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Summary

This thesis addresses four distinct, but related, problems. All four involve large deviation
theory.

The first problem is to relate the logarithmic asymptotics of the single server queue length
distribution to the long time-scale large deviations of the stochastic driving force. Sufficient
conditions are presented under which this relationship has a simple form, even in the presence
of nonlinear scales. Under the hypothesis that the service rate is constant, the logarithmic
asymptotics of the queue length distribution are related to the logarithmic asymptotics
of the waiting time distribution. Statistical multiplexing is investigated in the presence
of nonlinear scales, and many-scale behavior is demonstrated: the scale on which large
deviations are observed depends upon the size of the deviation.

The second problem relates the logarithmic asymptotics of the probability of exhaustion
of a resource to the large deviations of a growing number of sources using the resource.
We consider only a finite time interval: this enables us to tackle sources which are non-
stationary. Nonlinear scales are covered in this treatment and, again, many-scale behavior
is demonstrated.

The third problem deals with constructing a stochastic model which exhibits long range
dependence. The proposals in the literature involve Gaussian processes. A class of two
state processes exhibiting long range dependence is constructed. A relationship is presented
between the large deviations of their sojourn times and the large deviations of the sources
themselves. An explicit form of the rate-function is found in the case where the sojourn
times have a semi-exponential distribution.

The fourth problem is to construct distribution-free confidence intervals for measurement
of effective bandwidths. This treatment includes use of a first order auto-regressive filter to
cope with non-stationarity.
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Preface

The bulk of the material presented here is my own work and is, to the best of my knowledge,
novel. I have, of course, presented some background material by way of introduction and
in general I use standard terminology and notation. In order to distinguish my own work
from the background material, I have used the convention that, unless I specify otherwise,
any definitions, lemmas, theorems and proofs that are formally presented are original. In
a few cases, I have given my own proof of a standard result or have modified an existing
proof to suit my needs; I have clearly identified those cases where they occur in the text.

This thesis is for Ken and Mary.



Chapter 1

Introduction

Tempus Omnia Revelat.
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1.1 On This Thesis

This thesis tackles four problems using large deviation theory, and probabilistic estimates in
general. Although the problems are related, they differ in many ways. Hence it is natural to
present each problem on its own, in its own chapter. This is what we have done. Chapters
two and three use an example whose construction can be found in chapter four. We provide a
general introduction, and motivation, to the subject matter of this thesis: Queueing Theory

and Risk Theory.

The work in chapter two was done in collaboration with J. T. Lewis (DIAS) and W. Sullivan
(UCD and DIAS), and is to be submitted for publication in the near future. The work in
chapter three was done in collaboration with F. Toomey (DIAS), and has been submitted
to the Journal of Applied Probability. The work in chapter four was done on my own,
and is to be submitted for publication in the near future. The work in chapter five was
done in collaboration with L. Gyorfi (Technical University of Budapest), J. T. Lewis, A.
Récz (Technical University of Budapest) and F. Toomey, and is to appear in the Journal of

Applied Probability 37:1 (2000).

We shall discuss the subject matter of this thesis in terms of its interpretation in Queueing
Theory; in the section on Risk Theory, we shall point out the relation between questions

about queueing behavior and questions about the Cramér-Lundberg model of Risk Theory.

1.2 Queueing Theory

1.2.1 An Historical Perspective

Queueing theory has been of interest to mathematicians and engineers since the turn of the

twentieth century. Up until the middle of the last century, the focus of work had primarily
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been on application rather than theory. This all changed in 1952 when Lindley published

his general treatment of the single server queue [46].

Lindley was the first to publish the recursion relation governing the evolution of the waiting
times seen by customers at a single server queue. Let o, be the time taken to serve customer
n, and let 6, be the inter-arrival time between customer n and n + 1. Then w,, the time

customer n spends waiting in the queue, evolves according to
Wnt1 = (Wp +0n —6,) VO for n > 0, (1.1)

where a V b is the maximum of a and b. Lindley considered i.i.d. service times and inde-
pendent, i.i.d, inter-arrival times, and proved that a necessary and sufficient condition for
the waiting time distribution to have a non-degenerate limit is that either E[o; — 6;] < 0,

or o, =60, for all n > 0.

In 1962 Loynes investigated Lindley’s equation (1.1) under very general hypotheses. He
assumed the stochastic driving forces, o, and 6,, to be stationary, almost surely finite se-
quences and proved two remarkable theorems. The first concerns the existence of a minimal
solution to the Lindley’s recursion (which happens to be stationary) and gives a form for the
stationary distribution; the second concerns the stability of the queue and the importance
of the stationary solution found in Theorem 1.1. Proofs of Theorems 1.1 and 1.2 can be

found in Appendix A.

Theorem 1.1 If {0, —6,} is a stationary sequence, then there exists a stationary sequence
of random variables, Yy, which satisfy Lindley’s equation (1.1). Each Y, is equal in distri-

bution to the random variable ©, defined by

0
© :=sup ( Z (0i — 01-)> V0. (1.2)

n20 i=—n
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Theorem 1.2 If the stability condition,

0
P llimsup ( Z (o7 — 01)) < oo] =i (1.3)

n—oo <
=—n

holds, then every solution of Lindley’s equation (1.1) couples to the one defined in Theorem

1.1, after an almost surely finite time.

The Loynes stability condition (1.3) ensures that, no matter what the starting condition
may be, the waiting time becomes zero after an almost surely finite number of customers
have passed through the queue. If two solutions of Lindley’s recursion have different starting
conditions, then coupling occurs once the greater of the two solutions is zero. Hence, under
the Loynes hypotheses, this will happen after an almost surely finite number of customers
have passed. Loynes noted that if, along with his stationarity assumptions, o; —6; is ergodic,
then the queue is stable if E[jo; — 6;] < 0. This has the following interpretation: under the
assumptions of stationarity and ergodicity, the queue is stable if, on average, customers

arrive at longer intervals than the time it takes them to be served.

There have been several attempts to justify (1.2) as the solution to the evolution of a single
server queue where the parameter space is RT rather than Z*. For a general reference, see

the book of Harrison [34], and for an older reference see the paper of Kingman [39].

These days, most work in queueing theory revolves around the queue length rather than
waiting times. Clearly the evolution of the queue length at a single server queue, in discrete
time, can be defined in an identical fashion to that of the waiting times. Let S; be the
number of customers the queue can serve at time ¢, and let A; be the number of customers

which arrive at time ¢. Then ¢;, the queue length at time ¢, evolves according to
qy1 = (g + A — S;)v0  fort >0.

With the workload process W; defined by

We=) (4i-8) fort>1,



6 CHAPTER 1. INTRODUCTION

and Wy := 0, the Loynes solution of Lindley’s equation is equal in distribution to the random
variable @) defined by

1.2.2 Long Time-Scale Asymptotic

A question that has become increasingly important with the introduction of high speed
communication networks is the behavior of the tail of the distribution of Q). If the tail of Q
is large, then buffers in the network will overflow and quality of service cannot be guaran-
teed. Connection admission control is a system whereby quality of service is guaranteed by

restricting admission to the network.

The most successful approach, to date, has been the use of Large Deviation Theory to
calculate the exponential rate of decay of the probability of the event {Q > ¢} as ¢ becomes
large. In Glynn and Whitt’s pioneering paper [28], they showed that if a technical set of

conditions, including the Gartner-Ellis conditions [11], are satisfied, then
PQ >q] < e™®

and J can be calculated from the large deviation rate-function of the stochastic driving force

A — S;. [We use the suggestive notation
PlQ > q] xe (1.5)
as shorthand for the statement that the limit

lim llog PlQ > ¢
q

q—0o0

exists and is equal to —d; it captures the notion of asymptotically exponential decay.]

We have the following heuristic for Glynn and Whitt’s result: assume that Z; := A; — S;
is stationary and ergodic, and E[Z;] < 0 so that the Loynes stability condition is satisfied.

Furthermore, assume that W, satisfies a large deviation principle. [Roughly speaking this
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means that there exists a non-negative function, the rate-function, I(-) : R — [0, oo], such

that for all z > E[Z;],
P[W; > zt] < exp (—tI(z)) ] (1.6)

From the definition (1.4) of Q we have that
{Q > Q} = {Sup Wi > Q} = {Sup ch > (I} = U {ch > Q}' (1‘7)
t>0 >0 il

At time zero, @ > q if and only if for some cq the workload W4, produced between time

—cq and time zero, exceeds gq.

Consider fixed ¢ > 0; what can we say about the probability that W,, is greater than ¢? As
¢ > 0 and E[Z;] < 0, equation (1.6) tells us that

P[We > q] = P [ch —" G)] S (—cq[ (%)) . (1.8)

Part of the special character of Large Deviation Theory is the principle of the largest term
(see Lemma 2.3 of [43]); this principle says that the large deviations rate of decay of the
probability of a finite union of not necessarily disjoint sets, is the smallest rate of decay of
each of the individual sets. If we could justify using the principle of the largest term for a

countable union of sets, then equation (1.8) would yield

P[J{Wey > a}] = exp (—qiggcl (%)) . (1.9)

c>0

Using equations (1.7) and (1.9), we have Glynn and Whitt’s result,

P> o e (-@;g a1 <%)> . (1.10)

The biggest gap in turning this heuristic into a proof is the justification of use of the principle
of the largest term in equation (1.9). The principle of the largest term applies only to finite

unions; the following argument explains how we can use (1.8) to get (1.10).
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Let ¢, be the ¢ at which infesgcl (1) is attained. c,q is the most likely scaled time in the
past at which the queue was last empty. Given 0 < < ¢, < ¢ < 00, as {sup;5o Wi > ¢} =
Ur>o{W: > g},
>ag=Uwm>g=Uwm>a U Wm>qgJ{W>q Al
t>0 t<cq cg>t>cq t>cq
The principle of the largest term tells us that the asymptotic rate of decay of P[Q > g]
equals the minimum rate of decay of the probability of
UWwi>qt, U (We>q}and |J{W: > g} (L12)
t<cq cq>t>cq t>cq
It will be shown in Chapter 2 that for any 0 < ¢ < ¢ < oo the rate of decay of the probability

of the middle term in (1.12) is governed by the large deviation principle,

Pl U W>q|=P| |J (Weg>a} xexp(—qig%c[(%)).

qc>t>cq c>c>c
It will also be shown in Chapter 2 that there exists a 0 < ¢ < oo such that the rate of
decay of the final term, P[U,. ., {W: > ¢}], is at least as great as that of the middle term:
P[ngczz{ch > ¢}]. To get Glynn and Whitt’s result, we must impose conditions that
ensure that the contribution from the first term does not dominate. The first and third

terms in (1.12) have physical interpretations. Define the random variables
71(q) := inf{t : W; > ¢} and T2(q) := sup{t : Wi > gq}; (1.13)

71(q) is the first time in the past at which the workload amounted to a level greater than
q and 7y(q) is the last time in the past at which the workload amounted to a level greater
than ¢. Note that, given ¢ and c,

{n@<egt= (J Wi>q},  and  {nlg) >cg} = J{W:>q} (1.14)

0<t<cq t>cq
Thus equation (1.11) is equal to
{Q>q}={n(q) <ge} |J Wee>a} | {r2(q) > qc}.
c>c>t

Hence the first term fails to dominate if the probability that the workload is greater than ¢

does not grow too quickly.
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I(z)

Figure 1-1: Rate-function transformation when the queue is unstable.

Figure 1-2: Rate-function transformation when the queue is stable.

If the queue is not stable, that is E[Z;] > 0, then cI (%) = 0 when ¢ = 1/E[Z;]. Hence, if
the queue is not stable, the tail of the queue length distribution does not decay. See figure

1-1 for a graphical representation of this rate-function transformation.

If the queue is stable, that is E[Z;] < 0, and I(z) is strictly convex (which the Gartner-Ellis
conditions ensure), then, as I(z) = 0 for z = E[Z], cI (1) is positive for all ¢ > 0. Thus

the rate of decay of P[Q > ¢] is positive. Moreover, as I(z) is convex, cI (%) is convex for

¢ > 0. See figure 1-2 for a graphical representation of this transformation.
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1.2.3 Large Space-Scale asymptotic

Another question which has become increasingly important to queueing theorists, since the
introduction of large capacity networks, is statistical multiplexing. This is where superpo-
sitions of bursty traffic streams lead to a smoother, less bursty, multiplex. As the multiplex
is smoother it is less likely to cause a large deviation when queued in a single server queue,
hence there are economies of scale. Calculating the exponential rate at which this smooth-
ness occurs in the queue length, as the number of sources and service rate tend to infinity,

1s the subject matter of the large number of lines asymptotic.

This asymptotic was suggested independently by Botvich and Duffield [4], and Courcoubetis
and Weber (8], who consider homogeneous and heterogeneous superpositions of sources using
a single server queue whose service-rate is growing at the rate at which sources are added.
A large deviation principle is assumed, with linear scaling, for the multiplex as the number
of sources increases and the sources themselves are assumed to have linear long time-scale

asymptotics. This connects their work to the earlier work of Glynn and Whitt.

They prove, in the case where there is fixed service rate per source, that

1

i PQY > Lg| = —J(q),
Jim - log Q" > Lq] (q)

where QF is the stationary queue length distribution associated to L sources, where J(q) is a
function which can be evaluated if one knows the finite time cumulant generating functions

of the input traffic.

Duffield [13] then extended this work to include sources which obey long time-scale large
deviation principles with power-law scaling functions. In particular, he found in this case

that the economies of scale can be much greater than in the linear scaling case.
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1.2.4 Long Range Dependent Models

In queueing networks service rates at switches are often fixed. Most of the modeling effort
focuses on developing stochastic models which exhibit phenomena found in data-sets. One
such phenomena is long range dependence, this is where correlations within a traffic source
decay in time, ¢, more slowly than exp(—tC), for some positive constant C'. Long range
dependence has been of interest to teletraffic engineers since claims have been made that it
is found in certain data-sets (see Leland et. al [42], Crovella and Bestavros [9], and Beran et
al. [2]), leading to the suggestion of fractional Brownian motion, which exhibits long range
dependence, as a model for Internet traffic. Fractional Brownian motion suffers from two
drawbacks as a model of Internet data, it is unbounded, and it takes negative values. This
is unrealistic given hardware constrains traffic to be bounded, and negative arrivals are as

physically unsatisfying as the existence of tachyons.

This motivated the work found in chapter four of this thesis, where two state sources are
constructed which exhibit long range dependence. The basic construction involves describing
a two state source by the sojourn times it spends in either state. If these sojourn times are
distributed via a heavy tail, namely a distribution that decays slower than exponentially,

then the source will exhibit long range dependence.

Using results of Russell, which can be found in [62], we relate the large deviations of the

sojourn times to the large deviations of the source itself.

1.2.5 Effective Bandwidths

Large deviation rate-functions are notoriously difficult to calculate, even for simple models.
If a rate-function is convex then an alternative representation which contains the same
information is its Legendre-Fenchel transform, the scaled cumulant generating function,

which is almost always easier to calculate.
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From Glynn and Whitt’s result, we know how the tail of the queue length decays in terms
of the workload rate-function, but how would we use this knowledge in practice? We could
watch the traffic going through a switch, fit a stochastic model to the measured traffic, cal-
culate the models rate-function, and hence evaluate ¢ found in equation (1.5). This process
could be acceptable for off-line investigation but is too time-consuming and inaccurate to
do ‘on-the-fly’. If one wished to do connection admission control one needs to be able to

calculate ‘on-the-fly’.

In a radical departure from existing suggestions, Duffield et al. [15] proposed taking a cue
from chemical engineers and measuring the scaled cumulant generating function directly.
They suggested a simple estimator which is sufficiently computational efficient that it can
be calculated in real-time, on the switch. The work found in chapter five of this thesis is the

calculation of distribution-free confidence intervals for the estimator that they proposed.

