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Abstract

This work was concerned with the prediction of bone fracture in situations where 

fracture was initiated in areas of stress concentration. Two conditions were studied: (i) 

fracture in bones and bone samples weakened by the introduction of holes, notches and 

cracks; (ii) fracture during indentation with a sharp metal blade as occurs during cutting 

of bone with an osteotome.

Computer simulations (finite element models) were created to model these two 

processes, using a new approach known as the theory of critical distances (TCD). This 

approach has been used previously to study fatigue and brittle failure of engineering 

materials. For the first time, the TCD was applied to study fracture o f bone. It was 

shown that the TCD is applicable to predict the effect of stress concentrations like holes 

and notches.

Firstly, four different critical distance methods were studied. It was shown that the 

methods predict almost the same results but they have different advantages and areas of 

application. For example in the case of indentation, methods based on introducing 

cracks into the model (Finite Fracture Mechanics and the Imaginary Crack Method) 

were found not to be applicable, whilst stress-based methods (known as the Point 

Method and Line Method) were found to be appropriate and so were used in further 

work. The necessary material parameters (critical distance and critical stress) of bone 

were found using data from the literature on bending, tension and torsion of bones 

containing various features. For example, it was shown that the TCD is capable of 

predicting the effects of transcortical holes in reducing bone strength: a 2mm hole will 

reduce the bending strength by 30% while it has little effect on torsional strength. It was 

also found that the critical distance value of bone is about 0.3-0.4mm, for both bovine 

and human bone, which is of the same order as the distance between structural features 

such as osteons and plexiform units. This shows the important role of osteons as a 

toughening mechanism of bone.

After showing that the TCD can be used to predict the bone fracture, it was applied 

to bone cutting. In this case, first the crack initiation point was estimated using the
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TCD. After that, the indentation fracture force was predicted for different indenters and 

different directions of cutting. Finally, the amount of damage in the surrounding bone 

was estimated. The results were in excellent agreement with experiments which were 

performed on 8mm cubes of bovine bone, in a parallel PhD project. For example, the 

results showed that the cutting force in the longitudinal direction is significantly less 

than that in the transverse direction; this was shown to be due to deflection of the main 

crack in transversal cutting, an effect of the directional nature of material properties in 

bone.

Comparing the effects of the geometry of blades on fracture force showed that the 

radius of the indenter has more effect on the fracture force than the angle. Increasing in 

the radius up to a certain value (which depends on the angle) increases the fracture 

force. The study showed that for a given angle of blade, if the radius is larger than a 

certain value, increasing the radius does not have any effect on the cutting force. Also, 

there is not a significant difference between cutting force for a very sharp blade and 

50|J.m-radius indenter however the damage zone caused by the 50^,m indenter is twice 

as large.

This study has demonstrated for the first time that the TCD can be used to make 

predictions of the fracture of bone in a variety of different situations. The TCD is very 

easy to use in conjunction with FEA, so it can potentially be applied to many other 

problems in bone fracture.
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Chapter 1 Introduction

CHAPTER 1. Introduction

Bone is an important mechanical organ which must withstand high forces with 

limited amount of deformation, therefore, the health and quality of bone has always 

been a major concern. The health of bone is a function of its mechanical, chemical and 

biological properties. For example, bone is a porous material and its porosity increases 

with age. The increase in porosity and decrease in bone mineral density (BMD) raises 

the risk of fracture, which is a major problem. In 1990, 1.66 million people were 

suffering from hip fractures worldwide. In 1995, over half of these were documented to 

have occurred in Europe and North America [1]. It has been estimated that the number 

will increase by about 300% in 2050 [2]. Up to 20% of patients admitted with a hip 

fracture will die within 6 months and up to one third will become totally dependent and 

some will be permanently disabled. In 1990, over 1500 hip fractures were reported in 

Ireland due to osteoporosis in people over the age of 60. By 2002, this number was 

increased by over 110%. Due to the aging demographic in Ireland, the fracture risk 

assessment is becoming increasingly important and in need of being addressed.

Bone is a composite material with hierarchical structure. In continuum scale, it is 

known as an elastic material with small post yielding deformation. Linear Elastic 

Fracture Mechanics (LEFM) has been employed to study the fracture mechanics of 

bone, but it was shown that the LEFM is valid only for fracture in the longitudinal 

direction[3]. The Theory of Critical Distances (TCD) [4] is a relatively new method
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which is based on LEFM, but it is generally more applicable. The TCD is easy to apply, 

which gives it an important advantage when compared to other fracture mechanics 

theories. The TCD was introduced to study the fatigue and brittle fracture of 

materials[5] and then it was developed to be employable to different ranges of loading, 

materials and geometries[6-20].

The TCD methods are based on the length characteristic parameter, L. These 

methods can be classified as either stress or energy methods. The Point Method (PM), 

Line Method (LM), Area Method (AM) and Volume Method (VM) are stress based 

whilst Finite Fracture Mechanics (FFM), and the Imaginary Crack Method (ICM) are 

energy based. These methods will be discussed and compared in more details.

Most fractures occur due to the high stress acting on the bone. A fracture usually 

starts from a weak spot or stress concentration point. Bones behave differendy in the 

presence of stress concentrators, therefore effects of stress concentrators on bone have 

to be investigated. Such a study leads us to a better understanding of the mechanism of 

bone failure and the effect of surgical procedures which create stress concentrations.

Like other materials, bone can fail due to contact stresses: we call this indentation 

fracture. Cutting is one example of indentation fracture. The study of indentation is not 

new[21-29]. Indentation fracture and cutting have been widely employed to understand 

the failure mechanism of different materials[30-37]. They have also been used to obtain 

the mechanical properties of bones [38-40, 35, 36, 41, 42, 37, 43] and human enamel 

[44, 45]. Because bone is a brittle material, it fails during indentation in a catastrophic 

way, due to the growth of a main crack. The main crack nucleates at the contact surface 

which is under a high level of compression. It is difficult to predict the conditions 

needed to nucleate cracks in compressive zones.

Indentation fracture and cutting is used extensively for different purposes. In the 

food industries [46-49], finding the best crispiness and crunchiness for foods especially 

snacks [48, 47, 50, 46, 49] has a large effect on sales. In surgery, the cutting tools have 

to be sharp enough to reduce the fracture force and limit the damage in the surrounding
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bone. Needle insertion and tactile sensor based on contact and indentation are used for 

virtual surgery[51].

The design of osteotomes has been developed since the 18* century. Drilling, 

cutting and sawing are important in surgery. The effects of cutting angle on the heat 

generation [52]and cutting energy [53-56]on bone has been extensively studied. Also, 

the drilling process was studied in order to reduce the heat generated [57-60]and cutting 

energy[61], but there has not been much investigation done on the effect of the wedge 

angle and tip radius of blades on the indentation fracture force of bone.

The present work was a theoretical study using computer simulations. It was 

conducted in parallel with an experimental study of indentation fracture, performed at 

the Institute of Technology, Sligo, by Mr. Ger Reilly. Therefore, whenever we are 

talking about experimental results of indentation, Mr. Reilly’s results are presented. The 

theoretical predictions obtained in this study were compared with Mr. Reilly’s results 

and also with other experimental results from the literature.

In this thesis, it is shown that the TCD can be used to study the failure of bone 

samples containing defects such as holes, notches and cracks, and to predict how the 

strength of bone changes due to these defects. Also, failure of bone under compression 

and indentation of bone, which are more complicated problems, were predicted using 

the TCD. Contact between a blade and bone, causes stresses in the bone. This stress 

concentration depends on the geometry of the components, especially the blade. 

Indentation fracture is an effect of this stress concentration. This is the first time that the 

TCD has been applied to predict the bone failure and also indentation and compression 

problems.

At the start of this project, some methods of fracture mechanics were examined. 

Different finite element techniques of fracture modeling were used. In some 

techniques, the crack must be simulated. The problem with these methods was that they 

are computationally expensive, especially in contact problems. The most important 

disadvantage of them is that they can not be used in our contact problem because of a
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high compression stress at the fracture plane, which causes the cracks to close. Other 

methods, which generally are called smeared methods, do not need any crack 

introduction. In these methods, elements material properties change to show damage 

and cracks. The problem with this approach is that they are not fully accurate, 

especially for contact problems[62].

In chapter 2, the principles of the TCD are explained and the four different critical 

distance methods are compared. It will be shown that all TCD methods predict similar 

results, in particular for anisotropic materials. The advantages and disadvantages of the 

various methods and their application will be discussed.

In chapter 3, the TCD is applied to bone. Effects of stress concentrators like holes, 

notches and cracks are studied, and the critical parameters of bone are predicted. 

Furthermore, the effects of short cracks on the fracture toughness of bone are predicted 

using the TCD. This is the first time that the TCD is applied to bone. In this chapter it 

will be shown that the TCD works well to predict brittle fracture of bone, and also it is a 

potential method to study osteoporosis.

In chapter 4, the indentation problem is studied. We concentrate on the crack 

initiation spot under indentation. FE modeling is compared with experiments to explain 

the crack initiation point. It will be shown that stress concentrations play important 

roles in crack initiations. Two different singularities are defined and their effects on 

crack initiation are studied.

In chapter 5, crack propagation is considered. Using the experimental data, the crack 

propagation direction is defined and indentation fracture force is predicted using the 

TCD. The predictions are done for three different cutting directions as were used in the 

experiments: longitudinal, transverse and tangential. Effects of indenter geometry 

(radius and wedge angle) on fracture force are investigated. It is shown that the TCD 

can be used to predict the fracture force and also the location of crack initiation.
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In chapter 6, the amount of damage during indentation is predicted. Experimental 

data on damage is compared with prediction using a simple theory. It will be 

demonstrated that the damage zone size is related to the critical distance of bone.

In summary, we will show that the TCD is able to predict the fracture of bone due to 

stress concentrations of various types, including indenters; the results also shed light on 

the physical significance of the critical distance in relation to the microstructure of 

bone.
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CHAPTER 2. Comparison of Four TCD Methods

Critical distance methods were introduced for the purpose of studying the effects of 

stress concentration. Taylor[4] defined several different critical distance methods: some 

are stress based and others energy based, but they have two things in common: they are 

all linear-elastic methods and they all use the same length characteristic parameter, L. 

These theories have been used to study the fatigue failure of materials, as well as brittle 

fracture. They also have been applied to a wide range of materials. Here, four different 

critical distance methods are compared, which are so named: Point Method (PM), Line 

Method (LM), Finite Fracture Mechanics (FFM), and Imaginary Crack Method (ICM). 

It will be shown that the four methods predict results which are quite similar, but not 

always identical. Investigated also will be the effects of material anisotropy on fracture 

stress.

2.1. Comparing the Critical Distances Methods

Many different methods are used for the prediction of failure in bodies containing 

stress concentration features, such as notches. The wide variety of such methods and the 

large amount of research which is presently being conducted to further develop them 

demonstrates that this is a key area and one which requires continuing work. One
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common feature of many modem methods of failure prediction is the existence of a 

material-dependant length scale. Such a length scale, which for the purposes of this 

work will be called the critical distance, expresses an important property of the material 

and strongly affects fracture behaviour when any feature of the notch geometry, such as 

its length or root radius, is similar in magnitude to the critical distance. Here we will 

consider four methods which are used to predict brittle fracture resulting from 

monotonic loading, and also high-cycle fatigue behaviour resulting from cyclic loading.

Two of these methods make their predictions using the stress field ahead of the 

notch. Starting from a simple elastic stress analysis (using either analytical solutions or 

FEA), a characteristic stress parameter is calculated and compared to a critical failure 

stress for the material. The critical distance appears in these models in the method of 

calculating the characteristic stress parameter. The other two methods which we will 

discuss are based on fracture mechanics; in these methods the critical distance appears 

in the form of an assumed initial crack length or an assumed increment of crack growth. 

The stress-based methods have been in use for over fifty years, and one of the fracture 

mechanics methods has been used for thirty years; however the other method, which we 

call Finite Fracture Mechanics (FFM), has been developed only recently.

The present work aims to show that these four methods, despite significant 

differences in their approaches, actually have much in common. This argument is 

developed first by showing, for some very specific cases, that the analytical solutions 

obtained from the two fracture mechanics methods are in fact identical to those from 

one of the stress-based methods, and that there is a simple relationship between the 

values of the various critical distances. Subsequently, a wider range of notch geometries 

and material types will be investigated, including notches in anisotropic materials with 

properties typical of those of fibre composites and human bone.

2.2. Stress-Based Methods

The two methods which will be called the Line Method (LM) and Point Method 

(PM), were originally developed by Neuber [63, 64]and Peterson [65] , respectively for 

the purposes of predicting the fatigue limits of metallic materials. They were
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independently invented some time later by Whitney and Nuismer [5] who used them to 

predict monotonic fracture in composite materials. The concept is shown in Figure 2-1. 

Failure is assumed to occur when a characteristic stress is equal to a critical value Oq. 

For the line method the characteristic stress is the average stress along a line of length 

dLM, thus:

Stress

Notch

Distance,

(Ilm - 2L

Figure 2-1. Principles of the stress-based methods. The Point Method (PM) uses the 
stress at a distance dpM from the notch root; the Line Method (LM) uses the average

stress over a distance dLM

1 "^7
—  \(j{r)dr = (j^ (2-1)
^ L M  0

In the case of the PM, the characteristic stress is simply the stress at a particular 

point r = dpM, thus the failure criterion is:

(y[dpM) = (̂ o (2-2)
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If the applied loading takes the form of simple tension perpendicular to the line which 

bisects the notch, then the relevant stress parameter to use will be the maximum 

principal stress, and the line on which calculations are performed will be the same as 

the notch bisector. In other cases involving multiaxial loading, these methods can still 

be used but different stress parameters and lines are required (see, for example [9]); 

These stress parameters can be considered as stress ranges in making predictions of 

fatigue behaviour.

2.3. Fracture Mechanics Methods

The method which we call the Imaginary Crack Method (ICM) was developed 

autonomously by several groups, which are as follows: ElHaddad et al for the use in 

predicting the effect of short fatigue cracks [66], by Lukas and Klesnil for predicting 

notch effects in fatigue [67], and by W addups for predicting notch effects in monotonic 

fracture of fibre composites [68] . This method makes two assumptions. Firstly, that 

there exists a crack of a certain length fljcM, at the root of the notch, and secondly, that 

the propagation of this crack conforms to Linear Elastic Fracture Mechanics (LEFM) 

theory, i.e. that brittle fracture occurs when the stress intensity K becomes equal to the 

fracture toughness Kc. Thus, the applied stress to cause monotonic fracture, Cf, will be 

given by the following formula:

Here F is a constant which depends on the geometry of the problem and the type of 

loading. Some workers have identified this crack with a real, physical crack or zone of 

damage which occurs in some cases prior to final failure, but it is worth noting that a 

physical crack of this length would, by definition, be too short to conform to LEFM. As 

a result of this, the use of the above two assumptions makes this crack essentially an 

imaginary one.

K.
(2-3)
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Another fracture mechanics method, which is called Finite Fracture Mechanics 

(FFM) was developed only recently [69, 15]. In this approach the normal Griffith 

energy balance of LEFM is modified, assuming that crack growth occurs in increments 

of finite length, Aoffm, rather than, as is conventional, assuming infinitesimal crack 

extension. This requires that we integrate the strain energy release rate, G, over the 

crack extension, and equate it to its critical value, Gc, thus;

It is useful to note that this can also be written in terms of stress intensity, thus:

(2-4)
0

(2-5)
0

Figure 2-2 shows how to apply the FFM on a finite element model.

1 1
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Maldug tie  Model 
& Aftplying load

Extend the czack 
caloiik'te

Yes
No

No 2zaJint=2L.G
/ i n t

Yes

F igure 2-2. Flowchart of applying finite fracture method to the finite Element model

2.4. Analytical Relationships between the Four Methods

Some relationships have already been established between the critical distances used 

in the stress-based methods and the critical stress intensity factor Kc. These links were 

first noticed by Whitney and Nuismer [5] and subsequently re-invented in the fatigue 

area by other workers[70, 71], The derivation starts from the idea that, since these 

methods are supposed to work for all kinds of notches, they should be applicable to 

sharp cracks. We know that the elastic stress distribution ahead of a sharp crack of
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length a loaded to a stress intensity K can be approximated by a simple equation, 

provided we consider only distances r « a ,  thus:

<7(r) =
K

^jlTVr
(2-6)

Noting that failure of the cracked body will occur when K = Kc, applying equations 2-1 

and 2-2 shows that the critical distance for the Line Method, dLM is equal to 2L and that 

for the Point Method, dpM is equal to L/2, where:

L = —
J t

(2-7)

Applying these methods to the other extreme case, that of a plain specimen 

containing no crack or notch, one finds that Oq is equal to the strength of the material 

(i.e. the Ultimate Tensile Strength in the case of monotonic loading and the fatigue limit 

AOo in the case of fatigue). These relationships are very useful because they provide a 

link between three material constants: the fracture toughness, the material strength, and 

L.

Experimental work has shown that these relationships do indeed hold for many 

practical cases, e.g. monotonic fracture of ceramic materials [12] and fatigue of metals 

[10], however there is a complication in the case of monotonic fracture in some 

materials, when CTq takes on a value which is different from (and, it seems, always 

greater than) the plane-specimen strength; this occurs for example in metals and in 

polymers [11, 72], This arises because the failure of plane specimens occurs by a 

different mechanism (e.g. the propagation of pre-existing flaws, or plastic instability) 

which does not occur when a notch is present. This matter is very interesting, however 

it is of no concern in this section because it does not affect the comparison between the 

different methods. Thus, we will proceed by assuming that <7o is equal to the material’s 

strength as measured using plane tensile test specimens. In the next chapters, it will be 

shown that in the case of bone, Co is slightly larger than plane specimen strength.

13
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We will now develop some further links between these methods, using the same 

assumption that the methods are valid for the case of a body containing a pre-existing 

crack. In what follows, consideration will be given to the effect of crack length, 

including very short cracks where “a ” approaches zero. Therefore, instead of the 

approximate relationship of equation 2-6, the precise result will be used, due to 

Westergaard, for the case of a central through-crack, half-length a, in an infinite body 

subjected to uniform tension:

o-(r) =

1 -
a

a + r.

(2-8)

If the Line Method is applied (equation 2-1) using this stress distribution, and noting 

that dLM = 2L, the following will obtained:

(2-9)

A prediction can also be made using the ICM (equation 2-3), noting that for the crack in 

question F=1 and that, for the case of zero crack length equation 2-3 reduces to:

IC M

(2- 10)

The ICM prediction is thus:

a + a ICM
(2- 11)

Comparing equations 2-9 and 2-11, it is obvious that they are identical and that the 

critical distance for the ICM is exactly equal to L. This result is by no means obvious.

14
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since the LM is based on the local stress field of the crack, whilst the ICM is based on 

the change in stress intensity caused by the extra crack length. There is, however, a 

small difference between the two methods; further consideration will show that they are 

exact only for the case of a crack in which the geometry factor F is equal to unity.

however, F lies closely to unity, for example it is equal to 1.12 for a surface crack and 

of the order of 0.7-0.8 for typical embedded elliptical flaws. In these cases the 

predictions from the LM and ICM will still be identical at the extreme cases of a plane 

specimen and a long crack, but slight differences will occur for intermediate crack 

lengths, especially around a=L.

Finally, use can be made of the FFM, taking the same case of a through crack 

(equation 2- 8). Please note that the strain-energy release rate, G, for this problem is:

Comparing this with equation 2- 3 (noting that F=1 in this case) it can be seen that 

the prediction using the FFM is identical to that of the ICM, with a critical distance 

Aqffm equal to 2L.

In summary, the above analysis has shown that, for the particular case of a central 

through crack of any length, the predictions of the LM, ICM, and FFM are identical, 

and that the critical lengths are simply related, being 2L, L and 2L respectively. For a 

more general case of a crack where F is not equal to unity, the predictions of the LM 

differ slightly from those of the fracture mechanics methods, for crack lengths close to

otherwise the two critical distances are related by qjcm = L/F^. In many practical cases.

 =  Ml
da E (2- 12)

Using equation 2- 5 gives the following result for the fracture stress:

(2-13)
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L. Again we note that these results are not at all obvious, since the fracture mechanics 

methods use quite different assumptions from those of the stress-based LM.

Figure 2-3 shows predictions of the effect of crack length when F = l, comparing the 

PM to the other three methods. Clearly, the PM gives slightly different predictions 

except at the extremes, though the differences between this and the other methods are 

small, being always less than 6%.

2.5. Further Comparisons between the Methods: Notches and 

Anisotropic Materials

Here the application of the four methods to various kinds of notches is considered. 

For some notches, closed-form solutions can be obtained, using previously-established 

relationships for the elastic stress fields and for stress intensities for the notch-plus- 

crack case. For example, the stress field around a circular hole in an infinite plate in 

tension can be found from the well-known Airy functions, whilst the stress intensity for 

a crack growing from the hole can be found from M urakami’s handbook. Figure 2-3 

shows predictions from all four methods for the effect of hole radius on fracture stress, 

normalised by the plane-specimen strength. For very large holes the result tends to 1/3, 

reflecting the stress concentration factor of 3 close to the hole surface; for very small 

holes the results approach unity. As the figure shows, predictions obtained from the 

four methods are all slightly different. Clearly, it cannot be demonstrated the same kind 

of mathematical equivalence shown in the previous section for the case of short cracks, 

yet the differences between the methods are small -  all four fall within a scatter band of 

plus-or-minus 7%, indicating that for all practical purposes the predictions are the same.
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Figure 2-3. Comparison of predictions from the four methods for the case of a circular 
hole in an infinite body, showing the effect of the hole radius p (normalised by L) on 

the fracture stress Of (normalised by ao)

Another case of practical interest is that of a long, narrow slot, i.e. a notch of length 

D, which is much greater than its root radius p. The stress field for this type of notch, 

when located in an infinite body, was found by Creager and Paris [73]:

Here K refers to the stress intensity for a crack of the same length, D. The PM and 

LM can easily be applied to this equation, leading to closed-form solutions, and the 

ICM and FFM can also be used, taking solutions as before. Figure 2-4 shows the effects 

of changing the root radius, as a function of L. In this case it is convenient to express 

the results in terms of the ‘measured toughness’, Kcm, which is defined as the value of 

Kc which would be measured if the notch is assumed to be a sharp crack, therefore:

(2-14)
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Figure 2-4: Comparison of predictions from the four methods for the case of a long 
narrow slot in an infinite body, showing the effect.of the root radius p (normalised by 
L) on the measured fracture toughness Kcm (normalised by the true fracture toughness

Kc)

(2-15)

Thus, the ratio Kcm/Kc tends to unity for a sharp crack (p/L = 0) and remains close to 

unity for small values of the root radius. Once p becomes significantly greater than L, 

Kcm/Kc increases, showing that the notch is no longer crack-like. Again it can be seen 

from the figure that the four methods, though not identical, yield similar results (within 

a scatter band of 5%).

