the theory.

The mathematical problem therefore reduces to the evaluation of the functional integrals
of the type (2.3) and (2.2). This is by no means a trivial matter—indeed, the integrals as
we have so far presented them are not even properly defined. In the first place, the weight
factor is complex and strongly oscillating. Secondly we have not yet given a definition of the

integration measure. Lastly there is no guarantee that the integrals even converge.

§3. Path Integrals
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These issues will be addressed in the following two sections; for the moment let us simply
define the two actions we will be considering.

The action describing free fermions is given by
Sp = /{b—(ify“au —m)Ydiz (2.4)

where 1 and 1 are Grassman variables and the v are defined by the anti-commutation
relation
{+*, 7"} =2¢"
The action associated with the electromagnetic field is
1 14
Se= —Z/F,WF“ d'z (2.5)

where the field strength tensor F), is given in terms of the vector potential by
By =0,y — 0,4,
The full action describing fermions interacting with photons is
SoEp = /E(mﬂDu —m) — %Fu,,F’“’ d'z (2.6)
where the gauge covariant deriative D, is defined by
D, =0, +igA,

the parameter g being the fermionic charge, or coupling constant associated with the theory.
The fermion-photon theory is therefore parametrised by two physical constants, the mass m
and the charge g.

We will not discuss here the details of QED in the continuum, but will simply list the main
steps in the analysis. Detailed accounts of QED can be found in standard works; see for
example Peskin and Schroeder (1995) and Kaku (1993)

The two-point correlation functions (or propagators) associated with the free theories (2.4)
and (2.5) can be computed explicitly. Correlation functions for the interacting theory are
then calculated via a perturbation expansion in powers of the coupling constant; individual
terms in this series may be visualised in terms of the well-known Feynman diagrams. The
higher order terms in the perturbation series are formally divergent, due to the presence of
interactions at arbitrarily small separation (or, equivalently, at arbitrarily large momentum).
These ultraviolet divergences are controlled by imposing some sort of regulator on the theory;

in effect a device to arbitrarily cut off the high momentum contributions to the divergent in-

8 tegrals. At the end of the calculation the regulator is removed while simultaneously rescaling

- the parameters of the theory so as to keep the results finite (renormalisation).

§3. Path Integrals
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The theory of perturbative QED in the continuum actually produces results in excellent
agreement with experiment and is well established and understood. It therefore provides

a useful standard against which to explore the limiting behaviour of lattice formulations of

field theory.

4. Field Theory in Euclidean Space

In this section we will begin the process of giving meaning to the path integral (2.1). In
particular, we address the problem of the complex, strongly oscillating weight function e,
which, as we will see, takes on a more tractable form if we treat time as a pure imaginary
coordinate.

Before proceeding further let us review some features of Minkowski space where time is
treated as a real variable. The properties of Minkowski space are encoded in its metric,

which we will represent (in four dimensions) by

1 0 0 O
a8 =L O @7 _
G 9 =1 | |
0 0 0 -1
with an analogous form in two dimensions.
The inner product is given by
ate, = g* 2%
g g e (2.7)
=¥ —$12—$22—l'32
where the contravariant vector z* is given by
a* = (i, &1; B, 1) (2.8)
. and the covariant vector by
T, = (t, 1 s —.’1,'3) (29)
The covariant and contravariant derivatives are defined by
0 0
= — B = e 2.10
Ok 0%y (2.10)
and the Laplacian by
0? 9
8“8” - 8”8M == ﬁ = V (211)
Next we change time to an imaginary variable
t = —ixg o € R (2.12)

—

§4. Field Theory in Euclidean Space
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In order to find the fermion Lagrangian in the new coordinates it is convenient to consider

first the Klein-Gordon equation. This is given in Minkowski space by

(00, +m*)Y =0
Substituting from (2.14) gives the Euclidean form

(0,0, —m*)Y =0 (2.15)
The Dirac equation may be written

(YuOu + m)p =0 (2.16)

where the v, are now Euclidean gamma matrices. Their algebra is determined by the re-
quirement that solutions to the Euclidean Dirac equation satisfy the Euclidean Klein-Gordon
equation (2.15).
(YuOu + m)p =0
= (VuOu +m)(7u0u + m)Y =0
= (YuY0 0.0, + 2m~,0, + m?*)h =0
= (7u7uauau = m2)w =0

1
:> {5(71171/ + ’7,/7#)8“8,, = m2}¢ = O
This satisfies the Euclidean Klein-Gordon equation provided

VuYo + Vo Vu = 204 (2.17)

The Lagrangian density that generates the Euclidean field equation (2.16) and its adjoint is
given by
L= E('Yuau +m)y (2.18)

so that the pure fermionic path integral in Euclidean space is

— _ [IDYP) F(3p, ) e~ I Fmdutmipdts
(FW,9)r = [1DG7) o TFomtemw itz

It will occasionally be useful to have an explicit representation of the Euclidean gamma

matrices. We will use the following form in two dimensions

_ (0 1 (0 —i
0 Tkt By s BT L 40

§4. Field Theory in Euclidean Space
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while in four dimensions we will use

g0 0 00 0 1

Bh1- 0 .0 oo 10

MmN 0 1 0 =101 0 0

00 0 -1 100 0

i 0 0 0 —i 0 0 1 0
:' 10 0 i 0 o 0 0 -1
"=lo —i 0 o =11 0 0 o
i 0 0 0 0 -1 0 0

%
3

\ 5. The Lattice Regulator

. The transition to Euclidean space has converted the weight function from an oscillating phase

‘,, factor to a real exponential factor—to this extent the path integral is somewhat better defined

? 1y JIDS) F(()) e
(F6a) = == (2.19)

We have yet to give meaning to the measure [D¢], however. Let us sidestep this problem

for the moment by changing the structure on which the theory is defined. Working, for
concreteness, in four dimensions, let us replace the the continuous Euclidean space R by a
finite lattice Z}, with N lattice sites along each axis. (We will usually assume for simplicity
of notation that the lattice has the same number of sites along each axis, although this
restriction is not necessary.)

Objects in the continuum theory can be translated to the lattice setting without difficulty;

RS S r t Ea

- functions on R* are now defined only at the lattice points, which are finite in number. The

lattice analogues of standard operators and transforms are discussed in Sections (6) and (7).

' The important point in the present context is that the Euclidean path integral (2.19) imme-
diately acquires an unambiguous meaning. A field configuration on the lattice is specified
by the field values at a finite number of points; therefore all configurations can be counted

by integrating over all possible field values at each lattice point

N4
[Dg] = [ [ d¢ (2.20)

The path integral thus reduces to an ordinary multi-dimensional integral.
It should be stressed that the lattice theory is not simply a discretisation of the continuum

- theory. In the first place, the underlying structure is finite rather than infinite in extent.

5. The Lattice Regulator
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2. The Lattice

Secondly, any continuous symmetries associated with the underlying Euclidean space are lost
in the lattice formulation. Indeed the lattice theory as we have so far introduced it is not
a physical theory at all in the sense that no physical dimension has so far been introduced
and all quantities are dimensionless. The relationship between the lattice and continuum

theories will be discussed in Section (8).

6. Discretisation

- In this section we will discuss the technicalities involved with working on a discrete lattice

e

- and establish definitions of lattice operators and transforms. The lattice spacing a will be

included explicitly for later convenience; for the present it is simply a dimensionless constant

equal to unity.

Consider a d dimensional hypercubic lattice with IV sites along each axis, containing N¢ sites.
Each site is represented by its position vector n, relative to the basis { B b= 0...(d-1)}
The coordinate system is defined symmetrically so that the site coordinates n, are integers

lying in the range

There is some freedom in the choice of a discretised derivative; we shall have occasion to use
three different operators.
The action of the symmetric difference operator on a lattice function f(n) is given by

flo+p) — fln—p)

ey = 12 T 221
The left and right difference operators are defined by

0 f(a) = fm) - i‘(@—ﬁ)

OR () — flo+p) - f(n)

a
We will also require a lattice Laplacian, given in terms of the left and right derivatives by
> flo+p+flo—p) —2f(n)

P

If the lattice is periodic, the left and right derivatives satisfy the following important identities

> (0% f(m) Z fln (n))

. (2.22)

> 8k () Zf (n))

n

Vf(n) = 8,07 f(n) = 858, f(n) =

§6. Discretisation
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2. The Lattice

These follow since

Y (8% f(n) Z {f(n+p) - f(n)} 9(n)

n

! Since the lattice is periodic the summation variable in the first term may be shifted from n

| to m =n+ p giving

and similarly for the left derivative.

- 7. Fourier Transforms on the Lattice

In this section we will develop a definition of the Fourier transform of a function defined on
a finite, discrete lattice. We work on a d-dimensional hypercubical lattice with /V sites along
each axis.The sites are labelled by coordinates n,:
e A e A
2 — % 2
Let us also introduce the dual lattice. The coordinates of points on this dual lattice are

labelled by real numbers g,:

2mp
Q= ——Na“ (2.23)

where the values of p, are determined by the boundary conditions. It is convenient also to

introduce the parameter k, by

2T
k= agq, = AZ,)“ (2.24)

Consider now any function f(n). defined on the lattice sites n. The value of f(n) at each
site is arbitrary; the function therefore has N¢ independent degrees of freedom and may
be expanded in terms of N¢ basis functions, e,(n). These basis functions must satisfy the
orthogonality condition

Z ep(n) ey (n) o oy (2.25)

all sites

§7. Fourier Transforms on the Lattice
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2. The Lattice
We will use as our basis functions the discrete version of the standard Fourier basis:

s} : N N
ey(n) = eFen = gkn | —S<P< (2.26)

Let us now impose periodic boundary conditions on the lattice; that is, we require every

Sl

lattice function to satisfy

RS e

f(n,— N)= f(n,) = f(n,+ N) Vi

In particular, the basis functions e,(n) must be periodic. Therefore

Zipu(nu—N) _ Zipuny — 2ipu (nu+N)
€ =€ €

\‘ = e27rzpu g e 6—2“’)“

which in turn requires that the p, be integer-valued.
| It will occasionally be necessary (for example, in the case of fermions) to impose anti-periodic
@’; boundary conditions along one or more axes of the lattice. These anti—periodic functions are
" defined by
f(ry — N) = =f(n,) = f(nu + N)
and the basis functions which generate them satisfy
e%l’u (nu—N) _ _C%Pu LT egﬁipu (nu+N)

= 627”1’u L 6'27'""Pu

In the case of anti-periodic functions, therefore, the p, take on half-integer values.
The basis functions with p, integer or half-integer can easily be shown to satisfy the orthog-

onality relation (2.25). In one dimension, the sum

N
¥

& i 3 . 2 5 271
is a geometric progression of N terms with first term e™®~?) and common ratio e & P—7).

The sum is therefore

S—eon 1T
* ¥ 1) == 62_11\;1'(1’_1’,)

The sum is therefore only non-zero if

g=ple=mN. o (ms0t1,42...)

§7. Fourier Transforms on the Lattice
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2. The Lattice 17

According to (2.26), the integers p satisfy
N & N
g =P=7

“The only allowed value of m is therefore zero, leading to the required orthogonality relation:

|2

—1

21ri( il
p—p')n _
enN —N(Sppl

(]

_-N
n=—

~ This result generalises straightforwardly to d dimensions

Norg N _.q
2 . 2 - ,
278 (1 m/ 2%t
E ( e B = NG, E { ew @m)e — Nd§
=y =
or N
71 2
__ I
§ eflet)n - Ndg,, Y ek - Nl
an ==

An arbitrary lattice function f(n) may therefore be expanded

flm) = 3 O (k) e (2.97)

~ where the expansion coefficients f(k) may be regarded as a discrete function defined on the

dual lattice. To obtain the back transform, note that

=S R = Y e
k n n

= 7 S F BN = 3 e (228)

The real numbers g, are usually referred to as momenta, by analogy with the continuum
theory. They form a discrete set lying in the range

€. &
PR

As the lattice spacing a tends to zero, this range increases to infinity. On the other hand,
the number of elements in the set {q,} increases with N so that in the thermodynamic limit

‘the momenta become continuous.

“i'Let us now restrict the set of allowable functions f(n) to those satisfying

§7. Fourier Transforms on the Lattice




2. The Lattice

f(=N/2)=0 (2.29)

That is, we restrict f(n,) to zero on the boundary of the lattice. These functions form a
proper subspace of the full space of periodic functions, generated by the basis vectors

€, (ng) &y, (n) = e TPt _ g~ Frums (pu #0,—N/2)

One additional basis vector satisfying the zero boundary condition may be constructed from

a linear combination of the zero and —N/2 momentum modes:

(=1)" e—ny2(nu) — €o(ny) = (—1)~N/2 g — 1

. The coefficients in the Fourier expansion of such functions therefore satisfy

f(pu) = _f(_pu) (pu #0,—-N/2)
£(0) = =(-1)"2f(-N/2)

i@
This is the corresponding boundary condition on the dual lattice.

(2.30)

Consider now a two—dimensional periodic lattice, with zero boundary conditions imposed

along both axes. In particular, we have
f(=N/2, =N/2) =0

Using (2.27) we obtain
S (@) e EemIT = F(—N/2) = 0

P

‘which gives

F(0) == (-1)Eur) f(p)

p#0

The zero momentum mode is therefore independent of n, a fact which will be crucial in
deriving an unambiguous expression for the gauge field propagator.

| With these boundary conditions, the Fourier transform (2.27) may be written

flm) = w7 3 1(0) (€22 — (~1)Ee2) (2.31)

p#0

§8. Physics From The Lattice
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2. The Lattice
. 8. Physics From The Lattice

The lattice theory has so far been considered as a construct in itself, without any reference
to the underlying physics that we are ultimately trying to represent. The objects of interest,

physical observables, are encoded in the expectation values of the continuum theory.

[D¢]O(¢()) e”*
J[Dg]e~$

The expectation values that are numerically computable, on the other hand, are defined on

0@ =1 . zeR (2.32)

a finite discrete lattice with lattice spacing a:

_ JIIY 0(9(g) e5@dg;
J Hijidl e=5(@dg;

. The aim is to derive unambiguous values for the continuum expectation values (2.32) from

, g€zt (2.33)

(O(¢(q)))

their lattice versions (2.33).

The naive approach is to compute the value of the required observable (O(a)) from (2.33) for
successively smaller values of a and then to remove the regulator by attempting to extrapolate
to a = 0. There is no a priori reason why this expectation value should tend to a finite value
in the limit of zero lattice spacing—indeed, we would expect the opposite in general, since
the regulator has been removed without any renormalisation of the bare parameters of the

theory (in this case, the mass m and the coupling g). Moreover, the existence of a finite

. limit for a single observable does not guarantee the existence of a continuum limit for the

theory; for this, we require that all observables have finite values in the limit of vanishing

ttice spacing.

continuum limit, if it exists at all, will exist only for certain special values of the bare
arameters—the so-called ultra violet fized points of the theory. The problem is therefore to
identify these fixed points.

This is actually quite a subtle question; we will give here only a heuristic argument to justify
. our conclusions.

Let us start with a finite d-dimensional lattice Ly, embedded in Z¢. There is no notion of
lattice spacing and all quantities are dimensionless. It is on this lattice, Lz, that numerical
~ calculations are actually performed.

- Consider now a second lattice, L é endowed with a fixed finite lattice spacing ao and embedded
in agZ¢ a subset of RY. We will allow the parameters of the Lp theory to depend on the
lattice spacing, which is the only dimensionful quantity; consequently any quantity @ in the
L world must have dimension L where ¢ is some rational number. In particular, masses
‘must have dimension L-! in order that they take on their proper dimension M*' when the

§8. Physics From The Lattice
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. physical constants 7 and c are eventually introduced. The two point correlation function

between two sites on Lg can be shown to decay exponentially with the distance between the

(p(r2) d(r1)) ox e~ Ir2=r1|MLr(a0,m(a0),9(ao)) (2.34)

here M g is the physical mass of the lightest particle in the Lg theory. By analogy with the

orresponding expression in statistical mechanics we define the physical correlation length:

1
€r(a0) = Mpr(ag, m(ao), g(as))

Next, let us consider a series of theories Lr(a) indexed by the lattice spacing a. Each such

~ theory is associated with different values of the bare parameters m(a) and g(a). If the generic

value M ¢ as the lattice spacing goes to zero. Therefore

lim &r(a) = €r(0) = &c (2.35)

a—0

' In other words, the correlation length tends to its finite continuum value. As a consequence,
as a goes to zero the correlation length extends over an increasing number of sites.

- Let us translate this result back to the dimensionless lattice Lz. The correlation functions
on Lz are given by (cf (2.34))

(p(m) ¢(n)) e~ |m—n|MLz

nd we define the dimensionless correlation number by

i}
~ Mpz(m, g)

' his number represents the number of sites over which correlations extend, in contrast to g
' which represents the physical length over which they extend; the convergence of {g as the
lattice spacing tends to zero is therefore reflected on L, by a divergence of 5.

In other words, the existence of a continuum limit for the Lg theory requires a divergence of
~ the correlation number in the Ly theory.This implies that the Lz parameters must be chosen
so that the L theory is at one of its points of second (or higher) order phase transition.

Note, however, that although this conditon is necessary, there is no guarantee that it is
ufficient.

£z

e now encounter a technical difficulty, in that an infinite correlation number £z cannot
e realised on a finite lattice; that is, as long as the lattice dimension N is finite the Ly

§8. Physics From The Lattice
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theory cannot exhibit the required phase transition. It is therefore necessary to take the
. thermodynamic (large volume) limit before an approach to the continuum is attempted.
The presents obvious difficulties from the point of view of numerical computations.

Let us list the steps required to extract the values of physical observables from the lattice:

Define a finite dimensionless lattice L. Expectation values may be explicitly computed on

this lattice using standard techniques.
. Construct the phase diagram of the theory; that is, identify the parameter values which give
_ rise to critical points in the infinite volume limit.

Identify the fixed points on the phase diagram which lead to a continuum limit.

Compute the required expectation values on the finite lattice using the appropriate values for
the bare parameters. If these values lead to singularities in the action (as one would expect,
| in general, since we are effectively computing in the continuum limit), then use neighbouring

- values and attempt to extrapolate to the required values.

Repeat the computation on successively larger lattices and attempt to extrapolate to the

thermodynamic limit.

The end result of this process is a number representing the physical continuum value of
the required observable. The final step is to scale and dimension this number by reference
to some experimentally known quantity. Alternatively, the ratio of two observables (for

example, the mass ratio of two particles) may be computed.

Note that the lattice spacing never appears explicitly in the entire lattice calculation.

9. Phase Transitions

In this section we will review the basic theory of phase transitions and introduce a technique

for determining critical points from the zeroes of the partition function.

A phase transition, from the point of view of statistical mechanics, occurs at a point in the
parameter space where the partition function ceases to be analytic. Such points are char-
acterised by discontinuities in the derivatives of the thermodynamic potentials, for example

the free energy

F=—kTlogZ

An nth order phase transition corresponds to a discontinuity in the nth derivative. All second
and higher order phase transitions are classified as continuous transitions; continuous phase
ransitions are associated with a divergent correlation length and are therefore of particular
nterest in the context of lattice field theory.

§9. Phase Transitions
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The idea that the location of a phase transition could be determined by an investigation of
" the zeroes of the partition function was first introduced by Lee and Yang (1952) and further
developed by Fisher (1968). An elementary discussion can be found in ter Haar (1995).

Let us briefly review the main idea.

Suppose we are interested in the value of some (real, positive) physical parameter y at which
a phase transition takes place. Consider the partition function Z as a function of y. We will
show later that, for the partition functions and parameters of interest, this function can be

written as a finite polynomial in y.
M
Z=> ay (2.36)
=1

where M is the number of lattice sites and the coefficients a; are all non-negative.

Next we define the lattice analogue of the free energy per site at constant temperature

_ logZ(y)
where it is understood that M is finite. In view of (2.36), f(y) is clearly an analytic function

of y except at the zeroes of Z. Moreover, since the coefficients in (2.36) are all positive
there can be no zero for any real positive value of y. Therefore f(y) is analytic for all real
positive y. As a consequence there can be no discontinuity in any of its derivatives on the
real positive y axis and therefore no phase transition.

Let us next consider the limit of infinite M. We define

F(y) = lim f(y)

It was shown by Lee and Yang (1952) that this limit is well-defined; that is, F'(y) exists for
all real positive y. Moreover f(y) converges uniformly to F'(y) for all real y as M tends to
infinity. It follows that F(y) is also analytic everywhere except at the zeroes of Z.

Now consider a a small but finite region R free of zeroes and containing a point r on the real
positive y axis. If, as M tends to infinity R continues to be free of zeros then F(y) is analytic
throughout R. If, on the other hand, no such region R can be found (in other words, if the
zeroes approach 7 arbitrarily closely) then F'(y) cannot be analytic at  and must therefore
possess a discontinuous derivative at some order. A phase transition therefore occurs as the
physical parameter y passes through the value r.

To summarise, the points of phase transition of a lattice theory (with respect to some par-
ticular physical parameter such as the mass) may be determined in the following way. First
express the partition function as a polynomial in the relevant parameter on a finite lattice.
Next determine the distribution of zeroes of this polynomial. Finally, analyse the change in
this distribution as the lattice size tends to infinity and locate those points (if any) on the

§9. Phase Transitions
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3. Abelian Gauge Fields In Two Dimensions

In the beginning God created the heaven and the earth
And the earth was without form, and void, and darkness was upon the face of the deep
And the Spirit of God moved upon the face of the waters
And God said, Let there be light and there was light
— Genesis

The first half of this Chapter consists of a review of U(1) gauge fields on a plane lattice. The gauge invariant
lattice action due to Wilson is introduced and the concept of gauge invariance in the lattice context is
discussed. It is shown that it is not necessary to fix the gauge in order to compute the expectation value
of a gauge—invariant object; however gauge-fixing is mandatory if one is to obtain a non-zero value for the
expectation value of a gauge—dependent object.The second half of the Chapter is concerned with the weak
coupling approximation for the pure gauge field. It is shown that the vacuum state is degenerate if periodic
boundary conditions are applied, but that a unique vacuum is obtained if zero boundary conditions are
applied.

10. The Wilson Action

In this chapter and the next we review gauge and matter fields in their lattice formulation.
A more detailed discussion of these issues is to be found in several standard works; see for
example, Creutz (1983), Montvay and Munster (1994), Rothe (1997) and Callaway (1985).
Gauge fields may be placed on the lattice in a way which preserves exact gauge invariance,
(Wilson, 1974). We will consider here the case of Abelian fields—more precisely U(1) fields;
the discussion can easily be generalised to the non—Abelian case.
The pure gauge action in the continuum is given by

1
SG = Z/FNVFIW d4.’L'
where the field strength tensor F, v is defined in terms of the vector potential by
By = 0,4, — B4,
Let us define link variables on the lattice to be elements of U(1) with the form

U,(n) = €@ = eisedu@

where g is a coupling constant, a is the lattice spacing and A, (n) is the value of the pth com-
ponent of the vector potential at the lattice site n. The angular variable ¢,(n) is understood
to be restricted to the range

—T<¢u(n) <
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@ > 55

A link variable may be thought of as connecting adjacent sites on the lattice; thus U,(n)
onnects the site n with the site (n + ).