1.3 Risk Theory

The subject matter of Risk Theory is the stochastic modeling of insurance companies. See
the book by Grandell for an introduction [29]. The basic model, and the one that receives
the most attention, is called the Cramér-Lundberg model. This is where we model an
insurance company to have initial capital u, have income s per unit time, and for the value
of claims at time ¢ to be governed by the stochastic process { X;}. An important issue is the
calculation of the probability of bankruptcy. Bankruptcy, or ruin, occurs if total claims at
any time, t, exceed the initial capital plus the income earned up to time ¢. The ruin event
18,

sup {E(Xt -5) > u} .

t>0 | *

= =0
Identifying s = S;, and X; = A, this event is mathematically identical to the event {Q > u}.
Hence work done on the asymptotic tail of the queue length distribution is automatically
true for the Cramér-Lundberg model. Use of large deviation theory, in a seminal form, to

calculate asymptotics for the ruin event was proposed in 1986 by Martin-Lof [53).
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Logarithmic Asymptotics for a
Stable Single Server Queue and
Applications to Statistical
Multiplexing

“Fven the Royal Mail can’t deliver us from what we’ve got into.”

Gomez
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2.1 Introduction

Let {W;} be a stochastic process. Define Q := sup;>o Wi. Under the assumption that W;
satisfies a large deviation principle on regularly varying scales, we deduce tail asymptotics
for P[Q > q] as q becomes large. We discuss the problem viewing Q as the stationary queue
length distribution at a single server queue. While this interpretation helps our physical

intuition, clearly it is not necessary.

In [17] Duffield and O’Connell study the tail of the distribution of Q. The basic aim of [17]
is to compute

lin i log P[Q > ¢, (2.1)

q—»czo h(q)
where h(q) is an appropriately chosen scaling function. Glynn and Whitt [28] treat the case
where h(q) = g which is appropriate when a large deviation principle (LDP) is satisfied by
the pair (W,/t,t). Duffield and O’Connell generalise to the case in which one has a LDP
with a different scaling: (W;/a(t),v(t)), where a(t) and v(t) are non-decreasing. Yet a third

scaling function is employed for (2.1).

Fundamental to the discussion in [17] is the existence of a function h(t) such that the limit

g(c) defined by

gle) = Jim 09 (2.2)

exists for all ¢ > 0. When such an h exists, one can define h:=voa!. Then

' @:
tligloﬁ(t) g(1).

The use of h instead of h affects the asymptotic properties of (2.1) only by the multiplicative

constant g(1), so there is no loss in defining

Then the limit (2.2) becomes
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which, if a(t) and v(t) are non-decreasing, suffices for h to be regularly varying (see Bingham
et al. [3]). In this work we restrict to the case where both a(t) and v(t) are regularly varying.
Specifically this means that there exists V > 0, and A > 0, such that

i 1 S SRR . | ) (2.3)

5l

im im =
t—oo v(t) t—oo a(t)
for all ¢ > 0. We shall assume that both V and A are greater than zero and that a(t) is both

continuous and strictly increasing. Note that, assuming a(t) is continuous and increasing,

n;ggfm log P[Q > q] = liqrgglfﬁ log P[Q > a(q)] (2.4)
and

" : 1

llfII_I)Solip W log P[Q > q] = h?ligp m log P[Q > a(q)]. (2.5)

This suggests that we are running the logarithmic asymptotics of Q on the same scales as

W;, which is essentially the case.

As Glynn and Whitt did, Duffield and O’Connell employ the Gartner-Ellis conditions to
ensure that an LDP is satisfied with a convex rate-function; they employ methods based on
the scaled cumulant generating function. These conditions are unnecessarily restrictive and

hinder intuition.

Our approach makes evident a lacuna in Theorem 2.2 of [17]; their equation (34) is not
valid in general. We assume that an LDP is satisfied by the pair (W;/a(t),v(t)), but do
not make assumptions about how it has been deduced. We place our estimates directly on
the probabilities, making clear their interpretation, and we provide a simple form for the

resulting asymptotic rate of decay.

With these assumptions in mind it is not difficult to prove the lower bound (details are

presented in Proposition 2.1),
n 1 e vyl
= ; e 2.6
hqmmfv(a_l(q))log]l”[Q>q] - ggc I<CA> : (2.6)

More care, however, must be taken with the corresponding upper bound. This begins by

splitting the set {@ > ¢} into the union of three, not necessarily disjoint, subsets,

{@Q>q}={ sup Wy >q}U{ sup W;>q}U{ sup W;>gq}, (2.7)
t:a(t)<qc t:gc<a(t)<qc t:a(t)>qc
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where 0 < ¢ < ¢ < o0. The principle of the largest term ensures that the rate of decay of
the probability of {@Q > ¢} is less than or equal to the slowest rate of decay of these three
sets. It will be shown in Proposition 2.3 that the rate of decay of the probability of the
middle term in (2.7), for any 0 < ¢ < ¢ < o0, is bounded above by the rate found in the
lower bound (2.6). It is shown in Proposition 2.2 that there exists a ¢ < oo such that the
rate of decay of the probability of the final term in (2.7) is bounded above by the rate found
in the lower bound (2.6).

The LDP hypothesis refers to limiting behavior of log P[W; > ca(t)], not values for specific
t. The asymptotics of a single W; could dominate those of log P[Q) > b]. We need to impose
an additional condition which excludes this possibility, ensuring that there exists a ¢ > 0
such that the rate of decay of the probability of the first term in (2.7) is as quick as the rate
found in the lower bound (2.6). We then have that

: 1 . 1
qll{go v(a1(q)) log P[@Q > ¢] = —éggc‘ & <c—4) ; (2.8)

In section 2.2 we set up our basic formulation and assumptions, stating the main result
and providing sufficient conditions for it to hold. In section 2.3 we present examples to
illustrate these results. In section 2.4 we relate the rate of decay of the stationary queue
length distribution to the stationary waiting time distribution. In section 2.5 we discuss
statistical multiplexing (which is of key interest to teletraffic engineers) in the presence of
non-linear scales. In section 2.6 we present some examples of statistical multiplexing on
non-linear scales. We illustrate how many-scale behavior can occur: the scale on which

large deviations are observed depends upon the size of the deviation.

2.2 Main Results

We consider a family of random variables {W; : t € T'} where T is an unbounded subset
of Ry. In this work we shall be primarily interested in 7" = Z but provide an additional

hypothesis under which the work extends to 7' = Ry . We define Q := sup;>o Wt.
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Scaling hypothesis: The function a : Ry — R, is continuous and strictly increasing, and
the function v : Ry — Ry is non-decreasing with lim;_,« v(t) = limy_, a(t) = co. For each

c>0

aich) = ¢4 and lim

v(ct)
o alt) 1% (D) E e

= € y

where A > 0 and V > 0 are constants.
By Theorem 1.10.2 of (3] a(t) and v(t) are regularly varying.

Note that in Loynes original work [47], where the distribution @ := sup;, W; was first
defined, {W; : t € Z.} is defined to be a partial sums process associated with a stationary
process {Z;}, that is W; := Z;:I—z Zi, and Wy := 0. Z; is the arrivals less service at time t.

In this setting, the individual ergodic theorem (see page 18 of Halmos [33]) proves that

t—o0

t
o . .
lim r Zl Z-i= Jlim = E[Z, |F),

where F is the invariant o—algebra. Hence, in this situation, it seems likely that a(¢) would
be set to be t; if a/(t) is any other scale such that lima’(t)/t € {0,000}, then the information

about the mean behavior of the arrivals less service is lost on the scale a’(t).

If a(t) is regularly varying with constant A, then Theorem 1.5.12 of [3] proves that a~!(¢)

is regularly varying with constant 1/A.

Definition 2.1 We define the queue scaling function h: R, — Ry by

h(g) := v(a™'(q)). (2.10)
From chapter 1 of [3], in particular Theorems 1.4.1 and 1.5.6, we deduce the following:

Lemma 2.1 Under the scaling hypothesis the function h defined by (2.10) satisfies for each

c>0
h(ct) _ vya

=cC

tl—lglo h(t)
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As t — oo the ratio h(ct)/h(t) converges to ¢V/* uniformly as a function of ¢ on compact
subsets of Ry. Similarly, the ratios v(ct)/v(t) and a(ct)/a(t) converge uniformly to ¢¥ and
¢ as functions of ¢ on compact subsets of R,. For each § >0 and C > 1 there exists bs,c

so that q,t > by implies
h(t)/h(q) < C max{(t/q)"/**, (t/q)"*~}.

Similarly for v(t)/v(q) and a(t)/a(q).

For each z € R, define [z] to be the least integer greater than z and |z ] to be the greatest

integer which is smaller than z.

Lemma 2.2 Under the scaling hypothesis, for all ¢ > 0,

. v(fa" et)]) _ va
i S -

PROOF By definition of the ceiling function, [z],
“Let) < [a~Y(et)] < aY(ct) + 1.

As, by Theorem 1.5.12 of [3], a~!(t) is regularly varying with constant 1/A and, by assump-

tion, is increasing,

L aMet) . [a"Yet)] ) ~1(et) 1 _ 1/
e o7 L o = ft‘f&(a—w) +a—1(t>)‘cl |

Hence, given 0 < € < ¢, there exists N. such that

v((c=e)Ha”'(¥) _ v(la”(et)]) _ v((c+e)Ha"(1))
v(a=t(t)) — ov(eTi(®) T v(a=!(t))

)

for all ¢ > N.. Hence, as v(t) is regularly varying,

ol )
=o' < i “Gmg) et

for all 0 < € < ¢; hence the result.
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Lemma 2.3 Under the scaling hypothesis, for each v > 0,

lim _;(n) IOg Z C_WU(k) —at] (211)

PROOF We need only show that the left has side in (2.11) is not less than 1. Fix «a
satisfying 0 < @ < V. By Lemma 2.1, for C > 1 there exists bc so that for n > be

v(k) > v(n)(k/n)*/C when k > n. By considering Riemann sums we deduce

Z exp —yv(k) < Z exp____vv(n)ék/n)“ Sn/1 exp____vv(g):r dz.

For all sufficiently large n, yv(n)/C > 1, so

00 o0 . yv(n)
kz:;lexp —~yu(k) < exp —yv(n) +n </1 ek —(g® 1) da:) Sp=Ser ©

Since (logn)/v(n) — 0, the desired inequality follows by taking C' | 1.

LDP hypothesis: (W;/a(t),v(t)) satisfies a large deviation principle with rate-function
I(z). That is, there exists a lower semi-continuous function 7 : R — [0, oo] such that for all
F closed

lim sup —
t—)oo} U(t)

1og1p>[ ) F]g—infl(x),

zeF
and for all G open

Wy
h{Eéf}f ()loglP’ [—) G} >—;1€18I()

We do not assume that I(z) has compact level sets (ie. is a good rate-function), as some
authors do, as they are not necessary for this part of the treatment. We will, however, need
compact level sets in the section on statistical multiplexing, Section 2.5, in order to use the

simplest form of the contraction principle.

Stability and Continuity hypothesis: I(z) is non-decreasing for z > 0, I(0) > 0 and
there is some z > 0 such that I(z) < oo. Moreover, I(z) is assumed to be continuous on

the interior of the set upon which it is finite, which we denote Z.
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We say that a set A is a concentration set, with respect to the rate-function I(z), if

inf I(x) = 0.
1)

That is, A is a concentration set if the probability of A does not decay exponentially with

respect to the scales upon which I(z) is defined.

If I(z) = 0 for some x > 0, then the queue will be unstable: having more arrivals than service
will be concentration set. If I(x) = oo for all z > 0, then P[Q > ¢] will be asymptotically

zero with rate oo.

Note that under the LDP, stability and continuity hypotheses, for all ¢ > 0,

—I(c) = —infescI(2)
< liminf; s v(l—t) log P [a‘% >e
< limsup;, o %)— log P [;—?t% > c]
< limsup;_, ﬁ log P {% = c]
< —infz>cI(z)
= ~I(e).

Lemma 2.4 Under the LDP, stability and continuity hypotheses
-1 W,
tl_lglo o0 log P [a(t) > c] (c)

converges uniformly as a function of ¢ on compact intervals contained in, Z, the interior of

the set upon which I(z) is finite.

PROOF For each t € T,

-1 W,
Lilg) = rt)logﬂ:D [;(_t—) > c]

is a non-decreasing function of ¢. Fix a compact interval [¢,¢] C Z and let € > 0 be given.
As I(c) is finite and continuous on Z, we can select ¢ = 29 < 71 < --+ < T, = ¢ such that
I(z;) — I(z;—1) < € for i = 1,...,m. As I;(z) converges pointwise to I(z), we can find
N¢ such that |I;(z;) — I(z;)] < € for all t > N, and all ¢ € {0,...,m}. Then, as I(c) is

non-decreasing, for any ¢ € [¢,c] and all t > N, |I;(c) — I(c)| < 2e.
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The LDP hypothesis refers to limiting behavior of log P[W; > ca(t)], not values for specific
t. The asymptotics of a single W; could dominate those of logP[Q > b]. The condition

below excludes this possibility.

Uniform individual decay rate hypothesis: There exist constants F > V/A, K > 0 so

that for all ¢ and all ¢ > K,
1
— log P[W; > ca(t)] < —cF'. (2.12)
v(t)
Note that if a(t) = ¢, then a sufficient condition for the uniform individual decay rate

hypothesis to be satisfied is for the arrival rate to be almost surely bounded by a fixed K.

Extension hypothesis:

lim sup logIP’[sukaSkH We> dl = lim sup _____log uili e Q].
qﬂookEZ.% h(q) 4P keZ 4 h‘(q)

This hypothesis is trivially satisfied when T = Z,. For T = R, additional information
about {W;} is needed to assure that the supremum over k < t < k + 1 does not differ
significantly from Wj.,. Though this hypothesis may be difficult to prove for specific
models, in actual queues it should be quite clear whether there is a significant difference
between the maximum over all ¢+ and the maximum over ¢ € Z. A sufficient condition is

that the service rate be almost surely bounded above by a fixed K,

sup Wy < Wi + K,
teTk<t<k+1

for all k € Z.

The asymptotic lower bound for queue length probability is a direct consequence of the LDP

and scaling hypotheses for (W;/a(t),v(t)).

Proposition 2.1 Under the scaling and LDP hypotheses

1 ce vyl
- 1y 2.13
hqrgggf ) log P[Q > q] > ggc b4 <CA> ( )
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PROOF Fix ¢ > 0, as Q = sup;>( W; we know that

1 1
Wq) log P[Q > q] > —E—) lOg P[W[a—l(cq)] > q]. (2.14)

Using equation (2.10) we have that the right hand side of (2.14) is equal to

v(v[(cjz——ll(&q)))]) U(]-a_}(cq)]) log P [Wia-1(cqy > q] (2.15)
By Lemma 2.2,
e %q)))j i (2.16)
Let b= a~'(cq), then g = a(b)/c. So that,

1 1 [ a(b)
log P _ = ———logP |W —.
ol eq) 8F Wiatcon > d = gy o P Wi > =
As a(t) is increasing, we know that a([b]) > a(b), thus
a(b a([b]) ]
]P |:W[b] T ]P Wi’b] > &
The LDP hypothesis ensures that
1 1
li logP (Wi > a([b =-I(-]). 2.1
Jim e log® Wy > a8/ = =1 (¢ ) 2.17)

Thus using (2.14), (2.15), (2.16), and (2.17),

, il
hqmlnf,( ] log P[Q > ¢q] > > VAT (;) '

As this is true for all ¢ > 0,

, 1
. ‘,//‘4 =
hmlnf——h( )log]P’[Q>q] iggc I(c’)'

q—o0

Substituting ¢’ = ¢!/4 in for ¢, we get the result (2.13).

The upper bound is treated by splitting the event {@) > ¢} into three parts, each of which

is dealt with separately.

Theorem 2.5 For all ¢ > ¢ > 0,

lim sup h(lq log P[supy.q(4)<qz Wt > gl

limsup — log P[Q > ¢] = { limsup h(l log P[supy.qz<q(t)<qc Wt > 4] (2.18)

h( )
lim sup W log P[supy.q(t)>qc Wt > ql-
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PROOF Using (2.7), a direct application of the principle of the largest term (see Lemma
2.3 of Lewis and Pfister [43]) suffices.

First we treat the last term in equation (2.18).

Proposition 2.2 Under the scaling, LDP, stability and continuity hypotheses, there ezists

0 < ¢ < oo such that

1 1
limsup — logP[ sup W; > q] < —infcV[I (—) : (2.19)
g—oo h(q) [t :a(t)>qe >4 >0 e

PROOF For ¢ > 0 we have
P[ sup We>ql=P[ |J Wi>ql< > PWi>ql
k:a(k)>qc k:a(k)>qc k:a(k)>qc
The LDP and stability hypotheses imply

; Wi
thjgv()logP[W>OJ I(0) > 0.

