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SUMMARY

T hi s  t h e s i s  de a l s  wi t h  the  p h y s i c a l  p r o p e r t i e s  o f  a g e n t - b a s e d  s ys t ems .  
A g e n t  m o d e l s  are  p ow e r f u l  t oo l s  for  u n d e r s t a n d i n g  ‘ s o c i a l ’ s e l f 
o r g a n i z e d  s y s t e m s  and  ma y  p r ov i d e  an e x p l a n a t i o n  o f  f e a t u r e s  t y p i c a l l y  
f o u n d  in m a n y  o f  t h e se  s ys t ems .

Fo r  e x a m p l e ,  e v e n  in qu i t e  d i f f e r e n t  s oc i e t i e s ,  t he  p e r s o n a l  w e a l t h  is 
p o w e r - l a w  d i s t r i b u t e d  wi t h  an e x p o n e n t  c l ose  to 1.5.  In the  S to c k  M a r ke t ,  
t he  d i s t r i b u t i o n  o f  r e t u r ns ,  vo l a t i l i t y  and  ma rk e t  v o l u m e s  are  ‘ fat  t a i l e d ’ . 
V o l a t i l i t y  and  v o l u m e s  are  a s s o c i a t e d  wi th  l ong  m e m o r y  s to ch a s t i c  
p r o c e s s e s .  The  t i me  e l a p s i n g  b e t w e e n  two  c o n s e c u t i v e  t r a n s a c t i o n s  i t s e l f  
is a n on  t r i v i a l  s t o c h a s t i c  p ro c e s s ,  s i g n i f i c a n t l y  d i f f e r e n t  f rom the 
P o i s s o n  p ro c e s s  we  w o u l d  o b s e r ve  for  i n d e p e n d e n t  i d e n t i c a l l y  d i s t r i b u t e d  
t i me  lags.

T h e  r e l a t i o n  b e t w e e n  the m a c r o s c o p i c  (e.g.  the  s tock  m a r k e t  s t a t i s t i c a l  
p r o p e r t i e s )  and  the m i c r o s c o p i c  (e.g.  the  i n t e r a c t i on s  b e t w e e n  
i n d i v i d u a l s )  f ea t u r e s  o f  s o c i o - e c o n o m i c  s y s t ems  is g e n e r a l l y  n on - t r i v i a l  
and  the  o u t c o m e  o f  the  s y s t em d y n a m i c s  ma y  o f t en  s e e m c o u n t e r  
i n t u i t i ve .  A t y p i ca l  e x a m p l e  is p r o v i d e d  by the  soc i a l  d i l e m m a s .  He r e  
i n d i v i d u a l  d e c i s i o n s  tha t  m a k e  s ense  to i n d i v i d u a l  a g e n t s  can  a g g r e g a t e  
in to  o u t c o m e s  in w h i c h  e v e r y o n e  suf fe r s .

The  s i m p l e s t  w a y  o f  t h i n k i n g  o f  an agen t ,  in p h y s i c a l  t e rms ,  is to d r aw  
a c o m p a r i s o n  wi t h  B r o w n i a n  Mot i on .  H o w e v e r ,  th i s  a p p r o a c h  does  not  
a c c o u n t  we l l  for  the  s t a t i s t i c a l  p ro p e r t i e s  o f  f i n a n c i a l  ma r k e t .  A very  
i m p o r t a n t  e x t e n s i o n  o f  the  r a n d o m  w a l k  t he o ry  is the  ‘C o n t i n u o u s  T i me  
R a n d o m  W a l k ’ t he o r y ,  in w h i c h  the  d i s t r i b u t i o n  o f  the  w a i t i n g  t i mes  
b e t w e e n  t wo  c o n s e c u t i v e  s t o ch as t i c  e ven t s  is t a k e n  into a c c o u n t .  We 
s t u d y  the  w a i t i n g  t i me  d i s t r i b u t i o n s  o f  two  da t a  se t s  t a k e n  f rom the  XIX 
c e n t u r y  I r i sh  s tock  m a r k e t  and f rom the  late X X  c e n t u r y  w o r l d  c u r r e n c y  
m a rk e t .