In order to study some other cases for which convenient closed-form solutions do not 

exist, finite element analysis (FEA) must be used. The commercial software ANSYS 

was employed to create linear elastic models from which the stress fields near notches 

could be determined. In order to implement the ICM and FFM, cracks were introduced 

at the notch roots using quarter-point elements, and the stress intensity factors were
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found using the J-integral facihty in ANSYS, as well as calculating the stress intensity 

factor as explained in Appendix 1.

The FEA also allowed for the consideration of anisotropic materials. Some models 

were created with orthotropic elasticity, in which the elastic modulus in the direction 

parallel to the applied load axis was different from that in other orthogonal directions. 

The ratio between E(parallel) and E(perpendicular), termed q, was varied from 1 

upwards to 5. Plane stress analyses were carried out, taking account of the different 

relationship between the stress intensity and the strain-energy release rate for materials 

having orthotropic elasticity, as developed by Sih et al [74],

Figure 2-5, Figure 2-6 and show examples of predictions for surface slots and 

central holes, in materials with q values of 1 (isotropic), of 1.85 (chosen because this 

value is typical of human bone) and 5 (typical of some industrial fibre composites). For 

slots, q has a strong effect on the form of the graph; for holes on the other hand 

anisotropy has only a small effect on the predictions. In all cases the four different 

methods again give similar predictions, with scatter bands no greater than plus-or- 

minuslO%.
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Figure 2-5: Comparison of the predictions of the four methods for the case of a long 
narrow surface slot in an effectively infinite body, for three different values of the 

anisotropy factor q: (a) q=l; (b) q=1.85; (c) q=5
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F ig u re  2-6. Com parison o f the four m ethods for the case o f a hole in an effectively 
infinite body, in an anisotropic material (q=5).

Figure 2-7 shows the effects o f anisotropy predicted using the Point M ethod. PM 

predicts that with increasing the length of the slot, the effect of anisotropy on m easured 

fracture toughness increases.
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Figure 2-7. Prediction of effects of anisotropy of material containing long narrow slot
in an infinite body using PM

2.6. Discussion

The above analysis has shown that these four methods have much in common; the 

critical distances involved are all closely related to the parameter L. Here, these 

predictions have not been compared to any experimental data. Many publications exist 

to testify to the accuracy of the PM, LM and ICM. For example, previous work has 

demonstrated that the PM and LM are highly successful in predicting the fatigue limits 

of notched specimens of metallic materials [75], Likewise the ICM is more commonly 

used in the field of short-crack fatigue, where it is known as ElHaddad’s method [66]. 

Awerbuch and Madhukar [76] conducted an extensive investigation into the accuracy of 

these and other methods as applied to predict monotonic fracture in fibre composite 

laminate materials containing holes and edge notches. The FFM is much newer, but 

work by Taylor [13] and by Seweryn and co-workers [69] has shown that the method is
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capable of predicting experimental data on fatigue and brittle fracture, including 

multiaxial loading effects.

In this chapter the four methods have been formally compared, using both analytical 

and numerical methods. The similarity of these four approaches has two interesting 

consequences, one practical and one theoretical.

From a theoretical point of view, it is difficult to understand why the PM and LM 

are so successful. It is clear that the stresses in the vicinity of the notch are important in 

determining failure, but these methods use only limited information (i.e. the stress at a 

single point or averaged over a line) and consider only linear elastic stresses despite the 

existence of plastic deformation, microdamage, and other sources of non-linearity, 

which would considerably alter the stresses in this region. Likewise, the ICM can be 

criticised from a theoretical point of view on the grounds that the crack at the notch root 

is not a real crack. Some workers have identified this crack with a real feature, such as 

an area of damage or low strength at the specimen surface. However, this line of 

thought leads to a reductio ad absurdam, which is as follows: the crack which was 

introduced, being of length L, is by definition a short crack. So, in order to know 

whether it will propagate or not, the LEFM theory cannot be used. Logically, the crack 

should be assessed using the same method, i.e. another crack, length L, should be put at 

the tip of the first, and so on, ad infinitum. This is not done in the ICM. It is assumed 

that the small crack does conform to LEFM, implying that it must indeed be imaginary.

The FFM, on the other hand, faces no such theoretical barriers. It entirely conforms 

to LEFM theory, merely adding the assumption that crack growth occurs in increments 

of length 2L; i.e. crack growth is not smooth and continuous, rather sporadic, occurring 

in jum ps of finite length. This in fact reflects the known crack growth behaviour of 

many materials. Growing cracks tend to leap between microstructural features such as 

grain boundaries, or to jum p through damage zones. This is particularly obvious in slow 

crack growth, such as the well-known ‘stick-slip’ growth in brittle polymers [77] and 

near-threshold fatigue crack growth in metals. Recently it has been demonstrated that a
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similar phenomenon exists in the growth of cracks in bone at constant applied stress 

[78],

These observations lead one to the following conclusion: the PM, LM and ICM are 

successful because they give similar predictions to those of FFM. That is to say, FFM is 

the most accurate approach from a theoretical point of view, and the success of the 

other methods is due to the fact that they give approximately the same predictions.

These are also important from a practical standpoint. The fact that all four methods 

give similar predictions means that one is free to choose whichever method is most 

appropriate and convenient in any particular situation. For example, the PM and LM are 

very simple to implement in conjunction with FEA, so they can be used to predict 

failure in engineering components of complex shape. The PM is particularly 

straightforward to implement, but requires quite a fine FE mesh in order to accurately 

capture the stress at the point L/2 from the notch root. The LM, though marginally more 

difficult to implement, does not require such a fine mesh. The ICM and ITM  are more 

problematical to apply within a FEA, but these methods can often be used in the form 

of closed-form solutions. This makes them more conveniently applied when studying 

the effect of parametric changes, such as the change in root radius or some other 

geometric feature. All four methods require only simple linear elastic analysis and 

limited material-property information.

2.7. Conclusions

When applied to the prediction of failure of a body containing a crack of geometry 

factor F=l, three different methods - LM, ICM and FFM - give identical predictions of 

the effect of crack length, including the effect of short cracks. Slight differences occur 

when using another method, the PM, and when the F factor differs from unity. The 

critical distance values for these four methods are all related to the same constant L, 

which is itself a function of the critical stress and stress-intensity parameters for the 

material.
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Considering various notches (holes, central slots and surface slots) in effectively 

infinite bodies, the predictions of the four methods, whilst not identical, are always very 

close, falling within a scatter band of less than plus-or-minus 10%.

The methods also give very similar predictions when applied to materials having 

orthotropic elastic properties, typical of fibre composite materials and bone.

The FFM is theoretically rigorous and valid, and describes the discontinuous crack 

growth which occurs in many real cases. The other three methods are successful 

because they give approximately similar predictions to those of FFM.

The resemblance of these four methods allows them to be used interchangeably in 

practice, which is valuable when making predictions of fracture and fatigue in 

engineering components.

It was shown that all critical distance methods give the same predictions. In terms o f 

application, PM is the simplest and more accurate method between them. It can be 

widely applied to different problems. ICM and FFM are more limited because of the 

crack introduction. For example, in a problem like indentation where the material fails 

in compression, with introducing a crack in the compression zone, the surfaces of 

cracks are in contact with each other. The friction between them, makes the problem 

much more difficult to analyze. Bone indentation is a good example for which the 

crack initiates in the compression zone. The PM, therefore, was employed to study the 

indentation fracture. Here after, the TCD is used to refer to the point method.
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CHAPTER 3. Brittle Fracture of Bone

In this chapter, the TCD has been employed to predict the fracture of bone as 

affected by stress concentrations. First, papers which are related to the critical distance 

of bone are reviewed. This is subsequently followed by the study of the effects of stress 

concentrators, such as holes and cracks, on the strength of bone. This is the first time 

that the TCD is applied to bone for the purposes of predicting its failure. Strength of 

bone containing transcortical holes or notches under different loading conditions, 

torsion, tension and bending are studied. These examinations can especially be used 

when the effect of surgical procedures (e.g. plating, fracture fixation) is investigated. 

After looking at the effects of holes and notches, the crack growth resistance of bone is 

studied. The fracture toughness of bone increases with crack length, in both the 

transverse and longitudinal directions. It will be shown that this phenomenon can be 

predicted using the TCD.

3.1. Review

There has not been much research done about the critical distance of bone, as the 

best of our knowledge this is the first study to obtain its critical distance and apply the 

TCD to predict the effects of stress concentration.. There has, however, been research 

done to obtain the “intrinsic crack length”, which is also referred to as the “critical flaw
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size” or “critical crack length” . It is a measure of the largest flaw that a material can 

tolerate before an unstable fracture occurs. This critical flaw size can be obtained using 

the same relationship as the critical distance, therefore these two parameters represent 

approximately the same value:

Co = L = 2r
® (3-1)

Bone is a composite material (Figure 3-1), and as such, its properties, in particular 

fracture toughness and strength are very dependent on its structural orientation. It has 

not yet been shown how the critical crack length of bone varies with orientation. The 

fracture toughness for crack propagation in the transverse direction is almost twice the 

one in the longitudinal direction when the specimens are tested under the same 

constraints [79, 80], Likewise bone’s tensile strength when it is loaded in the transverse 

direction is half the longitudinal one. Table 3-1 shows the fracture toughness in both 

directions for different types of bones.

L acunae containing o steo cy tes  

Lam ellae 

Canallcull

O steon  

Periosteum

O steon  of com pact bone

Trabeculae of spongy  
bone

H aversian
canal

Volkmann's canal

F igure  3-1. Structure of bone in micro scale
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Table 3-1: Cortical bone fracture toughness results for transverse and longitudinal 
orientations.

Bone Crack Direction K. Ref
Bovine Femur Transverse 5.810.5 [81]
Bovine Femur Transverse 3.48-5.05 [79]
Bovine Tibia Transverse 4.53-6.64 [79]
Bovine Tibia Transverse 6.5 [80]
Bovine Femur Transverse 5.7±1.4 [82]
Bovine Tibia Transverse 11.2 [83]
Bovine Femur Transverse 2.2-4.6 [84]
Bovine Femur Longitudinal 2.3-2.89 [79]
Human Tibia Longitudinal 4.05-4.32 [85]
Bovine Tibia Longitudinal 6.29-6.73 [85]
Bovine Tibia Longitudinal 3.2 [80]
Bovine Tibia Longitudinal 6.3 [86]
Bovine Tibia Longitudinal 4.5-5.4 [87]

The objective of this review is to acquire an idea about the value of the critical 

distance of bone, as well as the relationship between critical distance in the longitudinal 

and transverse directions.

Work-to-fracture, bending and tensile tests are methods that have largely been 

applied in to cause cracking in one of two different directions, transverse (L-R) and 

longitudinal (C-L) as shown in Figure 3-2. Various workers, including Bonfield et al 

[84] and Robertson [82] have conducted tests on bone samples containing cracks or 

very sharp notches, which give similar results in practice. This work has shown that, 

within certain constraints, traditional fracture mechanics concepts can be used to predict 

the effect of crack length on fracture stress. There is no obvious way, however, in which 

fracture mechanics theory can be applied to consider features which are not cracks or 

very sharp notches, features such as circular or elliptical holes, square holes, spherical 

cavities, and blunt notches.
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Figure 3-2. Different orientations of specimens of bone according to ASTM E399, 
here, C-L is longitudinal, L-R: transverse and R-C tangential.

3.2. Previous Work Measuring Toughness and Critical Crack Size in 

Bone

Bonfield and Li [88] studied the fracture characteristics of bone under impact and 

tensile loading in 1966. They showed that the fracture properties of bone are a function 

of orientation and are also notch sensitive. They illustrated that the presence of cracks 

on the surface significantly reduces the energy absorbed during the fracture of bovine 

femur and tibia under impact conditions independent of direction. Study of the 

dependency of fracture factors on temperature demonstrates that strength of bone is 

very dependent on temperature within the range of -70“C and 100°C. The maximum 

strength is at 0“ when the specimen is parallel to the bone axis (longitudinal). These 

results agree with other results reported in the literature [89]. They performed the 

experiments at the temperature range of 3-50°, and showed that the maximum fracture 

toughness take place at 0°.
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The fracture of bovine femur was studied by Piekarski at two different strain rates, 

using the three point bending test [90], with specimens having a crack perpendicular to 

the long axis of the bone (transverse). This is the first published data about the critical 

crack length of bone. He applied the Griffith crack theory to obtain the critical crack 

length using typical values for fracture stress (-lOOMPa) and elastic modulus 

(~20GPa). The critical flaw size for the slow-controlled crack propagation and fast- 

uncontrolled propagation was calculated to be 76.5 mm and 1.3mm respectively. As a 

76.5mm long crack can not exist, he suggested that slow crack propagation is 

essentially a “pull-out” type mechanism which needs a great amount of energy during 

the fracture, therefore Griffith theory does not apply. He observed, however, that a 

rapidly propagating crack has the typical appearance of a brittle fracture, but there was 

no pre-crack length of 1.3mm in the internal discontinuities they had seen.

Bonfield and Datta [84] in 1976 looked at tensile specimens of bovine bone, with a 

gauge length of 24.5mm, a width of 18mm, a thickness of 2mm, and transverse crack 

direction. The experiments were at a strain rate of 3x10“̂ sec"'. They found a linear 

relationship between the fracture stress and for a crack length range of 1.25 to 

14mm as follows:

In which A=2.6 and B=13.5MPa are constants. For un-notched specimens

tested under identical conditions a mean fracture stress of 120 MPa was obtained. The 

critical crack length (intrinsic crack length) was calculated for the edge of the crack as 

0.37mm by substituting the fracture stress of intact bone into the equation 3-2.

They also showed that the fracture stress was approximately independent of the 

crack tip radius. This research gave a value of 2.2-4.6 MNm'^^ for fracture toughness. 

Furthermore, they applied the notch factor to their result and found a value of 0.34mm, 

but as the critical distance is a material property and thus independent of notch size, the 

value will be used before applying the geometry factor.
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V-notched specimens of bovine bone with the crack in transverse direction were 

tested at a temperature of 37° by Robertson (1978) [82], using three-point bending. A 

critical crack length, perpendicular to the tensile stress axis, was determined to be 

0.36mm at the strain rate of 7x10'^ to 3x10’̂  sec'^ Experiments using three different 

types of specimens: (1) notch, (2) notch with a pre-crack at the root of that, and (3) 

without notch (natural cracks), illustrated that the existence of a pre-crack does not have 

a significant effect on fracture toughness.

Behiri and Bonfield, 1984[86], studied the effects of density, thickness and crack 

velocity for cracking in the longitudinal direction in bovine tibiae. They found a 

significant dependence of fracture toughness and strain energy release rate on bone 

density, whereas Kc increased from 2.2 to 4.82MNm' '̂^^ when the density increased 

from 1.85 to 2Mgm '̂  ̂ . Variation in thickness of specimens (0.5-2mm) did not have 

any effect on fracture parameters. The absence of a thickness effect for bone in the 

range of 1.85-3.8mm was demonstrated by Wright and Hayes (1977). They also found 

that, for a given density, increases in the crack velocity between 1 and 120xl0'^ms'' 

cause an increase in Kc from 2.8 to 6.3 MNm'^^ .̂

Moyle and Gavens analysed bovine plexiform tibia with different crack length (4- 

12mm) and tip radii in the transverse direction[83]. They found the same form of 

equation as Bonfield and Datta (1) with different constants (A=7.12 and B=54.2MPa). 

Their results showed a large effect of crack length on the fracture stress, as it decreased 

from 54.2MPa to 8.12 MPa when the crack length increased from 4mm to 12mm. The 

crack tip radius had no major effect on fracture toughness. They found a mean fracture 

stress of 112.7±5.9 MPa for un-notched specimens. Using this fracture stress value and 

equation 1 with new constants (A and B) they obtained 11.2MNm' '̂^  ̂and 1.8 mm for Kc 

and intrinsic flaw size respectively. They mentioned that there are no naturally 

occurring voids of the size of this intrinsic flaw in the bone. In fact in plexiform bone, 

due to the lamellar structure, the vascular canals lie around the circumference of the 

bone. The cracks in the specimens propagate parallel to these canals and they may act 

as extension of the crack tip.
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Silvia and Fortes (1987), also found the linear relation between the fracture stress 

and c '̂ ,̂ with the constants A=4.77, B=39.51 (MPa) and the mean Kc of 5.9±0.72 

MNm'^^ [̂9]].

Bonfield (1987) compared their results for critical crack length with those of Moyle. 

He stated crack paths as a reason for the significant difference between their results and 

Moyle’s for Kc and critical flaw size. Bifurcation in the Moyle and Gavens specimens is 

in contrast to the relatively straight, single crack produced in the Bonfield and Datta 

tests. The intrinsic flaw size estimated by Moyle and Gavens is also beyond the scale of 

any natural flaws.

Another reason for this difference could be due to the difference in structures of 

specimens as Moyle and Gavens had used plexiform bone and Bonfield and Datta used 

Haversian bone. Norman et al [85], compared the fracture toughness and strength of 

bovine tibia and human Haversian bone. They found a ratio of 1.5 between strength of 

bovine tibia and human Haversian, but their fracture toughness is proportional to their 

strength, implying that the critical distance of human bone equals the critical distance of 

bovine tibia. This is an interesting result, as the microstructures of these two types of 

bone are different. It will be shown below that the same critical distance can be used for 

both types of bones.

It was also found that, for controlled slow crack propagation, fracture toughness 

increases from 3.2MNm'^^ for fracture in the longitudinal direction to 6.3MNm'^^^ for 

fracture in the transverse directi on [3].

Behiri and Bonfield published the fracture toughness value of bone in different 

orientation from longitudinal to transverse. They performed tests on specimens with 6 

different angles respective to the long axis of bone. They found that fracture toughness 

increases from 3.2 to 6.5 MNm'^'’̂  with variation in orientation from longitudinal to 

transverse [80], These values agree with the result from Melvin and Evans (1973). The 

fracture toughness of bone in longitudinal and transverse direction were found to be as 

3.21 and 5.58MNm'^^^ respectively [92], Unfortunately, they didn’t publish any data 

about the fracture stress of bone by variation of orientation.
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Lucksanasombool et al[79] compared the longitudinal and transverse fracture toughness 

using the single-notch bending test. They reported values of 3.4810.33 MNm'^^^ and
■yi'y

2.30±0.27MNm‘ for transverse and longitudinal fracture respectively.

Reviewing all the above papers, two different ranges of the critical distance of bone 

in the transverse direction were found. The disparity between these two critical 

distances is significant. The first agrees with the Bonfield and Datta’s results, giving 

values of about 0.36mm. This critical distance is similar in size to the microstructure of 

bone. The other range is about 1.3mm which agrees with M oyle’s results.

The linear relationship of equation 3-2 was reported by several researchers with 

different constants as mentioned above. This equation is the form of Griffith equation 

for finite width specimens. In this equation B is the same unit as stress and

If we assume <7  ̂ =  -f- B then equation 3-2 changes to:

'  A - 1 / 2  - U 2
( j f = A . c  = — -C (3 -4 )
 ̂ iK

Which, is the same relation as Griffith.

Equation 3-4 implies that, in order to calculate the critical distance, a corrected fracture 

stress has to be applied.

The ratio of fracture toughness in the transverse and longitudinal directions is about 

2 and the tensile strength of un-notched specimens is almost the same ratio (typically 

120/50). Therefore, because the critical distance related to the ratio of fracture 

toughness to tensile strength, it could be expected that the critical distance in the 

longitudinal and transverse directions will be approximately the same.
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3.3. Predicting Bone Fracture Using the TCD

A catastrophic fracture of bone after loading with limited plastic deformation or 

micro-cracking demonstrates the brittle fracture in bone. The TCD can be employed to 

analyse this type of fracture as it has been shown for other materials. Here, effects of 

holes and notches on strength of bone are studied. This is particularly relevant when a 

long bone contains transcortical hole subjected to bending or torsion. This study would 

be useful when we face surgical problems such as the attachment of plates or fracture 

fixation devices, as it can suggest the appropriate hole size to reduce the effects of stress 

concentrations.

Data from tests carried out in tension (Bonfield and Datta)[84], bending 

(McBroom) [93] and torsion (Brooks) [94] are studied. It is assumed that mode I 

fracture will occur under these three loading conditions. The effective stress, therefore, 

is the first principal stress. The fracture line and the type of bone used for each test are 

different, therefore the critical distance is not assumed to be constant for the various 

cases.

3.3.1. Methods

The critical stress CTq to be used in the TCD analysis is defined by T (ratio between 

the critical stress and the ultimate tensile stress) which is assumed to be a constant for 

bone. The critical distance may change with orientation and type of bone. Here, three 

sets of experimental data (tensile, torsion and bending) were employed.

In accordance with previously-established procedures for the TCD, stress/distance 

curves were drawn, starting at the locations of maximum stress (i.e. the surface of the 

hole or notch) and moving in a direction perpendicular to the direction of maximum 

principal stress. The stress parameter used was the maximum principal stress as this is 

normally the factor which controls brittle fracture.

The two material parameters L and T were varied systematically in order to optimise 

the accuracy of the predictions. In this regard attention was paid to minimising the
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least-squares fit to the individual data points whilst maintaining key features of the 

results, especially the differing effects of small holes in torsion and tension.