Furthermore, we have

in) = e199A-u(n) — o—igadu(n) — U;l(n) = Ul(ﬂ)

o < -

hus U} (n) has the opposite orientation to Uy (n).

hese link variables represent the gauge fields on the lattice. The aim is to construct from
them a gauge—-invariant action which reduces to the continuum action as the lattice spacing
a approaches zero. The simplest such action is the plaquette action due to Wilson. This is
defined in terms of the elementary plaquette or square, Uy(n, i, v > p). (Figure (3.1)).

Up(n, p, v > p) = Uu(n)U, (n+ p)UL (n+ ) Ul (n)

The restriction v > pu ensures that each plaquette occurs with only one orientation.

n+v n+ pu+v

n n+pu

Flgure 3.1: The elementary plaquette

§10. The Wilson Action
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In terms of the continuum fields A, the plaquette becomes

Upln,p, v> p) = £1904u(n) pigaAy (ntp) p—igadu (n+y) ,—igad, (n)
p\L%H My

= exp iga((Ay(n+ p) — A, (n)) — (Au(n + 1) — Au(n)))

mm+@—mmy,@m+m—@m»

a a

= exp iga’ (
or small a the plaquette is given approximately by

Up(n, p, v > p) =~ exp iga®(8,4, — 0,A,) = exp iga’F, = eia’¢»

Z Z Re (1 -Up) =y 222 (1 — cos a’¢,) (3.1)

TR TN

xpanding the cosine and retaining the leading term in a gives

4
eI =—z Y

D B

lim a* = / d*z
a—0

p

As a tends to zero we have

ielding the correct continuum limit

, 1
kﬁ&zzfﬂﬂ%d%

. Gauge Invariance

e elementary plaquette U,(n) is invariant under the transformation

Uu(n) — ey L(n)e —if(n+p)

Ul(n) —s e/@U} (n)e-if@ (32)
where f(n) is an arbitrary function of the lattice site:
U'p(n, B, v > i) = eif(ﬂ)Uu(ﬂ)e_if(ﬂ*'l_‘)
X eif(n+g)UV(ﬂ + 1) o—if(n+puty)
X if(ntv+p) UT —if(n+v)
e “(ZL— = (3.3)

x eif(nty) Ul(n)e ™ (n)
= Uu(@)U, (2 + p)U}(n + 1)U} (1)
=Upl(n, p, v > p)

§11. Gauge Invariance
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Transformations of this type are local gauge transformations and the elementary plaquette
is said to be gauge invariant.

The transformation (3.2) can be written

giagdu(n) __, giag(Au(n)—(3)1t=@)

*: other words the effect of the gauge transformation is to add the discrete analogue of
‘an arbitrary divergence to the vector potential. In the limit of small a the lattice gauge

transformation goes over to the usual continuum gauge transform
Au(z) — Au(z) +0,uf(z)

apart from an overall factor of 1/g. This factor can be absorbed into the definition of f(n)
s long as g is finite; that is, the gauge function f(z) is the continuum limit of the function
1/g)f(n), except at g = 0 (weak coupling limit) and g = oo (strong coupling limit).

Tt is clear from the construction (3.3) that the product of link variables around any closed

loop is gauge invariant. Moreover, functions of such products are also gauge invariant:

f(Ul,oop) = f(Uloop)

In particular, the action S proposed in the previous section is gauge invariant.

5 Let us now assign some arbitrary value U,(n) to each link on the lattice. Such a set of link
variables is termed a field configuration. Quantisation of the system requires the calculation
f expectation values over all possible configurations and for this purpose a measure [dU]
n the space of configurations must be established. The appropriate measure for the group
J(1) is well known (Cornwell, 1984):

[dU] = / Hd¢“ (3.4)

where

Us(n) =@ e U(1) and -—-7<¢u(n) <7
Each angular variable ¢, (n) undergoes a phase shift under a gauge transformation:
$u(n) — du(n) + f(n) — fn+p) =¢,(n)

The gauge function f(n) is independent of ¢u(n), so that we have in addition:

dd,(n) = d),(n)

§11. Gauge Invariance
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m+f(n)—f(n+p)

/ " dpy(n) — adyw) = [ dow

It follows that the measure [dU] is invariant under gauge transformations. Since the action

m+f(n)—f(n+p)

is also invariant, the expectation value of a gauge-independent function, or ‘observable’, O

is itself gauge—independent.

B f[dU] Qe S
~ [ldU]e-S

It is clear that redundant degrees of freedom exist in this integral since each configuration

(0) (3.5)

may be replaced by an arbitrary gauge transform of itself without altering the integrand
or the measure. The integral runs over all configurations, and consequently over all gauge
- transforms of each ‘distinct’ configuration. It is therefore enhanced by a factor equal to
the volume of the group of gauge transforms. This effect occurs also in the continuum
gauge theory where the volume of the group is infinite. It is usually dealt with there by
fizing the gauge; that is, by adjusting the action so that the integral picks out precisely one
representative from each distinct family of gauge transforms. Gauge fixing is not necessary
in the lattice theory, however, since the volume of the group of gauge transforms is finite—
actually unity with the normalisation in (3.4).

This can be demonstrated explicitly by removing the gauge degrees of freedom and showing
that the integral is unchanged. Let us first write the gauge transform (3.2) in the form

Uu(n) — AU, (n)AY(n + p)

- The gauge freedom associated with the link U, (n) = e**® can be removed by defining A(n)
and A'(n + p) so that

A@)Uu(n)Al(n+p) =1

In other words A(n) and Af(n+ ) are assigned a dependence on n that exactly cancels that
of U,(n).

Let us next choose Af(n + u+ v) so that

A+ pU(n+pAtn+p+y) =1

This process can be continued, fixing an arbitrary number of link variables to unity, subject
only to the condition that no set of fixed links forms a closed loop. (The last object in a
closed loop is Af(n) which cannot be chosen arbitrarily since A(n) has already been fixed.)
When all links that can be fixed have been fixed (the so—called maximal tree), all the re-

dundant degrees of freedom have been removed from the integrand in (3.5) and the gauge is
said to be fixed.

§11. Gauge Invariance
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Let us now suppose that k links have been fixed (not necessarily a maximal tree) by an

appropriate gauge transformation leaving m free links. The integral (3.5) becomes

[1dUL)[dUz| O(UL,) e=5Wn)
[1aUL ][dUL] e=5@n)

(O(UR)) =

Now O, S and [dU] are all gauge invariant, thus
Nl ) =10
B, =8
[dU,)[dU] = [dU]

Moreover the normalisation adopted in (3.4) means that

/[dUkl—/_ d‘ff=1

J1dUL] O(U) e _ [[dU] 0 e~
[0 a0 ST~ " [[aU]e-S

and the expectation value (3.5) is unaltered.

so that

(O(UR)) = (0)

It follows that the gauge degrees of freedom contribute nothing to the integral and no gauge-
fixing is required to calculate the expectation value of a gauge invariant object.

Having established the basic idea of gauge invariance, let us introduce a more convenient
otation. Denote a set of links U, (n) making up a configuration by U,. A function of these
inks is a function of the configuration:

9(Uu(n)) = 9(Uc)

A gauge transform on a configuration shifts each link by an arbitrary phase :
U, — Uel®@n

Each ’distinct’ configuration is represented by a family of gauge transforms;

U,={Ue®n . _r<f(np <}

With this notation the weighted integral of a function over all configurations can be broken up

explicitly into an integral over distinct configurations and an integral over gauge transforms

dé,
/[dU]g( h —/ 9(U. e’o"("’“)) exp( -S, ew‘("’“)) o

§11. Gauge Invariance



3. Abelian Gauge Fields In Two Dimensions

Since the action S, is invariant under gauge transforms this can be written

/ [dU] g(Ue)e™> = / g > /_ :g(UCe“’c(ﬂ’“)) ‘;—i“ (3.6)

If the function g is also gauge independent, this reduces further to

[iwnowoe = [swaes [* %= [yuges

the integral over gauge transformations just contributing a factor of unity as before.
It is worth noting in passing that a constant function g = k is independent of the link

variables, reducing (3.6) to
/ (dU) g(Ul)e™ = k /

If g depends on the gauge, the change of variable z = e

finscae - o [ -

The expectation value of a gauge dependent function is therefore annihilated in the process

e gives

of integrating over all gauges and it is mandatory to remove at least some of the gauge
degrees of freedom if we wish to obtain non-zero values for such objects. Two gauges which

are in common use on the lattice will be introduced in the following sections.

- 12. Axial Gauge

This is implemented by fixing all timelike link variables to unity. The links fixed in this way
do not quite form a maximal tree on an infinite lattice, since additional spacelike links can
be fixed without forming a closed loop.

‘Some care is required in setting axial gauge on a periodic finite lattice since each string of
timelike links then forms a closed loop. It is therefore necessary to leave at least one timelike
link in each string unfixed.

13. Feynman Gauge

It is also possible to fix the gauge by modifying the action, as is done in the continuum. The
modified action is given by

S¢ = E 70> (1—cosa’d,,(p) + —ZZ(Aﬁ¢u(P))2

p wy p H
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3. Abelian Gauge Fields In Two Dimensions

where AL, the left lattice derivative is defined by

pip(e) = 1= e =)

and o is an arbitrary parameter. Lorentz gauge is therefore a family of gauges corresponding

o different choices of a.. Of particular interest is the case o = 1, the Feynman gauge.

14. Weak Coupling

Our eventual goal will be to determine the phase structure of the lattice Schwinger model in
the weak coupling regime. In this section we will discuss some important issues associated
with the implementation of a weak coupling approximation.

Let us consider some generic “pure gauge” expectation value:

— i QeS¢

= —f —

e wish to find an approximate form of (O) valid at weak coupling, that is to say at large

(0)

(. This expectation value is weighted by the exponential of the negative of the pure gauge

action, which is given by

Sa =83 (1 - cos (i, v))

p!l"”’/
o1, v) = ¢u(p) + ¢u(p + 1) — du(p + 1) — ¢u(p)
ere, the angular link variables are given by

¢u(p) = gaA,(p)

At first sight it might appear that for large § (small g), ¢,(p) is small and that one can
herefore expand the partition function in powers of ¢. This is incorrect; in order to preserve
the group structure of the theory it is essential that the ¢’s are allowed to take all values in
the interval [—m , 7]. It is, instead, the continuum field A,(p) which scales with g:

- T
el Au(ﬂ) L=

ga ga

We will show, however, that under ‘certain conditions it is permissible to restrict attention
to small values of the angular variables.

Firstly, we note that for large f3, the partition function is largely determined by those con-

figurations which satisfy
Z Z(l — cos ¢, (1, ) = 0

p wy
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3. Abelian Gauge Fields In Two Dimensions

where AL, the left lattice derivative is defined by

Aﬁf(x)=f(m)—f(x_u)

a
and « is an arbitrary parameter. Lorentz gauge is therefore a family of gauges corresponding

o different choices of a. Of particular interest is the case a = 1, the Feynman gauge.

14. Weak Coupling

Our eventual goal will be to determine the phase structure of the lattice Schwinger model in
the weak coupling regime. In this section we will discuss some important issues associated
with the implementation of a weak coupling approximation.

Let us consider some generic “pure gauge” expectation value:

_JOea

= __f e

We wish to find an approximate form of (O) valid at weak coupling, that is to say at large

(0)

(. This expectation value is weighted by the exponential of the negative of the pure gauge

action, which is given by

S =P8 (1 —cosdp(u,v))

PV
| Gp(1t,v) = u(p) + u(p + 1) — du(p +v) — du(p)
Here, the angular link variables are given by

¢u(p) = gaA,(p)

t first sight it might appear that for large 8 (small g), ¢,(p) is small and that one can
herefore expand the partition function in powers of ¢. This is incorrect; in order to preserve
the group structure of the theory it is essential that the ¢’s are allowed to take all values in
the interval [—7 , 7]. It is, instead, the continuum field A, (p) which scales with g:

g_;r <Aulp) < %
We will show, however, that under certain conditions it is permissible to restrict attention
to small values of the angular variables.

Firstly, we note that for large [, the partition function is largely determined by those con-

figurations which satisfy
D0 (1 - cosgy(n,v)) 2 0

p pv
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3. Abelian Gauge Fields In Two Dimensions

BEach term in the sum over p is non-negative; therefore, for sufficiently large 3, the only

onfigurations we need consider are those for which

Z 1 —cos¢p(p,v) =0 Vp (3.7)

T8%

hich implies
$p(b,v) 20 Vp (=7 < @p(p,v) < )

That is to say, the links associated with each plaquette P satisfy

(6u(p) + du(p+ 1)) — (Gu(p + 1) — du(p)) = 0 (3-8)

his condition is clearly satisfied if the value of each individual link ¢, (p) is small; each link
ariable U, (p) is then close to the identity. Let us denote the class of configurations in this
ategory by Cp.

all configurations satisfying (3.8) belonged to Cp, we would be justified (for sufficiently
all coupling) in restricting attention to small values of the angular variables, the so—called
saddle point approximation.

nfortunately, there is also a large class of configurations satisfying (3.8) in which the individ-
al links are not small; we will denote this class by C,. The existence of these configurations
eans that a saddle-point approximation cannot be applied, since certain configurations
ith large values of the angular variables will contribute significantly to the integral and
annot therefore be neglected.

is sometimes said that each member of C, is gauge equivalent to a member of Cjy and that
e ‘bad’ configurations in C, can be eliminated by fixing the gauge.This assumption holds
an infinite lattice, as we will now show.

onsider some arbitrary member of C;. Each plaquette Uy, in this configuration can be
ritten in the form

Up = 91 gi2 i3 o—ig4

$1 = du(p)
$2 = du(p+p)
¢3 = ¢u(p+1)
$1 = ¢y (p)
ince every plaquette satisfies (3.8) we have
Lml =148 ;. [6l<€l Y
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3. Abelian Gauge Fields In Two Dimensions
We seek a gauge transformation such that

U;, ) Up - 6101 6102 6—203 e—i04
(3.9)

=140 7 |61 Yp
and
0:(p) =€i(p) ; la(p)| <1 Vi,p (3.10)

et us now choose a particular plaquette and apply a general gauge transformation (3.2) to
Up — ¢i®1 oi$2 o103 —ida

; ei01 ei02 e—ioa e——i04

20 — eif () it e~ (ptr)
ei02 s eif(g+g) eidn e—if(g+g+z)
ei03 — oif (pruty) gids e~ (pty)

eifs — if(ptu) gt o—f(p)

Let f(p) be arbitrary and define f(p + p) so that f; = €;. Similarly, define flp+pu+v)so
that 6, = e; and f(p + v) so that 05 = e3.

U, =U, — e'leieiseis =1 + 6,

't = 1+ 6,,)6""16‘“26_"3

=141 +0())
nce |¢;| < 1. Therefore we may write 6, = ¢, with |e;| < 1.
b is important to note that the transformation of this first plaquette is not completely
specified because of the arbitrariness of f(p).
Having thus transformed the first plaquette we move to an adjacent plaquette and repeat the
procedure with the two remaining free sites. Notice that there is no phase freedom associated
ith the second or subsequent plaquettes.
roceeding in this way we define a gauge transform on the whole configuration to produce
a new configuration satisfying the conditions (3.9) and (3.10). For each plaquette in the
nterior of the lattice there is sufficient freedom to force three of the four links to be small;

he fourth link is then guaranteed small by gauge invariance.

§15. Vacuum Degeneracy on a Finite Lattice
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15. Vacuum Degeneracy on a Finite Lattice

n the absence of boundary plaquettes (ie on an infinite lattice) this procedure suffices to
eliminate all configurations in Cp. In particular, the action then has a unique minimum
orresponding to all links equal to the identity.

On a finite lattice, however, the boundary plaquettes are additionally constrained by the
boundary conditions and the gauge fixing procedure outlined above cannot be implemented.

The situation is illustrated in (3.2) for a 3 x 3 lattice satisfying periodic boundary conditions.

1)

1 1 e
________________________ |
|
|
104 -1 104 —wc'l
e e e e |
|
i 1 |
@ @ - — - —
|
e I
|
il 1 il d, i
|
|
1 1. |
e i
|
1 l 1 l|
|
|
1 1 I

C = 4 —— 5

e

Figure 3.2: Minimum energy configurations on a gauge fixed finite lattice with an odd
number of sites. Bold lines indicate fixed links, dotted lines indicate the periodic boundary.
Black circles denote the sites whose gauge freedom has been removed. The whites circle is the
single remaining free site associated with the overall global gauge freedom. Four minimum
energy configurations are consistent with the boundary conditions.

Periodicity requires only that
eia L e—ia : e’iﬂ — e—’iﬂ
which is satisfied for o — 0,7, 3 = 0,7. There are therefore four distinct minimum energy

configurations, three of which are associated with large values of the angular variables (~ ).

§15. Vacuum Degeneracy on a Finite Lattice
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These large values are confined to boundary plaquettes; for large lattices their significance
lies not in their numerical value but rather in the fact that their ezistence introduces a new
lass of significant configurations into the integral.

he situation is even worse in the case of lattices with an even number of sites along each
is, as illustrated in (3.3).

1 1 1

__________________________ P

e l

|

o - o - I
e e e e e
i} 1 1:
® L 9 *——
e
: 3 1 * i 1

1 1 1 1

lklblklﬁ

e

F igure 3.3: Minimum energy configurations on a gauge fixed finite lattice with an
even number of sites. A continuous double infinity of minimum energy configurations are
consistent with the boundary conditions. As with the odd lattice, there is an overall global
gauge freedom.

In this case, the boundary condition imposes no restriction on the parameters a and 3 and
there is a continuous double infinity of minimum energy configurations.

In both the even and odd cases the gauge fixing is defined only up to an arbitrary phase, or
global gauge transform.

The difficulty clearly lies in the fact that periodic boundary conditions are insufficiently
restrictive; an unambiguous saddle point approximation requires the imposition of a zero
boundary condition on the lattice. The angular variables are constrained to zero on the
boundary. The existence of this fixed boundary then allows all plaquettes to be treated as
interior plaquettes and fixing the gauge then defines a unique minimum of the action, just

as in the case of an infinite lattice.The scheme is illustrated in (3.4)

§15. Vacuum Degeneracy on a Finite Lattice
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Figure 3.4: Unique minimum energy configurations on a gauge fixed finite lattice with
zero boundary conditions. There is no global gauge freedom on a gauge fixed lattice with
zero boundary conditions.

It is interesting to note that the global gauge freedom associated with periodic lattices

disappears when zero boundary conditions are imposed.

§15. Vacuum Degeneracy on a Finite Lattice
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. Matter Fields

Clearly this is a subject in which common sense will have to guide
the passage between the Scylla of mathematical Talmudism and
the Charybdis of mathematical nonsense

— J. Bernstein

In this Chapter we review the implementation of fermion fields on the lattice. The Dirac operator appears in
the lattice setting as a finite dimensional linear operator; therefore we begin with a brief discussion of the
theory of such operators.The fermion operator is then discretised and the free propagator calculated. It is
shown that the process of discretisation leads to a doubling of the number of fermions in each dimension and
that this doubling can be removed by the addition of a momentum dependent mass term to the action.

16. Overview

Most forms of matter are fermionic. Fermions present special problems on the lattice; most
particularly, the transcription to the lattice setting results inevitably in a doubling of the
number of fermions in each dimension. Although this doubling might be tolerable in the free
case, it cannot be accepted when one is dealing with an interacting theory and the unwanted
fermions can be pair-produced.

Two principal methods have been proposed to deal with the doubling problem. Kogut and
Susskind (1975) suggested that the fermion field components be distributed over the lattice
sites so that only a single component was assigned to each site. The fermion multiplicity is
reduced, in four dimensions, from sixteen to four; the remaining fermions are then interpreted
as physical flavours.

Wilson (1975) proposed modifying the lattice fermion action so as to eliminate the extra
fermions. This modification disappears in the continuum limit.This is the approach we will
follow.

Although the Wilson approach is more straightforward to implement it suffers from a serious
drawback; the extra Wilson term in the action destroys the chiral symmetry which the action
would otherwise possess at zero fermion mass and therefore complicates lattice investigations
of massless physics.

We should mention in passing another peculiarity of fermions on a finite lattice; it proves in
most cases more convenient to use anti-periodic boundary conditions in the time direction,

and we will follow this practice. For a further discussion of this point, see Montvay and
unster (1994).
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17. Linear Operators

e will see in the following sections that the fermionic operator takes the form of a finite
limensional linear operator. Before proceeding, therefore, we will briefly review elementary
broperties of linear operators and establish basic definitions and notation.

Suppose V is a finite dimensional vector space with v, w € V. We will define a linear operator

a mapping from V' to itself, satisfying
T(av + bw) = aT(v) + T (w)

where a and b are scalars. Note that the complete specification of the operator requires that
both the action of the operator and the vector space on which it acts be defined.

It follows immediately that

T0)=0

Furthermore, if 7 and S are linear operators and k is a scalar, then k7', T+ S and T'S are
also linear operators. We can therefore construct polynomials in 7" which are themselves

linear operators
p(T)=ap+a,T +aT? + - - + a, T"

and indeed, T and S satisfy the usual algebraic rules:
S(T+T')=ST+ ST
(S+8)T=ST+S'T
k(8T) = (k5)T = S(kT')
(BT = 8(TT")
The identity operator I maps every vector in V' to itself and is clearly linear; an operator T
is said to be invertible if there exists an operator 7! such that

I ="

Note that this commutative property does not hold for linear operators in general.

It can be shown that every linear operator on an n-dimensional vector space can be repre-
sented by an m-square matrix if the action of the operator is defined by the usual matrix-
vector multiplication rule; conversely every such matrix determines a linear operator. In
particular, the fermion matrix M determines a linear operator on some vector space.

The operator algebra outlined above translates directly to the algebra of n-square matrices,
the definition of invertibility corresponding to the usual definition of invertibility for matrices.
he matrix representation of an operator is not unique, but must be specified relative to
Some particular basis of the vector space. It can be shown that two matrices P and @

§17. Linear Operators
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represent the same operator if and only if they can be transformed into each other by a
similarity transform:

RisiRTIQR ;@ =RPR™

In particular, if P represents a linear operator 7" and there exists a transformation matrix D
such that D' PD is diagonal, then T is said to be diagonalisable. If such a transformation
matrix does not exist then 7" cannot be diagonalised. It will be essential for our purposes to
have a criterion for determining whether a given operator is diagonalisable. Before discussing
this point further, it is convenient to introduce some more terminology.

Consider an operator T' on a space V' and suppose that 7" satisfies
Tv= My (4.1)

where ) is a scalar and v is a non-zero vector in V. Then v is said to be an eigenvector of T
belonging to the eigenvalue \. Indeed the set of vectors satisfying (4.1) forms a subspace of
V', which we will call the eigenspace associated with the eigenvalue A\. The entire set of all
possible eigenvalues and eigenvectors will be termed the eigensystem. The same terminology
goes over unchanged to the matrix representation, A, of 7.

Note that if ¢ is an eigenvector of A with eigenvalue A and B is a similarity transform of A
B=RAK"

then Ri is an eigenvector of B with the same eigenvalue . All matrix representations of
an operator therefore have the same set of eigenvalues—the eigenvalues of the operator they
collectively represent. This set will usually be referred to as the spectrum of the operator.

Two useful scalar invariants may be constructed from the spectrum of an operator. We will

define the trace of an operator T to be the sum of its eigenvalues

trT = in

and the determinant of T to be the product of eigenvalues

detT=H)\i

The trace and determinant of any matrix representation of 7" are defined similarly.