S t o c h a s t i c  D y n a m i c a l  e q u a t i o n s  b a s ed  on G e n e r a l i z e d  L a n g e v i n  and 
G e n e r a l i z e d  L o t k a - V o l t e r r a  e q u a t i o n s  have  a l so  b e e n  s t ud i e d .  The  
p r o b a b i l i t y  d i s t r i b u t i o n s  o f  w e a l t h  o b t a i n e d  f rom the G e n e r a l i z e d  Lo t ka -
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V o l t e r r a  and  f rom an e x p o n e n t i a l  m a p p i n g  o f  a s imp l e  p e e r  p r e s s u r e  
m o d e l  h a v e  b e e n  s h o wn  to be ve ry  c lose .  The  r e s u l t s  o b t a i n e d  are  
c o m p a t i b l e  wi t h  the  e m p i r i c a l  o b s e r v a t i o n s  o f  the w e a l t h  d i s t r i b u t i o n .

We  n e x t  c o n s i d e r  ‘C o n s e n s u s  M o d e l s ’ . In p a r t i cu l a r ,  we m o d i f y  the  so-  
c a l l e d  S z n a j d  c o n s e n s u s  mode l  wi t h  s y n c h r o n o u s  u p d a t i n g  i n t r o d u c i n g  an 
i n d i v i d u a l  a g e n t  m e m o r y  and s t u dy i n g  the p h a s e - t r a n s i t i o n  p r o c e s s  f r om 
n o - c o n s e n s u s  to c o n s e n s u s  as a f un c t i on  o f  the  m e m o r y  l eng th .  The  e f f ec t  
o f  m e m o r y  has  s i g n i f i c a n t l y  r e d u c e d  f r u s t r a t i on .  We  f ind  tha t ,  in the  
Sz n a j d  m o d e l ,  the  i n t r o d u c t i o n  o f  a s ma l l  a m o u n t  o f  n o i s e  m a y  i nc r e a s e  
the c o n s e n s u s  w i t h i n  the  s y s t e m,  w h e n  in the  a b s e n c e  o f  n o i s e  c o n s e n s u s  
is no t  a c h i e v ed .  A l l o w i n g  the  no i s e  to d e p en d  on the  s ize  o f  f l u c t u a t i on s  
in the  s y s t e m  we ob t a i n  a s i mp l e  mo d e l  abl e  to a c c o u n t  for  t he  s t a t i s t i c a l  
p r o p e r t i e s  o f  f i nanc i a l  m a r k e t  v o l u m e s .

M o t i v a t e d  by the  fact  tha t  real  soc ia l  s y s t e m s  d i s p l a y  a c o m p l e x  
n e t w o r k - l i k e  s t r uc t u r e ,  we  f i na l l y  s t udy  the  s o - ca l l e d  D e f f u a n t  c o n s e n s u s  
m o d e l  on a s c a l e - f r e e  n e t wor k .  We p r o p o s e  t wo  d i f f e r e n t  a d a p t i v e  
v e r s i o n s  o f  the mo de l  b a s ed  on the  ‘r e l a t i ve  e x p e c t a t i o n ’ o f  i n d i v i d u a l  
a gen t s .  T h e  f i rs t ,  l e ads  a gen t s  to a d j us t  t he i r  e x p e c t a t i o n  to n e i g h b o u r i n g  
e n v i r o n m e n t a l  s t a t es .  The  s e c o n d ,  a l l ows  i n d i v i d u a l  a g e n t s  to a d j us t  t he i r  
e x p e c t a t i o n s  to t h e i r  pas t  p e r f o r m a n c e s .