3.3.2. Tension

In the Bonfield and Datta tests[84], tensile specimens with gauge length of 

25.4mm, a width of 18.0mm and a thickness of 2.0 mm, were prepared from 2-3 yr old 

bovine tibia section. A slit perpendicular to the tensile axis of width 0.38mm (with a 

range of lengths from 1.25 to 14.0mm different specimens), was drilled from the 

midpoint of the specimen edge (Figure 3-3). The tip of each slit had a constant radius of 

a curvature of 0.38mm. For the FEA we made a half model (Figure 3-4) containing the 

gauge length of the specimen as shown in. Bone was modelled as an orthotropic 

material as table 3-2.

o
T

ie.o o
Longitudinal direction of l>on«

- 25 ,4000-
\

F igure 3-3. Tensile specimen used by Bonfield and Datta 1976. The tensile axis of the 
specimen coincides with the longitudinal axis of the bone from which it was taken.
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F igure 3-4. Finite element model of tensile test performed by Bonfield and Datta 1976

Bonfield and Datta performed the test such that the crack grew perpendicular to the 

tensile loading. They did not employ the data when the crack grew in other directions. 

A line from the crack tip perpendicular to the loading direction was used as the fracture 

line. With this assumption there is no shear stress acting on the fracture line. It turns the 

problem to a mode I fracture. The critical stress is assumed to be the ultimate stress 

which was reported as 120MPa.

3.3.3. Torsion

Bone usually breaks under tension. When bone is loaded in torsion, it also breaks on 

planes of maximum principal stress. The torsional model which was examined here is 

based on Edgerton and co-worker’s experiments[95]. Hipp et al[96] presented a simple 

model of bone to study the effect of the transcortical holes; he showed that a nonlinear 

model can predict the Edgerton’s result better. The same as presented by Hipp et al was 

employed in this study.
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The basic model which served as the foundation for parametric consisted of a 

cylindrical tube with inner and outer diameters equal to the average endosteal, 12.8mm, 

and periosteal, 19.6 mm diameters of the sheep femoral tested by Edgerton. Torsion 

was applied by fixing one end and applying distributed torsion loads to the opposite 

end. The loaded end was also constrained to rotate about the centre of the cylinder, 

simulating typical boundary conditions for an in vitro torsional test. Six different hole 

sizes were modelled, with the hole size varying from 10% to 60% of bone diameter. 

The experiments showed that the crack initiates and propagates at a 45° angle. It was 

therefore assumed that the fracture line is the line maximum principal stress. This is a 

uniaxial fracture problem as the only stress on the fracture line is the tensile stress. A 

linear orthotropic material using data from Van Buskirk et al [97] (Table 3-2 ) was 

applied to the FE model. In the case of elastic-plastic model they used an isotropic 

model with the yield stress of 129MPa.

Table 3-2: Orthotropic elastic constants of bovine femoral bone, Van Buskirk et al,

El=21.9 GPa N23=0.38 G23=5.29 GPa
E2=14.6GPa N13=0.206 G 13=6.29 GPa
E3=11.6 GPa N 12=0.307 G 12=6.99 GPa

Figure 3-5 shows a bone containing a hole, loaded in torsion. In this case the 

stress/distance curve is evaluated on a line in a plane at 45° to the bone’s axis, as 

illustrated in this cut-away diagram.
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Critical
line

Figure 3-5. Example of the use of finite element analysis: stress-distance information is 
obtained on a line drawn from the hole surface in the expected direction of crack 

growth (at 45° in this example of a bone tube loaded in torsion). Note that the FE model 
has been cut away here to illustrate the plane on w'hich the critical line is drawn. 1, 2 

and 3 represent the longitudinal, circumferential and radial orientations of bone
respectively.

3.3.4. Bending

Here the data from McBroom et al f93] who tested whole femora of 52 adult dogs 

under bending was used. To study the bending, three dimensional finite element 

models were generated. An idealized geometry was employed to simplify the finite- 

element mesh based on an assumption of tubular geometry for the diaphysis of the 

canine femur. The holes created in the femora with the drill bits were cylindrical holes 

through one cortex. The idealized geometry, under bending loads as in the experimental 

model, contains two symmetry planes. With the proper boundary displacement 

constraints this allowed for representing the tube and hole using one quarter of the full 

geometry. The inner and outer diameters were 14.64mm, 19.7mm respectively. The
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hole sizes varied between 10% to 70% of bone diameter. The distance between the 

outer and inner pairs of supports was 210 and 76mm respectively (Figure 3-6).

Figure 3-6. Schematic of 4-point bending test on bone

3.3.5. Results

It was found that all data could be predicted with reasonable accuracy using a single 

constant value of the parameter T of 1.33, and values of L which varied only slightly, in 

the range 0.32-0.38mm.

Figure 3-7 presents the experimental data of Bonfield and Datta, who tested tensile 

specimens containing notches of varying length with a constant root radius of 0.38mm. 

The fracture stress is plotted as a function of the inverse square root of notch length, in 

which form there is an approximately linear relationship. Predictions are shown using 

L=0.38mm with two different values of T: 1.0 and 1.33.
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Figure 3-7. Bonfield and Datta's experimental results: fracture stress as a function of 
the inverse square root of notch length. Predictions using the TCD with T=1 and 

T=1.33, using an L value of 0.38mm in both cases

Figure 3-8 shows the experimental data of Edgerton, for whole bones containing 

holes and loaded in torsion; fracture stress (expressed as a percentage of the strength of 

intact bones) is plotted as a function of the hole diameter, normalized by dividing by the 

diameter of the bone. The figure also shows TCD predictions using L=0.32mm and 

T=1.33. Also shown are two predictions due to Hipp et al[96], in which failure was 

predicted based on the maximum stress at the hole surface, calculated using either a 

linear or a non-linear material model.
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Figure 3-8. Prediction of the effect of hole diameter on torsional strength of whole 
bones, using T=1.33 and L=0.32mm. The predictions are compared with the 

experimental results of Edgerton and the linear and nonlinear predictions of Hipp

Figure 3-9 shows results for holes in bending [93], using a similar format to the 

previous figure. Predictions were made using T=1.33 and L=0.37mm. The general trend 

was well predicted, as was the position of the data for small holes; there was a slight 

systematic error for larger holes, whereby the fracture stress was underestimated by 20- 

30%. A larger value o f critical distance can estimate the effect of larger holes but it 

does not accurately predict the effects of the small holes. In the presence of the large 

holes, the tensile damage zone meets compressive damage zone. The damage area, 

therefore, is much larger and it leads to a larger value of critical distance.
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Figure 3-9. Experimental data and TCD predictions for the effect of hole size on 
bending strength. T=1.33 and L=0.37mm

3.4. The Toughness of Short Cracks

In some substances, the microstructure is formed such that it becomes more difficult 

for a crack to grow as it gets longer. This especially can be seen in composite materials. 

Different mechanisms cause this kind of crack-growth resistance, including micro­

cracking, blunting, and bridging. In some materials, such as bone, the failure 

mechanism varies with orientation due to their microstructure.

Fracture mechanism of bone can change from brittle to quasi-ductile[98]. When the 

crack is advancing in a direction perpendicular to the osteons, resistance against crack 

growth is highest. This is because of the different mechanisms[99], such as bridging 

flOO]or crack deflection[101].

Plane strain fracture toughness increases with crack length and then it becomes 

constant for a long enough crack length. This constant value of fracture toughness, Kjc,

43



Chapter 3 Brittle Fracture of Bone

is no longer a function of crack length and is a material property. The TCD can be 

employed to explain the effects of short cracks[12, 14],

Here, the effects of short cracks in bone are predicted using the TCD. This is the 

first time that this theory is utilized to study the R-curve of bone, i.e. the curve showing 

the increase of toughness with crack length. Experimental data from the literature are 

employed. In all cases, the W estergaard equation for the stress field ahead of the crack 

is used.

3.4.1. Experimental data and predictions

Mullins et al [37] measured fracture toughness of bone in the transverse direction 

for short cracks using nano-indentation. Figure 3-10 shows predictions of their results 

using the TCD. The prediction has been done using L=0.38mm as used in the previous 

predictions, and a long crack toughness Kc=5.5 M Pa(m )’̂  ̂ which is typical of values 

found in the literature, for tests in which crack propagation occurred in the transverse 

direction [3]. It can be seen that this approach accurately predicts the results of Mullins 

et al [4], The same approach, with the same material constants, also predicts data from 

Lakes et al [5], who tested bone samples containing small, sharp notches oriented in the 

transverse direction (Figure 3-11).
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Figure 3-10. Predicted variation of fracture toughness with crack length, compared to
data from Mullins
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Figure 3-11. Transverse R-curve of bone, comparing the TCD predictions with Lakes
experimental results
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The TCD was also employed to predict the effects of short cracks under fatigue 

loading in bone. Figure 3-12 shows predictions of the AK required for a da/dN value of

3-6 X 10'* mm/cycle, compared to experimental data compiled by Kruzic et al [102],
1 nThe value of L=0.38mm and the published long-crack AK value (0.95MPam ) were 

used for prediction. Again it can be seen that the predictions are very accurate. The 

cracks tested here were small, semi-elliptical surface cracks.

as

-8Figure 3-12. Predictions of the AK for a fatigue crack growth rate of 3-6x10" 
mm/cycle using the TCD, compared to experimental data from Kruzic

3.5. Effects of Thickness

Kic represents the fracture toughness under plane strain conditions. When the 

specimen is not thick enough to satisfy the plane strain conditions, the fracture 

toughness is much higher than Kic, therefore the critical distance will be affected by the
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thickness of the specimen. It has been shown that the critical distance of plane stress 

specimen in metal can be as much as 7 times higher than plane strain[4]. Bone stop 

being in pure plane strain when the thickness is less than 6mm. The bone behaves 

between plane strain and plane stress until a much smaller thickness[85].

Figure 3-13 shows the variations of critical distance with thickness of bone when the 

crack was propagating in the longitudinal direction. These are based on data from 

Norman[85]. It is seen that the critical distance is much higher than the plane stain 

critical distance as an effect of the specimen’s geometry. The graph also shows the 

effect of the crack length propagation on critical distance.
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Figure 3-13. The effect of thickness (B) on the critical distance (L) for bovine bone in 
three different stages. Plane stress stage (B <3 mm), transition stage (3 <B < 6 mm) and 
plane strain stage (B > 6) .The data also show the effect of crack propagation length on 

critical distance. L : plane strain critical distance(4.32MNm"^'^^), a; crack length, w;
width of specimen

Nalla et al [103] measured the R-curve of bone for specimens with 3mm thickness. 

In fact, the fracture toughness is much higher in this case, as well as the critical
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distance. On the other hand, what they measured was not the absolute crack length but 

the crack extension, commencing from a starter notch of several millimeters in length, 

with the crack growing in the longitudinal direction. Their Kic/a relationship is much 

more linear and does not level out to a constant long-crack value. The fracture 

toughness typical value of 4.5MPa.m^'^ was chosen and the critical distance was 

changed to get the best fit. Figure 3-14 . The results show that a critical distance of 

2.5mm can predict the R-curve. It is almost 6.5 times larger than the critical distance of 

a plane strain specimen.

4.5

3.5

2.5

TCd prediction (PM) 

Nalia (2D04)

0.5

Crack Length (mm)

Figure 3-14. Predicted R-curve for plane stress specimens, compared with data from
Nalla et al (2004)

3.6. Nanoindentation and the TCD

Since we are able to predict the toughness of short cracks, measured by indentation, 

using the TCD then we have to be able to fmd the critical distance using the 

nanoindentation data. Performing the test on small samples is an advantage of 

nanoindentation test compare to other tests. The need for a large sample size is the
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disadvantage of this method. It was shown earlier that the critical distance approach can 

be employed to study the effects of short cracks in bone.

It was seen that the PM is capable of predicting the effect of short cracks on 

toughness. The LM predicts the similar results. Figure 3-15 comparing the toughness of 

short cracks predicted using the PM and LM. The graph also demonstrates that the 

minimum crack length for the long crack assumption is 7 times larger than the critical 

distance (less than 5% errors in toughness), in this section the LM is employed as the 

equations are simpler than the PM. Using the Line Method the toughness of short 

cracks can be calculated as follow:

0.8

 PM

 LM

cL

Figure 3-15. Prediction of relative toughness for short cracks using the line method and 
point method. The y-axis represents the ratio between the toughness and fracture 

toughness. The x-axis represents the ratio between the crack length and the critical 
distance. It shows that two methods predict roughly similar results.
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K. = ̂ icJ T (3-5)
V c  +  L

With rearranging the above equation states that there is a linear relationship between

j /  2 1/c.K  ̂cm

K r L
+  (3-6)

With using the data from M ullins et al [37] and equation 3-6 w'e can estimate the 

fracture toughness and critical distance. Fitting a line between the data (Figure 3-16) 

gives the Kc=8.7 MPam°'^ and L=1.38mm. This error was expected as all data are for 

short cracks. A larger sample size is required for more accurate results. Longer crack 

will reduce the errors as the critical distance give better predictions for long cracks; 

therefore it is suggested to use a bigger indenter to produce larger cracks.
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Figure 3-16. There is a linear relationship between Kcm'^ and 1/c obtained using 
nanoindentation as it was expected by the TCD. The intersection with y-axis and the 

slope of the fitted line represent Kc'^ and L.Kc'^
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With changing the fracture toughness, the critical distance value changes to find the 

best fitted line using the nanoindentation data. The fracture toughness of bone in 

transverse direction was reported between 4.5 and 6 MPamO.5, these values give the 

critical distance range of 0.25 to 0.46mm. The average value of fracture toughness is 

about 5MPam0.5 which gives the critical distance of L=0.32mm.

3.7. Discussion

The results show that good predictions can be made using this theory. In regards to 

the material parameters, a constant value of T (1.33) could be used, and values of L 

varied only slighdy (0.32-0.38mm). The critical distance is expected to be a material 

constant reflecting the size of the damage zone at failure. Works which have been 

carried out on other materials suggest that the value of L is related to the size of 

microstructural features which affect crack propagation and thus control toughness. For 

example, L is equal to the grain size for steel failing by brittle cleavage fracture [4]. In 

the tests discussed here, cracks propagated in the transverse direction (or 45° to it in the 

case of torsion), cutting through the longitudinal structural units such as osteons. The 

size and spacing of osteons is of the order of 0.2mm, so our result for L implies that 

these have a significant role in bone toughening, as suggested previously by Nalla et al 

[104]. The slightly different value of L which was found for torsion testing may be due 

to the different orientation of crack growth (nominally at 45° to the bone’s axis), though 

it may also be due to other factors, such as age, species, etc. Our results are also in 

agreement with recent data showing that the measured toughness of bone increases with 

increasing crack length, up to crack lengths of several millimeters [105, 99], due to the 

involvement of increasing numbers of toughening units (osteons) as the crack grows.

Previous work on the TCD has shown that in some materials, for example 

ceramics[12], the critical stress is the same as the ultimate tensile stress (i.e. T = l), 

whilst in other materials, for example polymers [76, 11], it takes larger values of 2 or 

more. The physical significance of T is unclear, but increased values of T may be 

related to nonlinear material behavior (e.g. plasticity and non-linear elasticity) or to 

inhomogeneity (e.g. porosity), both of which tend to reduce the effect of a stress 

concentration below that predicted by a simple linear, homogeneous material model
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[93, 106], Bone displays some porosity, and a small amount of non-linear deformation 

behaviour before fracture, which explains why its T value is slightly larger than unity.

The intrinsic crack length, mentioned above, is essentially the same as L if 

calculated assuming T = l. This explains why Robertson and Bonfield & Datta both 

calculated intrinsic cracks lengths similar to our L values. These researchers assumed 

that the intrinsic crack length corresponded to actual cracks that were pre-existing in the 

material, whose propagation caused failure during a simple tensile test. This is not 

exactly valid because cracks of this length will not conform of linear elastic fracture 

mechanics, especially at loads above the material’s yield strength. Our work provides a 

more precise interpretation for this length parameter; it relates to the size of the damage 

zone just prior to fracture, a parameter which is in itself connected to the material’s 

histological structure, and especially to those features which cause improved toughness, 

such as osteons.

The critical distance method can predict an interesting effect of loading type: 

small holes have a much stronger effect when loaded in bending (essentially creating 

tensile loading at the hole) compared to torsion (creating shear loading). This 

distinction is important because our bones are loaded in both bending and torsion, to 

varying degrees depending on the bone itself and the activity in question. The source of 

this difference is the higher gradient of stress created by the torsion loading. The fact 

that the theory can predict the effect of these two types of loading separately implies 

that it will also be able to predict fracture under combined bending and torsion, since 

the analysis will involve only the superposition of the two linear elastic models.

This work has shown that the TCD can predict some important short crack 

effects in bone. The significance of this finding is twofold. Firstly, the approach has 

practical applications, for example it can be used to estimate the effect of defects such 

as microcracks, which are known to exist in bone. This can be useful in the treatment of 

stress fractures in professionals and fragility fractures in older people, and in 

understanding “brittle bone” conditions such as osteoporosis. Secondly, the result helps 

in our fundamental understanding of bone’s mechanical behavior.
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Data from Nalla [103], could not be predicted using the critical distance range 

of 0.3-0.4mm. A reason for that could be the thickness of the specimens. The thickness 

is very low and causes plane stress conditions in the material[85]. Plane stress increases 

the value of critical distance[4]: here is seen that a much larger critical distance was 

able to predict these results. Furthermore, a different mechanism may be operating. The 

cracks tested by Nalla et al were growing in the longitudinal direction, which is 

approximately parallel to the osteons, but in practice the orientation of individual 

osteons varies, lying typically at 10-20° to the longitudinal direction, and in some cases 

up to 30°. Thus, it is possible that some osteons remain unbroken and pass through the 

plane of the crack, causing toughening by a bridging mechanism, as observed by Nalla 

et al. This suggests that the operative value of L in this case will be much larger than 

that for cracks in the transverse direction. It has to be taken in consideration that the 

critical distance is sensitive to the strain rate and temperature. In order to have a 

complete set of data for this case one would have to examine much longer crack 

lengths, and currently these data are not available.

3.8. Conclusions

The Theory of Critical Distances (TCD) can be applied to predict the effect of holes, 

notches and other stress concentrations on the fracture of bone. It is simple to use in 

conjunction with linear elastic finite element analysis and therefore can easily be 

employed to study problems of clinical interest.

Using three sets of data from the literature, the critical distance L was found to be 

almost constant, ranging from 0.32 to 0.38mm; the critical stress was found to be 

slightly larger than the material’s UTS, by a constant factor T=1.33. This factor 

probably arises due to the non-linear and inhomogeneous material behavior displayed 

by bone.

The critical distance values were not significantly different for the transverse 

direction (bending and tension) and 45° (Torsion). It is expected that the value of the 

critical distance, does not vary greatly with changing the direction in spite of
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differences in the toughening mechanism. It had also been shown that for composite 

materials the critical distance does not changes along or across the fibers[76].

The TCD can predict the effects of short cracks and thickness in bone. It is useful to 

study the effect of natural voids in bone as well as fragility and osteoporosis.
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CHAPTER 4. Indentation: Prediction of Cracl< Initiation

In order to study fracture mechanics, there are two major problems that first need to 

be addressed- crack initiation and propagation. O f these two, crack propagation has 

been well-researched [28, 27, 107] but the crack initiation is still a large issue that 

demands further study. In brittle materials, the failure generally occurs and propagates 

at a void, crack or peipendicular to loading direction. In the case of indentation, 

initiation is more complicated because of the extremely high stress gradient in the 

contact near field. The flaws on the surface concentrate the stress on the surface of 

material due to contact; therefore, there is a certain dependence on the surface flaw and 

microcracks [28]. In addition, very high stress concentrations stem from the shape of 

indenter and contact between indenter and substrate material due to the high pressure 

gradient and local geometry. Here we call those “singularities”. The aim of this work is 

not to study the effects of the surface flaws on the fracture, but the effect of the 

geometry on the fracture load. It is assumed that there is no pre-crack on the surface to 

cause stress concentration and then the fracture. It is also assumed that the indenter tip 

does not make any crack on the surface at the contact point. In other words, the indenter 

is not sharp enough, it has a smooth surface, and also the cutting conditions do not 

make an initial crack. In the indentation, it will be shown that high stress gradient spots- 

singularities- can be analysed to predict the fracture force using the TCD.
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4.1. Summary of the Experimental Results

Indentation tests were carried out on 8mm cubes of cortical bone from bovine 

femora, indented in three directions with different blades. The indentation was 

performed at a rate of 2mm/min at room temperature.

Indenters were wedges made from stainless steel with 8mm depth. Various indenters 

were employed for tests. The wedge indenter is defined by wedge angle and tip radius. 

Different angles of 20°, 40° and 60° were picked. In surgery, small angles of about 20° 

are used, but here we were interested in effects of the wedge angle on cutting. Four 

different tip radii were considered, one of which was very sharp (we call that here 0)J,m, 

but the radius is in fact about 8|im), also 50)im, 300|J.m and 700|J.m. The 300 and 

700|im indenters were very blunt. Indenters were lubricated before each test such as to 

reduce the friction between materials. From this point forward, by stating 20°-300|J.m 

blade, we mean a blade with a wedge angle of 20° and tip radius of 300|J.m.

Figure 4-1 shows the device used to hold the specimens. 1mm at each side, at the 

bottom of each specimen, was constrained using the holder. The experimental results 

demonstrated that the velocity of the indenter did not have a marked effect on the 

fracture load when the loading rate changed between 2mm/min and 50 mm/min: all 

tests thereafter were performed at 2mm/min.

mu

Figure 4-1. Specimen holder for the indentation tests
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Indentation tests were psrformed in three different directions as shown in Figure 

4-2, which shows the orientation of the specimen and of the indenter, with respect to the 

bone tube.

Direction of Osteons

T angentia lLongitudind T ra n sv en e

Figure 4-2. Different indentation directions ( longitudinal, transverse and tangential)

The surface of a brittle material generally contains a wide distribution of 

microcracks. Some of these may control the main crack nucleation and propagation. 

Also from the work in the previous chapter, we would expect that microcracks of length 

much less than L will have no effect on the strength of the material, so the surface 

roughness and surface flaws were kept at values much less than L. To do this, there was 

an attempt to improve the surface of specimens before testing. During the indentation, 

a critical stage will be reached at which point microcracks initiate and one of them will 

suddenly extend and cause a fracture. The aim of this research is to predict this critical 

load. Experiments showed that the crack initiates and grows in parallel with the 

longitudinal direction of the bone, which is roughly the same as the osteons’ orientation 

and the weakest direction in the bone. It is independent of the indenting direction.