The characteristic polynomial of an n-square matrix A is defined by
p(A) = det(A — AI)

which is a polynomial of degree n in A. The roots of the characteristic polynomial are pre-
cisely the eigenvalues of A. A root occurring with multiplicity p corresponds to an eigenvalue

§17. Linear Operators
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of algebraic multiplicity p. The geometric multiplicity of an eigenvalue is the maximum num-
ber of linearly independent eigenvectors associated with it. An eigenvalue is semisimple if
its algebraic and geometric multiplicities are equal; otherwise it is said to be defective.

Let us now introduce some rather standard matrix terminology. The transpose conjugate
of a matrix A is termed its adjoint and denoted A'. The transpose conjugate (or dual) of a
vector v is similarly denoted v'. The following identities apply:

(AB)' = BTA! ; (Av)t =otAl (4.2)

An alternative notation for vectors, which we will sometimes use, denotes a vector v by |v)
and its dual, vT, by (v|. The eigenvectors of a matrix will usually be designated v or ¥,
general vectors by ¥ or a or f3.

A number of special matrices will occur repeatedly in the sequel. Their definitions and a
brief review of their properties are given below.

A hermitian matrix A is defined as a matrix satisfying

A=At
An antihermitian matrix satisfies
A=At
A matrix U is unitary if
Ul=yt

and a unitary transformation on a matrix M is defined by
M'=UMU' =UMU!

The unitary transforms thus constitute a subset of the similarity transforms.
A normal matrix N satisfies
N'N = NNt

Hermitian matrices possess a number of useful attributes. In particular, their eigenvalues

are real, since for any eigenvector 1)

PrAy = ¢l (Ap) = Mty
and also
YAy = @Ay = X'yly
ence A = X* and ) is real.

If, in addition, the eigenvalues are all strictly positive, the matrix is termed positive definite.

§17. Linear Operators
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4. Matter Fields
Hermitian matrices are a special case of normal matrices (that is, matrices that commute

with their adjoint).
e are now in a position to state the fundamental results of this section—that is, to give

ecessary and sufficient conditions for a matrix to be diagonalisable. We begin with a useful
preliminary result:
on-zero eigenvectors belonging to distinct eigenvalues are linearly indepen-

dent.
Next, a special result for normal matrices:

A normal matrix can always be diagonalised by a unitary transformation. In
particular, hermitian matrices can be so diagonalised.
If a matrix can be diagonalised by a unitary transformation it is necessarily

normal.
and finally two, equivalent, general criteria for diagonalisability:

An n-square matrix is diagonalisable if and only if it possesses n linearly inde-
pendent eigenvectors.

An n-square matrix is diagonalisable if and only if all its eigenvalues are semisim-
ple.

It follows from (4) that a matrix which is diagonalisable on a vector space V' possesses n
independent eigenvectors, 1;, sufficient to span V. Any vector in V' can therefore be written

as a linear combination of eigenvectors:

=1

18. Discretisation

In this section we discuss the discretisation of the fermion operator, defined in the Euclidean
continuum (cf (2.18) by
D =0, +m (4.4)

The first step in the process of placing fermions on the lattice is to discretise the field

derivatives 9,1). We use the symmetric derivative (2.21); that is

Vimtw) — Yim—p) (4.5)
2a

Gl —
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It is this use of the symmetric derivative that gives rise to the doubling problem, by effectively
doubling the lattice spacing. This difficulty could be avoided by the use of a simple left or
right derivative, Unfortunately, detailed analysis has shown that such a procedure would
render the theory non-renormalisable. Further details are given in Sadooghi and Rothe
(1996).

The lattice action is

= Yo Vmtp — Ym—p)
S = & m = — m
@Y { % e (4.6)
= YmMmnPn
where the lattice Dirac operator in position space is defined to be
511 m - 5n m—
M,,, = a’ {7“( nots) ~ dnmop) | m&mn} (4.7)
19. The Propagator
The free lattice fermion propagator is
B = M (4.8)

This inversion is most conveniently carried out in momentum space, where the operator is

diagonal.
A consistent definition of the fermion fields in momentum space requires some care. The

general lattice Fourier transform is defined by (2.27) and (2.28)

77/)& = F u’»[}n Yo = F_lﬂhd’ (4-9)

The corresponding conjugate fields, on the other hand, are related by
k = Finthn = T Yn = Floxthp = YpFin (4.10)

Note that the conjugate fields are not Fourier transforms of each other; the definition (2.27)

gives

T b = P (4.11)
§19. The Propagator

41



4. Matter Fields

Substituting for ¢, and 1,, in the action (4.6) we find

Ve _ikn Y =ik Y ik (m—p)
x{mme __+22a Nd mtp) _ Nd (m—p

S Z %, {m + Z % e~ ku _ eiku)} %ei(k_'_@).m

m,k,k’

Ndzd»y{wz

k.k'

£ sin a,kﬂ} Vilx'k

= ”]\ﬁ Z Ve Myxe

k.

where the operator

is diagonal.

Substituting for 1, and 1y yields

MmﬂAng = 5211_1
where
1
Am_v = M_lﬂg = EF_lﬂl'M_’_lFlz
or

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

§19. The Propagator

42



4. Matter Fields

1 =
e =1 =5
M mn = ZLEF mk' E’EF_IL
1 1 - !
N B S LA
k'k 7
k,=N/2 . |
1 e " — (4.17)
e ik.(n—m) Vit e
= Z e {m-}—z . sin ak,
ku=—%+1 W
1 ky=—N/2 . |
= —ik.(n—m) [T
= e m + —=sinak,

This is the discretised free fermion propagator on a lattice of finite size with finite lattice
spacing.
In the thermodynamic limit (N — oo ), the momenta g, = k,/a (cf (2.24) become continuous

and the discrete sum over &, goes over to the corresponding integral over g,

1 —N/2 1 r/a

—— - — d* 4.18

R Sy L) w1
ku,=N/2—1

The position space propagator is then

= 1 o —ig.(n—m)a Z’YIJ : - d4 4.19
Smﬂ—(27r)4 e " m+2#:—5—s1naqu q (4.19)

—7/a

20. Fermion Doubling

Let us next investigate the continuum limit of the lattice propagator.

The Dirac propagator in the continuum is given by

1 Sy : =

8(z) = 5553 / ™% {m + iy,q,} " d'q (4.20)
(27m)* J oo

The integrand tends to zero for large ¢ so that high-momentum contributions to the integral

are suppressed.

The continuum limit of (4.19) is extracted by setting z = (n — m)a and allowing a — 0.We

obtain
lim S(mn) — — /°° 79 {m +i7,q,} " d'q (g < z)
T (27r)4 o0 F a
(4.21)
T T / " ez () dig (gs > )
a—0 T (27!')4 —60 a
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The continuum limit in this form exhibits the correct behaviour in the low momentum region
but fails to provide the required suppression of the integrand at high momenta; in fact the
second integral in (4.21) is indeterminate as it stands.

We can find an explicit form for the continuum limit by rewriting (4.19)

-1
1 m/a T/a . ;
S TONTR N A d3 —igo.(no—mo)a & :
i (27T)4/ q/ i m+B+; = sinago

—-7/a —m/a

where

3 .

The bad high and low energy limits on the g integral can be removed by defining a new
momentum variable

Go=¢q —7/a
This gives

i w/a
S = T A d¥q

(27T)4 —7/a
w/2a . 270 -1
X { / dgy e~"0-(no—mo)e {m + B + —sin aqo}
a

—7/2a

0 5 |
+ (—1)("0""‘0)/ dgy e~o-(no—mo)a {m + B — %9 sin aq])}

m/2a

-37/2a _ N 'L'YO -1
+ (_1)(no—mo)/ dqo ¢ ~1d0-(no—mo)a {m 1B~ gin aq~0} }

—27/a a
The second integral on ¢y is equivalent to

/20 . 7’70 =]
(—1)(no=mo) / dgo e~*@-{mo—maja {m + B — = sin affo}
0

since the integrand is periodic with period 2m.

Assuming, for concreteness, that (ng — my) is even, we obtain

Smn = —1—/W/a A d’q
e (27T)4 —7/a

/2a ; iy -1
X { / dgy e t90-(no—mo)a {m 3B 2 win aqo}
a

—m/2a
m/2a - .~ -1
i / dqo e—WO.(no—mo)a {m+ B & Hﬂsin aq-o} }
—7/2a a
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where

Yo ="—%0

Note that the set {7,} satisfies (2.17) and constitutes an acceptable representation of the 7,
n (4.4). We can in fact change the sign of any or all the 7, and still get a representation
since the only non-zero terms in (2.17) are of the form -,7,.

The zeroth component of (4.19) has been split into the zeroth components of two propagators
associated with the two independent momentum variables g and ¢;. Each momentum
variable is linked to a different representation of the gamma matrices.

Repeating this procedure with the remaining components leads to more doublings, giving

S Sy 1 ixa —iqR.(n—m)a i’YuR
mn =D @)t T et ) —
R Iz

—m/2a

-1
Ru} d*q® (4.22)

The index R labels the 2¢ independent momenta ¢® and the 2¢ corresponding gamma rep-

resentations
B = {tv0, 11, £72, 13}

Each term in (4.22) has the continuum limit

i Lo T B T
: R —ig*.z e R d4 R R L
1T s A A 51
' (4.23)
R R i
(lll_r}r(l)S (mn) —0 (g “_)2a)

This limit has the correct behaviour for both high and low momenta.

We conclude that the correct continuum limit of (4.19) is not one but 2¢ independent con-

tinuum propagators.

21. Wilson Fermions

This degeneracy in the fermion spectrum can be removed by adding an extra term to (4.13)

iy {me D

The lattice propagator (4.19) becomes

£ sinak, + Z (1 — cosak )} Ok'k (4.24)

=]

/a 1
S'(mn) = _1_/ —ig.(n—m) {m + Z —E sinag, + Z E(l — Cos aqu)} dq (4.25)
n

(27T)4 —7r/a
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The new term, which acts like a momentum-dependent mass, vanishes for small ¢ but pro-
vides the required suppression of the integrand in the high momentum limit. Note also that
the Wilson term vanishes in the limit of zero lattice spacing.

We can use (4.15) to find the modified Dirac operator in coordinate space

1 —ik'.m _'VY ) 1 o
M’mﬂ:adZ{me E_/N} {m_+_z aﬂSIHQku+ZE(1_cosaku)}(sﬁlk{e&._/l\f}
g 7

kk"

ad a’ ik.(n—m/N d Yo ¢ —ik ik 1 —ik
——W;{e——— } m+a ; %(e ol ”)—%(e“—i—e “)

d d—1 a!
= (ma +da ) Omn + —— {(’)’u 1)0n,(m+w) — (Yu + 1)0n (m—u)}
(4.26)
or
d g1 g
My = (ma + ™) bpn = S { (1= Wonmin + A+ %Vonm ) (427)
This can be cast into a more convenient form by redefining the fermion fields.
Our modified lattice action is
S'= ’plimMpn
_ " ad! (4.28)
= i { ma + da Y = S (L= W+ (42
We define a rescaled fermion field by
P = (mad_'_dad—l)lﬂﬂ)m
% d d—1y1/2 (4.29)
Y = (ma® + da®")
The action is now
. 1
iy AR Ty e P / Vol 6 - ’
s 7 MII ¢I
where
M”mu =0pn — K {(1 = 7#)5n,(m+g) + {14 ’Yu)én,(m—g)} (4.31)
and i 1
= — as a—0 4.32
"= 9(ma+d) 2d 5y
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5. The Schwinger Model

Everything should be made as simple as possible but not simpler
— A. Einstein

Having introduced the lattice and discussed the lattice implementation of fermionic and gauge fields, we
turn in this Chapter to the main object of interest in this thesis—the Schwinger model. The reasons for the
widespread interest in this model are discussed in the first section.The Schwinger model in the continuum is
then introduced and its lattice equivalent developed. Previous work on the phase diagram of the model is
briefly reviewed.

22. Chiral Symmetry And Massless Physics

In the preceding chapters, we developed the lattice formulation of quantum field theory and
implemented fermion fields and gauge fields on the lattice. Next, we turn our attention to
an interacting theory; QED,, which describes the interaction of electrons and photons in two
dimensions.

This investigation of QED, is motivated by the striking resemblances which it bears to
QCD in four dimensions. Before introducing lattice QED5, therefore, let us consider some
of the relevant features of QCD. The issues discussed here are also reviewed by Peskin and
Schroeder (1995) and Aoki (1989).

Consider QCD restricted to the up and down quarks. These are the lightest of the quarks
and may be approximated as massless. If this approximation is made the QCD action
is invariant under chiral transformations; this symmetry of the action should lead to an
associated (approximate) conservation law of the strong interaction. There is however no
obvious candidate for such a law. It was suggested by Nambu and Jona-Lasinio in 1961 that
chiral symmetry might be spontaneously broken in the strong interactions.

A consequence of such a spontaneously broken symmetry is the appearance of a massless par-
ticle (Goldstone, 1961); the breaking of the symmetry is signalled by a non—zero expectation

value for the chiral condensate:

() # 0

The spontaneous breakdown of chiral symmetry in QCD actually corresponds to the break-
down of four continuous symmetries; therefore one would expect four Goldstone bosons. In

fact, since the up and down quarks are not truly massless, these bosons should have a small
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mass. The observed masses of the three pion states are consistent with those expected for
the Goldstone bosons but there is no obvious candidate for the fourth boson. While sev-
eral theoretical suggestions have been advanced to account for this lack, the issue remains
unresolved and indeed the spontaneous breakdown of chiral symmetry itself has not been
conclusively established in the case of QCD.

These questions are non—perturbative in nature and are the appropriate domain of lattice
QCD. A fundamental problem arises, however, in the application to massless physics of
lattice theory with Wilson fermions. The Wilson term itself breaks chiral symmetry even
when the fermion mass is zero. Although this term goes to zero in the continuum limit, it
is necessary to tune the mass parameter k to ensure that this limit actually corresponds to
zero “true mass” physics; the dependence of k on the true mass is not known a priori.

The problem then, is to determine the set of critical points in the parameter space of the
theory which give rise to zero mass physics, the “line of massless physics”. The existence of
such a line for all values of the coupling has not been established.

Quantum electrodynamics in two dimensions possesses many of the properties expected in
QCD and has been the object of intense study since it provides a simpler environment in

which to gain an insight into QCD. It is to this model that we turn in the next section.

23. Continuum Theory

The Schwinger model, describing the interaction of electrons and photons in two dimensions
was first introduced by Schwinger in 1962. It has served as an invaluable laboratory for
quantum field theorists ever since.

The action for the single flavour Schwinger model with massive fermions is given in the

continuum by

S 43) = [ 5 (150200 = ) (m-+ 140, + e, (o)

This model is exactly solvable in the case m =0 (see, for example, Zinn—Justin (1993) for a
discussion of Schwinger’s original work).

The massless Schwinger model bears some remarkable resemblances to QCD in four dimen-
sions. Charges are confined, a property also expected in QCD. The model also exhibits charge
screening, that is to say, the absence of long-range forces. The mass spectrum consists of
neutral massive non—interacting bosons.

Perhaps most importantly from the present point of view, the massless Schwinger model is

known to exhibit spontaneous breakdown of chiral symmetry although there is no associated
Goldstone boson in two dimensions.

§23. Continuum Theory

48



5. The Schwinger Model

The model has not been exactly solved for fermions with non—zero mass; it is expected,
however, that the main features of the massless theory are preserved, at least for fermions

of small mass.

24. The Lattice Schwinger Model

Let us now implement the Schwinger model on the lattice. The simplest approach, as in the
continuum case, is to impose the requirement of local gauge invariance on the fermion field.

The free fermion action is given by (4.30)

Sp = 1/)m {d’m - H{ ~ Yu wm+u (1 ‘a ’Yu)wm—g}} (5-1)

This action exhibits a global invariance under a constant phase shift of the fields:
Yo — €M 5 Yp— Ype™
The pure gauge action is, from (3.1)
2E:ZRe (1-0p) 22221—cosa2¢p
TR A7 P pv

As discussed in Section (11), this action possesses a stronger, local invariance under the

transformation ) )

UT# (Q) — eif(ﬂ+ﬁ)UTu (n)e—if(ﬂ)

The full QED action is determined by promoting the global invariance of the fermion ac-

(5.2)

tion to a local gauge invariance; that is, the action should be invariant under the set of

transformations

Py — el (ﬂ)wﬂ
T ﬂ)ﬂe—if(ﬂ)
U,(n) — eif (@) UM(Q)e_if(Q'H—‘)
UTy(ﬂ) __)eif(ﬂ-FE)UTu(ﬂ)e—if(ﬂ)
The pure gauge action and the mass term in the fermion action automatically satisfy lo-

cal gauge invariance, but the fermion derivative term requires modification. We require,

in fact, the lattice equivalent of the continuum gauge-covariant derivative. The necessary
modification is easily seen to be
Sutpisy =% (m) Op(m+p)
B ——>UT v (1 — ) Onm—p)
824. The Lattice Schwinger Model
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5. The Schwinger Model
The gauge invariant QED action is then given by
Sqep = Spc + Sg (5.3)

-0} } v

where

Srg = 17/’@ {5m — K {(1 == 7/1) Ug(m) 5@(m+g) + {1+ 'Yu) UTg(m = E) 5@(

SG=2LQQZZRe (1-U,)

P BV

IS

and

25. Current Status Of The Phase Diagram

The phase diagram of the lattice Schwinger model has been the subject of considerable
interest in recent years, since the general belief is that the phase structure of the Schwinger
model is likely to resemble that of QCD.

Although the phase diagram has not been fully determined, some partial results have been
obtained.

The Schwinger action contains two parameters, the coupling parameter g and the mass
parameter m, conventionally represented by the inverse coupling squared # and the hopping
parameter k respectively.

Attention has been focused principally on the location of the chiral phase transition; the line
representing massless physics in the (3, k) plane.

It is known (Gausterer and Lang 1995) that there exists a critical point in the strong cou-
pling limit (8 — 0) as well as at (0o, ;). The question is whether there is a critical line
corresponding to finite values of 3 and x connecting these points.

It was argued, on the basis of numerical evidence, that the critical line did not in fact exist
(Gausterer, Lang and Salmhofer, 1992); however the same group have since found evidence
for critical points at finite values of 3. (Gausterer and Lang, 1994, Hip, Lang and Teppner,
1998). These results were based on the finite size scaling of Lee-Yang zeroes and chiral
susceptibility and suggest a critical exponent v = 1.

A second group (Azcoiti et al, 1996) have used similar techniques on larger lattices. They
have located the critical line in roughly the same region, but find a critical exponent v ~ 2/3.
The present situation then is that there is general consensus as to the existence and approx-
imate location of the critical line, but uncertainty as to the nature of the transition.

It should be borne in mind, however that both of the recent major studies have been based
on numerical investigations combined with finite size scaling.

We propose to adopt an alternative, analytical approach in this work.

§25. Current Status Of The Phase Diagram
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Gentlemen: there’s lots of room left in Hilbert space!
- S. Maclane

In this Chapter we begin our analysis of the phase diagram of the Schwinger model by considering the free
fermion field. It is shown that the fermion matrix, although not hermitian, is a normal matrix; therefore
standard perturbation theory techniques may be applied to it. The eigenvalues and eigenvectors of the free
operator are obtained and are shown to exhibit a high degree of degeneracy. It will therefore be necessary
to apply the perturbative techniques appropriate to a degenerate operator when the full Schwinger model
is considered. It is shown that analogous results hold in the four-dimensional case; consequently the same
perturbative technique can, in principle, be applied to four—dimensional QED. The zeroes of the free fermion
partition function are calculated explicitly and the phase structure of the free fermion field analysed. It is
around this solution that the Schwinger model partition function will be expanded.

26. Structure of the Fermion Operator

The fermion operator on the lattice was obtained in the form of a matrix in Section (21). In
order for the operator to be fully determined it is also necessary to specify the vector space
on which it acts. In this section we will examine the structure of the fermion matrix more
closely and define an appropriate vector space.

The fermion matrix is given by

Mpym = Opm — K {(1 ’m 'Yu)5n,(m+g) +(1+ 7#)52,@—&)} (6.1)

We will assume for concreteness that the lattice is two dimensional—the argument is identical
for the four dimensional case. The fermion matrix then has m = N? entries in each row,
each entry consisting of a sub-matrix of dimension 2, which we will call a spin block. The
overall dimension of the matrix is therefore 2N?. Each row of the matrix contains a spin
block for each lattice site and similarly for each column. A general entry M;; in the matrix
therefore contains a spin block linking lattice site ¢ with lattice site j.

The fermion matrix thus has a rather complex structure, containing a (constant) mass term
and derivative term which act on the spacetime vector space (indexed by the spatial indices
m,n) as well as a spin-related term which acts on the inner ‘spin space’ associated with

—_—) =

each lattice site. This spin space is indexed by the gamma matrix indices, which have been

suppressed in (6.1).
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Let us now consider the vector space V' on which the fermion operator acts. This is a product
of the N? dimensional space acted on by the derivative operator and the two dimensional
space acted on by the spin operator. That is to say, a vector in V' will have the form wv, w
being a two component spin vector and v an N? component spacetime, or site space, vector.
It is to be understood that w is acted on by the spin operators only, while v is acted on
by the mass and derivative operators.The order in which w and v are written is immaterial,
thus

jwo) = Jow)

and

(wolw') = (w|w)(v]v")

A set of N? independent vectors is required to span the site space; a convenient set is the

set of plane waves
Yn (k) = gl

each independent wave being characterised by a different value of the parameter k. In the
physical continuum theory k corresponds, of course, to the momentum and we shall continue
to refer to it as such in the lattice context.

Two independent two-component vectors are required to span the spin space associated with
each independent plane wave; we shall write these as U(a, k), a = 0, 1, each basis now being
parameterised by k.

A basis {e} for V is then given by the set of 2N? independent vectors of the form

en(o, k) = Ula, k) Pu(k)

In the general case of a d dimensional lattice, dIV ¢ independent vectors are required, with
the spin space being spanned by d independent d-component vectors and k running over N
values.

Having defined our vector space and constructed a basis for it, let us next examine the
structure of the fermion matrix more closely.

The fermion action is local in nature, the derivative term linking neighbouring sites only. As
a consequence, most spin blocks in the matrix are zero. Furthermore, for realistic lattices, the
dimension of the matrix will be large. For example a four dimensional lattice with eight sites
per side will be represented by a matrix of dimension 4 X 8% = 16384. From a computational
point of view, the fermion matrix is a member of the class of large sparse matrices.

The free fermion matrix is unfortunately not hermitian and it will be convenient at this point

to define some related operators with nicer symmetry properties. Let us write
M=1-kA

826. Structure of the Fermion Operator
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where
A=(1- 7#)5n,(m+g) +{1+ ’Yu)‘su,(m—l_t) (62)

Now the gamma matrices in the representation exhibited in Section (4) are hermitian, thus

T = ’YuT

Let us define an additional matrix, 75, by
I

The following properties follow immediately from (6.3) and the definition of the gamma
matrices (2.17).