U n l i k e  the  n o n - a d a p t i v e  case ,  the  n u m b e r  o f  s u r v i v i n g  o p i n i o n s  as a 
f u n c t i o n  o f  the  i n i t i a l  n u m b e r  o f  the  p o s s i b l e  o p i n i o n s  p r e s e n t s  a n o n 
m o n o t o n i c  b e h a v i o u r ,  wi t h  a m a x i m u m  o c c u r r i n g  w h e n  the  n u m b e r  o f  
i n i t i a l  p os s i b l e  o p i n i o n s  a p p r o x i m a t e l y  e q u a l s  the  n u m b e r  o f  agen t s .  We  
s u g ge s t  t ha t  t h i s  e f f e c t  ma y  be due  to the e x i s t e n ce  o f  a t y p i c a l  a v e r a g e  
o p i n i o n - d i s t a n c e .  W h e n  the a v e r a g e  o p i n i o n - d i s t a n c e  is a b o v e  th i s  
c h a r a c t e r i s t i c  v a l ue ,  a g e n t s  t e nd  to adap t  fas t e r ,  w h e n  the  a v e r a g e  
o p i n i o n - d i s t a n c e  is b e l o w  thi s  c h a r a c t e r i s t i c  v a l ue ,  a g e n t s  have  ve r y  
s i mi l a r  o p i n i o n s  and  ma y  ea s i l y  r ea c h  an a g r e e me n t .  W h e n  the  a v e r a g e  
d i s t a n c e  e q u a l s  the  c h a r a c t e r i s t i c  va l ue ,  o p i n i on s  are  too d i s t a n t  for  the  
a gen t s  to f ind an a g r e e m e n t ,  bu t  a l so too c l o se  to p r o m o t e  qu i c k  
a d a p t a t i on .
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( c o u r t e s y  o f  D r a g u l e s c u  & al.;  P h y s i c a  A 299 213 -221  (2001) ) .

F i g u re  2.2:  I n d e x  S t a n d a r d  an d  P o o r  500,  daily  c lo s i n g  v a lu e  d a ta  t a k e n  
f r o m  1960 to  2001.

F i g u re  2.3:  S t a n d a r d  a n d  P o o r  500,  daily r e t u r n s .

F i g u re  2.4:  S t a n d a r d  a n d  P o o r  500,  daily l o g a r i t h m i c  r e t u r n s .

Fi gur e  2.5:  Standard and Poor  500 ,  a u t o c o r r e l a t i o n  f un c t i o n  o f  the
l o g a r i t h m i c  returns.  The  data s h o w  the a b s e n c e  o f  any  s i g n i f i c a n t
c or re l a t i on .

F i gur e  2.6:  Standard and Poor  500  Returns .  Th e  cur ve  d i s p l a y s  the  
pr o ba b i l i t y  d e n s i t y  for the n o r m a l i z e d  l o g a r i t h m i c  returns  (returns  
d i v i d e d  by the s a mp l e  s tandard de v i a t i o n ) .  The  f i gure  is t aken from  
h t t p : / / s o m a . u c h i c a g o . e d u / ~ c o w a n / f i n a n c e / P a p e r s / M a t a c z . p d f

F i g u r e  2.7: S t a n d a r d  an d  P o o r  500,  a u t o c o r r e l a t i o n  f u n c t i o n  o f  the
l o g a r i t h m i c  r e t u r n s .  T h e  d a ta  s h o w  th e  a b s e n c e  o f  any  s ig n i f i c a n t
c o r r e l a t i o n .

F i g u r e  2.8: S t a n d a r d  an d  P o o r  500. A u t o c o r r e l a t i o n  f u n c t i o n  o f  the
a b s o l u t e  v a lu e  o f  the  l o g a r i t h m i c  r e t u r n s .

XU



Figure 3.1: Average Survival Time Probabili ty D is t r ibu t ion  function for 
Irish Stock Market data between 1850 and 1854. Fit paramete rs  for Mittag- 
Leffler function: ;k = 0.025 ,/? = 0.4. The relative error  for the exponent  is 
about 0.1.The error  bars are of  the same size as the poin t-markers .

Figure 3.2: Survival Time Probabili ty Dis t r ibu t ion  function for Yen
Currency Market data between 1989 and 1998. The relative error for the 
exponents  is about 0.1. The error bars are of  the same size as the point-  
markers.

Figure 4.1: GLVPP vs. GLV. The curve displays the cumulative probabili ty 
density (the probabili ty o f  finding a ratio W ea l th /A verage  Wealth larger 
than the value repor ted  on the x-axes) of the data obta ined both  GLVPP 
and GLV models,  with the following paramete r choice: ^'=0, aIW=0.00023, 
D = 0.00083, = 10 samples each made o f  1000 agents have been
studied. The tail exhibit  a power-law behaviour with exponen t  between 1.3 
and 1.6. The relative error for each data poin t  is about 5%. The error bars 
are o f  the same size as the po in t-markers  in the graph.

Figure 5.1. An example o f  bond percolation.