Bovine femora were obtained from 30 months old animals. W hole bones were 

stored at -18°C until the day of specimen preparation. Before preparation, bones were 

allowed to thaw under a damp cloth. Beams of 8mm wide and 100-120mm long were 

taken from a medial surface. They were prepared at low speed to reduce heat and bone
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damage. Between 8 and 10 specimens were cut from each beam. These bone cubes 

were stored in individual bags in the freezer.

4.2. Indentation Fracture and Cutting: Background

The study of the indentation and cutting fracture are of fundamental for the 

understanding of failures mechanism of materials. Understanding the mechanism of 

indentation fracture and cutting helps for the advance of indenters and cutting tools. The 

minimum cutting force and damage with the smooth surface are desirable in cutting 

process. This is a concern especially in surgery for an easier cut with less damage on 

the tissues. The Cutting is an special case of indentation when the indenter becomes 

sharper, therefore understanding the indentation fracture mechanism help us to gain a 

better understanding of cutting.

Finite element models have been developed for indentation [21]. The finite element 

method has proven to be an excellent approach for solving elastic-plastic related 

problems which give a quantitative estimation for the indentation stress field [24]. To 

find the cutting force, usually the crack propagation is simulated until the formation of 

an unstable crack which is computationally expensive. The model we will employ is 

based on the analysis of deformation, therefore we will not model any crack.

For an indentation test, it must be noted that the condition of the materials at the 

time of the test are very important. For example, drying has large effects on the 

mechanical properties of bone, as it increases the elastic modulus and hardness of 

interstitial lamellae and osteons. It also reduces the fracture toughness and strain to 

fracture[39].

There has been much research done on indentation fracture at a larger scale. Lawn et 

al., [27] studied different types of indentation. They defined the sharp and blunt 

indenter depending on whether or not there is irreversible deformation at contact. They 

also explained the ductile and brittle fracture of indentation. In the case of ductile 

material, the compressive stress on the shear plane must be high enough to allow the 

material to experience a considerable shearing strain before fracture. Brittle indentation

58



Chapter 4 Indentation: Prediction of Crack Initiation

is completely different and also depends on the shape of the indenter. When a brittle 

material is loaded by an indenter, three different zones are formed. Figure 4-3 shows 

different zones formed by a spherical indenter. A hydrostatic core is formed 

immediately below the indenter, which is due to the high tri-axial compressive stress. 

Outside the compressive zone, a large strain zone is developed due to the pushing 

action of the core. In some materials, tensile cracks may form due to pre-existing flaws. 

Outside these areas, the material behaves elastically.

hydrostatic core

large strain zone

elastic material

Figure 4-3. Three different zones formed during the elastic-plastic indentation

Chiaia [34] studied the cutting process in quasi brittle materials, using different 

hypotheses for microscopic failure behavior, namely a simple frictional mechanism, 

plastic crushing, and linear elastic fracture mechanics. In general, plastic rocks are only 

crushed and penetrated by indenters, giving linear curves, whereas more brittle rocks 

are cracked with the formation of chips, giving nonlinear and discontinuous 

curvesflOS].

In the case of bone indentation using cylindrical indenters, there is an inelastic 

deformation; therefore using the above definition for blunt and sharp indenter is
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confusing. In this thesis as an initial definition we use a relative definition for sharp and 

blunt indenter; the smaller the angle and radius of indenter, the sharper the indenter.

The finite element method is appropriate to determine the contact stress field, though it 

is usually time-consuming.

4.3. Indentation singularities

During the indentation, the material beneath the indenter is under large amounts of 

compression, which is followed by a tensile area at greater distances from the surface. 

In some materials like ceramics, there are no microcracks observed in the compressive 

area, but they are formed in the tensile zone. Therefore the crack initiates and 

propagates from a point in the tensile region [28]. In some other materials, depending 

on the indenter shape, a crack nucleates from a region of the surface of the material 

which is under tension. This tensile spot is at a distance from the contact boundary [27, 

28]. Contrary to these materials, the experiments on bone show that diffuse damage 

zones are formed in the compressive zone but failure occurs from a main crack which is 

started from the contact surface, see Figure 4-4. Indentation fracture of bone is a occurs 

by catastrophic failure, therefore it is expected that this type of breakdown can be 

predicted using the TCD. Figure 4-5 shows the indentation at fracture. It can be seen 

that the main crack starts from the point on the contact surface approximately at the 

boundary. At this point normal stress changes from compressive to tensile. In bone, 

both compressive and tensile failure can occur, but in different ways. Yield stress is 

higher in compression than in tension. Yield damage is microscopically quite different 

in compression from yielding in tension. Also shear lines appear in compression [109]. 

These shear lines show a strong tendency to initiate at large stress concentrators, such 

as blood channels. When the specimen is loaded in the longitudinal direction, the lines 

are formed at angles of 30° to 40° with respect to the long axis. These lines probably 

represent very small scale buckling of lamellae or fibrils in osteonal bones [110]. 

During the indentation a crack, therefore, can be initiated at the stress concentration 

spot when the material is under compression.
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Figure 4-4. Damage zone at fracture for transverse indentation. The damage occurs 
underneath the indenter which is under high level of compression.
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Figure 4-5. Crack initiation spot for 20°-300|im blade for longitudinal indentation. The 
main cracks start at the boundaries of contact.
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Figure 4-6 shows the variation of stress along the contact line for a 300ia,m radius, 

20" angle blade at the fracture force. Looking at the distribution of stress along the 

contact line, it shows a high gradient of stresses. The contact pressure drops at the 

contact boundary to zero. In this thesis, the absolute value of the contact pressure is 

shown in all the graphs however the contact pressure is compressive. The normal stress 

along the contact line is highly compressive and it has a minimum value at the 

boundary of contact. It turns to tensile stress (outside of contact area) and increases 

until a peak value and then decreases gradually. The maximum tensile stress therefore 

occurs outside of the contact area, though the value of tensile stress is large enough to 

cause damage, yet experiments show that the crack rarely initiates from this zone.

800

Shear stress

0.05 015 0.25 0:3

-200

^00

First principal stress
-600

Distance(mm)

Figure 4-6. Variation of maximum tensile and shear stress on the contact surface, for a 
20° angle and 300|im radius blade. The distance is measured from the tip of the blade, 

and follows the material surface as shown in the diagram.
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Assuming that the bone is a homogenous material under indentation makes it easier 

to define the crack initiation position. During the indentation there are some spots with 

a high gradient of stress. We call them singular points, however stress at these points do 

not go to infinity. There are two different types of singularities in a blade- boundary and 

geometric singularities. The former is defined as the place on the contact surface where 

the indenter is separated from the material. At this point stress changes due to a sudden 

alteration in pressure on the material from a finite value (in the contact zone) to zero 

(outside the contact zone). This type of singularity depends on the contact area between 

the two bodies and also their material properties. The latter singular point occurs at the 

point along the indenter geometry where the radius of curvature changes. In fact, even 

for a perfect indenter, with smooth sides, the radius of boundary curvature varies from a 

finite value at the tip to an infinite value at a certain point. This variation in the 

curvature causes a singularity during contact due to changing the pressure distribution 

on the contact surface. Figure 4-7 shows the singularities on the contact surface. As it 

can be seen the normal stress on the contact surface changes markedly as a result of 

shifting of contact pressure at singular points. Singularities concentrate stress during the 

indentation and they are probable locations for crack initiation. It will be shown later on 

in this thesis that, in the case of longitudinal and tangential indentation, the boundary 

singularity plays an important role.
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Boundary
SingularityContact

Pressure Geometric
Singularity.

Geometric
Singularity

Distance
Figure 4-7. Schematic of the variation of first principal stress (Si) and contact pressure 

along the boundary during indentadon defining the two singularities. The distance is 
measured from the indenter dp along the surface of bone.

The maximum tensile stress occurs at a distance from the boundary condidons. For 

example, in a 20°-300|im blade, at the fracture force contact occurs up to a distance of 

0.19mm from the symmetry line and the maximum tensile stress occurs at the distance 

of 0.32mm. It might be expected that the crack initiates from the maximum tensile 

stress point but this does not agree with the experiments, as will be shown below.

As the strength of cortical bone is less in shear than in tension and compression, 

particularly in the longitudinal plane, it would be expected that the crack inidates from 

this point [111-113]. In case of indentation, the main crack starts at the boundary of 

contact for blunt blades. At this point the shear stress reaches the maximum value and 

the compression stress is minimum in value.
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4.4. Effects of Friction

In the previous section, the effects of the blade geometry on the stress were studied, 

along with possible effects on crack initiation. Besides the singularity points and due to 

the geometry of the blades, friction in the contact areas will affect the stress 

distribution. The role of friction is more important for sharper blades. In fact, the crack 

does not always initiate at the point close to the boundary singularities, but sometimes 

at a spot along the contact line. These nucleation spots can be an effect of the friction 

force. During the experiments it was attempted to minimize the effects of friction by 

using lubricants and polishing the surface of contacts. Friction between the indenter and 

bone will change the stress distribution on the surface of the material. Maximum local 

shear and tensile stress points vary with the friction factor. Friction therefore makes a 

new maximum point which, apart from the singularity point, is another probable point 

for crack initiation. Figure 4-8 shows the stress distribution along the contact area when 

the Coulomb friction factor is assumed to be 0.15, which is acceptable when the blade 

is lubricated. It is seen that shear stress reaches a maximum point somewhere along the 

contact line. At this point the normal stress is less compressive than at the boundary 

points, which makes it a more likely place for crack initiation. Therefore, using the 

fracture line starting from this point will change the prediction force for fracture. 

Unfortunately, there are no experimental results to show the effects of the friction on 

the indentation fracture force in bone.
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Figure 4-8. Stress distribution in the presence of friction

4.5. Fracture Line

Crack propagation has been well-studied for many materials and it is well-known 

that maximum tensile stress plays an important role in crack growth during brittle 

fracturef28]. In the case of crack propagation of bone, there is still no global agreement. 

Two general theories are applied to bones. The first one assumes that the crack 

propagates in the direction perpendicular to the maximum principal stress. For example, 

it has been observed that the crack grows at the 45° when it is loaded under torsion [94, 

114]. The other theory states that the crack will grow in the weakest directions [8], 

There are two factors that must be noticed in order to find the weakest plane in the 

bone- loading and structure. Bone strength is weaker under shear than tension and 

compression in a longitudinal direction. In transverse and tangential directions, the 

shear and tensile strength are close[113. 111, 112]. The weakest direction, therefore, 

depends on the type of loading that is acting on the fracture plane. The failure may be 

caused by shear or tension especially in the tangential direction where the difference 

between the shear and tensile strength is small. In this case we say that the crack 

advances in the “weakest possible direction” . The weakest possible direction means the
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weakest plane on which there is enough stress acting to cause failure. From a structural 

point of view, considering the three planes- tangential, longitudinal and transverse- the 

tangential is the weakest while transverse is the strongest. This was confirmed by 

measuring the fracture toughness of a crack growing in each direction[115, 116, 3, 79, 

117]. The fracture toughness for a crack introduced in tangential direction is almost half 

that in transverse. In fact, the resistance of material against crack growth is used to 

characterise the material. Fracture toughness, therefore, is used to find the weakest 

direction in the material. In osteonal bone, cement lines are the boundaries between 

secondary osteons and the surrounding interstitial lamellae in cortical bone. It is known 

that the weakest direction is the plane parallel to the osteons, in the tangential 

plane[l 15]. This is shown in Figure 4-9. Therefore according to the second theory, bone 

fracture should occur in the same direction as the osteons independent of loading.

Figure 4-9. The cement lines form the weakest constituent of bone. Crack propagation 
parallel to the osteons (shown with red lines) can occur much more easily in the 

longitudinal direction. Similarly, if a crack is propagating perpendicular to an osteon 
(horizontal red line), when it reaches a cement line it will change direction, the crack is

blunted.
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In the case o f indentation, the first theory is not applicable, as the m aterial is under 

high am ounts of com pression at the contact area where the crack starts. The second 

theory correctly predicts the direction of crack growth, as will be shown below. In the 

longitudinal indentation, the shear and tensile stress acting on the tangential plane is 

negligible while the longitudinal and transverse plane are under intense shear and 

com pression. It is therefore expected that bone will fail under shear in the longitudinal 

direction. In transverse indentation, there is not as much stress acting in the longitudinal 

plane, but high shear and com pressive stress acting on the transverse and tangential 

plane. In this case, the crack is expected to grow in the tangential plane, which is 

perpendicular to the indentation direction. In tangential indentation, high shear stress is 

acting on the tangential plane, which causes crack propagation in this plane.

Experim ental results concur with the prediction using the second theory. It was 

shown that the crack propagates in the weakest loaded direction o f bone independent of 

the cutting direction. For exam ple, Figure 4-10 shows the crack propagation in 

longitudinal cutting. As expected, the crack grows in the longitudinal direction o f bone.

Inden im ian
direction

Direction of 
iongitudinal 
axis o f bone

Main crack®

Figure 4-10. Crack propagation direction in longitudinal cutting. The m ain crack 
advances in the longitudinal orientation o f bone
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Figure 4-11 shows the crack direction during the cutting performed in the transverse 

direction of bone. During the indentation, many large cracks grew in the tangential 

plane, as it can be seen on the figure. A main crack developed in the tangential plane 

(perpendicular to the cutting direction) and removed a piece of material. The chipped 

off section on the right hand of the figure shows the direction of the crack propagation.

Main cracks

Tangential direction

Figure 4-11. Crack growth during the transverse indentation. The main crack grows in
the tangential plane.

Looking at the shear and normal stress on the fracture line for longitudinal 

indentation at the fracture force demonstrates that on the fracture line the material is 

under high amounts of compression (Figure 4-12). The fracture line starts at the contact 

boundary in the longitudinal direction. (In Ansys, when a path is defined, normally the 

distance is measured in the un-deformed geometry. In this case, we are interested on the 

distance after deformation because of the large deformation. Appendix 2 explains how 

to measure the deformed distance). The shear stress as can be seen in the following 

figure, increases over a small distance and then decreases gradually. The peak in the
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stress curve is due to the fact that the maximum stress happens at a distance from the 

contact surface. The shear stress on this line is higher than the shear strength of bone. If 

we assume that the fracture happens because of the shear stress, then it could be said 

that in the presence of compressive stress a higher shear stress is required for failure.

 ̂ 0

(A

0,2 0.3 0.4 0.5 0,6 0

Shear Stress 

Norm al Stress

Distance jnim)

Figure 4-12. Variation of normal stress and shear stress on the critical line for 20“-700
indenter at the fracture force

Under indentation, part of the material beneath the indenter is under high 

compression. Figure 4-13 shows the contour of maximum principal stress at fracture. 

The indenter 20"-300|J.m is quite blunt, therefore the contact area and compression zone 

are large. In some ceramic materials, however, microcracks were not seen in this 

compression zone [28] but experiments on bone shows that there are diffuse cracks in 

this compression zone. There is a large tensile zone next to the compressive area. The 

tensile stress on this area decreases from the centre (under the indenter) to the sides.
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The tensile stress in this zone, however, is not large enough to cause fracture, but it is a 

probable zone to form microcracks.

Figure 4-13. Contour of first principal stress for the 20°-300)0.m blade

The pressure distribution on the contact surface for the 20°-300)J,m indenter is 

shown in Figure 4-14. As can be seen, in the absence of friction, there is only one 

marked change in the pressure. This means that the boundary singularity is the only one 

present for this indenter before fracture, therefore there is no geometry singularity for 

blunt indenters as it lies out beyond the contact boundary. In other words, it is to be 

expected that there is no effect of angle on the fracture force. This occurs for the 

indenters with large tip radii.

W D&
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Figure 4-14. Variation of tensile stress and contact pressure on the contact surface for 
longitudinal indentation using 20°-300nm indenter. The contact pressure drops to zero 
at the contact boundary. The distance is measured from the blade tip along the contact

surface

The fracture plane is shown in Figure 4-15. It shows that two large cracks grow in 

the longitudinal direction and then converge at a point in the middle of specimen along 

the indenter. It is hard to know why these two cracks join instead of growing radially as 

in a metal under spherical contact. It might depend on the microstructure of bone and 

the maximum shear stress direction and the fact that a crack in the bone tends to grow 

in the weakest plane. As can be seen in the above figure a diffused damage zone was 

formed below the indenter. It is different from some other materials, like ceramics, in 

which diffuse cracks are not formed in the compression zone. There is also a high 

tensile stress below the compressive zone. No microcracks have been seen in this area, 

though the tensile stress is enough to build up the microcracks. This is because of the 

catastrophic crack growth after crack initiation on the surface. This type of growth does 

not give time for microcracks to be built up in the tensile region. The high tensile stress 

in this area can be another reason that the two cracks converge together.
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Fracture Plane

Figure 4-15. Cracks in the longitudinal direction start from the boundary of contact, 
and then they merge and propagate in the longitudinal direction. Inelastic deformation 

at fracture can also be seen under the indenter.

4.6. Conclusion

Indentation fracture in this material occurs by growth of a macro crack nucleated 

from the surface of contact. There is inelastic deformation in bone before failure which 

could be because of plasticity, micro-cracking or crushing. The amount of inelastic 

deformation depends on the geometry of the indenter. Diffuse damage has been seen in 

the compression zone beneath the indenter. As the main crack starts from the contact 

surface which is in the compression zone, it can be said that the shear stress plays an 

important role in the final fracture of bone. The contact singularity spot is defined as the 

first estimation for the crack initiation in the absence of friction. In the next chapter it 

will be shown that the initial point can be estimated as well and it will verify this 

assumption. The crack propagation plane is parallel to the force axis in the case of 

tangential and longitudinal indentation and perpendicular to the indentation direction 

for the transverse indentation. In the next chapter, the ideas developed here about crack
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initiation and crack growth will be applied, along with the TCD, to predict fracture 

forces and other experim ental results.

74



Chapter 5 Indentation Fracture Force

CHAPTER 5. Indentation- Cutting Fracture Force

Analysis of indentation stress fields and fracture cracking in brittle materials have 

been carried out by many researchers following the work of Hertz and Griffith. To 

investigate the bone cutting mechanism, various cutting operations, such as drilling, 

[57, 59, 60, 58], sawing[52] and orthogonal cutting [54, 53, 56] were studied. Also, the 

critical parameters that influence heat generation during cutting were examined. In 

orthogonal cutting, the force components are a function of cutting tool geometry, depth 

of cut, and relative orientation between the cutting edge and bone structure, therefore 

such a study can help to optimize the cutting tools. The ‘specific cutting energy’ was 

defined as the energy to remove a unit volume of bone by cutting. It was shown that the 

specific cutting energy decreases with increasing the rake angle, and speed of cutting 

[53, 54].

Indentation fracture (including nanoindentation) has been widely used to measure 

the mechanical properties of materials, especially the fracture toughness. It has been 

proven to be a useful tool for characterizing the mechanical properties of micro- 

structural components of bone, such as individual osteons and trabeculae[40, 41, 38, 

35]. The micro-indentation technique was also employed to estimate the fracture 

toughness of human enamel [44, 45]. The process of indentation is completely different 

in the case of the brittle materials and depends also on the shape of the indenter [27].
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For example, the required force to produce a crack in bone using a cube-cornered 

indenter is up to 1000 times less than using Berkovich or Vickers tip [32]. Fan et al [36] 

looked at the consequences of anisotropy on nanoindentation measurements for cortical 

bone using a three dimensional finite element model. There was no pile-up observed 

during the indentation [36, 118]. Pile-up in elastic-plastic material is related to the 

young’s modulus, yield stress, and strain hardening [33]. Young’s modulus and yield 

stress are roughly constant for bone, therefore a pile-up phenomenon is due to the lack 

of strain hardening. Thus, it is a fair assumption that by applying strain-hardening to the 

model, it will eliminate pile-up in bone simulation.

Cortical bone has a complicated material structure. Its material properties, however, 

might not be described well by the classical elastic-plastic model, but there is not 

proper material model available for cortical bone. In most indentation FE studies, bone 

was simulated as a classical elastic-plastic solid with isotropic or anisotropic properties 

[36].

Wesley et al [118] looked at the cross section profile of microindentation in wet and 

dry bone using the Knoop pyramid. They found that there no pile-up on the short 

diagonal sides, and a crack formed along the apex of long axis of the microindentation 

in the case of both dry and wet bone. They summarized that indentation compacts the 

material, leaving it locally more dense and fractured.

Indentation on a larger scale on other materials has also been investigated. The 

cutting of wood [119, 31], PMMA [23, 22], bone [54, 55, 50], and needle insertion have 

all been studied to understand the mechanism of fracture, while also improving the 

cutting tools.

Indentation on rocks [108] showed that in general, plastic rocks are only crushed 

and penetrated by the indenter, leaving linear curves, whereas more brittle rocks are 

cracked with the formation of chips, thus yielding nonlinear and discontinuous curves.
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In the previous chapter it was shown that, in the experiments conducted in parallel 

with the present study, the main crack is inclined to nucleate at stress concentration 

spots and propagate in the weakest available direction. Furthermore, the main crack 

starts at the contact zone, which is under high levels of compression and where the 

shear stress is also high and effective. In this chapter, the force required to cause 

indentation fracture is predicted using a specially-devised multiaxial critical distance 

method. Firstly, a fracture criterion model is proposed based on the TCD in 

combination with the Coulomb-Mohr fracture criterion. Then, the unknown parameters 

are estimated using two sets of the experimental results. Subsequently, the model is 

applied to predict the indentation fracture force for the other cases studied 

experimentally. Also, the crack initiation point is estimated using the critical distance 

method and is compared with the experimental observation.

5.1. Multiaxial Critical Distance Theory

Engineering components are usually subjected to a complex loading system. Even in 

many simple loading structures, failure can not be determined by a single tensile or 

shear stress. In simple situations, having a notch or crack mostly results in a multiaxial 

stress field. In other words, the stress on the fracture plane are a combination of shear 

and normal stresses. In some failure approaches, the fracture plane or critical plane has 

been used to predict the multiaxial fracture. The critical plane or fracture plane is the 

plane on which the initial crack forms and grows. In the critical plane approach, it is 

attempted to reduce the stress tensor to a scalar quantity. Here, we call this scalar 

quantity “fra c tu re  stress crite rion”.