T =1
VoV = — VoY
g =1
To =~ (6.4)
Y5 Vu = —Vus

Y1 +7,) = (1= Y5
Y(1 =) = (L +%)7%
Next, note that

Snim+) = Om(aty) = On(m—p)
and similarly
‘Sa(m—g)T = On(m+p)

In addition, the spin and derivative operators act on different objects—the spin operator on
the d component spin vector and the derivative operator on the N component site space

vector. The order in which the operators are written is therefore immaterial:
1= 'Yu)‘sn,(mﬂ%) = (52,(m+g)(1 ~ %)
(1 + 7u)0n (m—p) = O, (m—p) (1 + V)

The adjoint of (6.2) can therefore be written

AmT = (1 = ’Yu)(sn,(m—g) 4 {14 7#)5n_,(m+g)

and using the last two identities in (6.4) gives
Al = 5 Avs
A=Ay

§26. Structure of the Fermion Operator
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Therefore A, and hence M, is not hermitian. The operator 5 A 4s hermitian, however, since
1A = (75)2Alys = Alys = (154)1
It follows that ys M = 75(1 — kA) is hermitian, with real eigenvalues.Moreover
M'M = (ysMys)M = (ysM)?
If ) is a (real) eigenvalue of ys M then A\? is an eigenvalue of MM, which is therefore positive
definite.
Although A is not hermitian, it does belong to the more general class of normal matrices—
that is, it commutes with its adjoint. We will show this by direct calculation.
Let us write
A= P+ Qun ; AT:RmE+SmE

where

Prm = Z(l = Yu)On(m+p)

I

Qnm = Z(l +'Yu)‘5 (m—p)

m
Rmz_n = Z(l = ’Yu)(sm(g—z)

Sr_n_g = Z(l + 7V)5m(g+z)

v

We then have
[A, A1 =C1+Cy+C3+ Cy

where
&y =[P, B
G =[P, 8]
(6.5)
@, R
C4 = [Qa S]

Next note that
On(m+ ) Om(p-v) = On(p+u—v)

5ﬂ(m+g) 5m(2+ v) = 5ﬂ(£+g+z)
5@(@—&)5m(z_7+z) — 5n(g—g+z)

On(m—p)Om(p-v) = On(p-p—v)

e iog (L= 31— ) = (L= W)L =) = [, ]
(1—7)0+w) — T +7)1—7) =W, 7l
1+7)1—w) — =) A +7) =1, 7
1 +7)0+%) - +%)Q+%) =,

§26. Structure of the Fermion Operator
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The commutators (6.5) may therefore be written

01 = Z [7;1. ) '711] 5@(2“'&—!)

uv
1
— -2- Z ([7}1 ) ’YIJ] 6E(B+E—Z) + [’)’y, 7”]6ﬂ(2+¥_ﬁ)>

uv

€y = Z [ 5 'Yu] 5@(2+H+Z)

pv

1
= 92 Z ([7” ) 7#] 6n(z+y_+z) + [’Yu ) 7u]5ﬂ(g+g+g)) =10)
uv

C3 = Z [’)’u, ’Yu] 52(1_7—&—2)

Qv

1
= ) Z (['Yw Vul 5n(z_>+g—z) 4 [ 'Yu]‘sn(g—z—g)) =0
uv

Cs= Z [’Y;u %l 5@(:2—1_L+z)

uv

1
= 5 Z ([7# ) 7u] 6ﬂ(g—g+g) ‘s [’Yy ) 7u]5ﬂ(2_g+ﬂ))
v

Finally, we have
Ci+Cy=0

so that
[4,A1] =0

and A is indeed normal.

It follows that M is also a normal matrix and commutes with M. It can therefore be diag-
onalised by a unitary transformation. Furthermore all its eigenvalues must be semisimple,
with their algebraic and geometric multiplicities being equal.

A further consequence of the normality of M is that 5 and M fM commute, since
vsMIM — MYMys = s MM — (v Ms) Mys
e ’YsMTM — Vs M (v Ms)
=vs(M'M - MM =0
It will be convenient to summarise our conclusions about the structure of the fermion operator
at this point.

. The fermion matrix is a large sparse matrix of dimension dN¢, It represents a linear operator
acting on a dN* dimensional vector space which is the product of a d dimensional spin space

and an N? dimensional site space.

§26. Structure of the Fermion Operator
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The fermion matrix is not hermitian, but is normal.

Two related hermitian operators may be defined; the operators y5M and MTM—the latter
is, in addition, positive definite.

As a consequence of the normality of M, it is guaranteed to be diagonalisable.

The eigenvalues of M are semisimple.

The following commutation relations apply

MY, M]=0 ; [y, MIM]=0

27. The Eigensystem

In this section we find explicit expressions for the eigenvalues and eigenvectors of the operator

Minn, its adjoint M}, and some related operators.

The matrix M can be written

M=1-kA

where 1 is the identity matrix d,,,, ~ is the hopping parameter and A is given by

Apn = Z {(1 =l 5m,ﬂ+y_ + (1 + ) 5m.ﬂ—g}
n

If ¢, (v, k) is an eigenvector of Ay, with eigenvalue a(a;, k), it is also an eigenvector of My,
with eigenvalue A\, =1 — ka(a, k).

Consider now a vector of the form

Yu(a, k) = Ula, k)e®?

belonging to the space acted on by Apn-
Here U(a, k) is a d-component basis vector of the inner spin space and e**® is a plane wave

vector with n = N® components. There are thus dk = dN¢ independent vectors Yn(a, k)

which span the space of Ay,
The eigenvalues a(, k) associated with these eigenvectors may be determined from the re-

lation
Am_@w@(a,k) = a(a,@) 1/@_(%&) (66)
§27. The Eigensystem
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which gives
Z {(1 = V) 51"—vﬂ+ﬁ + (1 +7) 6@@—&} e, Bje™
W
e Z {(1 =7, em— 4 (14 %) ei&.(m+g)} U(a, k)
m

2l Z {(eikp, + e—iku) + ’yﬂ(eik“ . C_ik”‘)} U(CY, _]g)el&m‘
1

= 2(2 cos ky + 24y, sink,) U(o, k)elkm
"

= a(a, k) Ym (o, k)
We thus obtain a homogeneous system of d equations:

KU(o, k) =0 (6.7)
where .
K =) (cosk,) - “(O;’ b, > (ivusink,) (6.8)

The required eigenvalues a(a, k) can be determined by observing that the system (6.7) has a
non-trivial solution if and only if det K = 0. This implies that det K K’ = det K det K’ = 0

for any arbitrary matrix K’. Let us define

ala

k) p SAHE
K'=- Z(COS k,) + = B o} ;(z'y,, sin k)

v

This gives

KK'=— XZ(Sin2 k) — (Z(cos k) — 9@)

7 n

which is diagonal, with determinant zero provided:

S (sin® k) + <Z<cos k) - T—)> —0

u 7

so that

[

alo, k) =2 Z (cos k) +:2i (Z sin? k#> (6.9)
7 "
Indeed, when this condition is satisfied, we have
ER =1
Now the spin eigenvectors U, (k) of Amn satisfy (6.7) so that every column of K’ is in fact

an eigenvector.

§27. The Eigensystem
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It is convenient to simplify notation at this point. Let us write:

PENeR R, Q= (Z sin’ ku> 5 R= (Z 7, 8in k,‘> (6.10)

The eigenvalues are then given by
afe, k) = 2(P £ iQ) (6.11)

and the matrix K’ by
K =i(R+Q) (6.12)

and the columns of R+ @ and R — (@ are eigenvectors.

In two dimensions the gamma matrices may be represented as

/(0 1 (0 —
Vo= 1 O Y1 = i 0

and Q? = SS*, where S = sin kg + isin k;. The matrix R + Q then takes the form
_(Q@ 5
rro-(9 3

The eigenvectors represented by the columns of this matrix are not independent; indeed, we

°(§)=5(3)

A second independent eigenvector may be derived from R — Q:

R‘Q: (_SQ _‘?Zg)

where the columns are related by

<(¥)=5(%)

Taking the first column of R + @ and the last column R — @, two independent normalised

have

eigenvectors are :

U08 =5 (g) UaH = (%)

These vectors are actually orthonormal:

(U(a,k)|U(B, k) = dap
§27. The Eigensystem
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These two independent eigenvectors suffice to span the spin space of A, in two dimensions.
The spin eigenvectors in four dimensions may be obtained similarly. The gamma matrices
in our representation are:

ﬂ T 6 4 6 4
ke Bt v ol BiDilial
iadl W N=10 100
\0 0 0 -1 1000

ﬂ B - 4 G TRy D

{0 0 i o0 o 0 0 -1
WRRe s 0 0 =11 0 0 0
\i 0 0 0 0 =1 0 0

Let us define
T = sink; +isin ky X = ginky W =sinks

Then
W24 TT = (Q+ X)(Q - X)

and the matrix R + @ is given by

(Q+ X) 0 w i
5 0 Q@+ X) - -W
BHEGE ™ (@-X) 0
iy -W 0 (Q-X)
The last two columns are linear combinations of the first two, since
@+ X) 0 W
0 Q@+ X) T
= X
w W +T T Q@+ X) Q= X)
Vg 4 0
and
(Q+ X) 0 ; i
. 0 @+X) ] _ 4
T W -W T =(Q + X) 0
/§ =J¥ Q- X)
The two remaining independent eigenvectors may be obtained from the matrix R — Q
(—-Q + X) 0 w i g
0 (-Q+ X) T -W
ot W 1" (-Q@-X) 0
T 4 0 (—Q - X)
As before, only two of the four columns are linearly independent:
(-Q+X) 0 )_ I/jlf
0 g+
=(~Q +X
T -W 0

§27. The Eigensystem
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and
(-Q + X) 0 T+
. 0 it (-Q@+X) | _ -w
/4 %% w T* == (—Q -+ X) 0
T W g—%

Let us select the first two columns from R + @ and the last two columns from R — @ as our

independent spin vectors. These four vectors each have magnitude
(Q+X)*+W?+TT*): = /2Q(Q + X)

so that the four normalised spin eigenvectors are

(@+X) 0

e b 7D . _ 1 (@ +X)
w T*
1 T _ B 1 -W
-(Q+

Next, consider the adjoint operator

Al_n_@ = Z {(1 — Yu) 5@@-& + (L + ) 57_n_,n+g}
1

It is not a priori clear that this operator shares the same eigenspace as Ay, ,; we will show

that this is indeed the case by explicit calculation.
The eigenvalues of AT may be computed as before—we assume eigenvectors of the form

Xﬂ(a7E) = V(Oﬁ,&)eih'ﬂ

and solve
ALLnXﬂ(a7 E) = b(a, E) Xm(aa E)

This time we find
Z {(1 = ) S+ (1 + V) Ot} V(a,k)etn

uw
=3 {(1 - ) €EE 4 (14 ,) €420} V(o k)
P! :
= Z {(ez’k,, + ey — (e — e )}V (a, k)eEm
u .
= 2(2 cos k, — 217y, 8in k) V(a, k)ekm
n

= b(a,lc_) Xﬂ(a7 ]—C—)
§27. The Eigensystem
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As before, the homogeneous system
KV(a,k) =0

must be solved, but now

b(a, k
K= Z(cos k) — (.8) _ Z(z’fyﬂ sink,)
7 p
This time we define
! - b(a7 E.) . 3
K'=-— ZV:(COS ky) + 5 ;(z% sin k)

This gives

KK' = - Z(sin2 k) — (Z(cos k.) — a(a2, E)>

" "

exactly as before.The eigenvalues of A’ are therefore given by

b(a, k) =2 Z (cosk,) £ 2 (Z sin® k,‘> '

and are the same as those of A. In terms of our simplified notation (6.10), the eigenvalues

are

b(a, k) = 2(P +14Q)

and the matrix K’ is
K'=i(-R+Q)
The columns of —R + Q and —R — @ are therefore eigenvectors of Af. These matrices are

given explicitly in two dimensions by
g =8% ., nin_ =€ =5
R Q = ( 5 Q ) R Q =B _ Q
As before, the first and second columns of each matrix are proportional:
@ (=8 . ol Qw2
Q < - T Q . ) Q —8 S Uk Q

This time we select the second column of —R + @ and the first column —R — @) to obtain

two independent normalised spin eigenvectors of Af

o= (%) + von=ha(9)

§27. The Eigensystem
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After the trivial redefinition
V(0,k) —-V(0,k) ; V(1,k) — -V(1,k)
the eigenvectors of A" and A coincide:
V(0,k) =U(L,k)
V(L,E) = U(0,k)
A similar result holds in four dimensions. The matrix —R + Q is

(@~ X) 0 -W ~T*
i - 0 Q-X) -T W
R¥@=1 w "' @+x) 0
-T w 0 (Q+X)
while —R — @ is given by
(—Q — X) 0 -W ~T*
s 0 (-Q - X) w w
it -W - (-Q+X) 0
= W 0 (-Q + X)

Selecting the last two columns from —R + @) and the first two from —R — ) and changing

the sign as above yields

V(0,k) =U(2k)
V(LE)=UGB,k)
V(2,k)=U(0,k)

V(3,k)=U(1,k)
Note that although A" and A have the same eigenvectors these do not in general correspond
to the same eigenvalues. In fact if we set
A0, k) = 2(P +14Q) = A(k)
A1, k) =2(P —iQ) = A*(k)

and |
$(0,k) = U(0, k)
(1, k) = U1, k)elEw
(2, k) = U(2, k)l
¢(37 E) = U(-?), E)ei(k-ﬂ)

we find, in two dimensions
Ap(0,k) = A(k)¥(0, k)
AY(1,E) = X' (£)¥(1, k)

§27. The Eigensystem
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while in four dimensions

Ap(0,k) = A(k)4(0, k)

AP(L, k) = A(k)p(1, k)

AY(2,k) = X (k)Y (2,k)
AY(3,k) = X (k)Y(3, k)
Atp(0, k) = A*(k)(0, k)
Alp(1, k) = M (k)¥(1, k)
A'(2,k) = ME)p(2, k)
A (3,k) = A(k)%(3, k)

With a complete set of eigenvectors and eigenvalues of A and A' in hand, it is now straight-
forward to write down the corresponding objects for the full fermion operators.
Let 1(a, k) be any eigenvector of A and A" with eigenvalue A(k) on A and eigenvalue \*(k)

on Af. Then
Ap = dp = 2(P £1Q)y

Alp = A\

My =(1- kXY = Auy

M = (1= kX)) = Ayt
MIMp = (1 — k(A + ) + E2X NP = A i)
MM = (1= k(A + X)) + £2AX) Y = Apant ¥

(6.13)

The operators A, AT, M, Mt M'M and MM?" all have the same eigenvectors; the corre-
sponding eigenvalues for each operator are given by (6.13). Furthermore, the eigenvectors

(though not the eigenvalues) are independent of the value of the hopping parameter .

28. Properties of the Eigensystem

In this section we will explore the structure of the free fermion eigenspace, focusing partic-
ularly on those properties which bear on the perturbative analysis to be discussed later—
namely commutation relations, zero modes and degeneracies.

We note first that the free fermion operator has all the properties anticipated in Section (26).
It is certainly diagonalisable, by construction. Its eigenvalues are semisimple with algebraic
and geometric multiplicity d/2 per momentum mode. Moreover, the fact that the fermion
operator and its adjoint share the same eigenspace, L, has the consequence that that M and

§28. Properties of the Eigensystem
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Mt commute. This follows from the fact that any vector in L can be written as a linear
combination of eigenvectors:

U= Z it
Now letting Ay = A, we have from (6.13)
Mu; = M = M = Ao,

and therefore
(MM — MTM)¥ = Zci(/\i)‘: —AAi)Yi =0

1

for any choice W in L. It follows that
MM'— MM =0

A second consequence is that if a vector v is a right eigenvector of M, it is also a left

eigenvector, since
Mlp) =Ay) = MPp=X[p) = (YIM= (Y

with a similar result for M1,

This property, which follows automatically from hermiticity, does not hold in general for
non-hermitian matrices such as M. It is, however, essential if a perturbation expansion
around the free fermion field is to be attempted.

The fermion operator exhibits a high degree of degeneracy, since its eigenvalues depend only

on the magnitudes of the momentum components £, and not on their ordering or their sign.

A general eigenvalue of M is given by

(£, k) =1-2k(P£iQ) =1-2x Z (cosk,) (Z sin® k ) (6.14)

In the worst two-dimensional case, with periodic boundary conditions in both dimensions

and ky and k; non-zero and distinct the following set of momentum vectors are all associated

with the same eigenvalue:

(ko k1) (K1, ko)
(—ko, k1) (kv, —ko)
(ko, =k1) (=K1, ko)

(—ko, —k1) (—k1, —ko)

§28. Properties of the Figensystem
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This eightfold degeneracy is the maximum possible in two dimensions. If antiperiodic bound-
ary conditions are imposed, as is customary, in the time direction, the maximum degeneracy
is reduced to four.

The situation is much worse in four dimensions, where there are four components of mo-
mentum to be permuted by position and sign, giving rise to a 384-fold degeneracy in the
momenta. There is, in the four-dimensional case, an additional spin degeneracy since the
spin eigenvectors U(0, k) and U(1, k) share the same eigenvalue, as do the vectors U(2, k) and
U(3,k). The total degeneracy factor in the general case, where all momentum components
are non-zero and distinct, is therefore 768.

Note that this momentum degeneracy does not affect the semisimple nature of the eigensys-
tem, since different momentum modes are still associated with distinct eigenvectors. If the
moment degeneracy is 7, then the algebraic and geometric multiplcities are each nd/2.

The high level of degeneracy in the fermion operator presents a serious obstacle to any
attempt to construct a perturbative expansion.

Let us next consider the eigenvalues of M themselves, which are given explicitly by (6.14)
and are plotted in Figures (6.1) and (6.2)

Although complex in general, they occur in conjugate pairs. As a consequence, the de-
terminant of M, which is simply the product over all eigenvalues, is always real, as is the
determinant of M.

The fact that corresponding eigenvalues of M and M are complex conjugates means, of
course, that the eigenvalues of the product operators MM fand MTM are real and corre-
sponding eigenvalues are equal.

The maximum and minimum eigenvalues of M follow from (6.14):

Moo =1 420K~ Apin =1~ 2dK

The minimum eigenvalue, which occurs at k£ = 0, is of particular interest; it approaches zero
as k approaches 1/2d—that is, as a — 0, if the mass is held fixed. That is to say, M becomes
increasingly ill-conditioned as the naive continuum limit is approached, the determinant goes
to zero in this limit and the matrix is no longer invertible.

Although the zero momentum eigenvalue remains well-behaved at zero momentum (for finite
lattice spacing), a difficulty arises with the zero-momentum eigenvectors. Indeed, at zero

momentum we have

so that all eigenvectors are zero. There is no linearly independent eigenvector associated

with the zero mode, so that a degree of freedom is missing.
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6. The Fermion Matrix
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Figure 6.1: : Eigenvalues of the free fermion operator in two dimensions for different
values of the hopping parameter. Note that a zero eigenvalue appears at the critical value
Kk = 0.25; the fermion operator becomes singular.

A closer inspection shows that the problem arises because all the terms @, S, T, W, X which
occur in the expression for the eigenvectors are purely kinetic—there is no mass term. The
mass term, P, has been eliminated from the eigenvectors via (6.8), (6.11) and (6.12) as a

direct consequence of the fact that all eigenvalues of the operator are non-zero (except in

the continuum limit).
It is instructive to compare this with the physical (ie, continuum, Minkowski space) case,

where we solve the Dirac equation
(iv*9, —m)p =0

This is in effect a restricted version of (6.6), where we solve for the particular eigenvalue

A = 0. The requirement that A be zero leads to the well-known mass-shell condition
w? = k* +m? (6.15)
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6. The Fermion Matrix
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Figure 6.2: : Eigenvalues of the free fermion operator in two dimensions at the critical
value of the hopping parameter. The distribution of eigenvalues is shown for several different
lattice sizes. The eigenvalues are confined to a fixed region, but their density increases with

increasing lattice size.

w+m
ik 0
U(0,k) = ————
0.5 2w(w +m) k.
ks + iky
k.
1 ke + ik,
e | T
2.5 Www+m) | wim

U(Lk) =

The eigenvectors associated with this zero eigenvalue may be derived by methods similar to

those used in the previous section. In four dimensions the spin eigenvectors take the form

0
1 w+m

2w(w +m) | kz —iky
ke — ik,
D5, = ks =%
= 2w(w +m) 0
w+m

so that a mass term is present. The mass shell condition (6.15) now excludes the possibility
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The Dirac equation has no solution on the lattice, as evidenced by the fact that the eigenval-
ues (6.14) can never be zero (except in the continuum limit).The more general system that
we have solved imposes no mass shell restriction and consequently allows a zero momentum
mode.

Let us summarise the situation:

. The physics resides in the Dirac equation, corresponding to the zero eigenvalue of the Dirac
operator.

. The unphysicality of the lattice formulation manifests itself, in this context, in the fact that
the lattice Dirac operator has no zero eigenvalue.Nevertheless, the full spectrum of (non-zero)
eigenvalues and eigenvectors can be obtained.

. As a consequence of the fact that we deal with non-zero eigenvalues, there is no mass shell
restriction and all four components of momentum may be zero.

. The eigenwvectors of the operator cease to be well-defined at zero momentum.

. The minimum value of the lattice Dirac operator attains zero in the continuum limit.

It is clear from the above that the problematical zero momentum mode is intimately linked

to the physics that we are ultimately trying to extract from the lattice.

29. Phase Structure of the Free Fermion Field

Let us apply the method of Fisher zeroes to determine the critical points of the free fermion

lattice theory in two dimensions.

The free fermion partition function is given by

ZF:detM:HAi

where the dimensionless fermion operator M is given by (6.1) and the eigenvalues ); by

(6.14). A zero of the partition function function occurs when any eigenvalue is zero, thus we

require )
2
1-2k | cosk, *i (Zsin2 kﬂ> =1
7 B

which occurs for values of x satisfying '

1

2
S-cosk, L4 <Z sin? kﬂ>
s £ (6.16)

(o) (o)
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F igure 6.3: : Zeroes of the free fermion partition function in the complex kappa plane

08

The development of this system of zeroes with increasing lattice size is shown in Figure (6.3).
It is apparent from the figure that the real axis is pinched at the two critical points x = :ti.
There are in fact two additional critical points at K = £oo. These appear explicitly as a

pinching of the real axis at the origin when the zeroes are plotted in the inverse x plane as

in Figure (6.4).

The existence of a phase transition requires an accumulation of zeroes in the neighbourhood

of the critical point as the lattice size increases. This process is demonstrated in Figure (6.5)

for the critical point &,

§29. Phase Structure of the Free Fermion Field
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Is mathematical analysis ... only a vain play of the mind ? ... Far from it;

without this language most of the intimate analogies of things would have

remained forever unknown to us; and we should forever have been ignorant

of the internal harmony of the world, which is ... the only true objective reality.
— H. Poincare

The perturbative expansion of the partition function of the Schwinger model yields expressions containing
pure gauge expectation values of gauge—dependent objects. This represents a serious obstacle since such
objects are potentially ill-defined. Indeed, it was shown in Section (15) that the pure gauge vacuum state is
degenerate if periodic boundary conditions are imposed. In this Chapter we begin a detailed investigation of
pure gauge expectation values. We obtain exact results in axial gauge with both periodic and zero boundary
conditions and similar results in Feynman gauge in the weak coupling regime. We show in particular that
the object (¢i2) is well-defined in Feynman gauge if zero boundary conditions are imposed.

30. Overview

Having analysed the free fermion operator, we now turn to the second ingredient required for
the perturbative expansion of the Schwinger model; expectation values over the gauge field.
We will show that the imposition of periodic boundary conditions leads to unsatisfactory
expressions for the fundamental object, (¢?) that we require. We will exploit a method
due to Dosch and Muller (1979) to obtain ezact expressions for expectation values in axial

gauge and demonstrate that (¢?) is constant and hence unsuitable for perturbative or scaling

calculations in this gauge.
On the other hand, this expectation value is ill-defined in Feynman gauge at weak cou-

pling. We will demonstrate that with zero boundary conditions imposed, (¢?) acquires an

unambiguous meaning.