Figure 5.2: The phase transi t ion from a no-consensus  state to a total 
consensus  state is driven by the value M(0) of  the magnet iza tion at time 
zero. The lattice linear dimension is L  —17. The memory length T=0, 2, 8. 
The  trans it ion poin t is shifted towards zero as the agent memory length T 
increases. The error bars are o f  the same size as the poin t-markers .

Figure 5.3: The phase transit ion from a no-consensus  state to a total 
consensus  state is driven by the value M(0) of  the magnet ization at time 
zero.  The lattice linear dimens ion is L  =101. The memory length T=0, 2, 8. 
The trans it ion po in t  is shifted towards zero as the agent memory length T 
increases.  The error bars are o f  the same size as the poin t-markers .
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Fi gu r e  5.4; T h e  p h a s e  t r a n s i t i o n  f r o m  a n o - c o n s e n s u s  s t a t e  to a t o t a l  
c o n s e n s u s  s t a t e  is d r i v e n  by t he  va l ue  M(0)  o f  t he  m a g n e t i z a t i o n  at  t ime  
ze ro .  T h e  l a t t i ce  l i nea r  d i m e n s i o n  is JL = 3 0 1 .  T h e  m e m o r y  l e n g t h  T = 0 ,  2, 8. 
T h e  t r a n s i t i o n  p o i n t  is s h i f t e d  t o w a r d s  z e r o  as t he  a g e n t  m e m o r y  l e n g t h  T  
i n c r e a s e s .  T h e  e r r o r  ba r s  are  o f  t he  s a m e  s ize as t he  p o i n t - m a r k e r s .
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c o n s e n s u s  s t a t e  is d r i v e n  by t he  va l ue  M{0)  o f  t he  m a g n e t i z a t i o n  at  t i me  
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T i n c r e a s e s .  T h e  e r r o r  ba r s  are  o f  t he  s a me  s ize as t he  p o i n t - m a r k e r s .
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c o n s e n s u s  s t a t e  is d r i v e n  by t he  va l ue  A4(0) o f  t he  m a g n e t i z a t i o n  at  t i me  
ze ro .  T h e  l a t t i ce  l i nea r  d i m e n s i o n  is L  = 5 0 .  T h e  m e m o r y  l e n g t h  T = 0 ,  2,  8, 
100,  500,  1000.  T h e  t r a n s i t i o n  p o i n t  is s h i f t e d  t o w a r d s  z e r o  as t he  a g e n t  
m e m o r y  l e n g t h  I' i n c r e a s e s .  T h e  e r r o r  ba r s  are o f  t he  s a me  s ize as t he  
p o i n t - m a r k e r s .

F i gu r e  5.7:  V a r i a t i o n  wi t h  L  o f  \ - M ^  ( one  m i n u s  t he  a b s o l u t e  va l ue  o f  t he  

d i f f e r e n c e  in t he  i ni t i a l  p r o b a b i l i t i e s  for  +1 a nd - 1 )  f o r  w h i c h  in h a l f  o f  t he  
ca ses  a c o n s e n s u s  was  r e a c h e d .  T h a t  may  be  s e en  as t he  p h a s e  t r a n s i t i o n  
p o i n t  f r o m  t he  s t a t e  w i t h o u t  c o n s e n s u s  to t he  s t a t e  w i t h  c o n s e n s u s .  T h e  
e s t i m a t e d  s l ope  is - -0 . 39 for  T = 0 ,  -0.21 f o r  T = 2 ,  - 0.11 f o r  T = 8 .  T h e  e r r o r  
b a r s  a re  o f  t he  s a me  s ize as t he  p o i n t - m a r k e r s .

F i g u r e  5.8:  V a r i a t i o n  w i t h  T  o f  t he  d i f f e r e n c e  in t he  in i t i a l  p r o b a b i l i t i e s  for  
w h i c h  in h a l f  o f  t he  cases  a c o n s e n s u s  was  r e a c h e d .  T h a t  ma y  be  s e en  as 
t h e  p h a s e  t r a n s i t i o n  p o i n t  f r o m  t he  s t a t e  w i t h o u t  c o n s e n s u s  to t he  s t a t e  
w i t h  c o n s e n s u s .  T h e  e s t i m a t e d  s l o p e  is 0 .46 f o r  jL = 17 a n d  0 .47  f o r  JL=50.  
T h e  e r r o r  ba r s  are  o f  t he  s a me  s ize as t he  p o i n t - m a r k e r s .
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F i gu r e  5.9: M a g n e t i z a t i o n  at  e q u i l i b r i u m  as a f u n c t i o n  o f  q, f o r  L = 5 0  a nd  
in i t i a l  m a g n e t i z a t i o n  va l ues  0.9,  0.2,  0 .02 a n d  z e ro .  T h e  e r r o r  ba r s  are o f  
t h e  s a me  s ize as t he  p o i n t - m a r k e r s .