The TCD has previously been extended to multiaxial stress fields using the critical 

plane approach, to study metal fatigue problems [9]. For a multiaxial TCD, a fracture 

stress criterion should be defined. This decisive factor depends on the failure 

mechanism of the material under different loading conditions. Unfortunately, there is no 

universally-agreed procedure for failure prediction. In fact, the failure mechanism in 

materials is highly dependent on the type of loading. In most brittle materials, tensile
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and compressive behaviors are very different, therefore many fracture stress criteria 

were defined for given material and loading conditions [120, 9, 121-123, 19]. The 

fracture stress criterion is usually a combination of shear and normal stress acting on the 

critical plane.

Indentation is a multiaxial problem. A complex field of stress, including shear and 

normal stress, is acting on the critical plane. A compressive zone is formed beneath the 

indenter. This compressive stress can not even open a crack but forces voids and cracks 

to be closed and produces friction between the sides of the voids. The shear stress, 

therefore, is playing an important role in causing fracture. The greater the shear stress 

acting on the fracture plane, the greater the compressive stress required to avoid 

fracture. In effect, the internal friction is an important issue which has to be factored in. 

To study the bone fracture, the Coulomb-Mohr criterion was employed, which was 

initially proposed for brittle multi-axial fractures, and which is related to the stress 

acting on fracture planes and inherent friction. The Coulomb-Mohr theory has been 

widely used to model the failure of porous materials, especially rocks [124, 125]. It is 

assumed that the critical stress is a linear combination of normal and shear stress on the 

fracture line, as shown in equation 5-1. The equivalent critical stress is assumed to be 

the nominal shear strength, Xu, as the equation is satisfied if there is no normal stress on 

the critical plane (a).

X and a are shear and normal stress acting on the fracture plane( for more details see 

appendix 4). a  is a material constant which depends on the relative strength of material 

under different stress states. It is related to the tensile (Cui) and compressive (CTuc) 

strength with equation 5-2.

and nominal shear strength, Xu, is related to the shear strength (x) using equation 5-3:

\T\ +  a  • (T  =  T,u (5-1)

(5-2)

(5-3)
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By assuming the typical values for shear, tensile and compressive strength for bone 

as 69, 150, and -250MPa respectively, the material constants are calculated to be 

06=0.35 and Xu=’73MPa.

According to this equation, a greater compressive normal stress is expected to cause 

more friction between the opposite faces of flaws, thus increasing the shear stress 

necessary to cause fracture. As the bone is highly under compression during 

indentation, a high shear stress is expected to act on the fracture plane; this shear stress 

is much higher than the shear strength of bone. It must be noted that this form of 

Coulomb-M ohr criterion is not suitable when the tensile and compressive strength of 

material are similar. In this case the criterion is restricted by some other constraints.

5.2. Finite Eiement l\/lodeling

The elastic stress fields arising from indentations with point loads, spheres, 

cylindrical and flat punches are well-known analytically [24, 29, 26, 23, 36]. For 

elastic-plastic materials, simplifying assumptions are required for theoretical analysis. 

Furthermore, the stress field for more complicated geometries may not be calculated 

analytically. The finite element method, is a useful tool to simulate these indentation 

problems[24, 126, 25].

A 2D finite element model of indentation was created using ANSYS software. Bone 

was modeled as a bilinear isotropic material. The indenter was modeled as a rigid 

material in order to show the difference between Young’s modulus of the indenter and 

bone. Also, it was assumed that there is no damage to the blade during indentation. This 

is a fair supposition because the indenters are used just for a few tests, and also they are 

relatively blunt.

Specimens were cubes of side 8mm. A 2D plane strain model can be employed 

because o f the symmetric conditions. The tests were conducted in displacement control 

(2mm/min), therefore force was measured as a function of displacement. In the 

modeling, either force or displacement can be applied to a model and the other one is
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found from the simulation. These two methods of loading are slightly different when 

the convergence of nonlinear problems is considered. Here, displacement was applied 

to the indenter; reaction force was determined to validate the model. All nodes on the 

bottom surface of the bone sample were constrained in the vertical direction. Along the 

sides for the lower 1mm were constrained in the horizontal direction. A map mesh 

using element PLANE82 was used around the contact area. PLANE82 is an eight-node 

element which is suitable for this analysis due to the bending of elements around the 

indenter. High deformation around the contact area tended to cause a mesh destruction 

error. To avoid this problem a mesh ratio up to 1:2 was used in this region. Contact 

surfaces were modeled using CONTA172 and TARGE169 with standard behavior. The 

penalty method was employed as a solver. Mesh was refined until there was no marked 

difference in the results. (Appendix 2, 3 contain more details of the FE model and a 

sample of the Macros used with it)

5.3. Load-Displacement Model

Here we are focusing on two important points upon which to model the bone 

indentation- load-displacement and pile-up phenomena. These two criteria are 

considered to model the material of bone as an elastic-plastic model. It is well-known 

that pile-up is related to the work hardening of material, yield stress and elastic 

properties[36]. If the elastic modulus and yield stress are known and constant then 

hardening controls the pile-up. Also an elastic- perfectly plastic model for bone predicts 

pile-up along the sides of indenter. There is not a material model that can effectively 

explain the behaviour of bone. Some researchers have used an isotropic hardening 

model to represent the load-displacement and pile-up [36]. Here we assume a lineai 

hardening model for bone. On the other hand, load-displacement depends on the 

material properties, as well as the geometry of specimens. To model the load- 

displacement, it was assumed that the Young’s modulus of bone is roughly constant anc 

also the moduli of elasticity in tension and compression are the same[127, 106], then foi 

the given dimensions of the specimens, we found the yield stress and tangent modulus 

as the best fit for prediction with experimental results. A bi-linear material behavioui
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with Von-Mises yield criterion was used to model bone (Figure 5-1). Two 

dimensionless parameters, Y/E and E,/E were varied until the force/displacement 

relationship of experimental results was obtained. The Young’s modulus of bone was 

assumed to be 18GPa in the longitudinal direction. This value was taken from test 

results performed by Mr. Reilly (Table 5-1). Plane strain conditions were assumed due 

to the large thickness of specimens (8mm) [85], Figure 5-2 shows the Force- 

displacement of experimental results as well as the FE model for different Y/E, and 

E,/E. The investigation results show that during the indentation the top surface of the 

specimen was displaced in the cutting direction by about 0.15-0.25mm. This amount of 

displacement in bone specimens, which is happening gradually during the indentation, 

should not be counted as the blade indentation. It was due to the uneven surface of 

specimens at the bottom part where it is in contact with the holder or at the contact 

surface. There are two ways to show this effect in the FE model. The first is to change 

the constraint at the bottom surface of specimens to allow it to move about 0.2mm. 

Another way is that, as the displacement is occurring gradually, a factor should be 

applied to the experimental displacement. This is defined by the ratio between the 

specimen displacement and the maximum displacement of the indenter. It will be 

applied to all the experimental results in all directions.

Stress

Strain

Figure 5-1. Model of bone as a bi-linear material, the young modulus is taken from 
experiments and the tangent modulus is found such as to predict the best force- 

displacement curve measured from experiments.
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Table 5-1: Young's modulus of bovine femur in different directions ( experimental data 
from Ger Reilly)

Direction Longitudinal Transverse Tangential
Young’s' Modulus (GPa) 17.9 10.8 9.1
Standard Deviation 1.57 0.934 0.99
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Figure 5-2. Force-displacement during indentation using blade 20°-300|im to find the 
best model. It shows the force-displacement variation with Yield stress and tangential 

modulus and compare them with experimental results (darker curves).
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5.4. Applying the TCD to Predict the Indentation Fracture 

Force

In chapter 3 we showed that the TCD is applicable to predict the brittle fracture of 

bone. Here we are going to predict the indentation fracture of bone using the TCD. As 

the TCD is applied on the critical line, finding the fracture line is the first step. The 

critical line can be defined by its origin and direction. These two characteristics are 

identified by the crack initiation point and the growth direction. There is not a general 

agreement made over the direction and beginning point of the main crack. In contact 

problems, tensile stress controls the fracture when usually the crack initiates from a 

point outside the contact area or at a distance from the contact zone below the indenter. 

The shear stress often has important effects when the crack starts at the contact surface 

or the compression area underneath the blade. This is due to the type of stress formed in 

the different zones during the indentation. Microstructure of bone also has an effect on 

its failure control. In most loading conditions, it has been seen that the crack tends to 

grow in the weakest possible direction. In addition, it is known that the shear strength of 

bone is much less than the tensile strength, especially in the longitudinal direction 

(tensile longitudinal strength, 135 MPa , shear strength, 65-71 MPa ) [112].

In compact bone, the tangential direction, which is parallel to the osteons’ 

orientation, is the weakest direction. Likewise, the longitudinal plane is weaker than the 

transverse plane. In the indentation problem, it is seen that no matter what the indenting 

direction is, the main crack grows in the weakest possible direction. The weakest 

direction depends on loading conditions and can be the tangential (in the case of 

tangential or transverse cutting) or longitudinal (for longitudinal cutting) as it was 

explained in chapter 4. After defining the crack initiation and critical plane, a defined 

fracture stress criterion is applied. Fracture force is predicted as the force which causes 

this criterion to be satisfied at the critical point. To apply the TCD to study the 

indentation problem, the unknown parameter, a , in equation 5-1 has to be calculated. 

The other parameter is the critical distance of bone. We will estimate the critical 

distance of the used bone (plexiform bone), however we believe that the critical 

distance is in the range of 0.3-0.4mm for many different types o f bone as was shown.
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in the previous chapter. This is another study to show that a critical distance in the 

above range can predict the fracture of bone. By assuming a value for the shear strength 

from the literature (Xu=69MPa) [112], two other parameters are therefore unknown: a  

and L. The value of a  is obtained here and it is compared to the theoretical estimation 

which was found earlier ((X=0.35).

To estimate these two parameters, using equation 5-1, we require the experimental 

results of at least two different indenters. Experimental results of 20°-300|xm and 20°- 

700)xm indenters were employed. We also used the fact that the crack grows in the 

longitudinal direction for longitudinal indentation. According to the TCD, the stress 

acting on the critical plane has to pass through the critical point, therefore stress curves 

on the critical line against distance for two different indenters, have to meet each other 

at the critical point (equivalent critical stress, Xu. and critical distance, L/2). Changing 

a  will change the intersection of the two curves. Accordingly, a  is changed such that 

the curves meet each other at the critical point. Consequently, a  and the critical distance 

can be calculated using two groups of data. Appendix 2 contains some details of path 

defining in Ansys.

5.5. Longitudinal Indentation: Estimating a  and L.

In this section, we look at two different indentations in the longitudinal direction to 

calculate the unknown parameters, a  and L; 20°-300|im and 20°-700|J.m indenters were 

thus selected. W e have already estimated both parameters previously: we calculated a  

to be approximately 0.35 using known strength values for bone, and critical distance 

variances of between 0.3-0.4mm using brittle fracture predictions. The strength of the 

tested plexiform bones are not the same as that of osteonal bone, therefore a  might be 

slightly different. L was estimated in chapter 3 for different type of bones. For 

indentation test bovine bone (plexiform) was employed which is different from the type 

of bone was used in the previous study (chapter 3).
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First, we must look at some examples of the experimental results. Figure 5-3 and 

Figure 5-4 show force-indentation variation during indentation using 20°-300p.m and 

20°-700)im indenters, respectively. It can be seen that the force-indentation is almost 

linear for low forces and then it becomes nonlinear. Then, after a peak, the force 

decreases suddenly as a result of fracture. The average fracture force for these blades 

was 1892±172(N) and 2578±156(N) respectively. The statistical analysis shows 

strongly that these two fracture forces are significantly different (p=0.001). It means 

that the tip radius of the indenter has a large effect on the fracture force during 

longitudinal cutting.
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Figure 5-3. Experimental force-indentation in longitudinal direction using 20°-300fJ,m
blade on four specimens.
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Figure 5-4. Force-indentation of longitudinal indentation using 20°-700)J.m wedge 
performed on four different specimens.

Figure 5-5 shows a typical specimen after fracture. It is clear that the middle part of 

the specimen has separated and moved down. The cracks initiated at the surface of bone 

and then grew in the longitudinal direction, which is the weakest possible direction 

under stress in this case.
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Fracture
Line

Longitudinal 
Orientation .

Figure 5-5. Inelastic deformation and crack direction during the longitudinal 
indentation. The fracture line is selected in the longitudinal orientation.

5 .5 .1 .20°-700p,m Indenter

It has been shown that a boundary singularity point is a probable spot for crack 

initiation. Based on the experimental results, it was assumed that the critical plane (i.e. 

the crack growth plane) lies in the longitudinal direction. During the longitudinal 

indentation, the experimental results show that the main crack grows in the longitudinal 

direction and then deviated with an angle of about 30 degree. This divergence could be 

because of the shear lines. Figure5-6 shows the variation of shear and first principal 

stress on the contact surface for 20°-700)xm indenter. It can be seen that stresses change 

significantly when the contact pressure drops to zero (we defined this previously as the 

boundary singularity). The normal stress is compressive at the contact area and turns to 

tensile stress out of the contact zone. The experiments show that the crack initiates in 

the contact area close to the boundary singularity. A fracture line, therefore, was 

defined as parallel to the longitudinal axis of bone starting from a boundary singularity.
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The maximum contact pressure at fracture is about 530MPa. It is related to the blade 

geometry and fracture load.

Shear Stress 
Contact pressue 
Maximum principal stress

Distance(mm)

Figure5-6. Distribution of shear stress, tensile stress and the contact pressure on the 
contact surface for 20°-700|xm indenter at the fracture force in longitudinal indentation.

The contact pressure drops at the contact boundary. The tensile stress changes from 
compression to tension at the boundary. The shear stress is zero on the contact surface 

because of lack of friction but it changes at the boundary as a result of significant
change in tensile stress.

The contour of shear stress around the indenter tip can be seen in Figure 5-7. It also 

shows contact and fracture lines. Fracture line is along the longitudinal direction of 

bone which is the same direction as indentation. The figure also shows that the 

maximum shear stress does not happen on contact surface, rather takes place at a 

distance from that point. This maximum shear stress is beneath the surface contact at 

the boundary singularity. Figure 5-8 shows distribution of maximum normal stress 

underneath the indenter tip at fracture force for the same indenter. It shows that 

maximum tensile stress is mostly distributed outside of the contact area. The part of the 

bone which is in contact with the indenter is under high compression. The size of this
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zone strongly depends on the indenter radius and applied force. For a given force, the 

larger the indenter radius, the larger the compressive zone. It also shows that the 

fracture plane is under high compression.

'ractiire Line

Figure 5-7. Contours of shear stress and fracture line for 20°-700nm indenter at 
fracture force. The maximum shear stress occurs beneath the indenter at a distance from

the boundary of contact

- 3 4 3 .4 1  - 2 2 6 .6 8 7  - 109 .964  6 .7 5 9  123.482

Figure 5-8. First principal stress at the fracture force for 20°-700|J,m indenter. The 
stress beneath the indenter is extremely compressive. There is a small tensile zone on

the surface.
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Figure 5-9 shows the variation of shear and normal stress on the fracture line for 

longitudinal indentation with the 20°-700)j.m indenter at the fracture force. It 

demonstrates that on the fracture line material is under a high level of compression. 

Shear stress on this line is higher than the shear strength of bone. This is possibly due to 

the frictional resistance of microcracks to sliding. It is also in agreement with equation 

5-1, as a higher shear stress is required for failure in the presence of compression. As it 

can be seen, the shear stress increases over a small distance and then decreases 

gradually. The peak in the stress curve is due to the fact that the maximum stress 

occurs at a distance from the contact surface. In this case the angle of the indenter does 

not play any role in the stress distribution, as will be discussed further below.
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Figure 5-9. Variation of normal stress and shear stress on the critical line for 20°- 
700|xm indenter at the fracture force. The compressive stress is acting on the fracture 

line therefore a higher shear stress than the ultimate shear stress (69MPa) is required foi
failure.
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5.5.2. 20°-300^.m Indenter

The 20°-300|a,m indenter is quite blunt, therefore the contact area and compression 

zone are large. In some materials, however, microcracks do not form in the compression 

zone [27, 22, 31, 23, 25] but experiments on bone have shown that there are diffuse 

cracks in the compression zone beneath the indenter. The area on the bottom part of 

bone is also compressed because of the constrained conditions on the sides and bottom 

part of bone. There is a large tensile zone between the two compressive areas. The 

tensile stress in this area decreases from the centre (under the indenter) to the sides. 

The tensile stress in this zone, however, is not enough to cause fracture, but it is a 

probable zone to initiate and grow microcracks, yet no micro-cracks have been seen in 

this region.

Figure 5-10 shows the contact pressure and stress distribution on the contact area. It 

can be seen that stresses at the boundary change significantly. This graph also confirms 

that the angle of the indenter is not expected to have any effect on the fracture force for 

this blade, as there is only one singularity on the stress distribution. The average contact 

pressure is just over 600MPa at the fracture force, which is less than the blunter 

indenter (20-700). It can be said that for blunter indenters, less contact pressure is 

required for fracture.
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Figure 5-10. Variation of maximum tensile, shear stress and contact pressure on the 
contact surface for 20°-300|xm indenter at fracture force.

Figure 5-11 and Figure 5-12 describe the distribution of shear and tensile stress 

beneath the blade. It is almost the same as the 20°-700|xm indenter because there is only 

one type of singularity involved.
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Figure 5-11. Maximum tensile stress under the 20°-300|im indenter at fracture force

iZ X

Figure 5-12. Shear stress distribution under the 20°-300)J.m indenter
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5.6. Estimating a and L
Now the two unknown parameters are estimated using the stress distributions 

on the fracture line and equation 5-1 by means of the stress-distance curve on the 

critical line and using the fracture criterion described above. Stress-distance curves are 

shown in Figure 5-13 for these two indenters at fracture force. By using the trial and 

error method, the value of a  was estimated to be 0.3 when two curves meet each other 

at Xu=73MPa. Since the two curves have to meet at the critical point, then the distance 

on the x-axis equals L/2 which is 0.16mm, therefore L=0.32mm which is in the range of 

the critical distances calculated in previous chapter. This value of critical distance will 

therefore be employed to predict the fracture force for other indenters. Indenters with 

different angles of 20°, 40° and 70° and different radii of 50, 300 and 700|o.m were 

chosen to investigate the effects of the angle and radius on the fracture force. It has 

been seen that for large radii of 300|im and 700|J.m the angle does not have any effect 

on fracture force because the amount of indentation before fracture is small, therefore 

the only part of the indenter, which is in contact with material just before fracture, is the 

curved part near the tip. For sharper blades, like the 50|i.m blade, the angle will have an 

effect on the fracture force.
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Figure 5-13. Fracture stress ( a+ ax  ) on the fracture Hne for two different blades when 
a=0.3. The critical distance found to be 0.32mm.

5.7. Sharp Blades

From the singularity point of view, the 50|0,m blades are different from the 

blunter ones (300 and 700|J.m). In this case, the geometric singularities are in contact 

with the material at fracture, therefore there are two high gradient pressures on the 

contact surface. It is obvious in Figure 5-14 that the geometric singularity changes the 

pressure and stress distribution as the radius of the blade curve changes from 50|im to 

infinite (along the side of the blade). Normal stress around the geometric singularity is 

tensile while that is compressive close to the boundary one (Figure 5-15). We saw in the 

previous chapter that in most cases of using sharp blades the crack initiates at a spot 

close to the boundary singularity.

AN
' X6 2007 
1 8 : 2 0 : 1 6

Boundary singulaiity

Geometric Singularity

- 3 9 2 .7 6 3 3 0 3 .0 8 4 9 9 8 .9 3 2- 4 4 .8 4 6 51 .0 0 8
- 2 1 8 .8 0 2

Figure 5-14. Contours of maximum principal stress around the indenter tip for 20°- 
50|0,m blade. It shows the effects of different singularities on the stress distribution.
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Figure 5-15. Stress variation along the contact line at the fracture force for 20°-50|J,n 
indenter at fracture force. Stress distribution is affected by two kinds o f singularities

The TCD was used to find the crack initiation point. A force o f 1024N, w hici 

was obtained from  the average experim ental fracture force, was applied to the model. \  

is assum ed that the fracture line is in the longitudinal orientation, as with the previous 

tests. The crack initiation point was changed to find the point at which minimum 

fracture force is required. For each fracture line, the stress at the critical distance wis 

recorded as Or. D efining Omax as the m axim um  stress am ongst them ; a stress ratio s 

defined as; Omax, this ratio can be used to get the idea o f the probability o f a cradc 

initiation at each point. Figure 5-16 shows this stress ratio versus different cradc 

initiation points. The first point (labeled 0) is the indenter tip which bears the m axim un 

contact pressure. The stress ratio is ju st over 4 at this point, im plying that, if tie 

equivalent stress increases linearly, the force required to initiate the fracture at this poiit 

is 4 tim es more than the m inim um  required force. In o ther words, if we assum e thit 

bone is hom ogenous m aterial, it is alm ost im possible that the crack starts from  tie 

indenter tip. The second point show s the geom etric singularity; even though tie 

predicted fracture force for this point is m uch less than the indenter tip there is still a 

significant difference between that and the m inim um  fracture force. The m inim un
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fracture force was predicted for the boundary singularity. For the last point it is 

assumed that the crack starts from the tensile area out of the contact surface. The TCD 

predict a high required force for this point. The graph shows that the points around the 

boundary singularity are probable locations for crack initiation in longitudinal 

indentation.

0 0.0163B9 0034826 0.049D69 0.D83993 0.13931
Distance from the indenter tip(tnm)

Figure 5-16. The stress ratio for different crack initiation points, defined by distance 
from the indenter tip, for 20°-50)J.m indenter. The second and the forth points are 

located at the geometric and boundary singularity respectively.

This is another view of critical distances theory. Figure 5-17 shows the contour 

of the critical stress ahead of a crack. The size of the zone depends on the applied force. 