31. The Partition Function
The pure gauge partition function is given by
ZG = / [dU] e'ﬂs

where S is the pure gauge action

S = ZRe(l -U,)
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and U, is the product of gauge variables around an elementary plaquette.

Up = eiag(A&(ﬂ)"’Az(ﬂ'*’ﬁ)_Ag(ﬂJFZ)“Az(ﬂ)) sk eia9¢p

We will set ag equal to unity for the moment and rewrite
S= Zl—Re e =Zl—cos¢p
D P

The invariant integration measure for U(1) over a lattice L is given by

fuo- [ 11 (5)

¢i€L

Putting everything together, the partition function becomes

_e—ﬁlLl/ 11 <d¢z> H B cos 6y (9

o €L

Each factor in the integrand may be expanded in a Fourier series

oo

gleondp — Z ar (B) € (7.1}

r=—00

The coefficients a, may be determined by considering the generating function for the modified

Bessel functions
o0

e(3)(t+) = Y Ligje
r=—00
Setting ¢ = €' gives
o0
6ar:(:osqb s Z E (])) eir¢ (72)

and comparing (7.1) and (7.2) we ideﬁtify a, with I, (§), the modified Bessel function of

order 7.
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Bl B2 B3 B4
B8 B8
L A
B7 B7
B6 B6
B5 B5
B1 B2 B3 B4

Figure 7.1: Finite lattice in axial gauge. The thick vertical lines are the gauge fixed
links. No boundary conditions are imposed.

32. Axial Gauge

The discussion so far has been completely general; no gauge has been fixed and the lattice L
is not necessarily finite. We now consider a finite lattice in axial gauge. The lattice is shown
in Figure (7.1), which also serves to establish notation. Note that the fixed timelike links do
not form a maximal set; additional spacelike links can still be fixed. In the infinite volume
limit, of course, axial gauge does constitute a complete gauge fixing.

We will rewrite the partition function using the expansion (7.1) and distinguishing now

between boundary and inner links.

2 ON _— 00

dB dB do; . B T

AR —ﬂ L n & —_— ZT¢P(¢1aBann)
Zg=¢e" l/]Jl( = ) ( - >¢|'€|L(27T) [T1D (e

p r=—00

Before proceeding to evaluate the integrals it is helpful to introduce some terminology.
We identify three types of link (apart from fixed links):
§32. Azial Gauge
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(1) Boundary links: These are links on the perimeter of the lattice. We define these so that
they are oriented in an anti-clockwise loop around the lattice (see figure). Corresponding
links on opposite sides of the perimeter are labelled with the same index; thus each positively
oriented loop B; has a negatively oriented partner B;.

(2) Support links: These are the links on which our functions are defined. Since we consider

only one and two-point functions there can be at most two such links on the lattice.

(3) Free links: All links which are not support links or boundary links ( or gauge-fixed links)

are termed free links.

Two plaquettes are called connected if they share a free link. A region of the lattice is a
maximal set of connected plaquettes. If there are no support links, the lattice as a whole
forms a connected region, denoted L. If there is one support link, say A;, there are two
regions, each of which contains exactly one support link on its boundary. We will call such

regions single-support-bounded regions, or S-type regions and write

L = S(¢i)S2(¢i)

If the lattice contains two support links, ¢; and ¢;, there are two S-type regions and a region
containing two support links on its boundary— a double-support-bounded region, or D-type
region. It is convenient to distinguish between D-type regions which contain boundary links
on their perimeter and those that do not (Dp-type regions and Dp-type regions respectively).

With two support links on the lattice we write
L = S1(¢i)Dp(9i, ;) S2(4s)
or
L = S1(#:)Dr(¢i, ¢5)S2(¢.)
Next we write down an expression for the integral over a single free link

/ <d¢k){21 )& (@rten) Z L(B)e™ (ot } > L (B)e" e I (B)e 4 by

re!

= Y I(B)er et
r

Here p and p' are the two plaquettes containing ¢ while ¢, and ¢, are the sums of the

remaining links around p and p’ respectively.
Integrating all the free links in a region R gives

[ 1 (&)a-po

T prER
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where n is the number of plaquettes in R and Lisop is the sum of links around the perimeter
of R, taken anticlockwise. These links consist of boundary links, support links and fixed
links (which are set to zero). Let a be the set of positive boundary links and @ the set of

negative boundary links on the perimeter of R.

Define
B, = Z By,
meoa
—a = Z E
nea

Let ¢ be the sum of support links on the perimeter of R. With this notation we can write

eiTLloop = eir(Ba—i—Ea)eirqﬁs

Setting R = L gives

/71- H (%‘?f) e ZIrlLl(ﬁ)eiT(B‘”‘l'—Eﬁ)

T ¢reL
i %V(B +Bm)
:I"'L'{”Zgr'“(ﬂ)e i m}
r#0

where

If R is an S-type region we find

7r Aoy + |Si|{ |S%| ir(Ba+Bg) impi}
| l e | B 2 ) 1+ E x 06
/ < 9 ) 0 g (B)e €

L ¢k€Si r#0

The negative sign arises if the support link ¢; has negative orientation on the perimeter of
S.
Setting R = D gives

/7T H <%> Dp = [0|DF|{1 i Zgrlel(ﬂ)eir(rm—@)}
T ¢r€DF “ #i0)
Note that the boundary links do not appear in this expression. Moreover the support links

¢; and ¢; necessarily occur with opposite signs.

Settlng o DB gives ‘
/-7r H (%) DB;{: — IO|DBi| {1 A ZgT|DBilﬂ)eiT(Ba+B_E)eir(¢ii¢j)}

2
0
T ¢reDp* T
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The negative sign corresponds to negative orientation of ¢;. (We can without loss of gener-
ality assume that ¢; is positively oriented since our gauge-fixing ensures that no region can
have both support links negatively oriented. )

With these preliminaries out of the way we can write down directly the integrals we require

Zo = &AL T /jjf{ <d2ljrn> ( ) {1 + Y gl (E B"+B")} (7.3)

r#0

(o = 0 / rN[ (%) (dg) (5) s

n

X {1+Zgr'51' g7 (Bt Ba) ‘""’i} (7.4)

r#0

{1+Zg’|32[ /+B—/) i7'l¢i}

2
oot = [ QNI( =) (2 (%) r6a9(60)

) (=

T =
> {1 EY Z grlsll “"(Ba'*'Ba)e—zrd)l}
i (7.5)
y {1 £ 3 g P8l (B Bt B i <¢ii¢j)}
e
{1 + Z gon!521(B) g™ (Barr +Bar) o Fi” ¢J}
P10

e =" [ INI & (df_) (%) (%) F(899(s5)

X {1 2t Zg |51| ZT' Ba+B—) 'i'rd’i}

“ (7.6)
% {1 T Zgr"DF'(ﬂ)e"'(d’i—%)}

r'#£0
X {]_ -+ Z r ”|SZ| "(B II+B—H) ir ¢J}

"0

Note that we cannot yet carry out the integrals over the boundary links since B, and B,
are not in general free variables but are constrained by the boundary conditions which have

yet to be specified.
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33. Infinite Volume Limit

In taking the infinite volume limit we will assume that both the lattice size and the distance
between a support link and the boundary grow to infinity. This implies

|L| — oo |S| — o0 |Dp| — o0
although Dy in general will remain finite.

Also note that
[B)e™| <1  YAER, © rf0

We will assume for the moment that

The infinite volume limits we require are then

2N g

4 dB dB

; et [T (L2 n
|Ll|1§looZG 7 IO /—1r ( 2 ) ( 2 )

n=1

= =PI, 1T

. B IH 7 2N ap N BN (dd,
el o0 == ["T1(52) (52) (35) /@
do;
- [ (%) s

e—BILI [ IL] w2
lim (F(¢)9(8,))5 = IO / <

ILMSIMSZHDB'_)OO

(7.7)

)

2N
e~ AL, |L| % <

)

Jim (00000 =~ [ I -
x {1 + Zgw‘DF'(ﬂ)e"'("”'“””}
' £0
-[(£)(B) 781900 {1+ T g2 (Bre e}
o /—ﬂ' 2m 2 : y r’'#0
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All three types of expectation value are therefore independent of the boundary conditions in
the infinite volume limit.

34. Boundary Conditions

The integrals over the boundary links must now be eliminated. In view of the result obtained
in the previous section, we are free to specify any boundary conditions; let us first select

unrestricted periodic boundary conditions. This implies

B,=-B,

Before proceeding further it will be convenient to modify our notation. A region R which
contains boundary links may contain both a link B, and its negatively oriented partner B,,.
Such pairs cancel under the assumption of periodic boundary conditions, leaving a set of

unmatched links which we will denote by u. We therefore write
B, + Bz = (£B),
The set w may or may not be empty; if it is not, we will extract one link and write
(+B), = (£B), (+Bm)

In the case of the partition function the boundary is the whole lattice and there are no

unmatched links; the general expression (7.3) therefore reduces to

Zg = Pl L /7r ﬁ <d£r"> (dz—ljr;) {1 +Zgr'L'(ﬂ)}

T n=1 r#0

4 e—le]O'L*{l % Zw'”(ﬂ)}

r#0
Next we note that an S-type region must contain at least one unmatched link - the boundary

link in the same column (row) as its spacelike (timelike) support link. The one-point function
(7.4) may therefore be written

o = o [T (22 (%) 10

~T nev

i / (dzBm) {1 & Z QTISII (ﬁ)eirBue—irzzbieier i Z grl|52|(ﬂ)e—ir'BU eir’¢ie—ir1Bm
- ™

r#0 r'#0

S i(r—r")By i(r'—=7)¢; _i(r—7")Bm
+ 35" 6 5(8) g (el T e X ) . }
r#£0 1/#0
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Integrating over B,, yields

(o = =7 [ (42 (52) 76

T nev
% {1 s Z gT|S1|(IB)eiere—ir¢i(5T0 . Z gT,|S2|(/8)e—ir’Bv eir'abi(gr,o
r#0 P10
+ 373 6,1501(8)g, 155 (8) =B it —r)o 5",}
7‘;&0 ’I‘/;éo (79)

=/_: (Zﬁ? f(¢:)

This is identical to the infinite volume limit (7.7). We conclude that one point functions are

independent of lattice size under periodic boundary conditions.
Turning next to the two-point function (f(¢i)g(¢;))r, each S-type region again has an
unmatched link, while the Dp-type region contains no boundary links. As before we expand

(7.6) and integrate term by term over the unmatched link B,,. The linear terms yield
/ (dBm) o
X, 2T

/ < 2B ) Z |51 erve—imSieier = Z gr|51|(/8)eiere-—ir¢i5T0 =0
7#0
4By,

r#0
/ < )Zg,wpl )& 6i-0) = 7 g, 1Pl () i (4i=43)
2 /#O I#O

/'ﬂ' <dBm> Z g[[lsﬂ(ﬁ)e—ir”Bveir’/¢je—ir”Bm 3] § :gI/ISZ| —1r”Bve’ir11¢j6T,IO K 0
T
IR

27T 1 £0 r#0

The quadratic terms give

/ ( )ZZ 11DFl(3)g,1511(B)eir Bl s b5 gir B

r'#0 r#0

M Z Z q, IDFI |51| 13) eruei(r’_r)¢ie—ir’¢j5T0 =0
r'#0 r#0
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/ ( ) 2.2 o!51(B)g 1 (B)eir=r")B girdi i 43 ilr—r") B

r#0 7/#£0
= Z Z g ISl| //|521 ,B)ei(T—T‘”)Bye—iT¢ieiT’I¢j Y
T#0 " #£0
= Z gr(lsl|+|52|)(/3)e“i7'(¢i—¢j)
r#0
/ ( ) Z Z gi IDFI :‘/|52|(/6)e'iTI’Bu ei(r”—r’)¢j eir'¢ieir"Bm
10 1 £0
s Z Z gIIDF| ;I|52|(/8)6’LT"B116 i(r" —r")p; evr ¢15 g =0
/0 110

The cubic term gives

. dBm i(r'—r v/ —p i(r—r"
/ (E:)ZZZgT'SI'w)g;'DF'<ﬂ>g;"52'<me I S it e

r#0 10 1/ £0
- Z Z Z gr|51|(ﬂ)g;|DF| (ﬁ)g:w?l (ﬂ)ei(T—T")Bu ei(r' —r)di gi(r" =) ¢; Oyt
r#0 r'#£0 " #0
D N L
= Z Z g, IS1H1S20(g) g1 1PFl( B) il =r)(#i=4)
r#0 r'#0

All surviving terms are independent of the remaining unmatched boundary links B,, yielding
the final result

asons = [ () (‘“’”) £(6)9(4)

{1+Zg 1Dl () ir(65-)
iy e (7.10)
i Z g, (S11+152D) (g)g=ir(#i—95)

r#0

+ 3 3 g5 g, or gt e

r#0 7' #0
Lastly we consider the two-point function (f(¢;)g(#;))z- Let us denote the sum of unmatched
links in the S-type regions by B, and By, and the sum of unmatched links in the Dp-type
region by B,,. There are three distinct cases to consider:
(1) Bu = BvBm; Bu’ = O; BU” == (—Bv)(_Bm)
This situation arises when both support links are timelike (TT case)

(2) B, = By(Bn); By = Bv'(—Bm)(iBn); By = By (FBy)
This occurs when one support link is timelike and the other is spacelike. (TS case)

834. Boundary Conditions

80



7. Pure Gauge Ezxpectation Values
(3) Bu S22 BvBm; Bu’ = Bv'(iBﬂ); Bu" = Bv"(—Bm)(q:B")
Here both support links are spacelike (SS case)

The TT case is identical to the calculation of (f(¢;)g(¢;)),; note that ¢; can only occur

with negative orientation on the perimeter of Djp.

s = 5 [ (5 (%) sigte)

P : (7.11)
i Z gr(|51|+|S2|)(/8)e—"(¢i_¢j)
r#0

% Z Z gr|51|+|52|(ﬁ)gr,|DB|(IB)ei(TI—T)(¢i—¢j)}

r#0 r'#£0
Next we deal with the TS case; note that

By = By(—Bp)(+B,) <= ¢, is negatively oriented on the perimeter of Dp
By = By(—Bn)(—By,) <= ¢, is positively oriented on the perimeter of Dp

Proceeding as before we expand (7.5) and integrate term by term. This time the linear term

is unity. The first quadratic term gives

dB ) ( ) |DB| |.5'1| irBy jir' Bl _—irg; jir' (¢ite;) ,i(r' —r)Bm ,Fir' B
E E Gy (Bl Mg —ug gt Wiy Mg e e
/—7r <

r'#0 r#0

/ ( ) Z Zg /IDBl |51|(ﬂ)eirBueir'B / zr¢,ezr (¢1ﬂ:¢]) i(r'—r Bm6 40 = =1

r/#0 10

The other quadratic terms similarly give zero.

SDHMILCTELOTALD

The cubic term is
r#0 1/#0 v £0

/——-7 < ) (
X 37«1 By 211 Bvl e'L'l B ll —11 ¢16“ (¢1 ¢])e:|: ¢] 61(1 T )E"”fei(1 7 )B’”«

/ ( ) > D o ) gor|DEI+121(8) i Bo ' (By +Bur g=irds i’ (s gilr —r)Brn

r#0 r'#0
e Zgr|51|+lDBl+|Sz|(,8) ’LT BU+B /+B // ZgrlLl

r#0 red
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Overall we obtain

9960hes =52 [ () (1) sigaotop {1+ a9

=0

- [ (52) () r6asts)

This is the same as the infinite volume expression for (f(¢:)g(¢;))3 so that this class of
expectation values is independent of lattice size.

(7.12)

The SS calculation is almost the same (with the minor modification that ¢; is always nega-

tively oriented on the perimeter of Dp ) and gives exactly the same result

s = [ (5) (52) r@asten (.13

We note in passing that these expressions all coincide in the infinite volume limit with the

results obtained in the previous section
35. Some Useful Expectation Values
The results obtained above can be used to calculate some standard expectation values ex-

plicitly for a finite lattice with periodic boundary conditions in axial gauge. Let us first

consider functions of a single link variable.From (7.9) we have

o= [ (5) @)

which yields immediately the following results:

({Ui) = <UiT> =0
(¢i) =0 (7.14)
() =73

These expectation values are independent of lattice size.
Turning next to functions of two link variables we have from (7:6);-(7. 15} 4712  and-(7:13)

(6005 = F8100rs = [ () (22) F89(6)

=
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(16)08)e = (st = 71 [ () (@) £(6)9(65)

2 27
{1 + 3 g P () 0=
r#0
it Z gr(|sll+|52|)(ﬂ)e_ir(¢i—¢j)
r#0
+ 3 3l (g)gorl (gt o0 |
)

Expectation values of the type (f(¢:)g(¢;)) s, (f(0:)9(05)) g5, (f (#:)9(;))ps, relate to func-
tions defined on links at the boundary of the lattice; although they can be computed from

the expressions above, it is links of the type (f(#:)g(¢;))p that are of real interest.

Let us first calculate the expectation value of the product of two link variables

—BILl 1 1Ll mfdde\ fdd\ s
511 b e i v 2V it ,—id;
<UZUJ>F Za {/ ( )(2%)6 ¢

d¢z <d¢1 ) |Dp| (ﬁ)ei(r+1)¢i6_i(r+l)¢j
2

(d ) <d¢,) (|51|+|52[)( B)e=ir=D#igilr—1)9;
r#0

o
dé <d¢1> SO g SIS (8) g, D7l (B)e ('r’—r+1)(¢i—¢j)}

& 70 /#£0

= G_M { 0+g_1|Dpl(ﬂ) + g, US11+IS2D (g +Z Z 9r |51|+|Sz|(5)g(r_1)lupl(ﬁ)}
Za r#0 (r—1)#—1,0
{ @ilPFI() 4 g UPH b () + D_r0 Z(r—1)¢—1,0 grlslHlszl(:3)9(?—1)|DF|(5)}
5 {1 + Y0 gr'L'(ﬂ)}

(7.15)

where we have used (7.8) and the fact that g_,/P7l = g,/P¥l.

The first term in (7.15) dominates for large lattices so that we have
(vt) ~gi®(8)  (ILI> D#l)

Of particular interest is the case Dp = 1. This quantity is numerically equal to the invariant

plaquette in axial gauge giving

(Up)p = 91(B) (IL[>1) (7.16)
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which is gauge invariant.
A similar calculation gives

(UiU;)p = <UTUT>F =0
With these in hand, we have directly

(U = DU - ) = (@ - DU} - D) =1

F

(W=D - 1), = (W=D} -1)_=1+4/7I(g)

36. Axial Gauge with Zero Boundary Conditions

In this section we will compute the finite lattice expectation values for the plaquette and the
square of a spacelike link in axial gauge with zero boundary conditions.

The general expression we require to compute the plaquette is given by (7.6)

e =g [0 ﬁ [(52) (52) (52) (52) s90t60

% {1 + Zg |S]| zr Ba+Ba)e—zr¢1}

T (7.17)

X {1 + " g.PrI(B w(¢,-_¢j)}

/#0

X {]_ + Z Gy 21 " "(Bg+Bgir) zr”¢]}

0

Setting
B, = Bg=1

and carrying out the boundary integrals yields

o= s | () (52) S0

r#0
s (7.18)
{1+Zg,|DFI ’“" (¢ ¢])}
/#0
20
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This expression yields the plaquette if we set
f(di) = e
9(¢;) =%
|Dp| =1
Carrying out the integrations as before, we obtain

_ 91(B) + g1
) = 155,

r#0
For large lattices, this reduces as expected to the same infinite volume limit as the plaquette

|L|-1

calculated under periodic boundary conditions.

Jim (U) = :(6) (7.19)

Next, we turn to the expectation value of the square of a link. According to (7.4), this is
given, for arbitrary boundary conditions, by

o= [ 1) ( ) ()

n

{1 + ) g1l (g)efr(Bact B “"4”} (7.20)

770
{1 4 Zg 121 (8 '(By+Byr) ir'¢,~}
120
This reduces, in the case of zero boundary conditions, to

@) =5y | (5) ¢

r#0
A

r#0

x {1 L gw*s?'w)e"’@}

r'#0

Integrating this expression gives

K—oo

2=+ Jim —— = {Z‘;?r <gr'51'w>+gr'52'w>>}
(B)1F
r=1 (7.21)

g i WD D = e T, PP
TR IPAT LI Lo e

r=1
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37. The Action In Feynman Gauge

The bare gauge action is given by

Share = %2- Z Z (1 —cosf,,(n)) (7.22)
where 6,,(n) is defined by
Ouw (1) = (0, 6u(n) — 0700 (n)) (7.23)

and the ¢,(n) are the usual angular field variables. The gauge is fixed by introducing an

additional term into the action
1 2
Syf = 55 PRCAAD)

Let us also add a (gauge-dependent) mass term for reasons that will become apparent

S QZ% m? ¢, (n (7.24)

The full action is then the sum of these three components

S =S F ng + Sm (7.25)

38. Weak Coupling Expansion

The aim is to find an approximate expression for the propagator (¢,(n), ¢,(m))

= [[dU] ¢u(n) ¢,(m) e~
() gy L el el

If the coupling constant g is small, the weight factor e~ will tend to suppress all contributions
to the integral except those for which -

Z Z (1 —cosfu(n)) ~0 (7.26)

nop

Note that
(1 — cosfp,(n)) =0
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so that (7.26) will be valid if
0#'/( ) ~0 Vn y oy V

Therefore, the cosine in (7.22) may be expanded to give an approximate version of the
action, valid for weak coupling. Expanding as far as terms quadratic in the fields yields an

approximate expression for the bare action

1 1
Sbare ~ 2_92 ; 5 guu (.7_7'.)9/1 (n)
From the definition (7.23) we have

Y 0w (@u(m) =2 (0%4,(n)" - 2 (9%¢.(n)) (8%u(n))

n

This can be reduced to a more convenient form by making use of the identities (2.22).

Zeuu(ﬂ)g v Z2¢V aLaR ( ) 2¢V( )aLaR¢#( )
h Y () (B V7 - B8 )

Thus the bare action can be written

Sure = =553 3 00(1) (0 7" = 04 01) 4, (0

Turning next to the gauge term, we have

Sy = 5—2 Z 0y v (n) 8, pu(n)
Z ¢v(n) 0,0, $u(n)
Lastly, the mass term gives
Sm Z ¢ (1)6,m” B, (1)
The full action is therefore (up to terms quadratic in the fields)
~L el (s (97 = %)) a0
—-Ta ( a0 (72 = 17) ) (22 (7.27)
:‘Z¢” My (0, m)¢u(m)
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The propagator we require is then given by

<¢I/(@) ) ¢M(m)> = M;:ul (ﬂ, m)

The operator M is most easily inverted in momentum space where it is diagonal. Let us

therefore rewrite (7.27), inserting the Fourier transforms of ¢,(n) and ¢,(m)
_1 —ik.mn 1 ! —ik'.m
S ) = 73 20 X ulB)e ™2 (obam b (V2 = 7)) G )

Carrying out the sum over m yields

EE) = 22 3 3 (B, (1) (%5 (7l = mz))) emikin

k.k' n,m

Now

[l
IS
/\
&)
o
o
o
o)

i
N A
Il
®

|
S
I3
T N
NN
2]
=
(3%
m‘g
R o

The action thus reduces to

il 1
(k, k&) N4ZZ¢” (k+k) (292 uu> <4Zsm ——i—m)qb”( i
kk' n
Summing over the remaining site index gives
8k KD N2Z¢" )0k, k,(22 W) <4Zsm —+m>¢u(k_')

k,k"

Lastly we sum over k' to give the final result

)= ) ) (s )(4Zsm —+m)¢u<—@>

(7.28)
= Zd)u L w/ _ u(_E)
k
The momentum space propagator M ;Ul (k) is then given by
2¢°N?6,,
(6 (k)$u(—E)) = = (7.29)

in2 ka 2
4y, sin° % +m
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That is, we have
Mo (k) My, (k) = 6

av
The position space representation of the propagator can now be found by inserting the
Fourier transforms of ¢, (k) and ¢,(—k) into (7.28).