Select v, 0 <y < I(0). Then for all sufficiently large k

PWi > q) < P[Wg > 0] < e (k)

and for all sufficiently large ¢,

Z PW > q] < Z e~ 1v(k),

k:a(k)>qc k:a(k)>qgc

By Lemma 2.3, there exists 6 > 0 so that
logZe k) > Syv(n)

for all sufficiently large n. Then, letting n = a~!(qc),

-1
lim sup — log Z P[W > ¢] < lim sup—é'yw = —dycV/A.
g—00 h(Q) k:a(k)>qe g—00 h(q)
Since ¢"/4 = 00 as ¢ = oo, we may choose ¢ > 0 so that

; 1
— V/A
sre < - ae'T (5.
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Now for the middle term in equation (2.18).

Proposition 2.3 Under the scaling, LDP, stability and continuity hypotheses, for all 0 <

c< ¢ < oo,
1 ; 1
limsup — logP[ sup W; >¢q] < —infc"I (—) ) (2.20)
q—00 h(‘]) [t:qESa(t)ng t ] >0 i
PROOF We have that
P[ sup Wi>gql<a'(qe) max P[W;>q]. (2.21)
k:gc<a(k)<qc k:qe<a(k)<qc

AsV >0

1
lim sup — loga™*(gc) = 0.
msup ;s og (qc)

Thus, using equation (2.21) and the fact that log is order-preserving, we have that the left

hand side of equation (2.20) is less than or equal to

logP (W), > q]. (2.22)

1
lim su max
q_ﬂ,op k:qe<a(k)<qc h(Q)

Let
_ —log P[W}, > cal(k)]

v(k)

Select € > 0, e < 1/c. If I(1/€) < oo, let ¢* := 1/c. Otherwise select ¢* so that I(c*) < oo,

Iy (c) : (2.23)

c*+e <1/cand I(c* + €) = +00. Now limy I(c) = I(c) for each ¢ € [1/c, c*] by the LDP
hypothesis. By Lemma 2.4 we have uniform convergence on [1/c,c*]. Note I(c) > I1(0) > 0

for ¢ > 0. Then there exists N, so that n > N, implies
1
I,(c) > I(c)(1 —¢) for c € [1/¢,c*] and I,(c* +¢) > . if I(1/¢) = +o0. (2.24)

Note that I,(c) > I,,(c*) for ¢ € [¢*,c* + €] and I,(c) > I,(c* +¢€) for ¢ € [¢* + &,1/c]. For
q > a(N.c) define ¢ for each k, a='(q/c) < k < a"'(q/c). by ¢ := q/a(k) so that we have
v(k) = h(g/ct) and from (2.23) and (2.24),

h(g/cg)I(ck)(1—€) if l/e<cp <c*
—log P[Wi > q] > ¢ h(g/cx)I(c*)(1—¢€) if ¢ <cp<c*+e (2.25)
h(g/ck)/e if c¢*+e<ce<L1/C.



2.2. MAIN RESULTS 25

The value of k at which the max in (2.22) occurs corresponds to the minimal term in (2.25).
For sufficiently small ¢ the minimum does not occur at the h(g/ck)/e term. Then this
minimal term divided by h(g) is not less than

h(q/c)
in — T
cell/e,1/a h(q)

leenm i

>0 h(q) gtk

Taking ¢ — oo and then the limit ¢ — 0, and substituting ¢/ = ¢~'/4, yields (2.20).
Finally, the first term in equation (2.18).

Proposition 2.4 Let the sequence {W,;} satisfy the scaling, LDP, stability and continuity
hypotheses, and the uniform individual decay rate hypothesis, then there exists ¢ > 0 such
that

1 1
limsup —— logP[ sup Wy >q] < lnfc I( A) (2.26)
g—00 h( ) k:a(k)<qc c

PROOF Note that

P[ sup Wi >gq]<al(g¢c) max P[W; > g,

k:a(k)<qc k:a(k)<qc
and, as V > 0,
1
lim su loga™!(qc) = 0.
D o8 (qc)
Therefore
limsup ——logP[ sup Wj > g] =limsup max —— logP[W} > ¢|. (2.27)
q—00 h(q) [k :a(k)<qc ] g—oo  k:a(k)<qc h(q) g [

Define ¢ for each integer k, 0 < k < a~!(q¢), by cx := q/a(k), so that we have v(k) =
h(q/ck) and from (2.12) for each ¢, > K,

L o . _h(a(k)) 9 o bt h(q/ck)\ F
g PP > ol < 0 () = (MR ). e

Take C' > 1 and §, 0 < § < F — V/A. Letting t = a(k), by Lemma 2.1 there exists bs ¢ so

_(% . (_)V/Aﬂi’

that for ¢ > t > b; ¢,
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and, by (2.28), for ¢ := g/a(k) > max{K,1} and a(k) > bsc,

1 L1\ VA
B e | ¢
ha) log P[Wy > cra(k)] < - <C/c) c

Choose 1/¢ > max{K, 1} so that

1 71\ F-V/A-9) L 1
_E(E> e I(—A)

Then for each ¢ > bs,c and any k which satisfies b5 c < a(k) < g¢ we have
Lk
h(q)
Inequality (2.28) implies that for each fixed k, log P[Wy > cxa(k)]/h(q) — —o0 as ¢ — oo.

, 1
. V
log P[W), > ¢k a(k)] < —ggc 1 (c—A> . (2.29)

Since there are only finitely many k with a(k) < bsc, (2.27) and (2.29) together imply
(2.26).

From Proposition 2.1, Theorem 2.5 and Propositions 2.2, 2.3, 2.4, we deduce the following:

Theorem 2.6 If the sequence {W,} satisfies the scaling, LDP, stability and continuity hy-

potheses, the uniform individual decay rate hypothesis and the extension hypothesis, then

: 1 o Pl 1
qh_zlgo W log P[Q > q] = — éggc I (C—A> . (2.30)

2.2.1 The Scaled Cumulant Generating Function

The Cumulant Generating Function (sCGF) of W, scaled by (a(t),v(t)), is defined by
N
v(t)
The analysis in [28] and [17] is based on the sCGF. The hypotheses stated so far have

Apl8) = log E[exp (Bv(t)Wy/a(t))] . (2.31)

simple expressions in terms of the sSCGF, when it exists. The conditions we specify here for
the sCGF case are intended for easy applicability, rather than maximum generality. Under
these assumptions, the large deviation rate-function is convex. The sCGF technique is not

applicable to models which have non-convex rate-functions.
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LDP Hypothesis, sSCGF case: For all # € R and all ¢ the scaled cumulant generating
function given by (2.31) exists as a finite real value. For each 6 € R the following finite limit

exists and defines A(6):

A(6) == lim X\(6).

t—o00

Furthermore A(f) is assumed to be continuously differentiable. These assumptions imply

the following (see [11]).

Proposition 2.5 Under the above assumptions the pair (W;/a(t),v(t)) satisfies a large

deviation principle with rate-function I(z) given by the Legendre-Fenchel transform of A(6),

I(z) := sup{fz — \(0)}. (2.32)
0

This implies that I(z) is a convex function and continuous on the interior of the set where

it is finite.
Stability Hypothesis, sCGF case: There exists § > 0 so that A(8) < 0.
The above implies that 1(0) > —\(6).

The uniform individual decay rate hypothesis can be readily expressed in terms of the sCGF.

Proposition 2.6 If there ezists constants F', M such that F' > max{V/A,1} and
M(6) < MoF /)

for all @ > 0 and all t, then for each F, max{V/A,1} < F < F', there ezists K so that for

all ¢ > Kr and all t,
1|
v(t)

and the uniform individual decay rate hypothesis is satisfied.

log P[W; > ca(t)] < —cF
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PROOF An elementary consequence of (2.31) is Chernoff’s inequality,
log B[W; > ca(t)] < —u(t) <(19 = )\t(O)) .
It then follows that
log P[W; > ca(t)] < —v(t) <09 - MeF'/(F’-U) .
Choosing 6 = (¢(F' —1)/(MF'))¥' ! we have
log P[W; > ca(t)] < —v(t)c"” (M“-F’)F"F’(F’ = 1)F’—1) . (2.33)

Since M and F' are constants, for each F, F' > F > max{V/A,1}, there exists Kp such

that, for all ¢ > K, the right hand side of (2.33) will be less than —uv(t)cf".

2.3 Decay Rate Examples

We present two sets of examples, one set is based on Gaussian processes and the other
on heavy tailed processes. Fractional Brownian motion (which is covered in the Gaussian
processes section) has been proposed by Leland et al. [42] as a model for multiplexes of
Ethernet data. Heavy tailed distributions are often studied in risk theory (see Mikosch and
Nagaev [54] and references therein) and more recently in queueing theory (see Asmussen
and Collamore [1]). For these models it is possible to get much more information than is
available on a logarithmic scale. Interesting features are still displayed even after taking

logs.

2.3.1 Application to Gaussian Processes

Perhaps the simplest examples to which the theory can be applied are those in which

Wi = Xy — ut,
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where 42 > 0 is constant and {X;} are mean zero Gaussian random variables with covariance
function

I(st) =H[X,X;], g =Tt1).

Define
alt):=t and w(t)=h(t) =2/l

At(0) is given, by

for all ¢ > 0. Thus, using (2.32),
1
Iz = i(m + )2

Note that I(z) is continuous and that it is non-decreasing for z > 0. Thus it suffices to

assume that, for all ¢ > 0,
. [(ct,ct
lim 7% = I L) S P
t—o0 O t—oo I'(¢,1)

Then v(t) is regularly varying with

lim viel} =Y, V=2-2G
t—oo v(t)
Thus o
1 2=V g b
: 1% H
- = e ' 2.34
22501((;) V—2( vV ) =2

In particular, fractional Brownian motion has
(s, 1) = ™ 1987 — [s —4PPH, o =i,
where 0 < H < 1. Here a(t) := t, v(t) := h(t) := t*/. Note that the condition in Proposition

2.6 is satisfied with F/ = 2 and M = 1. Thus (2.34) gives the exponential rate of decay of

the tail of the stationary queue length distribution:

1 T Vil pv (V=2\"
L = = o
i plg R 2= i Cer e RIG > dl= g ( i )

Similarly, the Ornstein-Uhlenbeck position process has
2
ol = (E) (t+et—1),
v

where p and v are positive constants. Clearly o7 is regularly varying with S = 1. See [17]

for details.
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2.3.2 Application to Heavy Tailed Processes

In [62] Russell lays down a prescription to calculate the large deviations rate-function for
the partial sums of a two state source which can be described in terms of the sojourn times
it spends in the ‘on’ and ‘off’ states. In [19] Duffy uses this prescription to calculate the
large deviations rate-function for a two state source whose sojourn times are distributed

using a heavy tailed heavy distribution H,
P[H > z] = d(z)e™*®),

where d(z) is slowly varying (see Bingham et al. [3]), and v(z) is regularly varying with

constant 0 < V < 1.

We define {Y;} to be a stationary sequence of two state random variables taking values in
{0,1} whose sojourn times spent in the 0 and 1 states are distributed by an i.i.d. sequence
with distribution H. Note that the mean of Y; is 1/2 as its sojourn times spent in the ‘on’

and ‘off” states have finite, and equal, expectation. Define
Ze =Y, — p,

where 1 € (1/2,1) so that the stability hypothesis will be satisfied. Define the workload

process by

t
Wy :=/ VA
0

It is shown in [19] that (W,/t,v(t)) satisfies a large deviation principle with rate-function,
I(z), given by

(1-2(z+p)’ ifzel-p1/2-4]

Iz) =4 Q+p) -1V fze[l/2-pl-y

+00 otherwise.
For example, with p := 3/4, d(z) := 1 and V := 1/2, see figure 2-1 for a graph of I(z). It
is not surprising that the Gartner-Ellis conditions do not hold as I(z) is not convex. Note
that I(z) is non-decreasing for z > 0; moreover, I(z) is continuous where it is finite. We

have

: 1
(;VI (l) _ +00 lfC< m
¢ @+c@u-1)" ife>il,
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Heavy tailed sojourn rate function
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0.6

02}

-O..G -Ol.l ‘OA,Z (l) OTZ
Figure 2-1: I(z) vs. z for heavy tailed sojourn times.

. (1 T g
infc‘1<—> :<2+ as ) : (2.35)
c>0 G I —p

As Z, is bounded above by 1— pu, Proposition 2.4 applies. Hence (2.35) gives the exponential

and

rate of decay of the tail of the stationary queue-length distribution:

. 1 . 1 T
qlggoh—(—alogP[Q>q]—qli)rgomloglp[Q>q]— (2+ 1‘#) :

2.4 Adjoint Processes and Queues with Fixed-Service Rate

We restrict to the case of a single server queue with fixed service-rate per unit time. We
assume that the queue can serve a cell every 1/S clock ticks, and hence S cells can be served

per clock tick. Note that the Extension Hypothesis is satisfied.

Although the results so far have been described in terms of the steady state queue length
distribution, the original works of Lindley [46] and Loynes [47] were stated in terms of
waiting times seen at the queue. Let U, be the inter-arrival time between cell n — 1 and n
at the queue, and define T}, := U, + - -- + U,, to be the time of arrival of cell n. The waiting

time wy, of cell n at the queue evolves via Lindley’s recursion,

wp = (Wp-1+1/S-U,) VO for n > 0. (2.36)
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If U, is stationary then Lemma 1 of [47] proves that minimal solution to (2.36) is stationary,
and that each element of this stationary solution is equal in distribution to the random
variable W defined by
W :=sup(n/S-1T,). (2.37)
n>0
All results from the previous section for @ hold for W. It is natural to ask whether there

is a simple relationship between @ and W. In order to answer that question one needs the

notion of inversely related processes.

The process which is inversely related to T;, is defined by N; := sup{n : T, < t}. Ny is the

number of cells that have arrived to the queue by time t. T}, and N; satisfy the relation
{Tn <t} = (N, 2 n}. (2.38)
The steady state queue length distribution @ is given in this case by

Q := sup(Ny — St). (2.39)
>0

The first attempts to relate the large deviations of a counting process and its inverse were
made by Glynn and Whitt [27], and by Russell [61], on the scales v(t) := a(t) := t. Glynn
and Whitt then used this relation in [28] in order to characterise the decay rate of the tail

of the queue length in terms of the rate of decay of the waiting times.

In [18], Duffield and Whitt extended these results to encompass scaling functions that are
regularly varying. As an application they consider a single server queue with fixed service-
rate under the hypotheses of Duffield and O’Connell in [17], and relate the rate of decay of
the tail of @ to the rate of decay of the tail of W.

The following theorem proves a simple relationship for  and W, and shows how the rate

of decay of their tails are related.

Theorem 2.7 Q is equal in distribution to SW, where W is defined in (2.37). Furthermore

. 1 1 . 1
qlggo ) log P[Q > q] = SV/A u}lglloo hw) log P[W > w],
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iof the limits exist.

PROOF To prove the first part it suffices to show that {W > w} = {Q > Sw}, for allw > 0.
From (2.37) and (2.38), and as {T}, < 0} = 0,
{(W>w} = Unzo{TnS 5 —w}

= UnZSw {T" = % - w}

= Unssw {Nn/s-w) 2 n}-
Let t =n/S — w. Hence n = S(t + w). n > wS implies that ¢t > 0, hence

UnZS'w {Nn/S A = n} = UtZO {Nt - St> Sw}
= {Q > Sw}.

Therefore, in distribution, Q = SW. The second part requires only simple manipulation

and the use of the scaling hypothesis. As Q = SW in distribution

qli’m m logP[Q > q] = hrn 71—(—) log P [W = S]

Multiplying by 1 we have that

P [W >

g—o0 h(q) S] q—->oo h(q) h(%)

Thus, using the scaling hypothesis, we have

lim h—(—%l
¢=0 h(q) h (%)

1og1p[W> s} e 1ogP[W>

SV/A 450 B (%) S]

Hence, setting w = ¢/S, we get the result.

2.5 Statistical Multiplexing

Statistical multiplexing gain is of key interest to teletraffic engineers. This is where input
processes are multiplexed before being fed through a single server queue. Economies of scale
are then observed as the number of input processes is increased. For a general reference see

Kelly [37].
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One way to approach this issue is via the large number of lines asymptotic (see [8, 4, 13]).
Here one considers homogeneous and heterogeneous superpositions of input processes which
display long time-scale large deviation behavior. The service-rate, and buffer space, per

input line are kept constant and the limit is taken as the number of inputs grows to infinity.