F i g u r e  5.10:  M a g n e t i z a t i o n  at  e q u i l i b r i u m  as a f u n c t i o n  o f  q, f o r  L = 1 0 0  a nd  
in i t i a l  m a g n e t i z a t i o n  va l ues  0.9,  0.2,  0 .02 a n d  z e ro .  T h e  e r r o r  ba r s  are o f  
t he  s a me  s ize as t he  p o i n t - m a r k e r s .
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F i gu r e  5.12:  T h i s  s h o w s  the  m i c r o s c o p i c  de t a i l  o f  a c a l c u l a t i o n  f o r  a l a t t i ce  
o f  l i nea r  d i m e n s i o n  L = 5 0 ,  a p r o b a b i l i t y  o f  r a n d o m  f l i pp i n g  ^ = 0 . 0 0 1  a n d  an 
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f i gure  11 at  t he  s u b s e q u e n t  t i me  s t ep .  T h e  r a n d o m  f l i p p i n g  o f  s p i n  {33,  
16} (see t he  a r r o w)  has  n o w  e a s e d  t he  f r u s t r a t i o n ,  it  w o u l d  o t h e r w i s e  
e x h i b i t  at  z e r o  t e m p e r a t u r e ,  d e s t a b i l i s i ng  t he  ' c r o s s  s h a p e d '  i s l and .

F i gu r e  5.14:  C u m u l a t i v e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t he  s i m u l a t e d  d e m a n d  
( v o l u m e  o f  s ha r e s ) .  T h e  decay  f o l l ows  a p o w e r - l a w  b e h a v i o u r  w i t h  an 
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{ a  = 0.98,  a  = 0 . 005 ,  N  = 2500} .  T h e  e r r o r  ba r s  are  o f  t he  s a me  s ize  as t he  
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F i g u r e  5.15:  A u t o c o r r e l a t i o n  f u n c t i o n  for  t he  s i m u l a t e d  d e m a n d  ( v o l u m e  o f  
sha r e s ) .  T h e  c h a r t  d i sp l ays  a p o w e r  law decay  w i t h  an e x p o n e n t  sma l l e r  
t h a n  1. N u m b e r  o f  t r a n s a c t i o n s  ( dat a  p o i n t s )  = 2 0 0 0 0  { a  =0 . 98 ,  <7=0.005,  
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Figure  6.1: Ne t wor ks .  Above  are di splayed graph ic  examples  of: a regular  
lat t ice,  a smal l -wor l d  n e t wo r k  and a r a n d o m  ne t work .  Smal l -wor ld  ne t wor ks  
may be seen as a t r a d e - o f f  b e t wee n  the r egular  t opo l og i ca l  s t r uc t u r e  o f  a 
lat t ice and the r a n d o m  topo l og ica l  s t r uc t u re  o f  a r a n d o m  gr aph . Be l ow,  we 
can apprec i a t e  the pic tor i a l  d i f f erence  exi s t ing b e t we e n  R a n d o m  and Scale- 
f ree g r aphs  Mor eove r ,  in the r a n d o m  graph ,  the 5 m o s t  c o n n e c t e d  nodes  
are c o n n e c t e d  to 27% o f  all nodes .  In the scale- f ree  graph ,  the 5 mos t  
c o n n e c t e d  nodes  are c o n n e c t e d  to 60% o f  all nodes .