S = Zm ZMW ekm-n) g (1)
—Z«m uumnmu

The propagator is then given by

(8u(m) g (0) = My} (m,m) = (Z M, (8) e&m—m)

k

This inverse can be written down explicitly:

Aulnp) = 5 S MGG e
as can be verified by direct multiplication
9 1 BTN Sl Y :
M, (m, ) Agu(n, p) = M D) Mya(k) M) (j)et e 2ei(k — 5).n
n gk
1 i kK.m _—1
= 5 3 Mo (k) M) (feme iy,
j’&
1 - ik.(m—
= ZMua(E) Maul(k)eh(__ p)
k
= Mya(k) My, (E)omp
O Ormp

The final result for the propagator in position space at weak coupling is
—ik.(m—n)

.
(o (m) Z 4 Zﬂ sin® k“ + m?2

In particular, if 4 = v and m = n we obtain
292 1
2 -
(0, () N? g} ¥ sin? & 4 m?

The reason for adding the mass term (7.24) to the action is now clear—it serves to suppress

the the infra-red divergence at k£ = 0.
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39. The Feynman Propagator with Zero Boundary Conditions

The infra-red divergence in the Feynman propagator can be removed by imposing zero bound-

ary conditions on the lattice.
The action (without the mass term) is given in position space by (7.27)

5= 3 00) ( oz am b V) Su()

As before, the operator is inverted by transforming to momentum space. Using the Fourier

transform (2.31), appropriate for zero boundary conditions, we obtain

S(pp) = jv—i S Y hup) (e72R — (—1)Eare)

-1
) ¢u(1_7) (6;2,—3’ = (—1)(Ea pa)(s_,’g)
p,p'#0
1 / 2 ,)\
X <2—g2 5“”) ¢u(2) <_4‘2)\:Sln 9 >

This is identical to the result obtained under the assumption of unrestricted periodic bound-

ary conditions, except that the zero momentum mode is now explicitly excluded and no mass

term is necessary.
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8. Numerical Evaluation of Expectation Values

God made the integers, all else is the work of man.
— L. Kronecker

In this Chapter we commence the numerical investigation of pure gauge expectation values. The technique
of Monte Carlo integration is introduced and the statistical analysis of the results is dicussed. As a test case
we evaluate the expectation value of the plaquette. We demonstrate the agreement between the numerical
results and the analytical prediction in the infinite volume limit and display explicitly the deviations arising
from finite size effects.

40. Monte Carlo Integration

The expectation values obtained in the previous Chapter can also be found by approximate
numerical evaluation. This serves as a check on the calculation and also as a validation of
the numerical algorithm, which can then be used to evaluate gauge dependent quantities in
other gauges.

The problem, then, is to obtain a numerical approximation to integrals of the type

O(U,)e PSTe)
—BS(Uc)

<O> oo fconfigs (81)

f configs F
In principle, all that is necessary is to generate a random set v of configurations large enough
to be representative of the whole space of configurations and to evaluate the expectation value

on this subset:
" S, (’)(Uc)e‘ﬂs(Uc)

5 &)

There are two practical difficulties with this simple sampling approach. Firstly, the integrand

(0)

(8.2)

in (8.1) is a function of a large number of link variables. Indeed, on a two-dimensional lattice
of size N the dimension of the space of configurations is 2N2. Secondly, the integral is not
distributed uniformly throughout the configuration space but is strongly peaked around
configurations close to the minimum of the action. Most configurations therefore contribute
a negligible amount to the sum in (8.2).

For both these reasons, the number of configurations required to make v representative of

the whole space is impracticably large. The naive simple sampling approach is therefore
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inadequate and it is necessary to employ some variety of importance sampling; that is, to
select a set of configurations w which reflect the Boltzmann weighting in (8.2).
To be more specific, suppose that the sample set w contains n; configurations with action S;

and n; configurations with action S;. Then the set w should have the property that

15 i
n_j 5 T (8.3)
If this condition is satisfied the required expectation value is given simply by
1
(0) ~ Tl > o) (8.4)
w

A simple algorithm for generating the set w is to start with some arbitrary configuration
and generate each successive configuration C,,; in w from the preceding one C,, according

to the following rule:

1. Generate Cy, ;1 from C,, by making a random change.

2. 5011 € S add Cons1 10 w,

3. If Sppy1 > Sy , generate a random number p between 0 and 1. If p < e #(Sm+1=5m) add
Cmy1 to w. Otherwise discard Ciy,y1-

It is straightforward to show that the set of configurations generated in this way satisfies
the condition (8.3). Consider two values of the action S; and S; such that S; < S;. Let
the probability of moving from a configuration C; with action S; to a configuration C; with
action S; be P;;. The probability of the reverse transition is then P;; and the corresponding
transition rates are R;; and Rj; respectively. Let the number of configurations with action
S; be N;. Then

Ri;j = N;P,j; Rji= N;P;;; (nosummation implied)
Now in equilibrium, R;; = Rj;. In addition, the proposed algorithm ensures that
Py = e~ B(Si=5i). Py =1;

Hence
~B(S;=Si) — N N; g P
3 J &) 2= . -_—_> ) TR O
N;e g Nj e—BS;

as required.
Some comments on practicalities are in order here. In the first place Step 1 of the algorithm
calls for a ‘random change’ to the current configuration. This may take the form of a change

to a single link, some subset of links, or indeed every link in the lattice. In making this

§40. Monte Carlo Integration
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change it is essential to ensure that the corresponding change in the action is not excessively
large, or higher action configurations will almost never be accepted in Step 3. It is therefore
usual to restrict the update to a single link at a time and to restrict the maximum possible
change in this link to some fixed value or step size.

On the other hand a step size which is set too low will result in a very slow evolution of the
system. The time to reach equilibrium will be correspondingly increased and a large number
of configurations will be required to explore the whole configuration space. Even worse, the
system may become trapped in a metastable equilibrium, near some local minimum of the
action, from which it is unable to escape.

The optimum step size depends on the parameters of the simulation—in this case the operator
being investigated and the value of 5. There is no general prescription for determining this
optimum and therefore no alternative to tuning by trial and error until a ‘satisfactory’
outcome is achieved. In practice an ‘accept/reject’ ratio of about 0.7 is usually acceptable.

The algorithm places no restriction on the initial configuration and therefore implicitly as-
sumes that equilibrium can be reached from any starting configuration. It can be shown
(see, for example, Montvay and Munster 1994) that this assumption is valid provided that
the system is ergodic—that is, that any configuration can be reached from any other config-
uration in a finite number of steps. This question of ergodicity is quite subtle and it will be
assumed here that ergodicity is satisfied for practical purposes if the step size is sufficiently
small and the number of configurations in the sample sufficiently large. Of course the choice
of the initial configuration will affect the time taken to reach equilibrium.

The approach to equilibrium is not a major factor in the type of simulation being considered
here, the number of non—equilibrium configurations generally being very small compared
with the total number of configurations in the sample.

A final point concerns the statistical independence of the configurations in the sample set w.
Each configuration is generated from the preceding one and, in general, lies ‘close’ to it in
the sense that the actions associated with the two configurations differ by a relatively small
amount. The set of configurations forms a Markov chain with configurations close together
in the chain exhibiting a positive statistical correlation. These correlations must be taken

into account when performing any statistical analysis on w.

41. Statistics

With an appropriate sample w of configurations in hand, one may proceed to measure the
mean value of any operator on the sample set, according to (8.4). This sample mean O

provides an approximation to the true expectation value (O). Let us suppose for the moment
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that all configurations in the sample are independent. The sample variance is defined by
W —_—
Var*@) He 2V it 2 _ )2
ar N ;:1 (0; — 0) (O -0)

Here N = |w|, the number of configurations in w.
The set w is of course only one out of an infinite number of possible sets, each with its own
sample mean and variance. These means are normally distributed around (O) with variance

— 1 o
Cardiy 1 B _ )2
Var O vV =1) (O-0) (8.5)
The standard deviation in the mean is defined as
e =2 Ve O (8.6)

This quantity serves as an estimate of the error associated with the measurement of (O). It
is valid provided the configurations in w are independent or uncorrelated. As we have seen,
however, w is actually a Markov chain, with neighbouring configurations having a significant
interdependence or autocorrelation. The variance as computed from (8.5) will underestimate
the error on such a set.

The degree of autocorrelation between configurations is measured by the sample autocorre-

lation coefficient

o
1 SPL —
Cr= Var O ;(Oi - 0)(Oiyr — O)

which is an estimator of the correlation between configurations separated by a distance or

lag L in the Markov chain. It is normalised so that

Cr=1 = complete correlation
Cr, =0 = no correlation

C;, =—-1 = complete anticorrelation

It is possible to derive a corrected version of the error estimator (8.5) which takes the
effect of autocorrelations into account. If, however, large sample sets can be generated
at low computational cost, it is preferable to simply select a subset of widely separated
configurations for analysis. '

In other words, if C, & 0 for some value L = Lo, one simply selects a subset of the sample
consisting of configurations separated by a lag Lo and so forms a new, uncorrelated sample

set. This is the approach that will be adopted in the following sections.
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42. The Plaquette Without Gauge Fixing

In this section we will apply the techniques outlined in the preceding two sections to the
computation of the value of the elementary plaquette for different values of 3.

In some ways the whole process—generation of a configuration set and evaluation of the
average plaquette—is completely straightforward, and it is therefore tempting to simply
compute this quantity and compare it with the analytic value. This, however, yields no
useful information so far as the computation of unknown quantities is concerned.

The purpose of this exercise is rather to illustrate with a concrete example some of the
issues which arise with Monte Carlo calculations of this type and to determine the optimum
parameters to use in subsequent computations.

An analytic expression for the value of an interior plaquette on a finite lattice follows from
(7.15):

1
{HZ#O grlL'(ﬂ)} A0 (1710 |
where |L| is the number of plaquettes in the lattice and
L(B)
r(B) =
)= 1B)

9:(B)] <1 Vr#£0;8>0

Note that 3 = 0 constitutes a special case. Although simulations can be carried out at this
value of 3 they are not especially useful in the context of a general analysis of the simulation
algorithm for arbitrary B (for example, the accept/reject ratio is always 1). We will not
therefore consider this case in the rest of the analysis.

The fitst step in conducting a numerical experiment of this type is to generate a set of
configurations to analyse. Such a set may be constructed according to the prescription in

Section (40). The action we require is the pure gauge action, given by

S = Z 1-—cosf, (8.8)
P

The update of a single link will only alter the values of the two plaquettes which share this
link as a common boundary—#; and 62, say. Under an update these plaquettes go to #; and

0, respectively. The difference between the new action and the old action is

AS = 8" — S = (cos by + cos ) — (cos @] + cos 05)
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According to the algorithm this change is accepted unconditionally if AS < 0 and accepted
with probability e™#25 otherwise. Each new configuration is then generated from the pre-
vious one by sweeping through all the links in the lattice and attempting to update each
one.

A separate set of configurations were generated in this way for each of the following numerical
experiments. The usual starting configuration was one in which all links were set to unity,
corresponding to a value of zero for the action (cold start) although randomised starting
configurations (hot starts) are also considered below.

With a set of configurations in hand, the value of the quantity of interest (in this case the
plaquette) can be computed and the accuracy of the calculation statistically analysed.

The effective sample size can be considerably increased by computing the average plaquette

value over the lattice; that is, we will actually calculate

|L|

1
<P>:|f|;Pi

Let us now consider in turn the factors which may affect the accuracy of the calculation and
the reliability of the error estimate. In the following numerical experiments the Monte Carlo
step is adjusted to make the accept/reject ratio about 0.7, unless otherwise stated. The step

sizes required for different values of 3 are given in Figure (8.17)

i) step size accept/reject
0.5 5.00 0.719
2.5 0.80 0.699
5.0 0.50 0.712
1.0 0.43 0.694
10.0 0.35 0.708
12.5 0.31 0.710
15.0 0.28 0.712
17.5 0.26 0.710
20.0 0.25 0.703

Figure 8.1: Monte Carlo steps and accept/reject ratios for different values of

The most obvious consideration is the sample size. This is the size of the set w of configura-
tions generated for the statistical analysis. In general only a subset of these configurations

will be used in the analysis. The first z configurations generated before equilibrium has
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been reached will be discarded, and a certain proportion of intermediate configurations will
also be dropped to ensure that the remaining configurations are statistically independent. A
small sample size will ipso facto yield a less accurate estimate. However it also has a further,
less obvious disadvantage—the behaviour of the autocorrelation as a function of lag becomes

less smooth. This effect is illustrated in Figure (8.2).

06 T T T T T 1 T T T
lattice size: 16
0.5 beta: 10.0
i Monte Carlo step: 0.35
0.4 H sample: 1000 — 3

sample: 14000 ----
sample: 29000 -----

autocorrelation

\
)
4
Y-
e
Yo A
Ve = e
DT TS T sl SRIPOE et £ { P 038 ~—=~o
ER R Etes B PO S e g
NG g P 1T <7
S

_02 1 1 1 1 1 1 1 1 1
10 20 30 40 I50 60 70 80 90 100
ag
Figure 8.2: : Variation of autocorrelation with lag for different sample sizes. The first

1000 configurations have been dropped from the initial set W in each case.

A total sample size of 30,000 configurations (29,000 after the removal of the first 1000 config-
urations) gives adequate decorrelation behaviour and was used as a baseline in the following
experiments except where otherwise stated.

Next, let us consider the effect of the value of B on the autocorrelation function. If the
accept /reject ratio is to be kept constant, the step size must increase with decreasing §;
the system therefore evolves more rapidly and configurations in the Markov chain should
therefore decorrelate more rapidly. In other words we expect the autocorrelation function
to decay more rapidly with decreasing 8. The results of such an experiment are plotted
in Figure (8.3). The expected behaviour is observed from § = 0.5 up to § = 5.0. The
autocorrelation function for 8 = 10.0, however, decays more steeply than that for 8 = 5.0.
The reasons for this behaviour are not clear.

The behaviour of the autocorrelation function with lattice size is shown in Figure (8.4). A

slow increase in decay rate is observed as the lattice size increases.
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03 7 e . : .

0.25

0.1

autocorrelation

0.05

T T T T

lattice size: 16

beta: 0.5 —
beta: 1.0 -----
beta: 5.0 -----
beta: 10.0 -~

-0.05 1 1 1 1

50
lag

60 70 80 90 100

Figure 8.3: : Variation of autocorrelation with lag for different beta. The step size was
adjusted to give an accept/reject ratio of about 0.7 for all four cases. The autocorrelation
function for ,5 = 10.0 decays more steeply than that for ﬁ = 9.0

0.6 T T T T

autocorrelation

T & 5 g kel T
beta: 10
Monte Carlo step: 0.35

lattice size: 4 —
lattice size: 8 -----
lattice size: 12 ----- i
lattice size: 16 -

lag

Figure 8.4: : Variation of autocorrelation with lag for different lattice sizes. A sample

of 30,000 configurations was used in each case.
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Let us next consider the behaviour of the autocorrelation function with Monte Carlo step

size. The accept reject ratio decays exponentially with increasing step size as shown in Figure
(8.6).

1 T T T T T T T
lattice size: 16
beta: 10.0
cold start
0.8 | 2]
2 06 | 2
o
°©
10
o
=
Q
[9)
5]
S 04 | -
0.2 | -
0 1 N ¢ 1 1 1 1 1

0 0.5 1 1.5 2 25 3 35
Monte Carlo step size

Figure 8.5: : Variation of accept/reject ratio with step size

If the step size is very large we would expect most changes to be rejected with a consequent
slow evolution of the system and slow decay of autocorrelations with lag. On the other
hand, if the step size is too small, most changes will be accepted but each change will be
small and successive configurations will lie close to each other in configuration space. We
would therefore expect slow decay of the autocorrelation function in this regime also. This
behaviour is demonstrated in Figure (8.6).

The factors which affect the behaviour of the autocorrelation function are summarised in
Figure (8.7)

The expression (8.7) is exact for a lattice of finite extent.The corrections to the expression
for the plaquette on an infinite lattice appear as infinite series in powers of g(f). These series
are “well behaved” in the sense that g(f) is always less than unity, although we have not
formally proved that they converge. Figure (8.8) plots g;(3) as a function of §; we see that
9(8) decreases with # and may therefore expect the correction terms to disappear as § — 0.
Equation (8.7) also implies that the correction terms disappear as the lattice size tends to
infinity, giving the usual infinite volume limit for the plaquette:
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1 1 T T T T T T T T
lattice size: 16
beta: 10.0
0.8 | cold start ]
Monte Carlo step: 0.035 —
Monte Carlo step: 0.35 ----
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Figure 8.6: : Variation of autocorrelation with lag for different step sizes. The optimum

behaviour for the autocorrelation function is obtained at a step size of 0.35, corresponding
to an accept/reject ratio of about 0.7

Parameter Decay rate Smoothness
Sample size Unaffected Improves with increasing sample
size
Jé) Best at intermediate values Unaffected
Lattice size Increases slowly with lattice size Unaffected

Monte Carlo step Best at values giving an accept/reject ra- Unaffected

tio of about 0.7

Figure 8.7:

Behaviour of the autocorrelation function as different parameters are
varied.

A}l_rgo P; = g1(B)

It should be noted also that (8.7) applies to plaquettes in the interior of the lattice. On the
other hand, all calculations so far have averaged over all the plaquettes in the lattice. In the

absence of an exact expression for the boundary plaquettes it is not a priori clear how big
an inaccuracy is thus introduced.
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1(1)/1(0)

beta

Figure 8.8: : Dependence of g1 (ﬁ) on 3

Figure (8.9) compares the measured difference between the computed value and the infinite
volume analytic value with the predicted errors from statistical fluctuations. The computa-
tion was carried out on a 4 x 4 lattice with # = 0.5. The boundary plaquettes were included
in the average in the first experiment and excluded in the second. In both cases the measured
errors are consistent with those predicted from statistical fluctuations alone. This suggests
firstly that finite size errors are negligible, even for very small lattices, provided [ is small.
Secondly, the results indicate that the boundary plaquette values do not differ significantly
from those of the inner plaquettes at small §; indeed, on a 4 x 4 lattice there are eight
boundary plaquettes and only one inner plaquette so that we are effectively measuring the
mean value of the boundary plaquettes.

A different picture emerges when the experiment is repeated for large 3. The first two
diagrams in Figure (8.10) are the equivalent of those in Figure (8.9) with # = 10.0. The
measured errors significantly exceed those predicted on the basis of statistical fluctuations
alone. It is notable that the results are essentially the same irrespective of whether or not
the boundary plaquettes are included, suggesting that the boundary plaquettes do not differ
significantly in value from the interior plaquettes irrespective of the value of 5. Nevertheless,
this result may not continue to hold for expectation values other than that of the plaquette.

Boundary links will therefore be excluded from subsequent computations unless otherwise
stated.
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Figure 8.9:

lag

: Finite size errors at (3 = 0.5 The ‘true’ error is the difference between
the measured value and the exact infinite volume value.

The errors are consistent with those

expected from statistical fluctuations alone, suggesting that finite size errors are negligible
for small ﬂ . Sample sizes have been normalised to allow for the exclusion of the boundary

plaquettes in the second experiment
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Figure 8.10:

. Finite size errors at § = 10.0 A significant systematic error appears

at this value of ,3 _ The error decreases with increasing lattice size. Sample sizes have been
normalised to give the same scale on each diagram
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The third and fourth diagrams in Figure (8.10) show the behaviour of the systematic error
as the lattice size is increased. The error declines with increasing lattice size as expected,
suggesting that it is indeed due to finite size effects. For a 16 x 16 lattice, this finite size
error has become insignificant compared with statistical fluctuations.

These size dependent errors are shown explicitly in Figure (8.11). They display a damped
oscillatory behaviour as a function of lattice size and have essentially disappeared into the

background noise on a 16 x 16 lattice. The parameters used for this simulation are given in
Figure (8.12)

0.954 . : : :
beta = 10.0

0.953 | Monte Carlo step 0.35 o
first 1000 configs excluded

0.952 % 4

0.951 4

0.95 - % 4

2
i %
o
k-]
a 0949 I l % % { g
il 3 i T =
i 1 I f
0.948 - B
0.947 E
0.946 I analytic value for infinite lattice —— 7
measured values ro—
0.945 1 1 1 1
0 5 10 15 20 25
lattice size
Figure 8.11: :The graph compares the measured value of the plaquette at different
lattice sizes with the analytic value for an infinite lattice at ﬂ = 10. Sample sizes were

normalised so as to yield comparable accuracies for each lattice size. The error due to the
finite size of the lattice has decayed to less than the statistical error for a lattice size of 16.

Before concluding that the systematic error is entirely due to finite size effects, we should
investigate another possible source of systematic error, which is the possibility that the
exclusion of the first 1000 configurations is insufficient for the system to reach equilibrium.
The number of updates required before equilibrium is attained will depend in general on the
starting configuration. We have so far been starting from a “cold” initial configuration; that
is one in which all links are set to zero.

Figure (8.13) repeats the first and last diagrams of Figure(8.10) with a larger set of ini-
tial configurations excluded. The results are unchanged, suggesting that 1000 updates are
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lattice size sample size lag autocorrelation

6 750 000 100 4.1 %107

550 000 100 1rx10°

140 000 100 1.7 % e

10 100 000 100 —3.0 %x10=>
12 62 000 100 ST 10
14 42 000 100 we] 25 3¢ T00
16 30 000 100 7.6 % 10™2
18 22 500 100 —8.8 x 1073
20 17 500 100 1.5 x 108
22 14 000 100 4.6 x 1073
24 11 500 100 ~2.3 x 1072

Figure 8.12: Parameters used for the simulation shown in Figure (8.11). Each run
was started cold. at with a step size of 0.35 which yields an accept/reject ratio of 0.71 at

T T T - T T
lattice size: 4 lattice size: 16
0.008 - boundary plaquettes included ] L boundary plaquettes excluded |
total sample size: 800 000 total sample size: 35 000
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Figure 8.13: : Equilibration time from a cold start. The two diagrams show the results
of repeating the first and fourth experiments in Figure (8.10) with a larger number of initial
configurations excluded. The results are the same.

sufficient for the system to equilibrate from a cold start.

The same is not true for a “hot” start, in which the initial links are assigned random values.
Comparison of Figure (8.14) with Figure (8.10) shows that identical results are obtained on
a 4 x 4 lattice, irrespective of the initial configuration, if the first 1000 configurations are
excluded. For the larger 16 x 16 lattice, however, an additional systematic error appears if
the system is started hot, which is not present if it is started cold. This additional error
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disappears if the number of initial configurations discarded is increased. We conclude that
equilibration is significantly slowed down when starting from a hot initial configuration on
a large lattice.