We shall consider statistical multiplexing with a finite number of lines. This allows us to
consider sources which obey large deviation principles on different external scales and still

deduce large deviation results.

Fix L € N and consider a finite collection of sources
{Ztsie {1, L}t €T},

where Z} is the arrivals less service from source i at time ¢. For each i € {1,...,L}, and

each t € T, we define the workload from source ¢ up to time ¢ to be

0
Wi=> Z.

j=—t
We also define the total workload up to time ¢ to be
L .
Wy =Y Wi
i=1

It is essential to this work that each source satisfies a LDP with the same internal scaling
a(t). If this is not the case, then it is not be possible to relate the large deviations of the

multiplex to the large deviations of each of the sources.

LDP multiplexing hypothesis: There exists a scale v(t) such that the sources satisfy a joint
large deviation principle with good rate-function J(Z). That is, there exists a lower semi-
continuous function .J : R¥ — [0, co], whose level sets are compact, such that for all F' closed
in RL

(Wi, ..., WE)

1

t—o00 U(t)

and for all G open in RF

€ F:| < — inf J(Z),
ZeF

log]P’[

1
lim inf — log P

Wl,...,W})
t—o00 U(t) TeG

e € G] > — inf J(7).



2.5. STATISTICAL MULTIPLEXING 35

Theorem 2.8 Under the LDP multiplezing hypothesis, (Wi/a(t),v(t)) satisfies a large de-

viation principle with good rate-function, I(x), given by

Iz) =inf {J(=1,...,%5) : 21 + -+ 21, = 2}

PROOF The function ¢ : RY — R defined by
oW .. . WE) =W+ + W
is continuous as, for all G open in R,
o~ YG) :={(z1,...,2z) :x1+ -+ € G}

is open in RY. Therefore we can apply the contraction principle (see Theorem 6.4 of [43]),

and the result follows immediately.

We shall investigate the case where the lines are independent, proving that they satisfy a

joint large deviation principle and giving a form for the rate-function.

Source LDP hypothesis: For each i € {1,...,L}, v' : Ry — R, is a non-decreasing function
with limg 5 v'(t) = oo. (Wj/a(t),v*(t)) satisfies a large deviation principle with rate-

function I;(z), whose level sets are compact.

We now demonstrate what happens to rate-function for W} when the external scale is

changed from v'(t) to v/ (t).

Lemma 2.9 Let i # j, if

7
lim U.(t) — ¥’
t—o0 v (t)

exists, then (W} /a(t),v’ (t)) satisfies a large deviation principle with rate-function ol;(x).
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PROOF Under the Source LDP hypothesis, (W} /a(t),v'(t)) satisfies a large deviation prin-
ciple. Hence for all F' closed

W}
a(t)

lim sup - log]P’[ € F] £ —;ggll(x)

t—00 'Ui(t)

Therefore, multiplying by 1,

, 1 Wi . vi(t) 1 W
1 : Pl—L eF|=1 ~Z_— _logP F|.
imsup 7y 108 [a(t) . ] v (t) vit) [a(t) © }

Thus, using the existence of @ and the assumed LDP,

< — inf al;(x).
TEF

il i
lim sup —— log P [Wt e F
t—00 vJ (t) a(f)

Similarly for all G open. «l;(x) is lower semi-continuous as I;(x) is, and «l;(z) has compact

level sets as I;(z) does.

The following Lemma gives a form for the rate-function for (W;/a(t), v’ (t)).

Lemma 2.10 Under the source LDP hypothesis, let {W}} and {W]} be independent for all
© # 3. If for some j € {1,2,..., M}, and for all i € {1,2,..., M}, we have that

Ull(t) -
t—o00 ’U](t) '

then (W;/a(t), v’ (t)) satisfies a large deviation principle with good rate-function, I(z), given

by
I(z) = inf{alll(zl) +---+aLIL(;pL) £ gy v v ot =m}.

PROOF By Lemma 2.9, (W} /a(t), v’ (t)) satisfies a large deviation principle with good rate-

function o'I;(z).

As {W}} and {Wtj} are independent for all i # j it follows that (W},..., Wk)/a(t), v’ (t))

satisfies a joint large deviation principle with good rate-function, J(z), given by
.](.’L‘l, A — alll(a;l) S e i o OZL[L(Z‘L).

The result follows applying Theorem 2.8.
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2.6 Statistical Multiplexing Examples

2.6.1 Many-Scale Behavior

Consider the multiplex of two independent sources
{Z: :i€{1,2},t € Z).

Define Z} to be the heavy tailed sojourn sequence Z; found in section 2.3.2. (W} /t,b(t)t")

satisfies a large deviation principle with rate-function, I;(z), given by
(1-2(x+p))" ifze€[-p,1/2 -y

L(z)=¢ 2@+p) -1) ifzel/2-pl—y

400 otherwise.

Define Y;? to be Bernoulli random variables taking the values {0, B} with P[Y;? = B] = p
and P[Y;? = 0] = 1 — p. Let v € [Bp, B], and define Z? by

ZE = Yt2 - .
Using the sCGF it is straight forward to show that (W}?/t,t) satisfies a large deviation
principle with rate-function, I(z), given by

B-=z-v\ 40 ( Bzz=V e e b - ) B B
L(z) = ( B )log< i )+$B log - logB ify€[-v,B —V]

00 otherwise.

See figure 2-2 for a graph of Ir(z) with B=10, v =5, p=1/2.

We now demonstrate how many-scale behavior can occur. The scale on which large devia-

tions of the multiplex are observed depends upon the size of the deviation.

On the scale v(t) = b(¢)t", by Lemma 2.10, we have that (W;/t,b(t)t") satisfies a large

deviation principle with rate-function, I(z), given by

I{z) = inf {I1(z1) + colz(x2) : 1 + z2 = z}.
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Bemoulli rate function
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05 I
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03 |

02|

0 s L s s

Figure 2-2: I5(x) vs. x for Bernoulli random variables.
Thus as I(Bp — v) = 0, and with 00.0 := 0, we see that

I(z) = Ii(z - (Bp —v)).

However, on the scale v(¢t) = ¢, by Lemma 2.10, we have that (W,/t,t) satisfies a large

deviation principle with rate-function, I(z), given by
I(.’E) = Il’lf{OIl (.’El) + IQ(.’EQ) 1T+ T2 = .’E} .

Thus we see that

I Lz +p) if z € [—v—p,—p
0 if z € [—p,1— p
L(z—-(1-p) fzel—pB-v-—y

| 00 otherwise.

Hence, on the scale v(t) = ¢, W' introduces a flat piece from —u to 1 — g into the middle

of 12(1')

Thus if the deviation is in [—p,1 — u| the scale on which large deviations are observed is
v(t) = b(t)t". If the deviation is outside this interval, the scale on which large deviations

are observed is v(t) = t.
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Figure 2-3: I(z) vs. z for the multiplex of heavy tailed sojourn sources.

2.6.2 Concavity vs. Convexity

Consider L independent copies of Z} as defined in the previous section. By Lemma 2.10,

on the scale v(t) = b(t)t",
I(z) =inf{li(z1)+---+ L(zL) : 21+ -+, = z}.

Due to the concave nature of I; the way this infimum occurs is for one source to contribute
as much as it can to the deviation. A second source contributes to the deviation only if the
first source cannot create the entire deviation. For example, with b(¢t) = 1, » = 1/2, and

L = 5, see figure 2-3 for a graph of I(z) vs. z.

This is in stark contrast to the case where the rate-functions of the individual sources are
convex. For example, if we have L independent copies of Z? as defined in the previous

section then, by Lemma 2.10,

I(z) = LT, (%) :

Each of the sources contributes, in part, to cause the deviation.



Chapter 3

Large Deviations and Transient
Multiplexing at a Buffered

Resource

“I believe reflections bleed the sorrows of our souls.”

Robb Flynn

40
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3.1 Introduction

Large deviation asymptotics have been applied in many areas to calculate probabilities of
exhaustion of a system resource as the size of the system becomes large. This body of work
includes large buffer asymptotics in queueing theory with linear scalings such as Glynn and
Whitt [27], and with nonlinear scalings such as Duffield and O’Connell [17]; large initial
capital asymptotics in risk theory such as Martin-Lof [53] and Nyrhinen [57] and references
therein; and also large number of lines asymptotics in queueing theory with linear number
of lines/linear time scaling such as Botvitch and Duffield [4], Courcoubetis and Weber [8]

and with nonlinear time scalings in Duffield [13].

The work on large number of lines asymptotics aims to capture the effect of statistical
multiplexing, see Kelly [37] for a general reference. This is where superpositions of bursty
traffic lead to a smoother, less bursty, multiplex and hence to economies of scale. The
approach taken by other authors in their work on large number of lines asymptotics is to work
with homogeneous and heterogeneous superpositions of traffic whose workload processes
display long time-scale large deviations behavior. This connects their work with the work
on large buffer asymptotics. Specifically Duffield [13] finds that in the case where the large
deviation behavior of the underlying sources is on a nonlinear time scale, economies of scale

can be much greater than in the linear case.

We will not approach the problem in this manner. We assume large deviation behavior on
nonlinear scalings in the number of lines and consider only compact time intervals. This
allows us to consider processes which are highly non-stationary in time and still deduce
large deviation results. We have two applications in mind, one is the single server queue
with many sources each of whom has an associated arrival and service process; the resource
in question being the buffer space at the queue. The other application is to a version of
the Cramer-Lundberg model in risk theory (for a general introduction to risk theory see
Grandell [29]), here the resource is an insurance companies capital and the sources are the

clients who make claims and pay premiums.
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In section 3.2 we introduce the setup under which the results will be developed. In section 3.3
the main results are presented. In section 3.4 the notion of stability which was introduced in
the early queueing literature (see Loynes [47]) is revisited in the current setting. In section
3.5 the results are considered in the presence of convex structure and a connection is made
with work on effective bandwidths (see Kelly [37]). In section 3.6 references to the literature
are given to conditions under which the main assumption of this work is true. In section

3.7 we present a range of examples to highlight the features of the approach adopted in this

paper.

The first example illustrates how even in a simple i.i.d. setting the appropriate large devi-
ation scale may be nonlinear. The second example displays many-scale behavior; the scale
on which the large deviations are seen depend upon the size of the deviation. The third
example is designed to show how the asymptotics of the two models, the single server queue

and the Cramer-Lundberg model, can differ. It too displays many-scale behavior.

3.2 Setup

We consider L sources using a resource in the discrete time interval [1,7'] where T is finite.
Ultimately we will take the limit as the number of sources using the resource becomes large.
Each source i has an associated vector X (i) in RT which is almost surely finite. X (i)
describes the input imparted to the resource at time ¢ by source 7. We define the vector
Z(L):=X(1)+---+ X (L) € RT. Z(L) is the total input imparted to the resource at time

t from the first L sources. We consider two cases.

(I) The resource cannot grow with time. This is the case with queues where X;(7) represents
the arrivals less service from source ¢ at time ¢ and the resource is the buffer space at the

queue.

(II) The resource can grow with time. This is the case with the Cramér-Lundberg model of
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risk theory where X;(7) represents the claims made less premium received from customer ¢
by an insurance company at time t. Here the resource is the company’s capital which acts

as a buffer to bankruptcy.
We define a scale to be a non-decreasing sequence of real numbers diverging to infinity.

We assume that the size of the resource, {B(L)}, grows as the number of sources attached
to the resource grows. That is, there exists a scale a(L) such that the size of the resource is

given for b > 0 by B(L) = a(L)b. We keep b free as we shall be interested in what effect b,

the resource space-scale, plays in the multiplexing.

We only consider discrete time although it is possible to deal with continuous time if a
growth condition is placed on X;(:) as a function of ¢ such that for any compact interval
[1,T7] it is sufficient to know the processes at some finite number of times within the interval,

this sort of approach is taken by Duffield and O’Connell in [17] for large buffer asymptotics.

In case (I) the resource experiences overflow in the interval [1, T'] if the total arrivals less total
service imparted to the resource by the sources exceeds a(L)b in any interval [r, s] C [1,T].

That is if
S
121315&8)(ST ;:T Zy(L) > a(L)b.

We define the maximum queue length operator

Q(¥) := max Zyt, (3.1)

I<r<s<T

for ¥ = (y1,...,yr) € RT, so that overflow occurs if and only if

Q(%) > b.

In case (II) the resource is exhausted in the interval [1,7] if the total claims less total
premium imparted to the resource by the sources exceeds a(L)b in any interval [1, s] C [1,T].

That is if
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We define the worst negative bank balance operator

1<s<T

S
C(¥) :== max Zyt,
t=1

for 7 = (y1,...,yr) € RT, so that bankruptcy occurs if and only if
Z(L)
o(Z5) >

We will calculate large deviation probabilities for these events in terms of an assumed

underlying large deviations principle for {Z(L)} as the number of sources using the resource

tends towards infinity.

3.3 Main Results

The proofs for the results for cases (I) and (II) are almost identical so, although the results

are stated in terms of both, they are only proved in case (I).

Assumption 3.1 {Z(L)/a(L)} satisfies a large deviation principle on the exterior scale
{V(L)} with good rate-function I(-). That is, there exists a lower semi-continuous function

I:RT & [0, 00], whose level sets are compact, such that for all F closed in R”

. Z(L) : o
log P F| < —inf I(:
g [a(L) - ] =31
and for all G open in RT
o 1 Z(L) . -
> — inf I(7).
el logP[a(L) c G] - Ll

References to the literature giving sufficient conditions for this assumption to hold shall be
presented in a later section. For a superb review of large deviation theory see Lewis and

Pfister [43].
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Lemma 3.1 For each pair [r,s] such that 1 < r < s < T the sequence {Sy(L)/a(L)},
with Sy (L) == >";_, Zy(L), satisfies a large deviation principle in R on the exterior scale

{V (L)} with good rate-function, J,(y), defined by

Jps(y) := inf {I(f) SN e y} . (3.2)
t=r

PROOF As the function ¢(z,,...,zs) = 2, + -+ + x, is continuous it follows directly from
the contraction principle (see Theorem 6.4 of Lewis and Pfister[43]), and assumption 3.1,
that the image measures M [B] := P [f((IL)) e ¢”1(B)] =P [S;(SL()L) € B] satisfy a large

deviation principle in R on the external scale V(L) with good rate-function

Ir s(y) = inf{[(a‘:’) : th = y} :
t=r

Theorem 3.2 {Q(Z(L)/a(L))} and {C(Z(L)/a(L))} satisfy large deviation principles in
R on the exterior scale {V (L)} with good rate-functions Ig(y) and Ic(y), respectively, which
are defined by
Io(e) = nf{I{): Q@) = s, R}
Io(z) = nf{I(§): CF) ==z, € RT}.

(3.3)

Moreover,

7 = inf i Jr d inf 7, f J;
;ch;b o(=) ;I;b {1§rrn§1§1§'r} () e gb cle) = ;I;b {lglélT} La(®):

PROOF The map § — Q(7), defined in equation (3.1), is continuous. Hence we can apply
the contraction principle (Theorem 6.4 of [43]) directly. Thus, {Q(Z(L)/a(L))} satisfies an
LDP with the rate function, Io(z), given in equation (3.3). For the second part, note that

infyop Ig(z) = inf{I(7): Q(F) > b}
= inf{I(¥) : maxi<r<s<T S, yr > b}
= ming<,<,<ry Inf{I(§) : 35, v > b}
= ming<r<s<7) infy>p Jr,s(y)
= infysp ming <, <<y Jrs(y),

where J, ;(y) is defined in equation (3.2).
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Corollary 3.3 If Io(-) is continuous, the rate of decay of the probability of overflow satis-
fies,

_ 1 [ (Z(L) ] :
— b| = —inf I )
Sy B O <a(L)> A=
If I () is continuous, the rate of decay of the probability of bankruptcy satisfies,
: 1 [ Z(L) | .
e b| = —inf I :
A gy e P | © (a(L)) = S el

PROOF Using the large deviation principle and the fact that for all a,
PQ(Y) > a] < P[Q(¥) > a], we have that

IN

liminf7 ﬁ log P [Q <Z(If))> > b]
(
(
limsup; _, r(lz—) log P [Q ( a((L)

—infysp Ig(x)

—~

N
ks

IN

limsup;_, ﬁ log P [Q (

N o
~ &

IN

IN

— ianZb IQ(IL')
— infysp Igle),

Il

where the last line uses the continuity of Ig(-). Hence

X 1 Z(L) .
ng{)lo VD) log P [Q (a—(L—)) > b] =— J1££IQ($)

3.4 Stability

Traditionally with time stationary results for queues (see Loynes [47]) a queue is said to be
stable if the mean arrival rate is less than the mean service rate. In this case there exists a
minimum stationary sequence of random variables that satisfy the queueing recursion (Lind-
ley’s equation) and under a regularity condition every other solution of Lindley’s equation

couples to the stationary one in almost surely finite time.