Figure  6.2: N u m b e r  o f  surviving op i n i on  as a f unc t i on  o f  the ini t ial  n u m b e r  
o f  o p i n i ons  in an adapt ive  Def fuan t - l i ke  model .  T h e  c o n s en s us  t h r e s ho l d  is 
a f r ac t ion  (1, 0.2,  0.04 and 0.008) o f  the average local  di s tance.  The  
averages  are p e r f o r m e d  over  the di rect  n e i g h b o u r h o o d .  I ' he  n u m b e r  o f  
agent s  is equal  to N = 1 0 0 0 .  Eac h  agent  has m —\  d i rec t  c onne c t i ons .  The  
s imul a t i ons  have been  car r ied ou t  over  1000 samples .  T h e  e r ro r  bars  are o f  
the same size as the p o i n t -ma r ke r s

Figure  6.3: N u m b e r  o f  surviving op i n i ons  d iv ided  by the n u m b e r  N  o f  
agent s ,  as a func t i on  o f  the ini t ial  n u m b e r  o f  o p i n i ons  in an adapt ive  
De f f ua n t - l i ke  model .  The  consensus  t h r e s ho l d  is 0.008 t imes  the average 
local  d i s tance.  T h e  averages  are p e r f o r m e d  over  the di rec t  n e i g h bo u rh o od .  
T h e  n u m b e r  o f  agent s  is equal  to N = 1 0 ,  100,  1000,  10000.  E a c h  agent  has 
w = 4  di rec t  c onnec t i ons .  The  s imula t ions  have been  car r i ed  ou t  ove r  1000 
samples .  The  e r ro r  bars  are o f  the same size as the p o i n t - mar ke r s .

Figure  6.4: N u m b e r  o f  surviving op i n i ons  d iv i ded  by the n u m b e r  N  o f  
agent s ,  as a f unc t i on  o f  the ini t ial  n u m b e r  o f  o p i n i ons  in an adapt ive  
De f f ua n t - l i ke  model .  The  c ons ens us  t h r e s ho l d  is 0.02 t imes  the average 
local  d i s tance.  The  averages  are p e r f o r me d  over  the d i rec t  n e i g h b o u r h o o d  
■ T h e  n u m b e r  o f  agent s  is equal  to AT= 100,  1000,  10000.  E a c h  agent  has 
m —\  d i rec t  c onnec t i ons .  The  s imula t ions  have b e e n  car r i ed  ou t  over  1000 
samples .  T h e  e r ro r  bars  are o f  the same size as the po i n t - mar ke r s .
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Figure 6.5; N um ber  of surviving opinions divided by the number  N  of  
agents, as a function of  the initial number  of  opin ions  in an adaptive 
Deffuant- l ike  model.  The consensus th reshold  is equal to the average local 
distance. The averages are performed over the direc t  ne ighbourhood .  The 
num ber  o f  agents is equal to N =  100, 1000, 10000. Each agent has m=4 
direc t  connections .  The simulations have been carried out over 1000 
samples. The error bars are of  the same size as the poin t-markers .

Figure 6.6: N um ber  of surviving opinions divided by the number  N  of  
agents, as a func tion of the mitial number  of opin ions  in a time adaptive 
Deffuant- l ike  model. The consensus th reshold  changes over time 
depending  on the agent experience: it increases (decreases) o f  a factor I 

depending  on whether  the agent is successful  (or unsuccessful)  in finding a 
l ike-minded neighbour.  The results  obta ined for T=10, 50, 333, 500 are 
compared  to those obta ined for the non adaptive case. The averages are 
pe r form ed over the direct  ne ighbourhood. The num ber  o f  agents is equal 
to N —14. Each agent has m — \  direct connections .  The simulations have 
been carried out over 1000 samples.  The error bars are o f  the same size as 
the point -markers .

Figure 6.7: N um ber  of surviving opinions  divided by the number  N  of 
agents,  as a function of the initial number  of opin ions  in a time adaptive 
Deffuant-l ike  model.  The consensus th reshold  changes over time 
depending  on the agent experience: it increases (decreases) o f  a factor X  

depending  on whether  the agent is successful  (or unsuccessful)  in finding a 
l ike-minded neighbour.  The results  obta ined for T=10,  50, 333, 2500 are 
compared  to those obta ined for the non adaptive case. The averages are 
pe r form ed over the direct  ne ighbourhood. The num ber  o f  agents is equal 
to A/=104. Each agent has w=4 direct connections .  The simulations have 
been carried out over 1000 samples.  The error bars are o f  the same size as 
the point-markers .