The higher the force, the larger the critical zone. The critical distance theory says that, 

the fracture happens if the zone size grows until the diameter in the certain direction 

(critical plane direction) reaches the critical distance. In the case of sharp cracks, it is 

assumed that the crack propagates at the tip of the crack. In some problems, like the 

indentation of bone, we know that the crack direction, which defines the direction of the 

critical plane but the crack initiation, is unknown. In this case, we can assume different 

critical line with different start point. In fact, all the critical lines are parallel. By
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increasing the load, the critical zone is growing, until the diameter in one of the critical 

lines reaches the critical distance. This critical line can define the crack initiation.

L/2

Crack
\U2

Critical stiess

Figure 5-17. Contour of critical stress at the crack tip with two different critical plane 
directions. The critical stress contour is growing with increasing the applied stress. The 

crack propagates if the critical stress contour reaches the critical distance in a certain
direction

5.8. Prediction of the Fracture Force

Indentation fracture load was predicted using the estimated critical distance and 

a  values as derived above. Predictions have been done for different blades with various 

angles and radii. Figure 5-18 shows the stress-distance curve of longitudinal indentation 

for different indenters. For sharper blades, there are both types of singularities which 

cause a complex stress field close to the indenter tip. It can be seen in the graph that for 

small distances from the indenter the stress changes unevenly. In fact, the tensile stress 

around the geometric singular point affects the stress on the fracture line drawn from 

the boundary singular point, therefore fracture force decreases significantly due to the 

presence of the geometric singularity , especially when the angle is smaller.
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Figure 5-18. Predicted fracture force for different indenters in longitudinal indentation 
was found by assuming that the stress-distance curves at fracture force for each 

indenters passes through the critical point, as shown here.

Table 1 shows the predicted fracture force using the TCD for different 

indenters. It shows strong predictions of the experimental data for different angles and 

radii: these results will be discussed in detail below.

Table 5-2: Predicted longitudinal fracture load using the TCD for different 
indenters (prediction error percentage). There is no experimental data for 60°-50)J.m 
blade to compare with the prediction.

Radius

Angle

50(|iin) 300(nm) 700(^m)

20” 921 (-10%) 2100(11%) 2700(4.7%)
40” 1033(-15%) 2100(2.5%) 2700(12.2%)
60“ 1230 2100(3.9%) 2700(4.7%)

5.9. Effects of Geometry on Fracture Force

Longitudinal fracture forces for indenters with an angle of 20° with different 

radii are shown in Figure 5-19. It demonstrates that the predictions using TCD agree
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with experiments for all radii studied. Experimental results show that the larger the 

radius, the higher the indentation fracture force. The fracture force is reduced gradually 

when the radius of the indenter decreases from 700)im to 300)J.m and more steeply 

when the radius is reduced to 50)J.m. In terms of singularities, it can be explained why 

the fracture force is smaller for the smaller radii. In fact, as it is mentioned earlier for 

large radii, the sides of the indenter are not in contact with the bone (for angles less than 

a certain value) before fracture. This means that the boundary singularity is the only 

singularity in the problem. By decreasing the radius, such as the deformation before 

fracture is larger than the radius, geometric singularities will appear before fracture. The 

stress field around the geometric singular points is tensile. This tensile stress affects 

compression stress in the vicinity of boundary singularity and causes a reduction in the 

compression stress acting on the critical line. The lower the compression stress the 

lower the shear stress required for fracture. By increasing the angle at the small radius, 

the distance between the boundary and geometric singularities increases. This reduces 

the effect of tensile stress at the geometric singularity on the compression around the 

boundary of contact. This means that by increasing the angle, the fracture force will 

increase slightly, as will be discussed below.
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« 1500
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Figure 5-19. Experimental results and TCD predictions of longitudinal indentation 
force for blades with 20° angle and various radii
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For a given angle, there is a certain value that for larger radius, the angle has no 

effect on fracture force. We call this radius the critical radius for the specific angle 

used, and which also depends on the blade and specimen properties, as well as 

indentation conditions. The critical radius is estimated to be about 200|im in the present 

case when the angle is 20°. To obtain a better estimation more experimental data is 

required. The critical radius can be a good parameter to verify the model and can also 

be used to define whether an indenter is sharp or blunt.

Table 1 (which was shown earlier) demonstrates that the wedge angle does not 

affect fracture force for indenters with radius larger than 300 |J.m. however the angle for 

sharper indenters has a large effect on fracture force. Indentation fracture force of 5O)0.m 

indenter increases from 92IN to 1230N when the angle changes from 20° to 60°. The 

experimental results show that the effect of the angle for small radius is statistically 

significant (p=0.049 when comparing 20°-50|J.m and 40°-50|xm). In these cases, 

variation in fracture force is the result of the geometric singularity.

For a given radius, the critical angle is the minimum angle which affects the fracture 

indentation force. The larger the radius, the larger the critical angle. The defined 

critical angle and critical radius can be used to identify the sharpness of the blade. For 

indenter angles larger than the critical angle, it is obvious that the larger the angle, the 

larger the horizontal component o f applied force.

The critical angle can be estimated for blunt indenters. For example, for a SOOfim 

indenter, the amount of indentation before failure has to be more than the vertical 

distance between the geometric singularity and indenter tip( If). If R  and 0c are radius 

and the critical angle of an indenter then at the critical angle we will have;
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The amount of indentation for 20°-300|im blade was found to be about 0.1mm, 

then: 0c= 83.6° which is much higher than 70°. This critical angle for indenters with 

radius of 0.7mm was estimated about 120°.

Figure 5-20 shows the effect of the indenter wedge angle on fracture force for 

three different radii.
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Figure 5-20. Effect of indenter angle on fracture force for longitudinal indentation. 
TCD prediction and experimental results.

5. 10. Transverse Indentation

Predictions have also been made for the transverse indentation using the TCE, 

Fracture in this direction is different from that in longitudinal and tangential. Ii 

transverse indentation a crack starts and grows perpendicular to the indentatioi 

direction which is in the tangential plane. In other words, experiments show that th; 

main crack grows in the weakest orientation independent of the indentation direction 

As a result, part of the bone is chipped off (Figure 5-21). The fracture line, therefore.
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starts from somewhere on the contact surface along the tangential plane, as is shown in 

figure 5-22. In this case, shear and compressive stresses are acting on the fracture line. 

The shear stress required for failure is higher than the ultimate shear strength of bone 

due to the compressive stress acting on the fracture line. There is more indentation 

before fracture in the transverse direction than in the longitudinal. While in general we 

could expect that L could have different values in different directions, in practice we 

found in this case that L has the same value.

Cutting direction

Critical line

Tangential orientation o f bone

Figure 5-21. Critical line for transverse indentation. The photo shows a sample just 
after the maximum cutting force. Part of the bone has removed due to the crack growth

in the tangential plane.
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Figure 5-22. Fracture line in the transverse indentation. The main crack grows in the 
tangential direction which is the weakest structural direction of bone

Figure 5-23 shows the variation of force versus displacement during indentation for 

the 20°-50|xm blade. It demonstrates that indentation force increases approximately 

linearly with the displacement of indenter. During this process microcracks are formed, 

as will be discussed in detail in the next chapter. The force rises until the required 

conditions for fracture occur, when the main crack grows in a tangential direction, as it 

was shown in Figure 5-21. It is at time that a piece of material is removed, therefore the 

force decreases sharply. If the process is continued, the force increases again and 

reaches a maximum, when another part of material is chipped off. The second peak 

force is less that the first fracture force. This process continues with further cutting, but 

in this section we are going to predict only the first maximum point in the force- 

displacement curve.
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Figure 5-23. Finite element model verification with the experimental data for 20-50
blade in transverse direction

Figure 5-23 also compares the experimental results with the FE simulation. It is 

clear that the FE model can predict the force displacement well. The FE predicts a 

roughly linear relationship between the force and indentation before the fracture, 

however it demonstrates a small decrease in compliance of bone with increasing force. 

The objective is to find the point on this curve when the fracture happens.

Figure 5-21 was taken after indentation. It does not explain the relative 

situation of the blade and indenter at the time of fracture. Answering this question is 

important to find the crack initiation spot. The process was recorded for all blades. The 

camera was placed to record the images in the front face of the specimen. Figure 5-24 

was taken from the video when the fracture occurs. In this figure the position of the 

crack line with respect to the indenter is obvious. It shows that for very sharp blades 

the crack initiates -if it is not exactly at the blade tip- from somewhere around the 

indenter tip which is different from the case of longitudinal indentation. The contact
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boundary on the other side of the blade which did not fracture shows sink-in (i.e. 

downwards displacement) of bone under indentation.

Figure 5-24. Fracture plane in transverse direction for sharp blade; photo taken just 
after fracture of the first piece of bone (from the left hand side).

To model the bone material, the Young’s modulus was assumed to be the same 

as the experimental results obtained experimentally (10 GPa). The yield stress and post­

yield tangent modulus, therefore, were calculated to be, 100 MPa and 1000 MPa to give 

the best fit for load displacement. These material properties can predict the force- 

displacement curves as it was seen in Figure 5-23 for 20°-50[im indenter.

Looking at stress distribution on the contact surface it shows a change in stress 

status at contact boundary (Figure 5-25). The most compressive principal stress (S3) 

has the same pattern as contact pressure. It increases gradually along the contact area 

and drops at the contact boundary. Contact pressure is highly dependant on the 

geometry of indenter as well as the material properties of bone. The stress on the 

contact surface is highly compressive and turns to a tensile stress outside this area. 

Shear stress is zero on the contact surface as the result of the frictionless contact
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conditions. First and second principal stresses follow the same pattern as the third 

principal stress with different extermum points. It was assumed that the critical line is 

in the direction perpendicular to the indentation while the initiation location has not 

been defined yet. To find this location it was used the same approach as described 

above for longitudinal indentation: we looked at the equivalent stress on different lines 

with different beginning points (Figure 5-26). These points were picked between the 

indenter tip and contact boundary. The line which predicts the minimum fracture load 

is the critical line.

Figure 5-27 shows the fracture force ratio for different lines. It is defined by 

the ratio between the maximum stress at the critical distance and the stress at the critical 

distance for each line. It demonstrates that the 3"* principal stress peak point is the most 

probable point for crack propagation, however there is not much difference between 

that point and the indenter tip but it has to be noted that at the tip of indenter- especially 

for blunt indenters- the equivalent stress is negative at the critical distance (0.16mm).
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Figure 5-25. Stress on the contact surface of transversal indentation using 20°-300)J.m
indenter
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Figure 5-26. Possible critical lines for different crack initiation points (Transversal 
Indentation) he lines started from different points: the tip of the indenter, the largest 

compressive stress spot, an optional point and the boundary of contact
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Figure 5-27. Fracture force factor for 20°-300)im indenter in transversal direction
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A crack initiation point based on the compressive stress can be defined. 

Studying a sharper indenter like the 20°-50)J,m can confirm this. Figure 5-28 shows that 

in this case the indenter tip is predicted as the location giving the minimum fracture 

force. It means that this point can be defined as the crack initiation point. Figure 5-29 

and Figure 5-30 present the distribution of the principal stresses around the indenter. It 

can be seen that the first principal stress changes from compression to tension when the 

contact pressure varies due to the disparity in contact geometry. The stress at the 

indenter tip is compressive and the third principal stress is minimum. This is in 

agreement with the predictions for the 20°-300)J,m indenter and also as it was observed 

experimentally it is close to the main crack initiation point.

0.0517

D istatxe from inderttertip  (mm)

Figure 5-28. Fracture force factor for transversal indentation using 2O°-5O|0,m indenter. 
The three points show the indenter tip, the geometric and the boundary singularities

respectively.
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Figure 5-29. First Principal stress distribution of transverse indentation around the 20°-
50|im indenter
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Figure 5-30. 3rd Principal stress around the indenter of transverse direction for 20°-
50|J,m blade
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In the case of transverse indentation, the main crack propagates from the 

location of the largest compressive principal stress. This crack initiation point is used to 

predict the fracture force. Predictions have been performed for other experiments in this 

direction. Table 5-3 shows the predicted value and prediction error in each case. It can 

be seen that for the transverse direction, the critical angle for 300|xm blades is between 

40° and 60°. The critical angle for 700)J.m indenter is over 100° but for 50|im blade is 

zero. It means that the angle will affect the indentation fracture force when the radius is 

50|J.m.

Table 5-3: Transverse indentation fracture force for different indenters and the 
difference between average experimental results and FE predictions

R a d lB 50(^un) 300(nm) 700(^m)

20“ 1470(5.9%) 2460(-2.2%) 3700(-2.4%)

40“ 1910(1.8%) 2460(-1.4%) 3700 (-7%0

60“ 1980(-19%) 2860(1.4%) 3700(-13.4%)

Figure 5-31,Figure 5-32 and Figure 5-33 compare experimental results and 

predictions using the TCD. Each figure is for indenters with the same angle and various 

radii.
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Figure 5-31. Transverse indentation fracture force for 20° indenter. Experimental vs 
TCD prediction. Error bars show standard deviation: dotted lines show maximum and

minimum experimental values
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Figure 5-32. Transverse indentation fracture force for 40° indenter. It compares the 
predictions using the TCD and the experimental results. The indentation fracture force 
increases with radius. Error bars show standard deviation: dotted lines show maximum

and minimum experimental values
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Figure 5-33. Transverse indentation fracture force for 60° indenters and different tip 
radius. Experimental results vs TCD predictions.
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The predictions for 20° and 40° indenters agree with the experimental results. 

Looking at the fracture force against angle explains the variation of fracture force with 

angle. Figure 5-34 and Figure 5-35 show the effects of wedge angle on fracture force. 

This shows that for smaller radius the angle has more effect on fracture force. For 

example, for 5O)0,m blades when the radius changes from 20° to 40° the fracture force 

changes markedly from 1388N to 1876N. The predictions and the experiments are 

somewhat different for the 60-50 indenter, but even here the greatest prediction error is 

only 20%. The prediction as it was expected, estimates a higher fracture force in 

transverse than longitudinal indentation for a given indenter.
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Figure 5-34. Fracture force of transverse indentation for indenters with radius 50
Micron
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Figure 5-35. Fracture force of transverse indentation for indenters with radius of 
700)xm. The TCD predicts no change with increasing the angle. The statistic test rejects 

any significant difference between the experimental results for various angles.

The crack initiation spot for transverse indentation is different from that for 

longitudinal. Applying the TCD to different fracture lines that started from various 

points on the contact surface demonstrates that the required force for fracture is less 

when the crack initiation point moves from the boundary to the indenter tip. This is 

especially true when the indenter is sharp. For blunter indenters, this point is 

somewhere between the contact boundary and the indenter tip at the contact. This 

agrees with the experimental observation of transverse indentation. In a very sharp 

blade, it has been observed that the crack initiates at the blade tip in the longitudinal 

direction. The reason for that could be the high shear stress at the critical line started 

from the tip especially when the indenter is sharper because of the horizontal stress 

from the indenter against the material. In this case the fracture line is highly under 

compression.
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5.11. Tangential Indentation Fracture Force

Indentation fracture in the tangential direction is different from that in the 

longitudinal and transverse directions, however there are similarities between tangential 

and longitudinal indentation. For example, crack initiation locations geometrically are 

roughly the same and cracks propagate parallel to the indentation direction. The critical 

plane for tangential indentation is the weakest available material plane. This plane is the 

same as the transversal indentation critical plane. The material properties in the 

tangential and longitudinal directions are different: it is much weaker in tangential 

direction. Bone microstructure arrangements are different in longitudinal and tangential 

planes, characterized by a layered arrangement that is airaiiged normal to the 

longitudinal plane but parallel to the tangential plane. Thus, a tangential crack would 

travel along a layer of canals, but a longitudinal crack would have to propagate across 

these layers. The canal system in bovine bone is mainly formed in the tangential plane 

and stacking up along the longitudinal direction of bone. Such a canal system causes a 

decrease of fracture toughness in tangential orientation because these cavities make 

bones less resistant to crack propagation. The fracture toughness in longitudinal 

direction has higher value because of the fewer cavities or natural discontinuities 

encountered by a crack in this orientation[l 15]. It is expected that the critical distances 

will be roughly the same in different directions as it was shown in chapter 3. it will be 

seen that the same value of critical distance gives a good prediction in the case of 

tangential indentation. The critical stress which is the shear strength of bone is roughly 

the same in tangential and longitudinal directions. The Young’s modulus in the 

tangential orientation was assumed to be E=8.5 GPa taken from experimental results. 

The yield stress and tangent modulus were found to be Y=75MPa Et=700MPa for the 

best load-displacement fit. These material properties are close to those found for the 

transverse orientation. There is not much data on the post yielding properties of bone in 

this direction to compare these results with.

Figure 5-36,Figure 5-37, Figure 5-38 Figure 5-39 show applied force versus 

displacement for different blades when the indentation occurs in the tangential 

direction, and the results of the FE model verification. The force increases linearly with
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indentation and then it becomes nonlinear before fracture which is probably because of 

the damage in bone, as will be shown in the next chapter. Load and deformation at 

fracture in tangential cases is much lower than in the other two directions which is 

because of the bone material in this orientation, as explained above.
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Figure 5-36. Load-displacement for 2O°-5O)0,m blade in tangential indentation
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Figure 5-37. Load-displacement for 20°-300|J.m indenter in tangential indentation
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Figure 5-38. Load-displacement for 40°-50|J.m indenter in tangential indentation
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Figure 5-39. Load -displacement for 20°-700|im indenter in tangential indentation

The fracture line is parallel to the indentation direction. This is due to having the 

weakest properties in this orientation and experimental results also verify this. The 

same approach was used to predict fracture in the tangential direction as the other two 

directions, using the same material constants. Figure 5-40,Figure 5-41 and Figure 5-42 

show the fracture force for different indenters. These graphs also demonstrate the 

effects of the indenter radius on the fracture force for certain angles of indenters. The 

same as other indentation directions, the radius has large effect on the fracture force. 

For example for 20° indenters, the fracture force becomes 3 times larger when the 

radius increases from 50)lm to 700)Xm. This effect can be seen for other indenters. The 

dashed lines in the figures show the minimum and maximum values of experimental 

results and the errror bars show the standard deviation of each group of data. 

Comparing the experimental data and the prediction using the TCD shows that the 

theory can predict the fracture force well. The interesting thing is the result were 

obtained using the same critical distance for the tangential and longitudinal directions in 

spite of difference in fracture mechanism.
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Figure 5-40. Tangential indentation fracture force for blades with angle of 20° and
different radii.
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Figure 5-41. Tangential indentation fracture force for blades with angle of 40° and 
different radii. Error bars show standard deviation: dotted lines show maximum and

minimum experimental values
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Figure 5-42. Tangential indentation fracture force for blades with angle of 60° and
different radii.

Looking at the effect of angle on indentation fracture force (Figure 5-43,Figure 5-44 

and Figure 5-45) demonstrates that the angle does not have large effect on the fracture 

force. As we saw in the transverse and longitudinal direction when the radius is large 

enough the angle does not play any role on the indentation fracture. Because of the 

smaller amount of indentation at fracture for the tangential direction compared to other 

directions the critical angle for a given blade radius is much higher than the one in 

transverse or longitudinal directions. For 300 and 700|im indenters changing the angle 

does not change the fracture force. The experimental results show even a decrease in 

fracture force with increasing the angle for blunt indenters (it is not statistically 

significant) which is due to some errors.
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Figure 5-44. Tangential indentation fracture force for blades with radius of 300|im. The 
TCD predicts no change with increasing the angle. The experimental data agrees with

these predictions.
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Figure 5-45. Tangential indentation fracture force for blades with radius of 700)a,m. The 
TCD predictions are in good agreement with experimental data, which show that for 

this indenter, the angle does not have any effect on the indentation fracture force

5.12. Discussion

The TCD was applied to predict the indentation fracture of bone. The prediction is 

in excellent agreement with experimental data. The maximum error of prediction 

compared to the average experimental results is less than 20%. The overall results of 

experiments and predictions show that the tangential and transverse indentation force 

are the lowest and highest respectively. On average the transverse fracture force is twice 

as large as tangential force. It is interesting because the material properties of bone are 

almost the same in both directions. The difference is due to the crack propagation 

direction, being either parallel or perpendicular to the indentation direction, 

respectively. This is also the major toughening mechanism of transverse crack 

propagation which causes the highest fracture toughness in this direction. Using the 

TCD method, it can be explained in terms of the maximum shear stress in the fracture 

plane. The shear stress causes the fracture and the compression stress tends to stop it. 

Looking at two fracture lines at indentation, one parallel and the other one
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perpendicular to the cutting direction, shows that for an applied force, the shear stress is 

greater and the compression stress is less in the former direction. This causes an earlier 

fracture in the first line providing that both fracture line have the same properties.

The predictions show that the radius of indenter tip has a large effect on the critical 

force. For example, in a longitudinal indentation using a 20° blade, the force is 2.5 

times greater when the radius changes from 50)im to 300)i.m. The experimental results 

show that this difference is significant (p=0.001). In other directions, the large effects 

of the radius on fracture force were. Consequently, the smaller the radius of indenter, 

the more efficient the blade. Linear interpolation for smaller radius shows that the 

critical force for smaller radii is predicted to be not much different from that for the 50° 

blade. The experimental results prove that as there is less than 10% difference between 

the longitudinal fracture force of 20°-50)im blade and very sharp 20° blade.

The angle of the indenter will affect the fracture force if the radius is less than a 

certain value. In the longitudinal direction, the critical angle for 300|Xm indenter was 

calculated at around 83.6°, therefore the theory does not predict any difference between 

20-300 and 70-300 blades. The average experimental results are slightly different for 

those blades but they are not statistically significant (p=0.397). For 700|J.m indenters, 

when the angle changes from 20°-60° the critical force does not change significantly 

(p=0.401) which was predicted by the TCD. For the transverse direction, both 

experimental results and the TCD confirmed that the angle has effect on the critical 

force for 50|xm indenter. The experimental results show that there is no difference for 

300|im blades when the angle changes from 20° to 40°, but there is a significant 

difference between 40° and 60° blades (p=0.155). Our model was able to predict this 

behavior. For blunter indenters (700|im), however, the TCD predicted the critical angle 

much higher than 70°, but there is a significant difference between the 20° and 60° 

indenters (p=0.023). That would be because of the large scatter in data especially for 

20-700 indenter (a=313). In the tangential indentation, increasing the angle of indenter 

does not vary the critical force for 300)J.m and 7OO|0,m. It was predicted using the TCD 

and experimental results. The angle has the more effect for 50)J,m blade, critical force
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changes from 678N to 1053N when angle varies from 20° to 40°. The TCD can predict 

the effects of the angle and radius on the fracture force well. As a result, the smaller the 

angle, the less the indentation fracture force.