Assumption 3.2

wn probability.
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Let Z = (21,...,27) and, for all 1 < r < s < T, define M, s := Y ;_, 2. Assumption 3.2
implies that, forall 1 <r < s<T,

. Srs(L)
Lh_)n;o a(L)

:Mr,s € R,

in probability. If X (i) is stationary, then with a(L) = L, assumption 3.2 corresponds to a

weak law of large numbers.

Lemma 3.4 If M, > b for any [r,s] C [1,T], then the probability of overflow does not
decay exponentially on the scale V(L). If My s > b for any s € [1,T), then the probability of
bankruptcy does not decay exponentially on the scale V(L).

PROOF As M, > b for some [r,s] C [1,T], we have that
inf Jy s (2) = Jp s (M) = 0.
z>b '

We know that

L
liLminf—l——logIP> [Q (Z( )> > b] > —inf Ig(z),
—00

V(L) a(L) b
so that
el 1 Z(L) . .
> — ; =()}
liminf 7775 log P [Q (a(L) ) i b] 2~ ({1&‘?@} J”“'(m)) 0

Similarly for the rate of decay of the probability of bankruptcy.

Assumption 3.3 For each [r,s] C [1,T] we have that J, s(z) is non-decreasing to the right
of M, 5. Furthermore we assume there exists My s > M, s such that for all z > M, s we know

that J, s(x) > 0. We call this the monotone property.

We note that if I(-) is strictly convex then J, 4(-) is also strictly convex and hence satisfies

the monotone property with m, s = M, ;.

If one proves the joint LDP in assumption 3.1 via the Gartner [24]-Ellis [20] theorem,

then I(-) is automatically strictly convex. Other simple examples of where the monotone
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property holds but the underlying rate-function is not strictly convex come from models
in statistical mechanics where flat spots in the rate-function around the mean correspond
to phase transitions. We will provide an example adapted from Gantert [22] where the
underlying rate-function is concave but still satisfies the monotone property with m, s =

M,,.

Lemma 3.5 If m,s < b for all [r,s] C [1,T], then the probability of overflow decays at
least exponentially on the scale V(L). If My s < b for all s € [1,T], then the probability of
bankruptcy decays at least exponentially on the scale V(L).

PROOF In this case we know that, for all [r, s] C [1,T],

chrzlg Jrg() = Jp s(b) > 0.

)

Hence

< —inf ( min Jr,s($)> < 0.

z2>b \ {1<r<s<T}

We note that if X;(7) is stationary in both ¢ and ¢, then
M, , = (s —r+ 1)EX;1(1)],

and hence taking r = 1,s = T we see M; 7 = TE[X,(1)]. Letting T be large we end up with
the well known Loynes [47] stability condition for a stable queue to exist, E[X (1)] < 0; that

is, that there are, on average, less arrivals than service.

3.5 Convexity and Effective Bandwidths

In the presence of convex structure large deviation theory becomes substantially more pow-

erful. It becomes possible to deal with the Legendre-Fenchel transform of the rate-function,
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the scaled cumulant generating function (sCGF) A(6),
I(z) = sup{z6 — \(6)}.
0

For a general reference to convex functions see Rockafellar [60] (specifically on convex con-
jugates section 12). A function which takes values in [—o00, +00] is proper if it never takes
the value —oo and is not identically +0o0. Often large deviation principles are proved under
conditions on the sCGF, the Gartner [24]-Ellis [20] conditions, which ensure that not only
does the rate-function exist but also that it is strictly convex. There is however another way
to use the convex structure. If we know a large deviation principle holds with a convex (but
not necessarily strictly convex) rate-function and that the sCGF exists as a proper lower
semi-continuous function, then we know that they are dual to each other (see Lemma 7.2

[43]).

Assumption 3.4 The rate-function I(-) is convez,

A (5) = ngrolo % log E [exp (%%((7, Z(L)))] ,

exists as an extended real number for all @ € RT and is a proper lower-semi continuous

function.

By Lemma 7.2 [43] I(-) and A(-) are convex duals.

For each pair [r,s] C [1,T] define A, 4(6) for § € R by

V(IL) log E [exp (%BST,S(L))] :

s (F] == Lli_)ngo

Lemma 3.6 Forall[r,s] C [1,T], J,s(-) and A 5() are conver dual to each other. Moreover
Io(-) and Ic(-) satisfy

inf 1, =9 1 =

inf Io(z) = inf . sgp{w Ars(0)}
and

100 =80 (B Tpted ~ M)}
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PROOF A, (0) is a proper lower semi-continuous function as S, (L) is a linear function of
Z(L). I(-) being convex implies that J, 5(-) is convex thus, using Lemma 7.2 of [43], we see

that J, s(-) and A, 4(-) are convex dual to each other. Thus, for each [r,s] C [1,T],
Jral@] = sx;p{:v@ - Ars(6)}.
Hence Ig(-) satisfies

inf Ig(z) = i i z6 — -
o

Now for the connection to Effective Bandwidths. For a thorough review of effective band-
width functions see Kelly [37]. The notion of Effective Bandwidth has become widely
accepted as a measure of the resource requirements of traffic in a queueing network. Only

linear scalings are dealt with in this context.

Consider a queue with fixed buffer-space per source, and fixed service-rate per source, being
driven by independent sources. The stochastic behavior of the queue length arises from
randomness within the sources. The objective is to find a service rate per source per unit

time which ensures that the probability of overflow is below some prescribed threshold.

For the rest of this section V(L) = L, a(L) = L and X;(i) := Y;(i) — ¢, where the Y.(-) are
almost surely non-negative, and ¢ > 0 is the capacity of the resource per source per unit

time. For each [r, s] C [1, T], define SY,(L) := Y ;_, Y3().

Lemma 3.7 If {Y;(i)} is stationary in t and if, for each i # j, Y (i) and Y (j) are mutually

independent and identically distributed, then

Ars (0) = 1ogE [exp (8S),_,41(1))] = (s = r + 1)fe.
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PROOF
Mes (6) = limy o0 logE[exp (8S,,(L))]
= lim o0 7 log E [exp (8SY,(L))] — (s =+ 1)fc
= i % log E [exp (OSKS_TH(l))]L - (s—r+1)fc
= logE [exp (05}, ,41(1))] — (s —r + 1)8c.

The function

1 .
a(8,5) := 5 log Elexp (657 ,(1))]
is the effective bandwidth of a source (see Kelly [37]). Then, in this setting,
)\r,s(o) == (3 —UgE 1)0(1(0,3 =g 1) = (S — Tt 1)96

Therefore in this scenario we have that the rate-functions for the probability of overflow,

and the probability of bankruptcy, both satisfy

3 R " . _ shalf. 5) + s} .
;I;EIQ(.T) ;r;%]c(z) ;r;ﬁ IISTSnTSl;p {0b — sOa(8, s) + sbc}

For an article on measuring effective bandwidths and it’s uses see Gyorfi et al. [31] and

references therein.

3.6 Joint Large Deviation Principles

The main underlying assumption (assumption 3.1) has been the existence of a joint large
deviation principle for the underlying sources, that is, a large deviation principle for their
vectors. For a general reference to large deviation techniques see Dembo and Zeitouni [11].
Here we will try to illustrate the conditions under which this holds. Essentially we expect
that it will hold when, for each ¢ € [1,T], the partial sums of X;(-) satisfy large deviation

principles.

It is difficult to pin down a simple set of general mixing conditions for which the assumption

is true. Ellis [20] proved a large deviation principle for random vectors under what would
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ultimately be called the Gartner-Ellis conditions. These conditions essentially amount to
assuming the sCGF exists, is finite in a neighborhood of the origin and has steepness proper-
ties. There are plenty of examples where large deviation principles hold but these conditions
are not true; see section 2.3 of Dembo and Zeitouni [11] for ones motivated from applied
probability. In statistical mechanics any Ising model which allows a phase transition fails
the steepness property. In heavy tailed distributions of risk theory (see for example T.

Mikosch and A. V. Nagaev [54]) the sCGF's are not finite in the neighborhood of the origin.

There are other general mixing conditions under which large deviation principles can be
deduced. See Bryc and Dembo [6] for conditions motivated by mixing conditions under
which central limit theorems are proved and Lewis et al. [44] for a condition motivated by

Gibbs measures of statistical mechanics.
It is certainly trivially true that if, for each ¢ € [1,T] the partial sums of X;(-) satisfy large
deviation principles on the scales a(-) and V(:) with rate-functions I;(-), and if X,(-) and

X (-) are independent for all 7 # s, then the partial sums of the X (-) satisfy a large deviation

principle on the scales a(-) and V(-) with rate-function I(Z) := I,(zy) + - -+ + Ip(z7).

3.7 Examples

3.7.1 Example 1: Non-Linear Scale

This example presents a simple set of independent sources consisting of i.i.d. random vari-

ables which satisfy a large deviation principle on a nonlinear scale.

We consider fixed capacity (or premium) ¢ > (0 per source per unit time and model the

arrivals (or claims) process.
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The behavior is described by a heavy tailed i.i.d. sequence adapted from Gantert [22]. Gan-
tert has extended these results to include dependent random variables satisfying a mixing
condition along the lines of that found in Bryc and Dembo [6]. Heavy tailed distributions
are often studied in risk theory (see Mikosch and Nagaev [54] and references therein) and
more recently in queueing theory (see Asmussen and Collamore [1]). For these models it is
possible to get much more information than is available on a logarithmic scale. Interesting

features are still displayed even after taking logs.

For each t € [1,T] we define the sequence {X;(L)} to be an independently and identically
distributed sequence of random variables each with distribution equal to that of Y;(1) — ¢,

where,

P[Yi(1) > 2] = d(z) exp(~ E(2)z?),
z € (0,1) and d(-) and E(-) are slowly varying, that is, for all n € (0, 00),

. d(nz) . E(nz)
e d(z) e E(z) =i

(see Bingham et al. [3]). Define M;; := E[Y;(1)] — ¢. This example belongs to the class
of semi-exponential distributions where all moments are finite but the cumulant generating

function (@) is infinite for all 8 > 0.

The sCGF for X;(-) is not finite in a neighborhood of the origin so the Gartner-Ellis condi-
tions are not satisfied. It is possible to show using a sub-additivity argument that a large
deviation principle is satisfied on the internal scale a(L) = L and external scale V(L) = L.
The rate-function however is trivial: it is zero above it’s mean and infinite below it. The
scales on which the rate-function is non-trivial are a(L) = L and V(L) = E(L)L*. On these

scales,

o0 T < Mt,t
(& — Mgl w> My

Jii(z) =

Note as z € (0,1) that Jy4(-) is concave, hence it is not surprising it fails the Gartner-Ellis
conditions. We note also that in this case m;; as defined in section 3.4 can be set equal to
M; ;. For example, if E(L) =d(L) =1, ¢c=3 and z = 1/2, then M;; = —1. See figure 3-1
for a graph of J ().



o4 CHAPTER 3. TRANSIENT MULTIPLEXING AT A BUFFERED RESOURCE

Heavy tailed rate function

35

Figure 3-1: J;4(y) vs. y for a heavy tailed random variables on the scale V(L) = v/L.

By the comments at the end of the last section, on the scale V(L) = E(L)L? the partial

sums of X (-) satisfy a large deviation principle with rate-function, I(-), given by

1(@) 00 if oy <My foranyte[l,T]
L)'= po
Ztlzl(‘rt S Mt,t)z if Tt > Mt,t for all t € [I,T]
For each [r,s] C [1,T], by Lemma 3.1, using the concavity of J;,(z) for z > 0 and the fact

that J;¢(z) = 0 when z = M, 4,

Jrs(y) = inf{I(Z): 3], ==y}
= inf{Zf:r Jt’t(xt) : Z?:r €L = y}7
= Jip(y— (s —7)Myy).

Assume that M;; < 0. As Jy4(y) is increasing for y > 0, Ji¢(y) < Jie (y — (s — ) Myy) for
y>0andall 1 <r <s<T. Hence, assuming M;; < 0, on the scale V(L) = E(L)L?,

inf Ig(y) = inf min _ J, (y) = 113) Jii(y) = (b— Myy)?,
y

y>b y>b {1<r<s<T}
for b > 0, and
inf [ = inf i = inf =(b—- M)
i c(y) g J1,s(y) ;r;le,l(y) ( )
for b > 0.

The way the large deviations of the exhaustion of the resource occurs in this example is for

one of the sources, at a single time, to place too great a demand on the resource. Hence
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in the queueing case, case (I), infy -, Ig(y) is independent of T' and, as M, , = M, for all

1 <r <s<T,is independent of ¢.

In the risk theory case, case (II), infy~j Ic(y) is independent of T', but, as M;; < 0, it
becomes more difficult as time progresses for a deviation to occur. Hence it is most likely

to occur at time 1. The rate, however, is the same rate found in the queueing case, case (I).

3.7.2 Example 2: Many-Scale Behavior

The purpose of this example is to illustrate how many-scale behavior can arise. The scale

on which large deviations are observed depends upon the size of the deviation.

Again we consider constant service rate (or premium), ¢ > 0, per source per unit time. The
stochastic driving force is a sequence of almost surely non-negative random vectors Y (L)
that describe the arrivals (or claims) process, that is X;(L) := Y;(L) — ¢. Consider time
stationary sources which are made up of two independent parts. A large part, Uy(L), which
has no correlation across the sources, and a small part, W;(L), which is highly correlated

across the sources. Y;(L) := Uy(L) + W(L).

We model Uy(L) by i.i.d. Bernoulli random variables which take the values {0, A} with
P[U1(1) = A] = p and P[U;(1) = 0] =1 — p. The mean of Uy(L) is My, := Ap. The partial
sums of U;(L) satisfy a large deviation principle on the scale V(L) = L with rate-function

Ji(+). This rate-function is simple to calculate by means of the sCGF,

(1-%)log (4=2) + §logZ —log A ify e [0,4]

J th (y) =
(o) otherwise.

For example, with A = 10 and p = 1/2 see figure 3-2 for a graph of Ji;(-). On the scale
V(L) = V'L the rate-function for U;(-) is trivial:

0 ifz=Ap
Kt’ft(m) —

oo otherwise.
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Bemoulli rate function
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Figure 3-2: Ji!(y) vs. y for a Bernoulli random variables on the scale V(L) = L.

We model Wy(L) as follows. Define the discrete heavy tailed distribution H by
PH > m] :=e V™,

for m € Z™", and define {W;(-)} to be a stationary sequence of two state random variables
taking values in {0, B}, whose sojourn ‘times’ spent in the 0 and B states are distributed
by an i.i.d. sequence with distribution H. On the scale V(L) = L the partial sums of W;(-)
satisfy a large deviation principle with a rate-function, Ji(-), which is trivial,

0 ifze€l0,B]

Ji(z) = ,
oo otherwise.

In [62] Russell lays down a prescription to calculate the large deviations rate-function for the
partial sums of a two state source which can be described in terms of the sojourn times it
spends in the ‘on’ and ‘off’ states. Under technical conditions, Russell proves that the large
deviations of a randomly sampled partial sums process is a simple functional of the large
deviations of partial sums process itself, and of the large deviations of the random sampling.
Hence setting random sampling to occur at the end of sojourn times, one can calculate the
rate-function for the two state process by way of a functional of the rate-function for the

sojourn times.

In [19] Duffy uses this prescription to calculate the large deviations rate-function, K% (-),
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Heavy tailed sojourn rate function
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Figure 3-3: K{(y) vs. y for heavy tailed sojourn times on the scale V(L) = S L

for the partial sums of {W;(-)} on the scale V(L) = v/L. K{(-) is defined by

1/2
(1-%)" i 0<y<B/2
1/2
K(y) = (%—1) i B/2<y<1
400 otherwise.

o7

Note that {W;(-)} has mean M}, := B/2, as it’s sojourn times spent in the ‘on’ and ‘off’

states have finite and equal, expectation. For example, with B = 1, see figure 3-3 for a

graph of Kt (-).