T T r T T —
v lattice size: 4 lattice size: 4
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total sample size: 30 000 total sample size: 45 000
first 1000 configs excluded first 15 000 configs excluded
0.004 |- B 0.004 |- g
0.002 0.002 g
B g
o o
H
§ £ P A S A AD A=A
) 0 RSPV AN AR A A
il M’\/\»N«WJW\/W |
true error —— ol true error ——
0.004 |7 standard deviation ----- 0004 - standard deviation ----
2 " L . N . L . , s s s L . . ) ) A
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Figure 8.14: : Equilibration times from a hot start 1000 updates is sufficient to attain
equilibrium on a small lattice but a larger number of updates is required for a large lattice.
This behaviour differs from the cold start scenario.

Before concluding this section we will investigate the extent to which the standard deviation
as defined in (8.6) provides a good estimate of the errors due to statistical fluctuations.In
general, the standard deviation will underestimate the error as long as the autocorrelation
function is significantly greater than zero, but should prove a good estimator when the
correlation between successive configurations is small. Figure (8.15) compares the predicted
errors with the measured errors; the step size has been set at a non—optimal value so that
the autocorrelation function decays slowly.

The first point to note is that a systematic correlation error appears when the lag value is
small. This error actually depends on the starting point of the simulation; it is positive if
the system is started cold and negative if it is started hot.
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Secondly, the standard deviation does underestimate the error for small lag values, as ex-
pected; moreover, in both hot and cold cases the standard deviation becomes a more accurate
estimator as the autocorrelation function decreases.

Lastly, in Figure (8.16), we compare the measured value of the average plaquette against
the infinite volume analytic value over a range of 3, using optimum parameter values. The
agreement, as might be expected, is excellent, since we were able to determine the optimum

parameters of the simulation from an advance knowledge of the analytic solution.

T T T T

14 F lattice size: 16

boundary plaquettes excluded
total sample size: 30 000

12 + first 1000 configs excluded e

plaquette

analytic value for infinite lattice ——
measured values ro—i

o 1 1 1 1
0 5 10 15 20
beta

Figure 8.16: : Comparison of numerical and analytic results for the average plaquette
value at different (3. All simulations were started cold. The Monte Carlo step was chosen to
make the accept/reject ratio approximately 0.7 at each value of (3. The lag value chosen was
50 in each case; the corresponding values of the autocorrelation function are given in Figure
(8.17)
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Figure 8.15: : Quality of error estimate with increasing lag. The Monte Carlo step
was set at 0.07 for each experiment, to obtain a slow decay of the correlation function. The
accept/reject ratio for this step size is 0.94 at B = 10. The top two diagrams show the
measured errors for both hot and cold starts; the two diagrams immediately below plot the
corresponding autocorrelation functions, The lowest pair of diagrams compare the absolute
measured errors with the standard deviation, which measures statistical errors. The standard
deviation becomes an accurate predictor of the error as the autocorrelation function decays

to zero.
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Figure 8.17: Autocorrelation for each data point in (8.16)
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43. Conclusions

In general, of course, the result of a simulation is not known in advance. The numerical ex-
periments performed in this section, however, provide us with a basis for assessing the quality

of the numerical solution. A number of conclusions can be drawn from these experiments.

Boundary links should be excluded from the calculation since they will not, in general, yield
the same answers for the quantity being calculated.

A sample large enough to yield a smooth autocorrelation function should be used.

The Monte Carlo step size should be adjusted to give the optimum decay rate for the

autocorrelation function.

On the basis of the plaquette computation, finite size effects appear to be negligible on a
16 x 16 lattice. A lattice of this size should therefore be used as a baseline for subsequent

experiments, although all results should be checked by repeating them on a larger lattice.

The cold start simulations appear to equilibrate more quickly than the hot starts on large
lattices and should therefore be used as a baseline. However the calculation should be
repeated with a larger number of initial configurations discarded to ensure that equilibrium
has in fact been reached.

The computation should be produce the same result when the simulation is started hot;

this provides a useful consistency check on the whole calculation.
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9. The Propagator in Axial Gauge

“Would you tell me please, which way I ought to go from here ?”
“That depends a good deal on where you want to get to.”
“I don’t much care where—"”

“Then 1t doesn’t matter which way you go.”
— Alice in Wonderland

In this Chapter we compute the value of the plaquette and of <¢12> in axial gauge. After a discussion of
the issues involved in fixing the gauge in a numerical simulation, the simulations are performed with both
periodic and zero boundary conditions. Agreement with the analytical prediction is demonstrated in both
cases.

44. Computing in a Fixed Gauge

In this section we will investigate the numerical behaviour of a gauge dependent quantity in
finite axial gauge. An analytic result for the expectation value of the square of a spacelike
link (SSL) on a finite lattice in finite axial gauge was obtained in Section ((35)):

7!'2

="

This is a special case of the pure gauge propagator (¢;¢;) and is clearly gauge dependent
since any link can be set to an arbitrary constant value by an appropriate gauge fixing. As

before, we will actually calculate the expectation value of the mean of all SSLs on the lattice:

’/T2

(7)== (91)
Before proceeding with the analysis, some preliminary remarks are in order.
Firstly, working in axial gauge is computationally more expensive since half the links are
fixed. We would therefore naively expect that the sample size should be doubled in order to
achieve comparable accuracy with a similar calculation without gauge fixing. In other words
we might compare working in axial gauge with working on a lattice half the size without
gauge fixing. This analogy is misleading, however, since the fixed links do not disappear
from the gauge fixed action, and continue to affect the expectation values we are trying to
calculate. From a numerical point of view, fixing axial gauge means always rejecting updates

for the gauge fixed links. This means, in effect, that the ‘true’ accept /reject ratio can never
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Figure 9.1: : Autocorrelation functions for the plaquette with and without gauge
fixing. Sample sizes were 30 000 with no gauge and 60 000 in finite axial gauge ( to allow
for the fact that approximately half the links are not updated in this gauge). The first 1000
configurations were removed in each case. A Monte Carlo step of 0.35 giving an accept/reject
ratio of about 0.7 was used. The behaviour of the autocorrelation function is significantly

worse when finite axial gauge is imposed.
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Figure 9.2: : Autocorrelation functions for the plaquette and for ((f)2> in finite axial
gauge. Sample sizes were as in Figure (9.1), with the first 1000 configurations removed.
The Monte Carlo step was adjusted so that the accept/reject ratio was 0.7. The ((132)
autocorrelation function decays extremely slowly by comparison with the plaquette at for
this value of (3 and is still significant for lag values of 1000
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exceed 0.5. We are therefore forced to work in a numerically non-optimum regime. In fact
the same arguments about step size that were advanced previously suggest that that the
accept/reject ratio for the free links should be set at about 0.7, giving a ‘true’ accept/reject
ratio of 0.35.

This effect is demonstrated in Figure (9.1), which compares the autocorrelation function for
a gauge free calculation of the plaquette with a similar calculation in finite axial gauge. A
doubling of the sample size for the latter calculation is not sufficient to compensate for the
loss of computational efficiency due to the reduced effective accept/reject ratio.

Although the above comments apply to gauges in which a subset of links is explicitly fixed,
all gauges effectively remove certain configurations from the calculation and hence restrict
the number of allowable updates. We may therefore anticipate that working in a fixed gauge
will introduce numerical problems not encountered in a gauge free calculation.

Now a gauge invariant quantity can always be calculated without fixing the gauge, hence the
problem will only arise with gauge dependent quantities. As a general rule of thumb, there-
fore, we may expect that computing gauge dependent quantities will introduce difficulties
not present in the calculation of gauge invariant quantities.

Figure (9.2) illustrates a further difficulty that arises for large # when a computation of the
SSL is attempted; the decorrelation time is increased dramatically as compared with that
for the plaquette.

The origin of this difficulty may be understood qualitatively as follows. The plaquette is
a product over four links, two of which (in axial gauge) are updated independently. The
value of the plaquette changes when either of these links changes. It therefore evolves more
quickly and the number of updates required for the memory of its original value to be lost
is correspondingly reduced. This slow decorrelation is confined to large 8. It is clear from
Figure (9.3) that decorrelation times are reasonably small for 3 < 5. For larger values of
(3, however, lag times in excess of 300 are necessary. This raises a new difficulty; for a fixed
initial sample size, the number of independent configurations available for statistical analysis
becomes very small as the lag time increases. An initial sample of 60 000 yields only 200
independent configurations for the lag of 300 required at B = 5 and the situation becomes
much worse for larger values of 3. As the number of independent configurations decreases,
spurious correlations between them appear. The autocorrelation function begins to fluctuate
strongly and can no longer be used as an estimator of statistical independence. This situation
is illustrated in Figure (9.4), where the autocorrelation function at 5 = 10 is plotted out to
lag values of 15000 for three different Monte Carlo step sizes. The figure also shows that,

as expected, the best performance is obtained for a step size of 0.35 corresponding to an
accept/reject ratio of about 0.7.

844. Computing in a Fized Gauge
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Figure 9.3: : Autocorrelation functions for <(]52> at different (3 in finite axial gauge.
Sample sizes were 60 000 with in each case, with the first 1000 configurations removed. The
Monte Carlo step was adjusted so that the accept/reject ratio was 0.7. The decorrelation

time increases dramatically with (3.
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. Autocorrelation functions for (¢2> at different step sizes. The sample size

was 60 000 and lag values were computed up to 5000. The standard step size of 0.35 gives
the best performance but fluctuations due to the small effective sample size set in before the

autocorrelation function has decayed sufficiently.
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The slow decorrelation at large 3 is not due to a slow approach to equilibrium, as the first
graph in Figure (9.5) demonstrates. The parameters are the same as in Figure (9.4), with a
step size of 0.35. The initial sample size has been increased to 120 000 and the first 50 000
configurations discarded. There is no significant reduction in the decorrelation time.

Nor is the slow decorrelation an artefact of the starting configuration. The second graph
in Figure (9.5) is derived from a simulation in which links in the initial configuration were
randomised. The decorrelation times are very similar; the fluctuations in the ‘hot start’ case
are somewhat smaller, since only the first 1000 configuration were discarded, leading to a

larger effective sample size.

T T T T
141 lattice size: 16 B 14 lattice size: 16

beta: 10 beta: 10
12 boundary plaquettes excluded | 12F boundary plaquettes excluded -
first 50 000 configurations excluded first 1000 configurations excluded
4 L cold start | 1tk hot start

autocorrelation

autocorrelation

s L s 7 L s ' s L s
o 5000 10000 15000 20000 25000 30000 0 5000 10000 15'300 20000 25000 30000
lag 9

Figure 9.5: : The figure on the left shows the decay of the autocorrelation function when
the first 50 000 configurations are removed. There is no significant improvement, indicating
that the slow decay is not related to a slow approach to equilibrium. The second figure plots
the autocorrelation function when the simulation is initiated from a hot start; the same slow
decay as for a cold start is observed. The initial sample size was 120 000 in each case.

All of this suggests that the only solution for a fixed lattice size and fixed (large) 3 is to
drastically increase the initial sample size. Figure (9.6) shows the results from a simulation
in which a million configurations were generated at § = 10. The behaviour of the autocorre-
lation function is now reasonably smooth but does not decay to zero until the lag is about 10
000, yielding only about 100 independent configurations from the initial sample of a million.
This problem of large sample sizes can be sidestepped for the case we are considering, since by
(9.1) the expectation value of the SSL is constant and hence independent of both lattice size
and (3. It should be emphasised, however, that this circumstance is fortuitous and results
from an advance knowledge of the analytic solution. In general, pure gauge expectation
values will be functions of both lattice size and £ and a complete analysis of such expectation
values will require simulations on large lattices at large values of £.

Let us for the moment take advantage of out advance knowledge. The gauge free analysis

844. Computing in a Fized Gauge
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Figure 9.6: : Autocorrelation function for <¢2> with a sample size of 1 000 000.
The function shows smooth behaviour, approaching zero at a lag value of about 10 000.
Fluctuations begin to reappear above a lag value of about 20 000, corresponding to the
effective sample size falling below fifty configurations.

of the plaquette in Section ((42)) suggests that decorrelation occurs more quickly on smaller
lattices. Figure (9.7) confirms this picture in the present case; from the point of view of
rapid decorrelation it is clearly advantageous to work on the smallest possible lattice. If the
sample size is fixed, of course, then reducing the size of the lattice increases the errors due
to statistical fluctuations—the magnitude of these errors can, however be reliably predicted.
Figure (9.8) plots the autocorrelation function out to a lag of 5000 on a 4 x 4 lattice, using
a total sample size of 500 000. This should be compared with Figure (9.6) which relates to
a 16 x 16 lattice. The decorrelation length on the small lattice is about a quarter of that on
the large one even though the sample size has been reduced by a factor of two. The overall
computational work has been reduced by a factor of about thirty.

Let us summarise our conclusions on the numerical evaluation of the expectation value of

the SSL in finite axial gauge.

1 Axial gauge simulations may be regarded as gauge free simulations in which configurations

which require updates to the fixed links are always rejected. One is therefore forced to work

in a non-optimum simulation regime.
2 An immediate consequence is the fact the decorrelation times will be significantly increased

§44. Computing in a Fized Gauge
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Figure 9.7: : Autocorrelation function for <¢2> at different lattice sizes. The sample
size was 60 000 in each case. Configurations decorrelate more quickly on smaller lattices.

T T T T T T i i T T
14 | lattice size: 4 .
total sample: 500 000
12 L boundary plaquettes excluded -
first 50 000 configs excluded
1k .
0.8 -
c
2
ks 06 | -
4
g
kel 04 | s
2
@
02 .
0
0.2 -
0.4 I B
1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2|500 3000 3500 4000 4500 5000
ag

Figure 9.8: : Autocorrelation function for (%) on a 4 X 4 lattice. Effective decorre-
lation has occurred at a lag value of about 2500
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by comparison with the gauge free case.

3 Since any gauge restricts the number of allowed configurations, this increase in decorrelation
time should be observed when any gauge is fixed.

4 We would expect the SSL to present additional difficulties over and above those related
to gauge-fixing, since each SSL depends on only a single link. A drastic increase in the
decorrelation time for the SSL as compared to the plaquette in axial gauge is indeed observed.
This effect is worst for large § and large lattice sizes, precisely the regime in which we are
interested.

5 This slow decorrelation appears to be unrelated to the starting point of the simulation or
to the equilibration time (that is, the time for the system to lose its memory of the initial
configuration). This supports the hypothesis that the decorrelation time is determined by
the gauge and by the object being evaluated.

6 The only cure for this problem in general is to increase the lag time. This requires the
sample size to be increased, both to maintain accuracy and to ensure that the autocorrelation
function remains smooth enough to be a reliable estimator of decorrelation. This solution is

potentially very computationally expensive.

7 For the special case of the SSL in axial gauge, the fact that the expectation value of the SSL
is independent of lattice size means that simulations can be carried out on a small lattice,
reducing the computational work. In addition, decorrelation times times are reduced on
small lattices,yielding a further saving in computational work. Even so, the lag required at
8 =10.0 on a 4 x 4 lattice is around 2500.

45. Results With Periodic Boundary Conditions

Figure (9.9) compares the numerical evaluation of the SSL at different 8 on a 4 x 4 lattice
with the analytic result. The error bars represent one standard deviation, implying that
about two thirds of the error bars should overlap the analytic curve. The results agree with
the exact solution to within this accuracy. .

Figure (9.10) compares the numerical and analytic results for the SSL at § = 10.0 at different
lattice sizes, showing that the expectation value of the SSL is independent of lattice size as
predicted (at least to within the accuracy of the simulation).

Figures (9.11) and (9.12) show the statistical fluctuations on a small lattice for small and
large 8. The decorrelation times in the two cases are about 10 and 2500 respectively. This

845. Results With Periodic Boundary Conditions
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Figure 9.9: : Expectation value of SSL against 3. Numerical data supports the
g
prediction that the SSL is independent of (3.
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Figure 9.10: : Expectation value of SSL against lattice size. Results are consistent
with the prediction that the SSL is independent of lattice size.

means in effect that a calculation of the the SSL at 8 = 10.0 is about 250 times more

§45. Results With Periodic Boundary Conditions
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Figure 9.12: : At large ﬂ the decorrelation time is long even on a small lattice and
the standard deviation does not provide a reliable estimate of the error for lag times of less

than about 2500.

computationally expensive than one at 8 = 0.5

These results indicate that problems may be anticipated in the numerical investigation of
gauge dependent quantities, which must of necessity be calculated in a fixed gauge. We
may expect the accuracy of the calculation and the reliability of the error estimates to be

extremely sensitive to the regime (in terms of § and lattice size) in which the calculation is

performed.

Unfortunately the numerical experiments carried out in this section suggest that the worst

results can be expected at large § and large lattice size, which is exactly the regime that we

shall be focusing on in subsequent chapters.
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46. Results With Zero Boundary Conditions

The plaquette in axial gauge with zero boundary conditions is given (in the infinite volume
limit) by (7.19)

lim (Up) = g1(8)

|L|—o00
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Figure 9.13: Decorrelation time for the plaquette in axial gauge with zero boundary
conditions

Figure (9.16) compares this limit with the results from a Monte Carlo computation of the
plaquette on a 4 x 4 lattice with zero boundary conditions imposed. The results are in
excellent agreement, despite the small size of the lattice.

The expression for the expectation value of the square of a spacelike link is given by (7.21):

{Zﬂ (gr'SI'(ﬂ)+gr'52'(ﬂ))}

=1

(6 =T+ Jim —
1+2 Zlgr(ﬁ)'”

3 K—oo
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Figure 9.16:  The plaquette in axial gauge with zero boundary conditions. The
simulation on the left is a hot start while that on the right was started cold. The dotted line
is the analytical value at infinite volume.

it is reasonable to assume that the series in (7.21) can be approximated by the first few terms.

This assumption can be confirmed numerically by comparison with Monte Carlo simulation.
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Figure 9.17: Decorrelation lengths at different (3 for the SSL in axial gauge with zero
boundary conditions g

Figure (9.20) compares the results of such a simulation, with the analytical value (7.21)
where the series have been summed up to K = 10

§46. Results With Zero Boundary Conditions
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Figure 9.20:

Expectation value of the square of a link in axial gauge with zero

boundary conditions on a 4 X 4 lattice. The simulation on the left is a hot start while that
on the right was started cold. The dotted line is obtained from the exact analytical value by
summing the first ten terms of the power series.
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“On two occasions I have been asked (by Members of Parliament!)
‘Pray, Mr Babbage, if you put into the machine wrong figures,
will the right answers come out ?’

I am not able rightly to apprehend the kind of confusion of ideas

that could provoke such a question.”
— C. Babbage

In this Chapter we carry out the numerical calculation of the plaquette and of <¢i2> in Feynman gauge.
We present evidence that the simulation is not ergodic if periodic boundary conditions are imposed. It is
noteworthy that the correct value is nevertheless obtained for the gauge—invariant plaquette. We show that
simulation is well-behaved when zero boundary conditions are imposed and that the expectation values
obtained are in agreement with the analytic prediction.

47. Implementation of Feynman Gauge

The calculations of the last Chapter may be repeated in Feynman gauge. Of particular
interest is the expectation value of the gauge dependent quantity ¢?. The value of this
quantity is not known analytically although an approximate result for large 3 is available.

Feynman gauge is established by adding an extra term to the action (8.8) to give the modified

or gauge—fized action:

SFZZI—COSH ZZ ALqﬁu

n

with the left derivative A} being defined by

ALf(n) = fa) = fa=p

a

No links are fixed in this gauge so that all link variables are available for updating.
The update of a link variable ¢u( n) will affect three sites:

1. site n through the plaquette term and the gauge term.
2. site (n — v) through the plaquette term.
3. site (n + p) through the gauge term.
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If we denote the gauge term associated with a site n by g(n) for brevity, the change in the
action under the update of ¢,(n) is given by
ASp = Sy — Sp = (cosf(n) + cosf(n — v)) — (cos @' (n) + cos#'(n — v))
+(¢'(m) +d'(@+p) - (9(n) +9(n+p)

With this modification to the definition of AS, the generation of a sample set of configura-

tions may in principle proceed as before.

48. Results With Periodic Boundary Conditions

Feynman gauge presents new difficulties not present in axial gauge, however. These are
signalled by the appearance of enormously long decorrelation times. Figure (10.1) is the
usual plot of autocorrelation against lag for the plaquette. Decorrelation takes place at a lag
of about 100 and all appears to be well.
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Figure 10.1: : Autocorrelation function for the average plaquette.Effective decorrela-
tion has occurred at a lag value of about 100

The SSL, however, presents a very different picture, as is demonstrated in Figure (10.2).
The decorrelation length is strongly dependent on the starting point of the simulation; a
randomised initial configuration yields a Markov chain which decorrelates at a rate compa-
rable to that of the plaquette. A cold initial configuration, on the other hand gives rise to

§48. Results With Periodic Boundary Conditions
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Figure 10.2: : Autocorrelation function for the average SSL with sequential link up-
dates. The decorrelation time from a cold start has drastically increased as compared with
the hot start.

a sequence of very tightly correlated configurations; indeed the autocorrelation coefficient
exceeds 0.5 at a lag value of 2000.

This effect persists even when the links to be updated are chosen at random rather then in
sequence as has hitherto been done. Figure (10.3) shows that this modification makes no
significant difference in either the hot or the cold case.

It appears that the gauge constraint has eliminated a set of configurations which are required
for the simulation to evolve freely. In other words, certain regions of the phase space are
inaccessible from a cold starting configuration.

This is demonstrated explicitly in Figure (10.4), which plots the evolution of the value of a
single link as the simulation proceeds from a cold start. Simulations in both Feynman and
axial gauge are shown.If the whole configuration space is to be explored, each link should
take values over the whole interval [—7, 7]. This behaviour is indeed observed in axial gauge;
in Feynman gauge, however, the value of the link is confined to a relatively small interval
around zero.

These simulations were repeated, this time from a hot start. In view of the fact that the
tight correlations observed in the cold start case are absent in the hot case, we might expect
that the whole configuration space is being explored. Figure (10.5) shows that this is not in
fact the case; link values are again clustered strongly around the starting point.
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Figure 10.3: : Autocorrelation function for the average SSL with random link updates.
Choosing the links to be updated at random has no significant effect on the decorrelation
time (cf Figure (10.2) )
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Figure 10.4: : Evolution of the value of a single link from a cold start.This value is
confined to a subset of the available values in the case of Feynman gauge. In contrast the
whole space of values is explored in axial gauge.

Let us summarise the situation. When Feynman gauge is imposed on the pure U(1) gauge
theory in two dimensions we find that the possible values of the link variables are restricted
to a small interval arount their starting points under Monte Carlo updates. This restriction
persists irrespective of the starting point or the sequence in which the links are updated. The

indications from these numerical experiments, therefore, are that the system is not ergodic.
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Figure 10.5: : Evolution of the value of a single link from a hot start. Despite the fact
that both the plaquette and SSL decorrelate from a hot start (cf Figure (10.2), the simulation
explores only a subset of the available volume and the results in Feynman gauge are therefore
untrustworthy. In axial gauge the whole space is explored

Next, let us consider the evolution of the plaquette as the simulation proceeds. Figure (10.6)
plots the plaquette value (averaged over the lattice) for each configuration in the Markov
chain from a cold start simulation in both Feynman and axial gauge. Figure (10.7) shows the
equivalent results from a hot start. It is remarkable that all four simulations give identical
results for the plaquette even though, in the case of Feynman gauge, only a subset of the

configuration space is sampled and indeed, a different subset for the hot and cold start cases.
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Figure 10.6: : The plaquette averaged over the lattice for each configuration from a
cold start. A stable, correct value for this observable is obtained in both Feynman and axial
gauge.