The critical distance calculated from indentation test is in the range we calculated 

before using data on brittle fracture from tensile, bending and torsion tests. The analysis 

shows that the same value of critical distance can be employed to predict the fracture in 

different directions. That agrees with the hypotheses that the critical distance of bone 

does not vary considerably with orientation. On the other hand, the type of bones are 

different from the ones that were used in the previous study in chapter 3. The specimens 

were picked from lateral bovine femur which is plexiform but in the previous section 

osteonal bones were tested. Using the same critical distance vale for osteonal and 

plexiform bones, confirms that it is almost constant for different types of bone.

Some guesswork was used to predict the indentation fracture force for different 

cutting directions. The experimental results show no pile up during the indentation, 

which agrees with the observations of other researchers [36, 118], A linear hardening 

model, therefore, was employed to model the bone. Because of lack of pile-up and the 

linear relationship between the force and penetration, it was assumed that bone under 

indentation does not flow but compacts[ 118, 43]. This means that in the sides of the 

compact zone shear stress and inherent friction play important roles in fracture, 

therefore the Coulomb-Mohr criterion was used. The applied fracture criterion 

associated with the TCD, could predict the fracture of bone well. In the case of 

indentation the fracture criterion was different from the one in chapter 3 when the 

material is under tensile stress. It is due to the different types of loading and fracture 

mechanisms. It shows that the assumption under indentation was acceptable.

In chapter 3 it was shown that the T factor works as a correction factor when there is 

nonlinearity before fracture. The T factor therefore is related to the amount of 

nonlinearity before failure. Bone experiences more post-yield deformation under 

compression than tension then a larger T factor is expected under compression. Also 

under compression, there is significant difference between the deformations in various
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orientations. In other words, in the case of indentation the T factor changes with 

indentation direction. On the other hand, when a nonlinear model is employed the T 

factor equals 1 due to the fact that the nonlinear model carries the effect of T factor. In 

this study, for all three orientations (transverse, longitudinal and tangential) the TCD 

with the same fracture criterion and the same material constants was used. As the bone 

is weaker in tangential direction than the longitudinal, therefore, it is possible that the T 

factor in tangential indentation is smaller than the one in longitudinal indentation if an 

elastic model is employed.

5.13. Conclusion

The TCD can predict the effect of geometry on the indentation fracture force for all 

three orientations. It shows that the radius of indenter tip has a large effect while the 

angle will affect the fracture only for small radii. The TCD was also capable to predict 

the crack initiation spot.
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CHAPTER 6. Indentation: Damage Area

In the previous chapter, the indentation fracture force of bone material was predicted 

using the TCD. Fracture is a result of damage accumulation. During loading 

microcracks are form edfl06, 116, 128-134], creating a zone of micro-damage which 

grows with increasing load. A main micro-crack forms in this zone and grows until the 

critical length is reached and the bone consequently fractures. In this chapter, the focus 

is on investigation on how to predict the size of the damage zone. It will be 

demonstrated that the size of the damage zone can be estimated using the maximum and 

minimum principal stresses. The predicted data will be compared to the experimental 

results.

Different techniques have been used to stain microcracks[135-137]. Fluorescent 

chelating agents were used by Mr. Ger Reilly to label damage zones during the 

experimental part of this project. This method had been previously used to label bone 

damage that occurs during the fatigue compression testing of bone, in which the growth 

of microcracks occurs slowly and where there is a process of fretting along the crack 

face[137].

There is a lot of scatter in the experimental data regarding the amount of damage 

before fracture. The results show that the largest damage zone is formed before fracture
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in transverse indentation, and the smallest in the tangential direction. The amount of 

damage increases with increase of the radius of the indenter tip.

6.1. Methods

In the experiments, a fluorescent chelating agent, in a sequential labelling protocol 

[136, 137], was used to label the damage. The advantage of this method is that the agent 

chemically binds to the damage zones in the bone. It can be applied during testing with 

the potential to be used for labelling of pre-existing damage or sequential growth in the 

damage sites during increases in load at different load intervals. The specimens were 

examined under UV light and the total damage zone was measured, i.e. the total area of 

stained bone, as an alternative to microcrack counting. Acoustic Emission (AE) was 

also used to detect microcracking during indentation.

6.2. Damage and Acoustic Emission

Under loading, microcracks develop beneath the indenter, usually starting around 

the maximum stress points. The load-penetration curve is linear until a certain point. 

Figure 6-1 is the AE signal for the longitudinal indentation of bone. It can be seen that 

there are no AE signals in the linear area. There are some AE signals in the non-linear 

area, presumably due to the formation of microcracks. These microcracks accumulate in 

the nonlinear part until the fracture [ 129, 130].
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Figure 6-1. Cumulative number of AE hits for bone specimen cut up to maximum 
fracture load. The onset of micro-cracking is associated with the non-linear phase (A.

Safari Masters thesis, Sligo IT).

Under indentation, a tensile zone is formed as well as a compression region. The 

compression area is located beneath the blade, while the tensile zone is formed outside 

the contact area as well as underneath the compression zone, as discussed in Chapter 4 

and 5. The experiments show that microcracks are formed in both areas. Therefore, 

there are at least two different mechanisms are involved in the damage process. For 

sharp indenters, the stress field is singular about the indenter point which leads to 

irreversible deformation modes. It also happens for the blunter indenter around singular 

points. These deformation zones were activated by the large components of shear and 

compression in the singular field and account for the initiation of any consequent 

micro-fracture. During the indentation, microcracks form, then grow and turn into the 

major cracks which cause a catastrophic failure. Outside the compression zone, the 

tensile stress of the material controls the microcracks. A measurement of the damage 

zone just before fracture, can give an estimate of when the microcracks start.
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Microdamage in bone related to the mode o f stress or strain[130] and there is no 

single mode o f stress as a universal cause o f damage[106]. To estimate the sizes o f  

damage zones, a maximum principal stress criterion was employed. It was assumed that 

microdamage would form if  Si (the maximum tensile stress) is greater than a certain 

value, or if  -S 3 (-S3 is the maximum compressive stress, S3 is a negative value in the 

compression zone) is larger than a certain value as equation 6 - 1 :

or (6 - 1)

6.3. Results
6.3.1. Experimental Results

Looking at the damage area one can see that there are two separate damage zones 

under indentation apart from the cutting direction. The first zone is formed beneath the 

indenter and the second one is located close to surface o f bone. These two zones can be 

clearly seen in Figure 6-2 and Figure 6-3. Comparing the two zones illustrates that the 

first zone is much larger than the second one. In fact the large portion of the damage 

value above is due to the compression section.
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Tensile Zone

C ompression zone

Figure 6-2. Damage zone during the transverse cutting using a sharp blade. Two 
different damage zones, tensile and compression, are formed .
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Tensile zone

Compression

Figure 6-3. Tensile and compression damage zones formed due to longitudinal cutting

In Figure 6-4, is shown the effects of radius size on the damage area for different 

cutting directions when the blade angle is 20°. From the graph is obvious that the 

damage area increases when the blade has a larger radius. There is also a large scatter of 

data for indentation in the transverse direction and the experimental which gives 

unexpected results which will be discussed below.
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Figure 6-4. Damage area for blade with 20° angle and different radii. (Three different
cutting directions)

Figure 6-5 compares the damage area for different cutting directions. The overall 

results show that the damage area for a given indenter is the largest in transverse 

direction and lowest in the tangential direction.
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Figure 6-5. Damage area in different cutting directions

In chapter 5, we saw that the TCD predicts that the angle has no effect on the 

fracture force of large indenter tip radii. It was shown that the experimental results 

agreed with the prediction. It was because the penetration before fracture is not large 

enough to bring the sides of the indenter into contact with the bone. For the same reason 

it can expected that the damage area for large indenter tip radii will be independent of 

the angle. Comparing the effects of angle for blades 700|xm in size shows that there is 

no significant difference between damage zones when the angle changes from 20°-60° 

for longitudinal and tangential indentation. The difference for the transverse direction 

could be just because of the high scatter between data. Scatters in measuring damage in 

transverse indentation are higher than in other directions. It causes some unexpected 

results, for example, the damage area for 60°-500|xm was measured to be much larger 

than the one for 20°-700)im.
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6.3.2. Finite Element Predictions

Figure 6-6 displays maximum and minimum principal stresses (greatest tensile and 

compressive stresses) around the indenter tip of blade 20°-300|im at fracture load in the 

longitudinal direction. Under indentation, compression and tensile regions are created in 

bone. The compression zone is located beneath the indenter whilst the tensile zone is on 

the surface of the bone just outside the boundary of contact. The tensile zone is very 

small when compared to the compression zone. These factors are clearly shown in the 

experimental results, demonstrating the two different mechanisms involved in the two 

zones of stress. In the first zone, compression controls the damage, while the second 

zone is formed due to tensile stress. The tensile zone is very small, compared to the 

whole damage vale and is negligible when measuring damage area.

S1>80

Figure 6-6. Estimating damage area using principal stresses for 20°-300|xm indenter. 
Left: Damage due to compressive stress. Right: Damage due to tensile stress

The high compression and high tensile zones are separate as can be seen in the 

above figure but separation is not always the case. When the blade is sharper, there is an
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area of high tensile and compressive stress around the geometric singularities. This area 

makes up half of the total tensile damage zone. The damage mechanism in this zone is 

complicated but the value of damage is small and negligible when measuring the 

damage size.

By trial and errors the best values for the limits of the damage zones were found to 

get the best overall prediction of size of damage area. These limits for the longitudinal 

directions are -150 and 80 MPa for compression and tensile limits. Figure 6-7 compares 

the results of experimental damage and the finite element model prediction. The graph 

confirms that choosing a value of 50%-60% of the ultimate stresses as a criterion can 

predict the damage area. It shows that the damage area is highly dependent on indenter 

sharpness. The damage is nucleated when the stress level on bone reaches about 50- 

60% of ultimate stress. Extrapolating the data for the sharp indenter predicts that if a 

very sharp indenter is used the damage area will be about 40% lower than 50|im 

indenter.
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Figure 6-7. Comparing damage area measured using FE model for longitudinal 
indentation of 20° blades, when critical stresses is 60% and 54% of ultimate stress with

experimental results.
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Under the indenter, the depth of damage in to the bone increases with increasing 

blade radius. The damage zone diameter was measured to be 0.42mm, 0.95mm and 

1.226mm for blades with angle of 20° and radii 50|J,m, 300|im, 700)J,m respectively. 

When fracture starts from a notch or crack under tension, the damage zone at fracture is 

the same size as the critical distance. In the case of indentation, however the damage 

depth varies with radius and it changes between L and 4L.

The damage area is much larger for transverse indentation. Employing the principal 

stress criterion and assuming -1 OOMPa and 40MPa for critical stresses in compression 

and tension the damage zone can be predicted quite accurately. The critical stresses here 

are about 60% of the ultimate compression and tensile stresses in the transverse 

direction. Figure 6-8 compares the experiment results with FE predictions. It can be 

seen that experiment data scatters a lot in the case of transverse indentation.
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Figure 6-8. Size of damage zone measured experimentally at transverse indentation 
fracture. It also shows the predictions using the FE model. The damage area in the FE 

model measured when the stress reaches 60% of ultimate stress.
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Analyzing damage in the tangential direction illustrates that S3<-85MPa can predict 

the best fit for the damage area. This value is approximately the compressive ultimate 

stress of bone in the tangential direction. With this assumption, the damage zone of the 

20°-50)im indenter was estimated to be about 0.36mm . The damage zone size for the 

20°-300)xm and the 20°-700)J.m were estimated to be about 0.9 and 1.61mm* 

respectively (Figure 6-9).
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Figure 6-9. Size of damage zone at fracture in tangential indentation, it compares the 
FE prediction using 90% of ultimate stress.

6.4. Discussion

During the indentation process, diffused damage accumulates in bonefl29, 130]. 

Diffuse damage in bone is formed by large number of short sub microscopic 

cracksfl30, 131, 133] and is a result of breakdowns in the canalicular network[138]. 

The size of this damage zone before fracture was measured experimentally. It has been 

shown that the Von Mises stress can predict the microdamage[106]. Due to different
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damage zones formed in tensile and compressive area during the indentation, a simple 

normal stress criterion was employed in this study to estimate the size of the damage 

zone. Indentation damage can be caused by tensile or compression stresses, however, 

the compression damage zone is much larger than the tensile one. The origin of 

indentation damage is not known. During the indentation, the tensile stress is formed at 

a distance underneath the blade and also at a distance from boundary of contact. These 

zones of tensile stress turn to compressive stress as the blade indents. The micro 

damage may form during this process. There is not much information about what 

happens during the indentation in terms of damage zone as we only look at the damage 

area after fracture. The other possibility for damage formation is the tensile residual 

stress on the bone after unloading. In both cases the microdamage occurs under 

tensile[134]. Choosing 50-60% of the compression ultimate stress as the criterion of 

failure for the longitudinal and transverse directions can predict the size of the damage 

zone. In the tangential direction, about 90% of ultimate stress gives the best estimation 

of damage zone formation. Tangential fracture is more brittle than either transverse or 

longitudinal fracture, implying that less damage occurs before final failure.

The diameter of the damage zone however depends on indentation direction and wedge 

geometry but it is in the same order of critical distance. It has been shown that under 

tension the damage area at crack propagation is related to the critical distance value.

The amount of damage created in the bone during cutting is an important parameter 

in surgery, because the surgeon would like to create as little damage as possible in the 

bone. Large amounts of damage could cause necrosis of the bone, creating a layer of 

dead bone around the cut, which will be resorbed and replaced by new bone. It is useful 

to be able to predict the amount of damage as a function of indenter parameters such as 

sharpness (i.e. radius).

Other criteria were used to estimate the damage zone including, for example, the 

combination of shear and tensile stress as discussed in chapter 5. This complex criterion 

however, could not predict the size and shape of the resulting damage zone. A simpler 

criterion, using the principal stresses, predicted the damage size quite well. It showed 

that the mechanism of damage is different from the final fracture mechanism. The
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diffusion damage occurred under high levels of compression but the shear stress in this 

zone was not large enough to form microcracks. High shear stress acting on the fracture 

plane causes microcracks to form and ultimately causing fracture.
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CHAPTER 7. Discussion

The Theory of Critical Distances (TCD) was employed to study the effect of stress 

concentration in bone. TCD methods can predict similar results in spite of different 

approaches. The main differences between methods, is in their applications. FFM and 

ICM need a crack to be introduced. These methods are not suitable in problems using 

compression as the introduced crack tends to be closed. For example, indentation 

fracture of bone occurs under a high level of compressive stress, therefore the crack 

faces are forced into contact with each other. The TCD has been applied to other 

materials before [139, 6, 12, 72]but this is the first time in which it is been applied to 

bone.

It was shown that the TCD is valid for bone as it fails by brittle fracture with limited 

inelastic deformation[140]. The results demonstrated that the TCD can be applied to 

this material and predict the effect of stress concentrations under tension. Furthermore, 

the strength of long bones containing transcortical holes was predicted well when the 

bone is under torsion or bending. The failure plane for torsion is the plane of 45° [94, 

141-143] which is the maximum tensile stress plane. In tension and bending the main 

crack grows perpendicular to the maximum tensile stress direction [93, 82, 84]. The 

critical distance of bone was found to be almost constant, varying in the range of 0.3-
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0.4mm. This is in agreement with other results in “critical flaw length”[84, 82]. The T 

factor (ratio between critical stress and the ultimate stress) was calculated to be 1.33.

In some other materials the critical distance value is in the order of the size of 

microstructural features for example grain size [4]. Cortical bone contains different 

structures which exist in different levels of scales [144]. Table 7-1 shows the range of 

levels and their size. It can be seen that the osteon size and the distance between 

haversian canals is in the order of hundred microns. The obtained critical distance value 

is about 300-400 |J,m. It shows that the osteons play an important role in toughening of 

bone. This is in agreement with other researcher’s observations [145-147]. In large 

enough samples of bone, the value of critical distance, L, relates to the micro-level, 

however, effects of the nano structures of bone are carried on T.

Table 7-1: Cortical bone structural organization along with approximate physical scales

Level Cortical Structure Size Range
0 Solid Material > 3000 |J,m
1 Secondary Osteons 

Primary Osteons 
Plexiform

100 to 300 )xm

2 Lamellae 
Lacunae 
Cement Lines

3 to 20 )i.m

3 Collagen-Mineral
Composite

0.06 to 0.6 |im

In the case of transverse fracture toughness (i.e. when the crack grows in the 

transverse plane) the critical distance is in the order of the distance between osteons or 

haversian canals. Therefore these osteons might control the toughening of bone in 

macro-scale. This agrees with deflection as a major mechanism in toughening of bone 

when the crack advances in the transverse direction. This deflection is due to the 

osteons’ property[104].

Figure 7-1 shows the micro-scale discontinuities in bone. The distance between 

Haversian and Volkmann’s canal are discontinuities in the same order as critical 

distance. These discontinuities may relate to the critical distance of osteonal bone which
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has already been seen for transverse direction. If a crack grows in longitudinal 

directions, the length of osteons or distance between Volkmann’s canals may control 

the critical distance. In this case it is expected that the longitudinal critical distance 

changes in a wider range compared to transverse. In the tangential direction, also the 

vascular channels may define the critical distance. In this case the distance between 

them is roughly the same as the distance between osteons. There should not be much 

difference between transverse and tangential critical distance. Haversian canals and 

vascular canals make a boundary like a grain in bone. The size of these grains is in the 

order of hundreds of microns and defines the critical distance. It was shown before that 

the osteons and Volkmann’s canal tend to play a crack arresting or diverting roll[78].

Lacunae containing osteocytes 

Lamellae 

Canaliculi 

Osteon 

Penosteum

Osteon of compact bone 

TrabeciJaeof spongy 
bone

trJ-*

Haversian 
canal

Volkm arm's canal

Figure 7-1. Microstructure of compact bone

Critical distance is also in the same order as the size of natural voids in bone. The 

size of natural microcracks are about 400|0,m parallel to the bone longitudinal direction 

and 100 |xm perpendicular to that [128, 148, 149]. This again shows that the critical 

distance might be larger in longitudinal direction compare to the transverse.
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In chapter 5, it was found that the same value of critical distance can be employed to 

predict the indentation fracture of plexiform bone. This value of critical distance was 

0.32mm which is in the range of 0.3-0.4mm calculated earlier in chapter 3. The 

fracture plane in the case of transverse indentation is along the tangential plane. The 

same value of critical distances was chosen in tangential and longitudinal direction. 

Plexiform bone arises from mineral buds which grow first perpendicular and then 

parallel to the outer bone surface. This growing pattern produces the brick like 

structure characteristic of plexiform bone. Each "brick" in plexiform bone is about 120- 

500 microns (|J.m) across. Therefore, in the case of the plexiform bone the critical 

distance is related to the size of the bricks.

From definition of T (=ao/Ouis) it is obvious that defects with stress concentrations 

less than T do not have any effect on the strength of material. In fact the critical stress 

of bone is obtained by ultimate stress multiplying by a factor T. It means that a stress 

concentration factors less than T=1.33 does not reduce the strength of bone. The 

experiments on bone under torsion and bending confirm this [94, 93]. It has to be 

noticed that, this does not mean that all defects with the stress concentration greater 

than T will change the strength, but it depends on how localized the stress distribution 

is. The T factor demonstrates that there is a crack length (or defect size) below which 

the crack (defect) has no effect on the strength. The value of T for bone is between that 

for ceramics [12, 150] and polymers [151, 139, 11], therefore, bone can withstand 

larger cracks than in ceramics and smaller cracks than in polymers.

T (=ao/cTuts) is a factor which may be related to the microstructure of material. The 

microstructure of bone has been designed such that its stress concentration is less than 

that of a homogenous material [152]. In other words, the strength of bone against the 

stress concentration is more than an elastic material with the same structure. The ratio 

between the critical stress and ultimate stress T, therefore, can represent the effect of the 

microstructure on the stress concentration. The larger the T, the stronger the material in 

presence of the stress concentrators.
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The stress concentrations in bone at fracture are less than that predicted by the 

elastic model [94], There are two main reasons for this: first, there are small voids in the 

microstructure of bone which cause stress concentration so introducing a new hole does 

not have such a marked effect. Secondly, the stress concentration depends on Young’s 

modulus and it changes if there are any non-linearities in the material. As it has been 

accepted that there is non-linear deformation before fracture [140], this can be another 

reason for its reduction. An elastic material model which is employed to apply the TCD 

does not cover any of these irregularities, consequently it overestimate the stress 

concentration. In this case it can be said that T is a correction factor to reduce the stress 

of the elastic model. In other words, T as a factor which depends on microstructure of 

material can define the relation between the theoretical stress concentration actual stress 

concentrations. Brook [94]obtained the actual stress concentration of bone for 2.5mm 

hole under torsion using the absorbed energy by drilled and un-drilled bone about 1.65. 

The theoretical value of stress concentration for a homogenous isotropic material is 4.

In addition, T is a factor that can be applied to the elastic model to correct the 

effects of the non-linearity on the stress concentration. Applying the TCD to a non­

linear model of bone - with the critical stress equal to UTS- can predict the fracture 

strength well .This means that a non-linear model contains the factor T. Therefore it can 

be said that, the non-linear model can be employed to apply the TCD, but in this case 

the critical stress is the same as the ultimate stress, i.e. T=l. If a linear model is 

employed, the factor of T has to be applied to obtain the critical distance. This is in 

agreement with the indentation problem. For indentation, bone was modelled as a non­

linear material therefore there was no need to apply the T factor to the model.