On the scale V(L) = L, by the contraction principle,

Jit(y) = inf{Jp' (y1) + J15(y2) : y1 +y2 =y + ¢}

Hence, as Ji%(z) = 0 for z € [0, B],

(-i—oo ify < —c
Ji(y + ) ify €[—c,Ap— (]
Jaly) = 0 ify€[Ap—c, B+ Ap—
J4(y+c—B) ifye[B+Ap—c,B+A—(
[ too ify>B+A-c.

As Ji(-) is convex and the sources are time independent, J, s(-) is defined by

Irs(y) = (s —r +1)Jy (ﬁ) :
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Note that J, 4(-) only depends on r and s through s — r as the sources are i.i.d. in time.

Note also that, as J;; =0ify = Ap+ B — ¢,
Jrgly) =0 if y=(s—-r+1)(Ap+ B —¢). (3.5)

In order to see many-scale behavior it is necessary to assume that (Ap + B — ¢) > 0. Then
the highly correlated part of the sources can cause a deviation on their own scale, despite
any downward pull from the uncorrelated part less service rate (premium). By equation
(3.5), assuming (Ap + B —¢) > 0, Ji r(y) is zero for y = T(Ap + B — ¢), and hence takes
the value zero for a larger y than any other J, ;(y) does. Moreover, as J;;(-) is convex and
(Ap+ B —¢) >0,
(s =7+ 1)Jes (Tgﬁ) < Jiey),
for all y > 0. Hence
Tr(y) < Jrsly)  forally > 0.

Thus, assuming (Ap + B — ¢) > 0, on the scale V(L) = L,

inf Io(y) = inf  min_ Jp(y) = inf J10(y) = Jur (),
Y- ;

inf y>b y>b {1<r<s<T}
y>b - y>b {1<r<s<T} y>0
for b > 0, and
inf 1, =inf min J = inf Jyp(y) = J17(b),
i c(y) L 1,5(y) ] 1,7(y) = Ji7(b)
for b > 0.

For example if A =10, p=1/2, B=1,¢c= 5% and 7' = 10, see figure 3-4 for a graph
of infys4 Ig(y) against b on the scale V(L) = L. Note that, by equation (3.5), the rate-
function is zero for b below T(Ap + B — ¢) = 2%. On this scale exhaustion of the resource

is a concentration set if the resource space scale is below 2%.

By the contraction principle, on the scale V(L) = VL,
Jii(y) = inf{ Ky (1) + Ki(y2) c y1 +y2 =y +c}.
K{(y) is infinite except at My, := Ap where it is zero, therefore

Jii(y) = Kiy(y + ¢ — Ap).
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Figure 3-4: inf, -4 Ig(y) vs. b on the scale L.

Note that J;4(y) is infinite for y > (Ap + B — ¢), as K{(z) is infinite for z > B.

By the comments at the end of the last section,

S S
Jrs(y) = inf {Z Balle ) o= y} :
i=r =
Due to the concave nature of J; 4(+), and using the fact that J; ;(B+Ap—c) = Ji(Ap—c) = 1,

we have that J,;(y + (r — s+ 1)(Ap + £ — ¢)) equals

~[HF1+ T (y+ G+ Ap—c— [

+1 %]+ (y+ E+ap—c— |

) fs-r+1)(-E) <y <o

) f0<y<(s-r+1)(Z)

o)

B
2
B
2
00 otherwise.

Ify>(s—r+1)(B+ Ap —c), then J, 4(y) = +00, and it is not possible for the sources to
cause a large deviation on this scale. As K3(:) is concave, we have the following structure:
the minimum amount of time is used to cause the deviation. If it is possible for one time
instance to cause all of the deviation, then due to the concavity this has a lower rate than
sharing the deviation over time. This is in stark contrast to the convex case where the

deviation is shared equally over time.

On the scale V(L) = VL, assuming (Ap + B — ¢) > 0,

snf I - . ! ; _ :
e Q(z) e Jrs(z)  and ;,ggIC(:E) ;rég i J1,s(z)
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Figure 3-5: infy>p Io(y) vs. b on the scale VL.

both equal

(

Ji1(b)
14 Jt’t(b G (B =F Ap = C))
J 2+ Jtyt(b = 2(B =t Ap = C))

(T — 1) 4+ Jpg(o— (T = 1}{B 4+ Ap — 6]}

o0
\

for b > 0.

if be (0,B + Ap — (]
ifbe (B+ Ap —c,2(B + Ap — ¢)]
ifbe (2(B+ Ap—c¢),3(B+ Ap — ¢)]

ifbe ((T-1)(B+Ap—-¢),T(B+ Ap — ¢)]
if b >T(B+ Ap — ¢),

For example, if A =10, p=1/2, B=1,¢c = 5% and T' = 10, see figure 3-5 for a graph

of inf,>y Ig(y) vs. b on the scale V(L) = VL. Note that the rate-function is infinite for b

above T(B + Ap —¢) = 2%. On this scale exhaustion of the resource will not happen (in

probability) if the resource space-scale is above 2%.

Hence if (B + Ap — ¢) > 0 we observe many-scale behavior. The scale on which large

deviations are observed depends upon the size of the deviation in question.



3.7. EXAMPLES 61

Two state bemoulli rate function
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Figure 3-6: J,,(y) vs. y.

3.7.3 Example 3: Non-Stationarity

The purpose of this example is to highlight the effect of non-stationarity. Many-scale behav-
ior also appears. The rate of decay of probability of overflow and rate of decay of probability

of bankruptcy differ on the slower scale.

We consider fixed service rate (or premium), ¢ per source per unit time, and model the
arrivals (or claims) process {Y.(-)}, that is Xy(L) := Y;(L) — ¢. At all times bar one the

sources are uncorrelated. At one instant they are highly correlated.

Y;(L) will take one of two values, {0, A}, for all ¢ and all L. Fix ¢t € [1,T]. At all times
r # t we model Y, (L) by independent Bernoulli random variables taking the values {0, A}
with P[Y,(L) = A] = p and P[Y,(L) = 0] =1 -p. M,, = Ap — c¢. The partial sums of
X, (L) satisfy a large deviation principle, with non-trivial rate-function J, ,(-), on the scale
V(L) = L, where J,(y) = Ji;(y + ¢), and J{(y) is defined in the previous example. With
c=3/4 and A = 1, see figure 3-6 for a graph of J,,(y) vs. y. On the scale V(L) = v/L the

rate-function is trivial, it is zero at M, , = Ap — ¢ and infinite elsewhere.

At time ¢t we model the source by the heavy tailed sojourn source described in the previous

example, setting B := A. On the scale V(L) = L the rate-function for X;(-) is trivial, it
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Heavy tailed sojourn rate function
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Figure 3-7: J;4(y) vs. y.

is zero in [—c, A — ¢] and infinite elsewhere. On the scale V(L) = v/L the rate-function is
non-trivial, Ji+(y) = K{%(y + ¢), where K{(y) is defined in the previous example. With
c=3/4 and B := A = 1, see figure 3-7 for a graph of J;4(y) vs. .

If t ¢ [r,s], then on the scale V(L) = L,
= 4
Jrs(y) = (s —r+1)Jp,; < ) )

s—r+1

as Jrr(+) is convex and the sources are time independent.

If t € [r, s], then on the scale V(L) = L,

(s=1)dhe (5%) Hy<p-e)s—r)-c

Jrs(y) =4 0 fye[(Ap—c)(s—r)—c,(Ap—c)(s—=r)+ A -]
(s =71)Jrs (y;—f:'—c> ify>Ap—-c)(s—1)+A—c,

as at t a deviation in [—c¢, A — ¢] has rate zero. Note that, whether ¢ is in [r, s] or not, J; s(y)
is infinite if y > (s — 7+ 1)(A — ¢), as it is not possible for the sources to create a deviation
that large. Also note that J;;(y) = 0 for y € (0,4 —¢]. If M;; < 0 for all ¢ € [1,T], the
minima

oy ) and o min J1e(y)
may occur at different values of [r, s for different values of the model parameters (A, p and

¢), but can be easily evaluated once the model parameters are known.
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On the scale V(L) = VL, if t ¢ [r, ],

0 ify=(s—r+1)(Ap — ¢
Jr,S(y) =
+00 otherwise.

If t € [r,s], then
Jr,s(y) = Jt,t (y g (5 3 T‘)(Ap e C)) .

Assume that M., := Ap—¢ < 0. As Jy4(y) =+oofory>A—c, if(s—1) > ((—/%icc)—), then

Jr.s(y) = +oo for all y > 0 and all r, s.

Thus, on the scale V(L) = VL,
inf Ig(y) = inf min  J.4(y) = ing Jealy) = Jyi(b);
y>

y>b y>b {1<r<s<T}

as Jit(y) < Jrs(y) for y > 0 and for all 7, s. Note that J;(z) is infinite if z > A — ¢, thus

this scale is only appropriate for deviations in the range b € (0, A — ¢].

Ic(+) satisfies

;I;g Ic(y) = ;gg N J1,s(y) = ;gg J1,4(y) = J1,4(b),

as Jit(y) < Jis(y) for y > 0 and for all s. If ¢t — 1 is greater than (A — ¢)/(Ap — ¢), then
the heavy tailed sojourn effect is not enough to cause a large deviation on this scale as it
cannot compensate for the downward pull of the earlier Bernoulli effects. In this case, no

deviation is seen on the slower scale.



Chapter 4

On the Large Deviations of a Class
of Stationary on/off Sources which

Exhibit Long Range Dependence

“Perspective is lost in the spirit of the chase.”
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4.1 Introduction

Long range dependence has been of interest to phenomenologists since Hurst published
his 1951 paper [36] on a time-series of water levels of the Nile. His findings showed that
statistical tests could imply a complicated, long range, correlation structure in this time-
series. In the late ’sixties Mandelbrot and Wallis [49, 50, 51, 52|, and Mandelbrot and Van
Ness [48], proposed fractional Brownian motion, which is stationary and exhibits long range
dependence, as a model for Hurst’s time-series. In 1971 O’Connell [58] proposed an ARIMA
model as an explanation of Hurst’s phenomenon. In 1974 Klemes [40] objected strenuously
to long range dependence as an explanation of Hurst’s findings and demonstrated that non-
stationarities, which seem physically more plausible than infinite memory, could lead to the

observed phenomena.

Long range dependence has been of interest to teletraffic engineers since its proposal as an
explanation of phenomena, similar to Hurst’s, found in data-sets; for example in Leland et
al. [42], Crovella and Bestavros [9], and Beran et al. [2]. Klemes’ remarks were reiterated
in the teletraffic setting by Duffield et al. [16, 14], where again it can be demonstrated that
non-stationarities can lead to the observed phenomena. Fractional Brownian motion, which
is long range dependent, has been proposed by several authors (see, for example, Norros

[56] and Leyland et al. [42]) as a model of multiplexed Internet data.

From a phenomenology point of view, without addressing Klemes’ remarks, fractional Brow-
nian motion has two drawbacks: it is unbounded and it takes negative values. Boundedness
arrives naturally in networks from bandwidth restrictions and negative arrivals have a dubi-
ous physical interpretation. We present a class of stationary two state sources whose sojourn
times are distributed so that the source exhibits long range dependence. By using the term
long range dependent source we mean that, given any C' > 0, correlations within the source
decay more slowly in time than exp(—Ct), for all sufficiently large ¢. We use techniques
developed by Russell in [62] to relate the large deviations of the sojourn times to the large

deviations of the sources themselves.
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In section 4.2 we set up our basic notation and introduce Russell’s [62] results. In section 4.3
we construct our class of two state sources which possess long range dependence and prove
two simple lemmas to increase the ease of application of Russell’s random time-change. In
section 4.4 we present an example where the sojourn times spent in the ‘on’ and ‘off’ states
are determined by an i.i.d. sequence with semi-exponential distribution. An explicit form

is found for the source’s rate-function, on a nonlinear scale.

4.2 Notation and Background

We follow a prescription set down by Russell in [62]. Let a probability triple (2, F,P) be
given. Let {X; : t € T'} be a stochastic process where T is R, or Z,. For each t € T, define
the random function (the sample path) S;(-) : R, — R by

iz

Siw) = [ X,

where A is Lebesgue measure if 7' =R, , and A = 2021 0, where ¢ is Dirac measure at k,

if T'=7Z. We also define the partial sums process {S; : t € T'} by
t
Sy = 9(1) :/ X. dX\.
0

Let {T, : n € Z'} be a sequence of random times and {N; : t € T'} be its adjoint counting
process, that is NV; := sup{n : T, < t}. For each n € Z we define the sample path of T, to
be the function, 7,(-) : Ry — Ry, defined by

Tn(z) = Tina)-

Similarly for each ¢t € T we define the sample path of N; to be the function, N¢(-) : Ry — Z,
defined by
Nt(.’II) = Nm.

Large deviation results relating {7},} and {N;} have been proved by Duffield and Whitt in
[18], by Glynn and Whitt in [27], and by Russell in [61].
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We consider large deviation principles both for sample paths (SP-LDP) and for partial sums
(1D-LDP; one dimensional LDP). See Lewis and Pfister [43] for a review of large deviation
theory, and Dembo and Zeitouni [11] for a general reference to large deviation techniques.
We follow Russell in considering our SP-LDPs in the topology of pointwise convergence (see

Kelly [38] section 3).

We define a scale, v : RT — [0, 00], to be a non-decreasing function with lim;_,o. v(t) = 0o
and define M(R', R) be the space of right-continuous functions from R* to R endowed with

the topology of pointwise convergence.

Definition 4.1 {S;(-)} satisfies a SP-LDP on the scale v(t) with rate-function I : M(Ry,R) —

[0,00] if I(C) is lower semi-continuous, has compact level sets,

Su()
t

1
lim — log P [ g F] < — inf I(¢)
(EF

for all F closed in M(R,,R), and

S(-)

tEG

z—cig(f;l(C)

. 1
lim —
t—o0 v(t)

log P [

for all G open in M(R,,R).

Definition 4.2 {S;} satisfies an 1D-LDP on the scale v(t) with rate-function IV : R —
[0,00] if IM)(z) is lower semi-continuous, has compact level sets,

1
lim —

St inf 7OV
h log P [T € F] < —inf I'Y(z)

zeF

for all F closed in R, and

. 1 St %
im — log P [ ; € G} 12&[ (x)

for all G open in R.

In conjunction with Lemma’s 5.2 and 5.3, Theorem 5.1 in [62] proves that if (S7, (-), Th(-))
satisfies a joint SP-LDP on the scale v(t) := ¢ (with rate-function U(z,y) which satisfies



68 CHAPTER 4. LONG RANGE DEPENDENT SOURCES

U(z,0) = oo so that, on the scale of large deviations, the probability that the sampling
process re-samples the same point indefinitely is zero, with rate oo), then (S¢(-), N¢(-))
satisfies a SP-LDP on the scale v(t) := t. Moreover, in Theorem 5.10 he gives a simple
relationship between the one dimension rate-functions U((-,-) and W) (-, ), for (St,,,T,)
and (S, Ny),

WO(a) =50 (2, 1),
vy

In his work he considers only scaling functions which are linear, that is v(¢) := ¢. If we wish
to describe a source that exhibits long range dependence we will require scaling functions
which are nonlinear so that correlations within the source decay slower than exponentially.
As it turns out the condition that we shall require is that v(¢) be regularly varying (see

Bingham et al. [3] for a general reference).

v(t) being regularly varying implies that lim;_,o v(ct)/v(t) exists as an extended real number
for all ¢ > 0. As v(t) is non-decreasing and diverging to +oo this implies that there exists
G > 0 such that

v(et) _ e

L e

for all ¢ > 0.

With this hypothesis in mind the only alteration necessary to Russell’s work is a trivial one
in Lemma 5.3. The rest of his proofs remain unchanged with the final relationship between

the one dimensional contractions changing slightly to be
WO (z,g) = ySUD (f, 1) | (4.1)

We call this transformation Russell’s random time-change. We have the following diagram
describing the relationship between the sample path large deviation principles and the one

dimensional large deviation principles:

Sample path: (S7,,T,) <= (S, Nt)

U Y
One dimensional: (St,,T,) (St, Ny)
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Xt

T1 m T2 2 T3 73

Figure 4-1: Construction of Xj.