Turning next to the SSL, we find a very different situation. Figure (10.8) compares the
evolution of the SSL (averaged, as before, over the lattice) from hot and cold start simulations
in Feynman gauge. The hot simulation converges to a stable value, though we have no

reason to suppose that this value is actually correct. In the case of the cold simulation
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F igure 10.7: : The plaquette averaged over the lattice for each configuration from a
hot start. A stable, correct value is obtained in both Feynman and axial gauge.

no convergence is apparent even after 30 000 lattice sweeps.Moreover, the range of values
obtained in this case is significantly lower than the result from the hot simulation.
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Figure 10.8: : The SSL averaged over the lattice for each configuration in Feynman
gauge. The average converges to different values from hot and cold starts.

15000
configuration number

The evolution of the SSL in axial gauge shows considerably better behaviour. Although the
oscillations around the average are larger than in the Feynman gauge hot case, both hot and

cold simulations converge to roughly the same value.
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Figure 10.9: : The SSL averaged over the lattice for each configuration in axial gauge.
Hot and cold starts converge to the same average.
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49. Results With Zero Boundary Conditions

Figure (10.13) compares the infinite volume limit of the analytical expression for the pla-

quette with the results from a Monte Carlo simulation in Feynman gauge on a 4 x 4 lattice.

As in the case of axial gauge, the results are in good agreement despite the small size of the

lattice.
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Figure 10.10: Decorrelation lengths for the plaquette in Feynman gauge with zero

boundary conditions.
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Figure 10.13: The plaquette in Feynman gauge with zero boundary conditions. The
simulation on the left is a hot start while that on the right was started cold. The solid line

is the analytical value at infinite volume.
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Figure 10.11: Behaviour of the error estimator for the plaquette in Feynman gauge
with zero boundary conditions.
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Figure (10.17) compares the results of such a simulation, with the weak coupling approxi-
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Figure 10.14: Decorrelation lengths for the SSL in Feynman gauge with zero boundary
conditions.
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Figure 10.15: Behaviour of the error estimator for the SSL in Feynman gauge with

zero boundary conditions.

mation with zero boundary conditions, valid for large values of S.
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11. Phase Structure of the Weakly Coupled Schwinger
Model

“Is there any other point to which you would wish to draw my attention ?”
“To the curious incident of the dog in the night—time.”
“The dog did nothing in the night—time.”
“That was the curious incident.”
— Sherlock Holmes, in “Silver Blaze”

Having carried out a lengthy analysis of the free fermion field and the pure gauge field and established that
the proposed weak coupling expansion is indeed permissible, we turn in this Chapter to the implementation
of this expansion. In the first section we define an approximate form of the partition function, valid at weak
coupling. This approximate partition function is expressed as a sum containing gauge—dependent terms. The
partition function is next written in an alternative, multiplicative form. It is shown that these two forms
together suffice to determine the location of the partition function zeroes. The behaviour of the lowest zeroes
is analysed to first order. It is shown that the zeroes show different behaviour in the different momentum
regimes, but in all cases fail to converge onto the real axis. We conclude that (at least at this level of
approximation) the Schwinger model fails to exhibit a phase transition in the weak coupling sector.

50. The Partition Function at Weak Coupling

Our goal is to construct the phase diagram of the lattice Schwinger model and, in particular,
to identify the points of second order phase transition.

We will apply the method of Fisher zeroes as discussed in Section (9) to this problem. The
first step in this programme is to analyse the behaviour of the zeroes of the partition function
on a finite lattice. This is easier said than done, of course, and we will in fact consider a
restricted version of the problem by confining our attention to the weak coupling (large /)
sector of the full phase diagram.

The full partition function for lattice QED, is given by

Zogo, = [ DIUID[y)e~Srere
The integral over the fermion fields may be carried out to yield a determinant factor, leaving

ZQED2 =/D[U](detMQEDZ)e_SG
= Zc;(det MQED2>G

(11.1)

where Z¢ is the pure gauge partition function, (), denotes an expectation value over the

gauge field and the operator Mggp, is given by
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MqEp, = 6n_m S {(1 o 7#) Ug(m) 5n(m+g) (T 7#) UTg(m i H) 5n(m—ﬁ)}
It will prove convenient to extract a factor of —21; and work instead with the operator

Mggp, = i‘sn_m " % {(1 ikt Ug(m) On(m+p) + (1 +74) UTy_(m i E) 5@(@—&)} (11.2)
In other words, the partition function is simply proportional to (det Mggp,),- The zeroes of
ZgED, are therefore fully determined by the zeroes of (det Mggp,),. This object is a pure
gauge expectation value.
Note that Zggp, and Zg are both gauge invariant by construction. It follows from (11.1)
that (det Mggp,) is also gauge invariant.
Our strategy in determining the zeroes of (det Mggp,) Will be as follows. We will consider
only the weak coupling regime. The problem of developing an unambiguous weak coupling
approximation for a two—dimensional U(1) gauge field was considered in Chapter 3. It was
shown there that a simple restriction of the angular variables ¢ to small values would suffice,
provided that a zero boundary condition was imposed on the gauge field. It is therefore
permissible to expand perturbatively around the free fermion field in powers of the angular
gauge field variables ¢;. The shift in the free field zeroes due to the introduction of a weak
gauge field may thus be determined (in principle) to any required order in ¢;. The nth order
shift will then be a function of nth order pure gauge correlation functions (¢;...¢,). In
particular, at second order the shifts will be functions of the pure gauge propagator.

Let us therefore define an approximate pure gauge partition function by

Zwa = / D[U] e #Sw (11.3)
where
i
= 27
and

SW == Z(l — COS ¢P(:ua V)) ) TeE S ¢P(:uay)) S €

p?ll"u
The partition function (11.3) is effectively Zg with the contributions from large-¢ configu-
rations removed. It may be may be regarded as a family of functions parametrised by the
the inverse coupling, 3. For large values of 3 the integral is strongly peaked around Sy = 0,

the large-¢ contribution is negligible and we have

ZWG ~ ZG
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It should be emphasised that two approximations are being made here. Firstly, we make a
saddle-point approximation in which the integral is truncated to run only over small values
of ¢. This approximation in turn is valid only if the integral is strongly peaked around such
values; we ensure that this is the case by choosing a sufficiently small value for the coupling
constant g.

51. Additive Expansion Of The Partition Function

In this section we will develop an additive expansion of (det Mggp)-

It is convenient at this point to write
MQ EDy; = MO s AM

where M, is the free fermion operator (scaled, as above, by a factor of %) and AM contains

the gauge terms in Mggp, thus

1 1
M, = %5m - {(1 ot On(m+y) + (14 7u) 5&(@—&)}

AM = % {(1 — %) (1 = Up(m) dngmryy + (1 +74) (1 — Ut u(m — ) 6ﬂ(m_ﬁ)} (11.4)

Note that AM, which is the gauge dependent part of Mggp, is independent of the hopping
parameter k. Moreover AM depends on the gauge field through terms of the form (1 —
U,(m)); that is:

AM xip—¢d° +...

Therefore, in carrying out a perturbative expansion to second order in ¢, it is sufficient to
retain only terms up to second order in AM.
The eigenvalues of the free field operator M follow from (6.9) and (6.13):

o= i - Xu:COS ku + (—1)% (sin? ku)% (11.5)

It is possible to obtain the eigenvalues of Mgrp, from those of My by means of standard
perturbation theory ( see for example Schiff, 1949) and thereby to determine the zeroes of
det Mggp, to any desired order. This does not suffice, however, to determine the zeroes of
the partition function, which is the pure gauge expectation value of det MgEp,

The first stage in the determination of these zeroes is to express the partition function in

terms of pure gauge expectation values of AM. Let us therefore write

§51. Additive Ezpansion Of The Partition Function
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Mgep, = (Moep, Mo™") M, (det My # 0)
= det Mggp, = det(Mqgp, Mo ™") det M,
= (det Mggp,) = det My (det(Morp,Mo™")) ¢
= det M (det(1 + AMM, ™),

and hence
<det M, QED; > G

det MO

Now if the matrix 1+ AM M,™" is diagonalisable its determinant may be written in the form

= (det(1 + AMM, ™), (det My # 0)

det(1 + AMM,™") = exp(trlog(l + AMM,™1)) (11.6)

The exponential term in (11.6) may now be evaluated approximately. Since we are working

to second order in ¢ we need only retain terms up to this order in AM. Thus, to order
(AM)? we have

trlog(l + AMM,™') = tr(AMM,™) — %tr(AMMO‘l)Z

and

1
exp(trlog(1 + AMMy,™)) =1 + tr(AMM, ™) — §tr(AMM0_1)2
A ,
b S r(AMM™) - %tr(AMMo‘IF}Q
1
=1+tr(AMM,™") - 5tr(AMMO‘l)2 + %(tr(AMMO'I))Q

The expression (11.6) for (det Mggp,), can therefore be written in the approximate form

1
et Masnalg ;1 4 (sr(AMMy™))g — 2(tx(AMM ™)) 5 + 3{(tr(AMMo ™)),
det M() 2 2
= (det Mw>G
det M()

Ay
It is essential to note that gauge invariance has been lost in the process of developing this
perturbative expansion. The expectation . values appearing in (11.7) are gauge-dependent
and will yield a gauge-dependent expression for (det My ),. We are guaranteed, however,
that for sufficiently weak coupling (det My/), will approach the gauge invariant quantity
(det Mogp,); (in some gauge-dependent way). Therefore, any convenient gauge may be
selected—the choice of gauge will determine the manner in which the approximate solution

approaches the true solution, but not the final result.
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In order to write the traces in (11.7) in a more explicit form, consider an orthonormal set of
basis vectors satisfying:

(Xa|Xb> = Oab
Now consider

Nl =Fag v Bl 10 %= Papl
4]

a

e e ARG B A T o
a

a

= X% = Paﬂxz = Paﬂ = 5aﬁ
Any set of orthornormal basis vectors therefore satisfies the identity

> () %8 =4ap

a

Next, for any matrix ), we have

Z<XGIQIXG> = (Z (XZ)* X?}) Qop = 0apQap = tr Q@

Now it was shown in Section (27) that the eigenvectors of My, |A*) form an orthonormal set.
We may therefore write
tr(AMMG") = Y (AN(AM)MGH %) = Y () AMy My

a

" Za(/\?)*AMij)‘? e 6ijAMij X AMy

Aj — )\j Ai
Similarly, we find PP
(tr(AMMGY)? = ==
o N A
i#]
AM;; AMj;
tI‘((AMMo_l)2) = ot 8 S i
AP T ¥
1#£]
If we now define the pure gauge expectation values

ti = <AMM>G
tij = <AMiJ'AMJ'i)G ¥ <AMiiAMii>G
the additive expansion (11.7) can be written

2N? 2N?
(det MoeD,) e 4
W ; Vi z} (11.8)
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52. Multiplicative Expansion Of the Partition Function

The partition function of the Schwinger model may also be expanded perturbatively in

multiplicative form. To this end, let us rewrite the expression (11.2) for Mggp,:

MQEDz = 77%@ == H_’I'],_T_n,_

where

1
n—ZKJ

and

1
Hym = 3 {(1 — Vu) Ug(m) On(m+p) + (1 + 7) UT&(m -1 5@(m—g)}

Since we are working on a finite lattice, Mggp, is of finite dimension and its determinant
may therefore be written as a polynomial in 7.

2N?2

det Mogp, = Y, Fr(¢) 0
=1

The gauge expectation value of det Mggp, is therefore given by

2N?2

(det Morp,)g = Y (Fr())an”

7=1
which is again a polynomial in 1. It may therefore be written

i=2N?2
(det Mggp,)q = H (n —m)
=1
Here the n; are the true zeroes of the partition function; note that they are not zeroes of

the determinant except when the gauge field vanishes. The expression (11.8) may therefore

be written in the alternative form

(det MoEep,) = (n~m)

The free field eigenvalues \; can be written (7 — 7?), where, from (11.5) we have

L B A

2K
i = Z cos ky, + (—1)% (sin’ ku)%
I
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The n) are therefore the zeroes of the free fermion partition function, which is now to be
regarded as a function of . The multiplicative expansion (11.9) can now be written in the

form

i=2N2
det M e (n—m)

Here A; = (n; —n?) represents the shift in the ith zero due to the presence of the gauge field.
The expression (11.10) is exact; it is the A; which are to be determined perturbatively.

53. The First Order Shift

The partition function of the Schwinger model has now been expressed in two different ways.
An additive expansion was derived in terms of pure gauge expectation values was derived
in Section (51). These expectation values are computable; however, the shift in the zeroes
cannot be directly derived from them.

An alternative, multiplicative expression was obtained in Section (52). This expression
contains the shift in the zeroes explicitly, but in a form which is not amenable to direct
calculation.

We therefore require a relation beween the shifts in the zeroes, A; and the calculable pure

gauge expectation values ¢; and t;;. From (11.8) and (11.10) we have

1 2N? tij . i=2N2 A,
HZ Z(n~n?)(n—n?)+'”_ I1 (1_(77—77?)> S

n—m) 24 i1

where we have used \; = (7 — 7).
The required relation may be obtained by observing that both sides of (11.11) are analytic

in 1 with poles at 7, .
Before proceeding, let us expand ¢;, ¢;; and A; in powers of ¢ (or, equivalently, in powers

of the coupling constant, g). Note that tgl) is proportional to (¢) which is zero. Moreover
(1)

t;; depends quadratically on AM; therefore tij is also zero. Therefore, to second order, we

have simply

L=ty
B Lot (11.12)
A = A(l £AH
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The eigenvalues of the free field operator were shown in Section (28) to be either two—fold
or four—fold degenerate if antiperiodic boundary conditions are imposed. Consider first the

case of two—fold degenerate eigenvalues:
My = Komg = Kpg

Equating residues of the single pole at n = % in (11.11) yields, to second order

(0) (0) (0) (0)

; (1) 2
o +ha = b b lma _ _ (A1) 4 A 4 AD) +AD) (1 LA A tA, )
mi m2 mi mi m2 ma
1#my,ma Nm™ — 7 1£Emi,ma m’ —1);

Comparing the first and second order terms respectively on each side gives

AW L A =
ni p)

#2) @)
+ (11.13)
2 2) 2 zm m
AD + AD = -2 -2+ H° = 0)2
1£m,mo Tim i

An analogous result holds for the four-fold degenerate eigenvalues

4 4 (2)

4
;AQL}:O ; ZA%:Z +Z (0)sz ©
e

j:l ]:1 z;ﬁm]

The first order shifts Agl) may be determined explicitly by expanding the multiplicative
expression (11.10) and comparing it with the additive expression (11.8).In the case of the

two—fold degenerate eigenvalues this yields the additional condition

(AD)2 + (AD)2 = 9

m1 mims2

This, together with (11.13) yields

A%z = t%mz

A’l('rlll e W tgzmz

(11.14)

54. The Lowest Zeroes

The techniques outlined in the preceding sections have been used by Kenna, Pinto and Sexton
(1999) to investigate analytically the behaviour of the zeroes of the partition function of the
Schwinger model at weak coupling. They present results up to second order for both two—fold

and four—fold degenerate zeroes.
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The main features of the analysis can be illustrated by considering the two—fold degenerate
zeroes assoclated with momentum

k=Q@2mp/N,0)  (=N/2+1/2) <p < (N/2-1/2)

First order effects will dominate for sufficiently large 3 and the following discussion will be

confined to this order.

According to (11.14) the first order shift in a two—fold degenerate zero of the type we are

considering is given by

1
2

U(l)(pl, O) =+ ( <AME(a),—£(a), A]\4—2(04) ,2(a)> )
(11.15)

77(1)(—;01, 0) RS < <AMg(a) ,—p(a), A]M—g(oz) ,;I_J(a)> )

D=

The two zeroes associated with the degenerate free eigenvalues A(£p;,0), which coincide in

the free case therefore become distinct when the gauge field is turned on.

This behaviour is illustrated in Figure (11.1)
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lattice size 16 lattice size 16
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ol positively shifted zero ----- i b i negatively shifted zero -----
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Figure 11.1: Behaviour of the lowest free zero when a gauge field is turned on. The
free zero splits into two zeroes, which diverge as the field strength is increased.The figure on
the left shows the imaginary part of the free and shifted zeroes, while that on the left shows

the real part.

The general expression at first order for expectation values of the type in (11.15) is given
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from perturbation theory by

<AM(1{1) a(B) AM_(l (8),p( a)> 2N4 Z <|¢/‘ 1 q

X {— cos(py, + q,)

(__1)a+ﬂ

TP

[éul (sinpg sin go — cos(p; + ¢1) sin p; sing;)

+ 6u2(sinp; sin g1 — cos(pa + ¢z) sinp, sin fh)}

vy [(\—/173)_"‘ sinp, + ({/%ﬂ sin qu} sin(py + qﬂ)}

P = sin® p, + sin® p,

where

Q =sin? ¢, +sin% ¢,
This rather formidable looking expression reduces, in the case of the special zeroes we are

considering, to
1 1) A
(MM oy M) i) = =5 N4 (I6:(20)I%)

where we have taken o = 2.

The correction to the free zero is then given by

D=

7D (py,0) = \/§iN2 (Cle(2p) %))

which is pure imaginary, and is simply proportional to a pure gauge expectation value.
Note that it is the correction to 1/2x which is pure imaginary; the corresponding correction

to k will, in general, have a real component. Indeed, according to (6.16), the zeroes of the

free partition function occur for

1
Y Jeokk, 44 <Z sin’ ku) :
n

n

=
(pen) + (pos)

If we consider only momenta of the form (bl, 0), we may write

. A+iB
T 2(A2+ BY)

where
A=1+cosk; B = sink;
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We then have
1
2—=Aiz‘B—>L:Aiz‘(BiR)

K 2!
where
R = 77(1)(101, 0)
This gives
e A+i(B+R)

" T2+ (B+R)p) Wil

It is clear from this expression that the shifted zero will fail to converge onto the real axis if

R remains finite as the lattice size tends to infinity.

55. Partition Function Zeroes in Feynman Gauge

The shifted zeroes (11.16) may be determined explicitly once a gauge has been fixed. In

Feynman gauge we have from (7.29)

N 1
2/ |sin 222 |
which gives, in the notation of the preceding section
e T 1
~ 2¢/2B N|sin Z2|

It is the dependence of R on N that determines the behaviour of the zeroes at fixed

(6r((2p)2)* =

R

Let us first consider the case where p, is small compared with N. Setting p; = 1/2 we obtain
| 1

~ 2y/2B N|sin Z|

In the limit of large N, the N-dependence disappears from R and we have simply

R

1
lim R= ———
Nl—r)r<l)o 27T A /2[8
lim A=2
N—oo
lim B=0
N—oo
ivi for the shifted zeroes
giving, for e

. I—
AR =g

For large 3 (small R ) the imaginary part of the zero is given approximately by:

R 1
lim Im k' ~ =

N300 8 ~ 16728
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Figure 11.2: Behaviour of the imaginary part of the lowest zero when a weak gauge
field is turned on. The free zero splits into two new zeroes. As the lattice size is increased
the lower zero crosses the real axis while the higher one tends to a fixed distance above the

real axis.

The zero does not therefore converge onto the real axis for finite 3.
Figure (11.2) displays the behaviour of the imaginary parts of each of the shifted zeroes with

increasing lattice size at 3 = 5.0.
Next let us consider the large momentum limit. Setting p; = N/2 — 1/2 gives

1. 1 1 1
R = " = -
2+/20 N|sinm — & 2v/28 N|sin &
The infinite volume limits are now
1
lim R= ——
NH)I?)o 27'(,/25
lim A=0
N—oo
lim B=0
N—oo
and hence
lim Im &' = i /23
N—oo 2R

Note that this zero moves further away from the real axis with increasing 3, indicating that

zeroes of this type do not accumulate on the real axis even in the absence of a gauge field.

The behaviour of these high momentum zeroes is exhibited in Figure (11.3).
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Figure 11.3: Behaviour of high momentum zeros when a gauge field is turned on.
The zeroes diverge from the real axis in both the free and interacting cases. Note the sharp
spike in the lower zero at R=-B

Lastly, let us consider p; = N/4 — 1/2. Then

Ly 1
228 N|sin% — I

which gives

lim R=0
N—-oo
lim A=1
N—oo
lim B=1
N—oo

and this time

1
. /__
1\11—>ooI KJ_4

This time the zeroes converge on the free value, the imaginary part of which in this case is
0.25 in the infinite volume limit. This behaviour is illustrated in Figure (11.4)

The zeroes therefore display very different behaviour in the different momentum regimes.
At low momenta, the shift in the zeroes decays with increasing 3, but is always sufficient
to prevent the accumulation on the real axis which occurs in the free case. At moderate
momenta the shift disappears altogether for large IV, and the behaviour is identical to that
of the free zeroes, which do not, however, condense in this regime. At high momenta the
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F igure 11.4: Behaviour of intermediate momentum zeros when a gauge field is turned
on. The zeroes converge on the free value with increasing lattice size; however the free zeroes
do not themselves approach the real axis in this regime. A value of ,3 = 0.01 was used in
order to display the zeroes on a reasonable scale.

shift grows with increasing 3, indicating that the free zeroes diverge from the real axis in
this regime.

In all cases the zeroes fail to converge onto the real axis, indicating (at least as far as this
analysis goes) the absence of a phase transition in the weak coupling regime.

Two further possibilities should be considered, before such a conclusion can be established.
Firstly, it is possible that classes of zeroes, other than those we have considered, do accumu-
late on the real axis and give rise to a phase transition.

Secondly, it is conceivable that higher order terms in the weak coupling expansion are so
strongly dependent on N that they dominate the first order term and force an accumulation
of zeroes for any value of 3, however large. This is simply another way of saying that
perturbation theory cannot be used for this problem; while this objection is undeniable, it

is one which could be levelled against many if not all perturbative calculations.

§55. Partition Function Zeroes in Feynman Gauge



12. Conclusions

He had softly and silently vanished away—
For the Snark WAS a Boojum, you see
— The Hunting of the Snark

The primary motivation for this thesis has been to investigate the phase structure of the
Schwinger model analytically. Two ingredients were required for this analysis; the eigen-
structure of the free fermion operator and an unambiguous specification of the pure gauge
propagator.

The fermion operator is straightforward to analyse; nevertheless, the degeneracies in its
spectrum complicate the perturbative analysis of the interacting theory.

The behaviour of the pure gauge propagator is more subtle and a considerable part of this
thesis has been devoted to its study. The investigation focused primarily on the expectation
value (¢?), or SSL, which is of particular relevance to lowest order perturbation theory.
From the analytic point of view, it was shown that the unusual behaviour of this object was
related to the vacuum degeneracy induced by the imposition of periodic boundary conditions
on a finite lattice. In the case of Feynman gauge, this manifests itself as an infra-red
divergence. In axial gauge the SSL is a constant.

It was shown analytically that these problems can be resolved by the imposition of zero
boundary conditions.

These conclusions were confirmed by a detailed numerical study.

With these results in hand, a perturbative analysis of the zeroes of the Schwinger parti-
tion function was performed. This analysis, although not completely conclusive, indicates
strongly that the phase transition reported by other groups on the basis of numerical studies
is in fact absent.

It is planned to extend this work both to higher zeroes of the partition function and to

higher orders in perturbation theory. In addition, the novel perturbative scheme introduced

is likely to be applicable to other models.
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