The TCD can predict the effects of short crack as well as the long cracks. The PM 

predicted the toughness of bone for short cracks (R-curve) which was in good 

agreement with experimental work [37, 103] done by other workers. This is important 

as it shows that the TCD can be used to study the effects of voids in bone. This is 

important especially when the osteoporosis is studied. As the nano-indentation can 

explain the toughness of bone and the TCD can predict these results, therefore the 

critical distance can be calculated using a nano-indentation test as well.
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Under indentation, bone fracture occurs in a plane which is under high levels of 

compression. The shear stress acting on the fracture plane is also high. The shear stress 

tends to cause fracture but high compression field causes resistance against it. The 

internal friction causes this resistance. This is in agreement with observations of 

compressive fatigue as Mode II cracking was displayed [133]. This mechanism can be 

explained using the Coulomb-Mohr failure criterion as it can explain the fracture of 

porous materials[125], especially rocks and other geological materials [124]. In the 

Coulomb-Mohr approach the shear fracture is assumed to occur on a given plane when 

a critical combination of shear and normal stress occurs. The mathematical function 

giving this critical combination is usually assumed to be a linear relationship.

The critical stress criterion (which in this case is defined using Coulomb-Mohr) 

depends on the failure mechanism of the material. The damage mechanism depends on 

the mode of loading [133].This work suggests that the Coulomb-Mohr can be used to 

define the critical stress criterion to predict the failure of bone under compression or 

shear. It is expected that this method also works for porous and granular materials. 

Also, in porous materials in which Coulomb-Mohr can predict the failure, the Drucker- 

Prager yield model can predict the deformation and strain distribution better. It might be 

even better to model compression yielding of bone using Drucker-Prager however, 

there is not much data to show if this model works for bone or not.

The TCD could predict the effects of indentation direction well in spite of different 

failure mechanisms. In transverse indentation, deflection is the important toughening 

mechanism. In this case, the main crack is deflected and grows, perpendicular to the 

indentation direction, in the tangential plane. Bone is more brittle when the crack 

develops in the tangential direction [115]. Amongst tangential, longitudinal and 

transverse indentation, the fracture force for a given wedge is the largest for transverse 

and smallest for tangential indentation. This is in agreement with former works which 

showed that the fracture energy of compact bone was greater when cutting across the 

longitudinal axis than along the longitudinal axis [50, 61].
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The fracture force is also related to the geometry of the indenter [54, 55, 50, 56], 

The effect of wedge geometry on fracture force was predicted using the TCD. The 

prediction agreed with the experimental results performed by Mr. Reilly in the parallel 

project. The maximum errors of prediction were less than 20% compared to the 

experiments. This is an excellent prediction as there is always a lot of scatter in bone 

mechanical properties.

For the blunt wedges (large tip radius), the radius has a large effect on the fracture 

force in all indenting directions, longitudinal, transverse and tangential. The larger the 

radius the larger the fracture force. This is because of the increasing contact area with 

increasing tip radius. Increasing the radius from 50)im to 700|im, changes the 

longitudinal fracture force from about lOOON to around 3000N. Statistical analysis 

demonstrates that the increase in fracture force with increasing radius is significant. It is 

quite interesting, that there is not a major difference between the fracture load of a sharp 

blade and a blade with 50|im radius. For blunt indenters the angle does not have large 

effect on the fracture force. The critical angle was defined for each radius as the 

minimum angle of wedge that affects the fracture force. This critical angle depends on 

indentation direction and increases with the radius of blade tip.

For indenters with small radii, the fracture force increases when increasing the 

angle. The experiments show that the larger the radius the less the effect of the angle on 

the fracture force. In fact, for the larger size of radius of indenter, the edges of the 

indenter that carry the effects of the angle are not in contact with bone before fracture. 

In this case, just the radius has the effect on the fracture force. The same result can be 

seen for the damage area for blunt indenters. For small radii, there is enough 

deformation before the fracture such that the edges of indenter have an effect on the 

fracture force. This agrees with the work done on orthogonal cutting of bone [54, 53, 

56]. These workers reported an increase in cutting force with decreasing rake angle. 

The rake angle declines with increase of the wedge angle.
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Looking at the damage zone at fracture shows that there is more damage during 

transverse indentation than longitudinal. The damage area in tangential indentation is 

less than that for longitudinal indentation. In the case of transverse and longitudinal 

indentation, the damage zone was predicted using a stress of 50-60% of ultimate stress 

while 80% of ultimate stress must be employed to predict the tangential damage zone. 

This shows that brittle failure occurs in tangential indentation and more ductile failure 

(yielding and micro cracking) in the other directions.

Though there is not much difference between the fracture force of very sharp blade 

and 50)0,m one, nevertheless the damage area for 50|Xm indenter is almost twice as large 

as that for a sharp blade. Therefore in designing of surgical blades it has to be noted that 

the damage formed during cutting can be reduced by using a very small radius.

The indentation fracture plane, were in tangential and longitudinal direction of bone. 

Interestingly the same value of critical distance (L=320|im) could predict the 

indentation fracture force. The critical distance value is of the same order as the brick 

size of plexiform bone. It shows that the brick structure affects the fracture of bone. 

Also there is not much difference between critical distance under compression and 

tensile loading. This is important because when using other methods based on LEFM 

defining fracture toughness in compression is difficult while the TCD can be applied to 

compression fracture as easily as tensile fracture.

It was seen from experimental results that the crack grows in the weakest possible 

direction. From three different planes, the tangential is the weakest and transverse is the 

strongest plane against fracture. Regarding the crack growth direction, the transverse 

direction is the strongest because cracks have to develop perpendicular to the osteons. 

Comparing the microstructure on longitudinal and tangential crack growth planes can 

explain why tangential is weaker. Bone microstructure arrangements are different in 

longitudinal and tangential planes, characterized by the layered canal system that is 

arranged normal to the longitudinal plane but parallel to the tangential plane. Therefore 

a tangential crack would travel along a layer of canals, but a longitudinal crack would 

have to propagate across these layers. Therefore the canal system in bovine bone is

148



C hapter 7 Discussion

m ainly form ed in the tangential plane and stacking up along the longitudinal direction 

o f bone. Such a canal system  causes a decrease o f fracture toughness in tangential 

orientation because these cavities m ake bones less resistant to crack propagation. The 

fracture toughness in longitudinal direction has higher value because o f the few er 

cavities or natural discontinuities encountered by a crack in this orientation[115].

It w as seen that the TCD  is applicable to predict the fracture o f bone in d ifferent 

directions in spite o f different failure m echanism s. The difference betw een m echanism s 

o f fracture in different directions affects the assum ptions for applying LEFM  to bone. 

Therefore the LEFM  is not valid in all directions. L inear elastic fracture m echanics can 

be assum ed to be valid fo r bone as long as crack propagation is lim ited to the 

longitudinal direction [3]. The advantage o f the TCD is its capacity to predict the failure 

in d ifferent directions.

If the direction o f crack propagation is known then TCD can be used to predict the 

initiation point o f the crack. This approach was applied to the indentation problem  to 

find the crack initiation point. It was found the TCD gives good prediction for crack 

initiation in all directions.

It w as seen that dam age starts at about 60 % -80%  o f com pressive ultim ate stress. It 

dem onstrates that initiation o f m icrocracks is relatively easy. It is also in agreem ent 

w ith the results presented in chapter 3 for toughness of bone as it is increasing with the 

crack length. The m icrocracks, therefore, form at a sm aller level o f stress then som e of 

the m icrocracks grow. Due to the high level o f shear stress acting on the critical plane, 

the m icrocracks on this plane propagate and cause fracture.
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Chapter 8 Conclusions

CHAPTER 8. Conclusions

1. Theory of Critical Distances was applied to bone for the first time. The strength 

of bone is affected by cracks, notches and holes and the TCD is capable of 

predicting their effects. The TCD is a new approach which has here been used 

for the first time to study the stress concentration in bone.

2. The critical stress of bone is greater than the ultimate tensile stress. The ratio 

between the critical stress and ultimate stress (T) depends on the amount of 

nonlinearity before failure. The value for T for ceramics is about 1 as there is 

not much nonlinearity. It goes up to 4 and 10 for polymers and metals 

respectively. This is because of high inelastic deformation before failure. In 

bone the T value was found to be about 1.33 which is between the value for 

ceramics and polymers. In the case of indentation fracture the T factor was not 

required because a nonlinear model was employed.

3. The critical distance (L) is in the order of the size of the microstructure of bone. 

L was estimated to be about 0.3-0.4mm. This is in the order of the size of 

osteons and the distance between them. It demonstrates that the osteons have an 

effect on the fracture toughness of bone.

4. The critical distance value depends on orientation. In longitudinal crack growth 

the Volkmann’s canal are discontinuities which might control the toughness. In
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the transverse direction the distance between osteons is related to the critical 

distance which is in order of 250-400fxm. In the tangential direction, the length 

of the Volkmann’s canal might be effective on critical distance. This length is of 

the same order as the distance between osteons. Therefore it is expected that 

there is not much difference between the critical distance in transverse and 

tangential directions In plexiform bone the critical distance value is in the order 

of the brick size.

5. The TCD could predict the fracture of bone during indentation, which involves 

high compressive stresses, accompanied by shear stresses. The Coulomb-Mohr 

criterion could explain these failures.

6. The crack initiation point was predicted using the TCD, with the assumption 

that the crack grew in the weakest available direction. The prediction agreed 

with the experiment results in longitudinal, transverse and tangential 

indentation.

7. The geometry of indenters affects the fracture force. The tip radius of the wedge 

has a large effect on the indentation fracture force. For a given wedge with 

certain tip radius, the angle will affect the fracture force only if it is larger than a 

certain angle.

8. The “weakest possible direction” theory to predict the direction of crack growth 

worked well for bone. Amongst the tangential, longitudinal and transverse 

directions, tangential is the weakest and transverse is the strongest direction.

9. The critical distance approach can be used to study the fracture of bone in all 

directions. This is another advantage of the TCD compared to LEFM.

10. The same approach is expected to work for porous materials such as rocks under 

compression and shear.

11. The mechanism of forming diffuse damage is different from the one for forming 

the main crack. In the main crack formation the shear stress plays an important 

role, but it was found that a principal stress criterion could better predict the 

initiation of microdamage.
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This work was the first study of application of the Theory of Critical Distances to 

cortical bone. In this work it was shown that the TCD can be applied to bone however 

there are many questions have not been answered here. The following questions are 

potential for future work.

♦ How do the critical distance parameters change in different orientation of 

bone?

♦ Are the critical distance parameters of bone sensitive to strain rate or 

temperature?

♦ What is the physical significance of the critical distance parameters in 

different directions?

♦ How do the critical distance parameters of bone change with aging?

♦ Can the TCD predict the effect of aging and osteoporosis on bone?
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Appendix I: Stress Intensity Factor for Orthotropic Materials

Calculating the Stress Intensity Factor (SIF) using Ansys is limited to linear elastic 

problems with a homogeneous, isotropic material near the crack region. Therefore, for 

the orthotropic material (like bone) an analytical method was used to calculate this 

parameter.

Sih (1965) developed an expression for these sorts of materials. This expression was 

used to look at a 2D crack. The x-y plane was picked as the plane of analysis with the 

crack along the x-axis. For a linear anisotropic Hookian material the stress and strain 

are related as follows:

{£}=[eM
' l / £ , V21 / E2 v̂3i / Ê 0 0 0

IE, \l  Ê  — V32 / £3 0 0 0

-^13 IE, -V2JE2 ME^ 0 0 0
0 0 0 1/ G ,2 0 0

7yz 0 0 0 0 M G  2, 0
0 0 0 0 I/G3, 0

If the in-plane material axes are rotated with respect to the Cartesian axes then

{f}=[rr[£][rKo-}=[sKo-}

Where T is the rotation matrix, which is expressed in the following in the simple case of 

rotation around x axes. [3 is the angle between the x Cartesian axis and the x material 

axis.
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COŜ  P sin  ̂P 0 cos p. sin P 0 0
sin  ̂P cos' P 0 -co s  ;^.sin P 0 0

0 0 1 0 0 0
2 cos p. sin P 2 cos y .̂sin P 0 cos  ̂y^-sin' 0 0

0 0 0 0 cos P -s in  P
0 0 0 0 sin P cos p

In the case of plane stress and plane strain the equation becomes simpler. For the plane 

stress state, we have:

■5 .. S ^2 5 ,4'
> — 5 22 S24 «

Sym “̂44 _

And in the plane strain state:
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The only difference between the plane stress and plane strain conditions is the 

matrix of coefficients.

From Sih et al. the in-plane stress near a crack tip, can be expressed in polar 

coordinates:

<7. =  R e M^M2

^ 27cr

u =  K , J ^  R e  
V 71

v =  k A —  R e  
V 71

- / ^ 2
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\
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W ith:

d. =  ^ c o s  6 + //,. s in  9 

P i  ~  *^12 “

■*■ ~  *^24

In which Hi,|a,2 are two roots with positive im aginary parts o f the equation :

- 2 5 , /̂/  ̂ + ( 25,2 + ‘̂ 4 4)/^" - 2 5 ,4 / / +  5,2 = 0

In this case, the energy release rate can be obtained by substituting the stress and 

displacem ent into Irw in’s crack closure integral;

-j A7.

^ = Lim  7 7  Wii { ^ - r , 0  = 0 )m,. ( r ,  e  =  7t)dr 
- A L •'AL->0

By separating modes:

SIF’s can be calculated from the above equations.
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Example:

Here, the above method was applied to a plate with a hole in the centre. It was assumed 

that the plate is wide enough compare to the radius of the hole and also it’s a plane 

stress state condition. The comparison is being done in two different material 

properties, isotropic and orthotropic.

Ou Kc L

28.32 22.4522 0.2

In the case of isotropic material:

E=2.38e3

t)-0.4

G, = a:,^ /£  =0.211

In the case of orthotropic:

Exx=11000 Eyy=20400 Ezz= 11000 

G,y=4100 G„=4100 Gyz=4100

Uxy=0.31 Uxz=0.49 l)yz=0.31

'9.091E-5 -2.8182E-5 0
[ S ] =  4.902E-5 0

Sym 2.439E-04

^1= 1.325075831 ^i2=0.5541668291

^  _ 1  e  ^ 1 + ^ 2  ^ 2
Cj /  — O 2 2

2 jU,M2

Then Gc=3.162E-02.

Because of symmetry in our problem Kn=0.
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Appendix II: More Details about the FE Modeling 

Elements

Plane82, was used to mesh the model. This is an 8-node element which provides 

more accurate results for mixed (quadrilateral-triangular) automatic meshes and can 

tolerate irregular shapes without as much loss of accuracy. This element has compatible 

displacement shapes and is well suited to model curved boundaries.

Material

Bone was modeled as a bi-linear, isotropic material. The Von Mises yield criterion 

was coupled with an isotropic work hardening assumption. The material behavior is 

described by a bilinear stress-strain curve starting at the origin with positive stress and 

strain values. The initial slope of the curve is taken as the elastic modulus of the 

material. At the specified yield stress, the curve continues along the second slope 

defined by the tangent modulus. The tangent modulus cannot be less than zero nor 

greater than the elastic modulus.

Contact Modeling

Contact problems which are highly nonlinear and require significant computer 

resources to solve, present two significant difficulties. First, generally the regions of 

contact are unknown until the problem is run. Depending on the loads, material, 

boundary conditions, and other factors, surfaces can come into and go out of contact 

with each other in a largely unpredictable and abrupt manner. Second, most contact 

problems need to account for friction. There are several friction laws and models to 

choose from, and all are nonlinear. Frictional response can be chaotic, making solution 

convergence difficult. The model of contact in our problem is simple. The amount of 

mesh required around the contact area is a major issue. The indenter is modeled as a 

rigid material because we are not interested in stress distribution and deformation of 

indenter, and because steel is much stiffer than bone. The Contact! 72 and Target! 69 

elements were employed at contact due to their compatibility with the PlaneS2. The 

standard behavior was selected.
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Path Operation

To apply the critical distance to the model, the stress on a fracture line is required. 

Therefore, a path is defined as the fracture line. Generally the FE models which are 

associated with the TCD assume elastic material behaviour. There is not a large 

deformation at the critical force for elastic materials. In this case the path can be defined 

in the original model. However, in the case of indentation this is a high deformation at 

the critical load. Therefore a non-linear material model is used, and the fracture line 

where the deformation is high must be defined in the deformed model. After solving the 

model, the nodal coordinates were upgraded using Upcoord command in the 

Preprocessor menu. Then the new coordinates which were computed using X ' = X  + u  

are used to define the path.
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Appendix III: Indentation Using 20°-300|Lim blade

This is an example of the Macros as written in ANSYS. This is to model the indentation 

of 20°-300^m.

!***** Dimensions are in mm( Length), N (Force), MPa (Pressure)
E=18000
YE=0.01 ! Ratio between Yield stress and Young’s Modulus
ETE=1/100 ! Ratio between Tangent Modulus and Young’s Modulus

toler=0.1 
*afun,deg
inter=x+( 1 -1 /sin(bladeangle/2)) *rock
I ̂  iff ^  3̂  iff ^  ^  ̂  ̂  if: ^  ^  ^  }^ C y “P O ir i t

/prep7
r 1=0.05
r2=0.6
k,l,rl,0 ,0
k,2,0,0,0
k,3,0,-rl,0
k,4,r2,0,0
k,5,0,-r2,0
k,6,0,-a,0
k,7,a/2,-a,0
k,8,a/2,-a/2,0
k,9,a/2,0,0

lstr,l,2
lstr,2,3
lstr,3,5
lstr,5,6
lstr,6,7
lstr,7,8
lstr,8,9
lstr,9,4
lstr,4,l
larc,3,l,2,rl
larc,5,4,2,r2
numcmp,all

ra=0.5
wt=8

h=2
x=-0.00001 
bladeangle=20 
angle=90+bl adeangle/2 
rock=0.3

! Dimension of specimen mm 
! Height of blade
! To close the gap between blade and bone 
! Wedge angle of blade in degrees

!Blade tip radius in micron
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al,l,2,10 
al,l 0,3,11,9 
al,8,11,4,5,6,7

type
MP,ex,l,E 
MP,nuxy,l,.31 
MP,dens, 1,8490 
TB,BISO,l 
TBDATA,1,E*YE 
TBDATA,2,E*ETE

Mp,ex,2,210000 
Mp,nuxy,2,0.3

Mp,ex,3,204000 
Mp,nuxy,3,0.3

et,l,82 
keyopt, 1,3,2 
keyopt, 1,6,1

et,2,169

et,3,172 
keyopt,3,2,3 
keyopt,3,3,0 
keyopt,3,5,1 
keyopt,3,9,0 
keyopt,3,10,l 
keyopt,3,12,0 
r,2,rock

jĵ g iiTien
divl=20
div2=40
div3=20
div4=40

Type, 1 
Mat, 1
Lesize, l,„d iv l,l 
Lesize,2,„divl,l 
Lesize,] l,„div2 
Lesize,3,„div2,10 
Lesize,9,„div2,1/10 
Lesize, 10,„div2 
Lesize,4,„div4,10 
Lesize,8,„div3,l/10

! Plane strain

! Target 

! Contact

! Standard behaivior



Lesize,6,„div3
Lesize,7,„div3
Lesize,5,„div3

Mshape,0,2D
Mshkey,0
Amesh,l

Mshkey,!
Amesh,2

Mshkey,0 
Amesh,3

NuHiber of clements and nodes 
*get,noel,elem,0,num,max 
*get,nonode,node,0,num,max 
I ***=(:** JVlodcling o f  BlsdC
k, 100,0,h+inter+bladeuy,0 
k, 101,2*a,h+inter+bladeuy,0 
k, 102,-2*a,h+inter+bladeuy,0 
k,103,0,inter+bladeuy,0

lstr,103,100
lstr,100,101
lstr,100,102
lang, 13,103,angle
lang,14,103,angle
lfillt,16,18,rock
ldele,15
ldele,17
ldele,12,14,l
kdele, 100,102,1
lstr,10,l 1
numcmp,all

h i =0.004
Mat,2
Type,2
esize,hl
Ireverse, 13
Ireverse, 15
lsel,s,line„13,15
!lcomb,all„0
lccat,all
lmesh,16
alls
*get,PilotID,node„num,max 
PilotID=PilotID+1
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kbetw, 10,11,50 
nkpt,PilotID,50 
tshap, pilo 
e,PilotID

nsel,s,Ioc,x,0,0.7
nsel,r,loc,y,0
m at,3
type,3
!real,2
esize,hl
esurf
alls
/prep7
cncheck ! check the contact

Boundary conditions
d,PilotID,ux,0.0
d,PilotID,rotz,0.0
nsel,s.loc,y,-a
d,all,uy,0
allsel
nsel,s,loc,x,a/2
nsel,r,loc,y,-a,-a+l
d,all,ux
allsel
nsel,s,loc,x,0
dsym,symm,x
allsel
fini
!********solution control
/solution
rescontrol„all,l
pred,off
nlgeom,on
time,l
D,pilotid,uy,-0.3 ! Applied Displacement to the model
NSUBST, 100,200,5
outres,all,all
solve ! Solve the model
fmi



Appendices

Appendix IV: Coulomb-Mohr Failure Criterion

The Coulomb-Mohr failure criterion has been widely used to explain the failure of 

brittle materials. It was especially used to predict the failure of porous materials like 

rocks under compression.

The above figure shows a Mohr Circle diagram to visualize the Coulomb-Mohr 

failure. In our notation, the tensile principal stresses are >0 and compressive principal 

stresses are negative, x is the shear stress axis and a  is the normal stress axis and the 

line elevated at angle (p represents the failure threshold for Coulomb-Mohr failure. 

Failure occurs where the Mohr circle tangents to the line. The value, Xo, represents any 

cohesion in the material. )J,=tan{p is defined as coefficient of friction.

Assuming values of shear and normal stress at failure on the fracture plane as x and a 

then:

—  +  —  =  1 
T (70 n

T + /u(j = r̂
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Therefore there is a Hnear relationship between the shear and normal stress at 

failure. This relationship has to be true in absence of normal stress (a=0). Using the 

M ohr circle with this assumption gives:

T 1
—  =  COS (p =  , =

-y/l + tan^^

In which, Tut, is the shear strength of material.

1
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