If we start with a joint large deviations of the sample paths then we can deduce a relationship

between the one dimensional large deviations of (St,,T},) and (S, Ny).

4.3 A Class of Stationary On/Off Sources

Let {7;} and {n;} be two stationary sequences of random variables taking values in T'. {7;}
are the sojourn times spent by a source in the ‘on’ state and {7;} are the sojourn times

spent by a source in the ‘off’ state. We define the source’s activity X; at time ¢t € T' to be
D°H nbgkabmp St <h ekt
10 w1 4 e Fp LLES A T 0+ T

see figure 4-1 for an illustration.

Define the processes Sf := Y0 | 7i, Sn:= Y i, mi, and T, := ST + Syi. S7 is the total time
spent in the ‘on’ state after n ‘on’ periods, S, is the total time spent in the ‘off’ state after

n ‘off’ periods and T, is the time after n ‘on’ and ‘off” periods. We note that Sp, = S;.
n n

Assumption 4.1 (S7,(:),T,,(+)) satisfies a joint SP-LDP on the reqularly varying scale

v(n).

We now prove two simple lemmas which allow us to relate the large deviations of (St,,7,)

and (S7, S1).
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Lemma 4.1 (S, (-),Ty(-)) satisfies a joint SP-LDP if and only if (S5(-),Sn(-)) satisfies a
joint SP-LDP.

PROOF As (z,y) — (z,z +y) and (z,y) — (z,z — y) are continuous functions in tae
topology of pointwise convergence it follows directly from the contraction principle (see
theorem 6.4 of [43]) that (St, (), Tn(")) = (S7(-), S%(:) + Sn(-)) satisfies a joint SP-LDP if
and only if (S7(-), Sn(-)) satisfies a joint SP-LDP.

Lemma 4.2 (St,,T,) satisfies a joint 1D-LDP with rate-function UMY (-,-) if and only if
(S7,S7) satisfies a joint 1D-LDP with rate-function, IV (-,), given by

IY(z,y) = UV (z,z +y).

PROOF Define f : (z,y) — (z,z —y). As f is continuous and (St,,T,) satisfies a joint 1D-
LDP it follows directly from the contraction principle that (S}, Sy) satisfies a joint 1D-LDP

with rate-function, I(V)(.,-), given by

ID(z,y) = inf{UD(a,b): fa,b) = (z,y)}
= inf{lUM(a,b) : (a,a = b) = (z,y)}
= U(l)(m,x+y)-

Similarly as g : (z,y) — (x,z + y) is continuous we have the converse.

Under assumption 4.1 we can apply Russell’s random time-change and see that (S;, Ny)

satisfies a 1D-LDP on the scale v(t) with rate-function

WO (z,y) = 4O (E, l) — C1 (E_ 1_ E) _
Yy yy vy

In order to get the large deviations for {S;} all that is left to do is to contract out the

effect of {N;}. By the contraction principle {S;} satisfies a large deviation principle with
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rate-function K(1)(.) given by,

KW (z) = inf WO (z,y).
yERY

Note that if {7;} and {#;} are independent of each other, and if {S7} and {S/} satisfy
1D-LDP’s on the scale v(n) with rate-functions I7(-) and I"(-) respectively, then (S7,S7)
satisfies a joint large deviation principle with rate-function IV (z,y) = I" (z)+1"(y). Hence,
by Lemma 4.2, UV (-, -) is given by UV (z,y) = I" (z)+1"(y—=z). Applying Russell’s random

time-change formula (4.1) we get

W (z,y) =yCI" <£> +4CI (l - E) .
Y Yy oy

We now have the following diagram describing the relationship between the SP-LDPs and

1D-LDPs:

BPLDP: (81,81 = (8.7, = [5.N)

Y 4
1D-LDP: (S7,87) <« (Sr,,Ty) (St, Nt) = (St)

If we start with a joint large deviations of the sample paths (S7,Sy), then we can deduce
a relationship between the joint one dimensional large deviations of (ST, S7) and the one

dimensional large deviations of {S;}.

In order to use Russell’s random time-change we must prove that (S7(-),Sn(-)) satisfies a
joint SP-LDP. In section two of [62], Russell proves a SP-LDP on the scale v(t) := ¢ under
the assumption of a mixing condition adapted from Lewis et al. [44]. This condition does
not move to the case of more general scalings as it relies on the use of the sub-additivity

lemma.
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4.4 Example: Semi-Exponential Tails

Let {r;} and {7;} be independent sequences of i.i.d. random variables with
Pln > z] := Plm > z] := a(z) exp(—b(z)z"),

where r € (0,1) and, a(-) and b(-) are slowly varying (see Bingham et al. [3]), that is

) o blew)
P e B

a(cr)

for all ¢ > 0. Note that all the moments of 7, are finite but the cumulant generating function

does not exist in a neighborhood of the origin. Define M := E[r].

In [23] Gantert proves a SP-LDP, in the projective limit topology, for {S?(-)} on the scale
v(n) := b(n)n" with a rate-function that has compact level sets. By the characterisation
theorem, Theorem 1.4.1 of Bingham et al. [3], v(z) := b(z)z" is a regularly varying function.
Hence, by Lemma 4.1, (S7,(:),7,,()) satisfies a joint SP-LDP on the scale v(n). Thus the

LDP and scaling hypotheses are satisfied and we may use Russell’s random time change.

In [22] Gantert proves that {S]} satisfies a 1D-LDP on the scale v(n) with rate-function
I"(z), given by

(z—=M) if z>M

Flz) =1'z) =

00 if z< M.
I(z) has compact level sets. It is possible to get more precise expansions for the tail prob-
abilities of sums of these random variables, see Nagaev [55], when one is not just interested
in logarithmic asymptotics. The exponential rate suffices for our needs. This is quite an

unusual 1D-LDP, the rate-function, I(z), is not convex. This is as large deviations are

caused by the tail of individual random variables rather than aggregate behavior of sums.

By Lemma 4.2, (S7,,7T,) satisfies a joint 1D-LDP on the scale v(n) with rate-function,
UM (z,y), given by
UW(z,y) = I"(z) + I"(y — o),
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, 00 fr<Mory—z<M
UW(z,y) =
(x—M)" +(y—x— M)" otherwise.

By Russell’s random time-change (4.1), (S, Ny) satisfies a 1D-LDP on the scale v(t) with
rate-function

W (a,y) = y U (5, 3) |
yy

that is

f o 1_z
W(l)(x,y)= 00 1f§<Mory - <M
(z — My)"+ (1 —z— My)" otherwise.

For a graph of W((z,y), with a(z) = b(z) = 1 and r = 1/2, see figure 4-2.

We now wish to contract down to remove the y dependence in order to evaluate K1) (z),
the rate-function for {S;}. As UM (z,y) is concave in both its arguments, is increasing at
its left boundary, and is decreasing at its right boundary, its minimum is attained at one or
other of its boundaries. Hence
(1-2z)" if0<z<1/2
KW@ =4 (22-1)7 if1/2<z<1

00 otherwise.
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08

5 06

04

02

Figure 4-3: Rate function for {S;} on the scale v(t) := /1.

Note that K(V(z) is zero at = 1/2. This is as the mean sojourn times spent in both
the on, and off, states are finite and equal. K(z) is graphed, with a(z) = b(z) = 1 and
r = 1/2, in figure 4-3. We note that K!)(z) has non-convex structure, and that this is quite

unusual for a large deviation rate-function.
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5.1 Introduction

The notion of effective bandwidth has become widely accepted as a measure of the resource
requirements of bursty traffic in queueing networks. Intuitively, the effective bandwidth of
a traffic source at a given network resource determines the quantity of resource capacity
which must be reserved for it in order to achieve a specified rate of data-loss. This quantity
depends on the statistical properties of the traffic source, on the properties of other traffic
which may be sharing the resource in question, and on the nature of the resource itself (for
example, buffered or unbuffered). It has been realised, through the work of a number of
authors, that the complex relationships between these different factors can be unravelled
using a family of large deviation limit results for the data-loss probability. These results

lead to the effective bandwidth function, as defined by F. Kelly [37].

The effective bandwidth o of a stationary stochastic traffic source is given by
1 .
glad) = pr log Ee*X(®) |
St

where X (t) is a random variable representing the amount of data generated by the source
during intervals of length ¢. The parameter s in this definition is an inverse space scale,
that is, 1/s may be measured in units of bits, bytes, or cells. To illustrate the significance
of this function, imagine a buffered resource which is shared by L stationary, independent,
and statistically identical traffic sources. If the resource has a capacity of Lc¢ units of data
per unit time, and a buffer to hold Lb units of data, then the steady-state rate of data-loss
R satisfies
Lli_)n;o % log R, = stg%)) ;gg (ta(s,t) —tc— b).

Here o is the effective bandwidth function of each identical source. Results of this type, and
generalisations to the case of non-identical sources, have been proved by A. Simonian and

J. Guibert [63], D. D. Botvich and N. G. Duffield [4], and C. Courcoubetis and R. Weber

[8]. More details on the origin of effective bandwidth and its uses can be found in [37].

Given a stochastic model of a traffic source, the associated effective bandwidth function

can be calculated more-or-less easily from the model’s parameters (see [37] for a number of



5.1. INTRODUCTION 7

examples and references to the literature). For many purposes, however, it may be more
practical to determine effective bandwidths directly from traffic measurements, thereby elim-
inating the need to fit a stochastic model to recorded data. N. Duffield et al. have presented
arguments for this approach in [17]. Measurements of effective bandwidth may be useful
both for off-line characterisation of traffic and for real-time control of multiplexing systems.
An analysis of recorded traffic traces in terms of their measured effective bandwidths has
been carried out by R. Gibbens in [25], while algorithms for connection admission control
in connection-oriented networks, based on measurements of effective bandwidth, have been
proposed by G. de Veciana et al. [10] and J. T. Lewis et al. [45]. A measurement-based ap-
proach to admission control and resource pricing, which is motivated by effective bandwidths

but does not measure them directly, is described in [26] and [7].

In this paper we address the extent of sampling error in measured values of effective band-
width. Sampling error is not a critical issue in off-line traffic characterisation, but assumes
greater importance when measurements are used for the purpose of dynamic resource allo-
cation. For example, M. Grossglauser and D. Tse [30] have studied the impact of sampling
error on a resource operating with a measurement-based admission control system. In this
setting, under-estimation of resource requirement causes the admission control to accept too
many new connections, leading to violation of the data-loss target, while over-estimation
leads to a reduction in both data-loss and utilisation. Grossglauser and Tse observe that
the negative effects on data-loss of under-estimation exceed the positive effects of over-
estimation, so that on the average the effect of sampling error is to increase the data-loss
rate. The use of a certainty-equivalent point-estimate of resource requirement can therefore
be expected to yield an average rate of data-loss somewhat in excess of the desired target.
[30] describes an extreme case (not based on effective bandwidths), in which a simple sys-
tem using point-estimates misses its performance target by two orders of magnitude. An
important consideration is the fact that the large deviation results in which the effective
bandwidth function has its origins are intended to control the frequencies of extremely rare
events, whose probabilities may be of the order of 107 or less. At this level of likelihood even
small sampling errors can have a significant impact; the 1 — 1075 quantile for an estimator

of effective bandwidth may be considerably larger than its mean.
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Interval-estimates of bandwidth requirement are therefore desirable: if the target data-loss
rate is 107°, then a 1 — 10~% upper confidence limit for bandwidth requirement can be used
safely as a basis for resource allocation. Approximate confidence intervals can be obtained
from a Gaussian approximation in the usual manner, but this approach does not seem
appropriate here due to the very low likelihood levels which are of interest. Instead we turn
to concentration inequalities designed to provide rigorous upper bounds on the probabilities
of rare events. Hoeffding’s inequality is particularly attractive for our problem: to use it
we require only an upper bound on the random variables of interest, and this can obtained
directly, without further measurement, if traffic sources declare a peak rate or other token

bucket constraint.

Theorem 5.1 (W. Hoeffding [35]) Let Zi,...,Z, be independent bounded random vari-
ables such that Zy € [a, bg] with probability one. Then for any t > 0,

(| Zn: Zy —EZ)| > t) e 2exp<—2t2/i(bi - ai)Q).
k=1 k=1

A succinct proof of theorem 5.1 is given in [12]. S. Floyd uses Hoeffding’s inequality in [21]
to obtain an upper bound on the effective bandwidth of an aggregate of traffic sources. In
section 5.2 we use it to compute confidence intervals for the effective bandwidth of a single
source, based on measurements of source activity. The confidence limits can be chosen to
converge almost surely to the true value of o as the sample size increases, assuming that
the source is stationary. Alternatively they can be chosen to provide robustness against
violations of the stationarity hypothesis. Confidence intervals for the effective bandwidth

of aggregate traffic are obtained in section 5.3.

For our purposes, the use of Hoeffding’s inequality has two draw-backs. It requires inde-
pendent observations of source behavior; and it becomes tight only at large sample sizes. In
practice measurements of the activity of a source made at different times cannot be assumed
completely independent, although they may be approximately so if the elapsed time between

measurements is large. Taking widely-separated measurements will of course increase the
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time required to obtain a narrow confidence interval. The numerical results in sections 5.2
and 5.3 show that the sample size required to obtain a useful confidence interval may be

very large, so that the approach we describe here may not be practical for small data sets.

5.2 Effective Bandwidth of a Single Source

Throughout this section we let X (¢) be a random variable representing the amount of work
generated by a stationary stochastic traffic source during intervals of length ¢. We assume
that X (¢) takes values between 0 and some upper limit p(¢) > 0, with probability one.
When the peak rate P of the source is known we may take p(¢t) = Pt; more generally, if
the source is policed by a token bucket with bucket size b and token fill rate ¢, then X (¢)

cannot exceed p(t) = ct + b. In the case of multiple token bucket constraints, we set
p(t) = min(cit + b;),
(3

where (b;,¢;), i = 1,2,..., are the token bucket parameters.

Our aim is to estimate the value of the effective bandwidth function
1 sX(t)
s 1) = pr log Ee .
5

for given s and ¢, from independent observations X (¢,1),...,X(¢t,n) of X(¢). Thus each
X(t,k), k=1,...,n, is assumed to have the same distribution as X (¢). Given r > 0, and
setting ¢ := r —log 2, we construct a 1 — e~ 7 confidence interval for o(s,t) as follows. Let ¢
be the value of the moment generating function of X (¢) at s, and let ¢(n) be the weighted

average
n

$(n) ==Y w(k,n)e X,

k=1
where the weights w(k, n) satisfy 0 < w(k,n) < 1 for each k and w(l,n)+...+w(n,n) = 1.

@(n) is then an unbiased estimate of ¢. Define

e(n) == 2P — 12" wi(k)|
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and let a(n), #(n) be given by

afn) = —log([g(n) —e(m)] v 1),
Bln) = ﬁlog(¢(n)+e(n)>/\z¥.

Proposition 5.1 «a(n) < o(s,t) < f(n) with probability at least 1 — e~ 9.

PROOF Since o(s,t) takes values between 0 and p(t)/t we have
P(o(s,t) < afn) or B(n) < o(s,0)) = P(1¢(n) - 4] > ().

Set Zy := w(k,n)esX®k) for k =1, ..., n, so that ¢(n) = Z; +... + Z,. By assumption

the Z;’s are independent random variables satisfying
w(k,n) < Zj < w(k,n)eP® k=1, ..., n.
Hoeffding’s inequality therefore yields

P1gm) o > ) = B(130 2%~ il > e(w)

k=1

= 2exp(—252(n)/ iwg(k‘,n)(esym - 1)2),
k=1

and, inserting £(n), the right-hand side is just e~ 9.

If the error term £(n) tends to zero as n becomes large then so does the difference between
the upper and lower estimates 5(n) and «(n). Since ¢(n) > 1 almost surely we have for

g(n) <1,
& 2e(n)
,3(7’1,) i a(n) = E log (1 + m)
< élog(l + f : EEZ;) a.s.

Using the inequality log(1 + z) < z,

a.s.,
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Figure 5-1: Estimated 1 — 1079 confidence intervals for the effective bandwidth of traffic from a simple

stochastic source. The central line is the source’s true effective bandwidth.

which is of order £(n) as €(n) — 0. The size of the error depends on the choice of the
weights w(k,n), the optimal choice being w(k,n) = 1/n for each k. In this case

e(n) = (? — 1), /oL

and
2(eP) — 1), /g
st[v2n — (esP(t) — 1),/q]

B(n) = a(n) <

for n > (esP® —1)2¢/2.

Figure 5-1 illustrates the type of results which can be obtained using this scheme of equal
weight for every measurement. Shown in the figure is a 1 — 107® confidence interval plotted
against sample size, made using traffic from a two-state Markovian source. In its ‘on’ state
this source transmits at a constant rate of 1 unit of work (‘cell’) per unit time (‘slot’),
and in its ‘off’ state transmits nothing. Sojourn times in both states are geometrically
distributed, with a mean on-time of 5.333 slots and a mean off-time of 16 slots. The
effective bandwidth estimates in the figure are for the values s = 0.0184 per cell and ¢ = 20
slots; also shown is the true effective bandwidth of the source, for these values of s and ¢.
The measurements of source activity used to compute the estimates were taken from back-
to-back blocks of length 20 slots in a single long traffic sample. They cannot therefore be

considered independent observations, and the effect of this is to introduce a small amount
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of bias into the estimates. Except possibly at the very largest sample sizes, this bias is more

than offset by the conservative nature of the bounds.

Although the choice of equal weight for each observation of X (¢) minimises the value of
e(n), it may not be appropriate in situations where the effective bandwidth of a source is to
be monitored continuously over time. This choice is not robust against possible deviations
from stationarity. We would like to be able to fix a timescale over which the estimated value
of o(s,t) will track any changes in the true value: this can be achieved, for example, by
using the weights w(k,n) to implement an auto-regressive filter. Each measurement X (, k)
of X(t) comes from a block of length t; let 7, > ¢ be the time between the end of the
kth block and the end of its successor. To obtain a first-order autoregressive filter we set

wil,; 1) i=1 and, forn = 2,

Ti st Tp—1
b

w(l,n) = vy

w(k,n) = (1 —yTt)yTtiT k22,

where v € (0,1). Just after the end of the nth block our estimate ¢(n) of the moment

generating function of X (¢) is

n
¢(n) = 7T1+...+Tn..1eSX(t,1) + Z(l ' ,y‘r;\._l),ka+...+T,L_1esX(t,k)'
k=2

Thus ¢(1) = e$XtD) and for n > 2,
Bln) = (1= y7=1)e X0 4yt 1),
Setting a =1 — y™-1,
$(n) = p(n —1) +a(eX" — g(n — 1)),

which is a special case of the constant gain stochastic approximation applied in control and
communication problems. Here a is typically a negative integer power of 2, so that the
computation of the product on the right-hand side reduces to bit-shifting. If the sequence
X(t,1), X(t,2), ... isi.i.d. then ¢(1), #(2), ... is a homogeneous Markov process with limit

distribution concentrated around Ee** (1) for ‘small’ a [59, 32, 41].
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Assume that observations of X (t) are made periodically, so that 7, = 7 > t for each k.
After the nth observation the error term £(n) in the upper and lower bounds of proposition

5.1 is given by

g 2n-1)7
2 — (o5p(t) _ 1\24 S i
2(n) = (e 1)2< ),

and as n — 00, £(n) converges to the non-zero value

1
e il — (5P() _ pheE e
I nll}rgo e(n) = (e 1)\/g (1 )

Thus a large value for v™ (closer to one) results in a smaller confidence interval in the limit

n — 00, but one which takes longer to converge, and longer to respond to any changes in the
pattern of traffic from the source. The minimal vaiue of 47 required to achieve a confidence
interval of given size can be determined from the above equations. By varying both v and
7 the size of the limiting confidence interval and the rate of convergence can be controlled
independently to some extent, but always subject to the constraint 7 > ¢. Note that if

L BED 1
q(esP(t) —1)2 + 2

T

o

then e, < 1, and the error between the upper and lower effective bandwidth estimates 3(n)
and a(n) satisfies
28055

7lli_)rgcﬁ(n) —a(n) < m a.s.

Applying the auto-regressive estimation procedure to a sample of Markovian traffic produces
results such as those in figure 5-2. This plot was made using the same traffic source as that
used to make figure 5-1. The period 7 between measurements was set equal to ¢t = 20 slots,
and the value of v was 0.999; with these parameters a reasonably narrow final confidence

interval is achieved but the rate of convergence is slow compared to that in figure 5-1.

This estimation scheme suffers from a remaining defect, namely that the presence of pe-
riodicities in the traffic may lead to bias in the estimate ¢(n) of the moment generating
function. To avoid this, it is necessary to choose the observations randomly, rather than
periodically, from the available data. Let us suppose that the inter-block time 74 is equal

to t + r, where r1, 79, ... are independent exponentially distributed random variables with
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Figure 5-2: Estimated 1 — 1075 confidence intervals for traffic from a simple stochastic source, made

using a first-order autoregressive filter. The central line is the source’s true effective bandwidth.

mean 1/\ (this type of procedure was suggested by R. Gibbens in [25]). The bounds of
proposition 5.1 continue to hold (with probability at least 1 —e~9), but the error term e(n)
is now a random variable because it depends on the inter-block times through the weighting

function w(-,n).

The sum of squared weights w?(1,n) + ... + w?(n,n) satisfies

n
§ U)Q(k,n) = 72T1+ A27y,— 1+§ Tk 1 2 2Tk+ A2Th-1

= 42T Z w?(k,n —1) + (1 —y™1)2
Therefore the sequence {¢2(n) : n > 1} evolves through the stochastic recursive equations
e2(n) = Q Zw (k,n)
2
= ap1g'(n— 1) + bn—la (5.1)
where {(an,by,) : n > 1} is the i.i.d. sequence given by
an =™, by = g(esr’(t) —1)2(1 — ™)

Recursive systems of this kind have been studied by W. Vervaat [64] and A. Brandt [5], who
show that if
—o00 < Elog |a1| <0 and E(log |b1|)* < oo, (5.2)
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or if P(a; = 0) > 0, then there is a unique stationary process {S(n) : n € E} satisfying

equations (5.1), given by
o0
S(n) = an—k«lan—k"'an—l nek
k=0

(here we assume that {a,} and {b,} have been extended to become integer-indexed se-
quences). If {S'(n) : n € E} is any other solution of (5.1) then |S’(n) — S(n)| tends to zero

almost surely in n, and the distribution of S’(n) converges to that of S(0).

Conditions (5.2) are easily verified for the particular case at hand, and we conclude that £(n)
converges almost surely to €5 := /S5(0). If u, and up denote, respectively, the expected

values of a; and by:

/\’72t
b Ea e S ————————
/“L(l 1 )\ _ 210g71
t 2t
Hp = IEbl — g(eslj(t) = 1)2 1 = 2A7 + )\,y )
2 A—logy A —2logy

the Es(n) and Ee, satisfy

n

Ee(n) < VEZ(n) = (ubl‘“a)%

1“%

and

Esws\/M=( a )

Lo Ha
As ~! increases from zero to one, the right-hand side of this last inequality decreases from
(e’ —1)4/q/2 to zero. Thus the limiting value of the error term can again be made as

small as desired, at the cost of slower convergence.

5.3 Effective Bandwidth of Aggregate Traffic

We now assume that we are given separate data for each of several independent traffic sources
which share a link, our task being to estimate the effective bandwidth of the aggregate

link traffic. Let X;(¢) be a random variable representing the quantity of work generated
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by source | = 1,...,L during an interval of length ¢, and let p;(f) be a known upjer
bound for X;(t), obtained in the same manner as p(t) in section 5.2. We assume tlat
{Xi(t), I =1,...,L}, are independent random variables, so that the effective bandwicth

o(s,t) of the sum X;(t) + ...+ X (t) satisfies

L
t) = Z 01(33 t)7
=1

where

1 !
ala,t) = e log Ee*Xt(®)

is the effective bandwidth of source [.

Let ¢; be the value of the moment generating function of X;(¢) at s. Given n; independ:nt
observations X;(t,1),..., X;(t,n;) of X;(t), and a weighting function w(-,n;), we form the

estimate
ny

$i(n) == Z'w‘z(k,n,)esl\'t(tvk)_

k=1
As before, ¢;(n;) is an unbiased estimate of ¢; so long as the weights w(-,n;) are chosen

appropriately. Let ¢ > 0 be given, and let g1, ..., qr be positive numbers satisfying
e 4. .. +e =7

For each [ define

1
2

&‘[(m) = [—— Spl(t) Zw k i jl

From the results of the last section we know that a;(n;)

and [;(n;), defined by

() = 108([¢1 ny) — €1(ny)] )

Bi(n) = gl()g([¢l(nl)+5l("l)]) (),

bracket the value of oy(s,t) with probability at least 1 — e~ %.
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Proposition 5.2 Set

a = aj(m)+...+ar(n),

,3 = 51(’”4) +...+5L(nL).

Then a < o(s,t) < B holds with probability at least 1 — e 9.

PROOF o(s,t) < a or o(s,t) > 3 holds only if oy(s,t) < a;(n;) or oy(s,t) > Fi(n;) for some
l. Therefore

P(o(s,t) < aor a(s,t) 2 )
L
< Y P(ouls,t) < ag(m) or oy(s,t) > e(my))
=1

5
E e t=e"
1=1

IN

As an illustration let us take e % = e~9/L for each [ and compare proposition 5.2 with the

results of section 5.2. The error terms are given by

log L
eulm) = | LEE2 () - Zw (k)

Note that the upper estimate (3;(n;) of the effective bandwidth of source [ satisfies

e1(ny)
stey(ng)’

i) < = loglgu(m) + ex(m)] < — log du(m) +

and hence

B=Bi(m) + ...+ Bu(ne) %Zlogdn (n0)

For large L the sum of the error terms on the right-hand side of this inequality grows pro-
portionately with Ly/log L. For comparison, if the aggregate traffic were treated as a single
traffic stream, the results of the previous section would yield an error term proportional to
e’P(t) with p(t) = pi(t) + ...+ pr(t). Thus the estimation error would grow approximately

exponentially in the number of sources.



88 CHAPTER 5. MEASUREMENT OF EFFECTIVE BANDWIDTHS

100 T T !
80 -

g

:

g

2 60

3

g

£

§3

e

& :

g \

3 s

o e e B
20'ﬁ,

0 L L s s L L L L s
0 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000
Sample size

Figure 5-3: Estimated 1 — 10~° confidence intervals for the effective bandwidth of an aggregate of 100

sources.
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Figure 5-4: Estimated 1 —10~% confidence intervals for the effective bandwidth of an aggregate of 100

sources, made using a first-order autoregressive filter.
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Figures 5-3 and 5-4 depict results obtained by applying this procedure to an aggregate
of 100 Markovian sources of the type described in section 5.2. The weighting function
w(k,n) = 1/n was used to make the estimates in figure 5-3, while those of figure 5-4 were
made using an auto-regressive filter. The results are seen to be qualitively very similar
to the corresponding single source results, indicating little or no loss of precision due to

aggregation.

Other choices for the coefficients ¢; are also possible; for example, we may wish to choose
smaller g; where n; is small, or where p;(t) is large. Using the weighting function w(k,n;) =

1/ny, k=1,...,n;, the error g(n;) is given by

ei(m) = (e 1), /7L
l

This can be made independent of [ by choosing choosing

i cny
U= (em® —1)2
where c satisfies -
Zexp(—cnl/(es”’(t) 1) =e9 (5.3)
=1
Then
eil(ny) = vc/2
for each [ = 1,...,L. Thus the error terms are equalised by allowing more latitude to

sources with higher peak rates, or from which fewer observations have been obtained. The

transcendental equation (5.3) must however be solved numerically.
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Appendix: The Loynes Theorems

Let a probability triple (2, F,P) be given. Let S : £ — € be an invariant left shift operator
which is stationary (that is, P[S™'F] = P[F] for all F € F) and ergodic (that is, the
shift invariant events, B C F, defined by B € B if S™![B] = B, have probability 1 or 0).
Let {op, : n € Z}, {0, : n € Z} be two sequences of non-negative, almost surely finite,
random variables. Define the sequence {Z, : n € Z} by Z, := 0, — 6, and the sequence

{Wp:n€eZi} by Wo:=0and Wy, :=> 7, Z_;, forn > 1.

Assumption A.1 The sequence {Z, : n € Z} is stationary with respect to S.

Theorem A.1 Define the queueing recursion by w(n + 1) := (w(n) + Zp4+1) V 0, where
we define a V b to be the maximum of a and b. Then there exists a stationary sequence
of random variables {Y, : —o0 < m < oo}, with distribution equal to © = sup,>q Wy,
satisfying Ypni1 := (Tn + Zn41) V 0 such that the distribution of w(n) tends monotonically

to that of © as n — oo.

90
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PROOF Define w(—N,—N) := 0 and define w(—N,n), for n > —N, by
w(=N,n+ 1) := (w(=N,n) + Z,41) VO.

We shall show that w(—N,n) is monotone increasing in N and that for each n

lim w(—N,n) = Y,,

N—o0
almost surely. Note that for t = - N + 1
w(-N,-N+1) = (w(-N,-N)+Z_n+1)VO
= Z_N+1 V0.
Hence for n = —N + 2,
w(—N,-N+2) = (w(-N,-N+1)+Z_n42)VO

= 0VZ_Ni2V(Z-Nt2+ Z_N1)

By induction,
w(-N,n+1) = (w(-N,n)+ Zp11) VO
= 0VZu1V(Zp1+2Zy)V...V(Zpp1+--+Z_Nt1).

Now, letting N — oo, we get that, for each n, w(—N,n) tends monotonically to a limit Y,

which satisfies Y, 11 := (¥, + Zp+1) V 0 and

Ty 1= ]Jixgloow(—N,n) =0V sup 2; VTR

r>0 =

To show the sequence {Y,} is stationary with respect to the left shift operator S we must

show that Y, = S""'Ty. We do so by induction for n > 0. From 0 to 1 we have,

STy = Slimyse{0VZyV(Zo+Z-1)V...V(Zo+Z_1+---+Z_nN)}
= HBmNoef{0VZIVZi+ZoV..V(Z1+Z0+Z_ 14+ Z_pny1)}
= (To+2Z1)VO
= Ty

Now, from n to n + 1, we have,
ST, = Slimyoe{0VZ,V(Zy+Zp-1)V...V(Zn+Zn-1+--+Zn_nN)}

== llmNﬁoo{O \% Zn+1 \% (Zn+1 + Zn) W s M (Zn+1 + Zn SRk E o Zn_N+1)}
= (Th+Zns1) VO

- Tn+1-
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So we have shown that Y, = S""'T, for each n > 0, and hence the sequence {Y,} is

stationary with respect to the left shift operator S.

We note that, because the sequence {Y,} is stationary, each T, has the same distribution.

For convenience, we define © by

O :=Tp:= lim w(—N,0) =supW,.

N—o0 n>0

Assumption A.2 The sequence {Z, : n € Z} satisfies

N
IimsupZZi — — 0,
i=0

almost surely.

Note that if {Z,} is stationary, ergodic and E[Z,] := E[o,]| — E[#,] < 0, then the Birkoff

strong law of large numbers says that

T

almost surely, and thus
almost surely. Hence assumption A.2 is satisfied if { Z,,} is stationary, ergodic and E[Z,] < 0.

Definition A.1 We say the sequence of random variables {Y!, : n € Z} is coupled with the
sequence {Y, :n € Z} if {X,, : n € Z} is stationary and there ezxists an almost surely finite

random variable, T, such that Y, =Y, for alln > 7.

Theorem A.2 If assumptions A.1 and A.2 are satisfied, then any solution {Y!} of
w(n+1) = (w(n) + Z,) VO, for n > 0, couples to {Y,}, where {Y,} is defined in theorem
A.l.
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PROOF By the recursion, we have
T, = OVZ,V(Zn+ Zp-1)V...V(Zp+2Zp1+4--+Zp+Tp)

and

Y, = O0VZ,V(Zn+Zn1)V...V(Zpn+Zp_1+--+ Zp+ Yo).

By assumption A.2,
N

lim supz Z; = —o0,

N—->o0 220

almost surely. Therefore there exists an almost surely finite random variable, 7, such that
(Zy+Zr 1+ + 20+ X))V (Zr+ Zr_1++ Z1 + Xy) <O.

Thus we have that, for all n > 7,
Yn=",=0VZ,V(Zn+2Zn-1)V...V(Zp+2Zpn_1+-+ 2Zy),

and {Y],} is coupled to {T,}.
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