Figure 6.8: N um ber  of surviving opinions  divided by the num ber  N  of  
agents, as a func tion of  the initial number  of  opin ions  in a time adaptive
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Def fuan t - l i ke  model .  The  cons ens us  t h r e s h o l d  changes  over  t ime
d e p e n d i ng  on the agent  exper i ence :  it i nc reases  (decreases)  o f  a factor

I  d e p e n d i ng  on w h e t h e r  the agent  is success ful  (or unsuccess fu l )  in f inding

a l i ke -mi nded  ne i ghbour .  The  resul t s  ob t a i ne d  for  x=10 ,  50, 333,  2500 are 
c o m p a r e d  to t hose  ob t a i ned  for  the n o n  adapt ive  case.  The  averages  are 
p e r f o r m e d  over  the di rect  n e i g h bo ur ho o d .  The  n u m b e r  o f  agent s  is equal  
to N = 1 0 0 4 .  Each  agent  has m —\  d i rec t  conne c t i ons .  The  s imul a t i ons  have 
been  car r i ed  ou t  over  1000 samples .  The  er ro r  bars  are o f  the same size as 
the po i n t - mar ke r s .

Figure  6.9: N u m b e r  o f  surviving op i n i ons  d ivided by the n u m b e r  o f  
agent s ,  as a func t i on  o f  the ini t ial  n u m b e r  o f  o p i n i ons  in a t ime adapt ive  
Def f uan t - l i ke  model .  The  c ons ens us  t h r es h o l d  changes  over  t ime

d e pe n d i ng  on the agent  exper i ence:  it i nc reases  (decreases)  o f  a factor  x 
d e pe n d i ng  on w h e t h e r  the agent  is success ful  (or unsuccess fu l )  in f inding a 

l i ke -mi nded  ne i ghbour .  The  resul t s  ob t a i ne d  for  x = 10, 50, 333,  2500 are 
c o m p a r e d  to those  ob t a i ne d  for  the n o n  adapt ive  case.  T h e  averages  are 
p e r f o r m e d  over  the d i rec t  n e i g h bo ur ho od .  The  n u m b e r  o f  agent s  is equal  
to N = 1 0 0 0 4 .  Eac h  agent  has  m —A di rect  c onne c t i ons .  The  s imul a t i ons  have 
been  car r i ed  ou t  over  1000 samples .  The  er ro r  bars  are o f  the same size as 
the po i n t - mar ke r s .
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L I ST  OF T A B L E S

T a b l e l .  P a y o f f  o f  d i f f e r e n t  s t r a t eg i e s  in the P r i s o n e r ’s d i l e mm a .  The  
o u t c o m e  for  a s i ng l e  p l a ye r  d e p e n ds  on the a c t i on s  o f  b o t h  p l a ye r s .  I f  
t he y  bo t h  c o o p e r a t e  they  bo t h  get  4 p o i n t s  each ;  i f  one  c o o p e r a t e  and 
the  o t h e r  s quea l s ,  the  f i rs t  get  0 po i n t s  and  the  s e c o n d  5. I f  t hey  bo th  
sque a l  t he y  on l y  get  1 po i n t  each.

T a b l e  2: E i gh t  p l a y e r s  are a s ked  to p i c k  a ( r ea l )  n u m b e r  b e t w e e n  0 - 100  
( [ 0 , 1 0 0 ] ) .  The  w i n n e r  wi l l  be the r e s p o n d e n t  w h o  c h o o s e s  the n u m b e r  
c l o s e s t  to 2 / 3 r ds  o f  the a v e r a g e  n u m b e r  chos en .  G u e s s  1; e v e r y b o d y  
c h o o s e  ze ro  and,  as a c o n s e q u e n c e ,  e v e r y b o d y  win .  G u e s s  2: A and  B 
c h o o s e  n u m b e r s  l a rge r  t han  zero ,  B wi n s  s ince  0.001 is the  a n s w e r  
c l o s e r  to 2 / 3 r d s  o f  the a v e r a g e  (0 . 002) .  G u e s s  3: E v e r y b o d y  wi n  e x c e p t  
f rom A. G u e s s  4: E wi ns  s ince  1 is equa l  to 2 / 3 r d s  o f  the  a v e r ag e .
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C H A P T E R  1

G E N E R A L  I N T R O D U C T I O N

1.1 Complex i ty
To d e s c r i b e  and  u n d e r s t a n d  na t u r e  it is f r e q u e n t l y  n e c e s s a r y  to a ppea l  

to s t a t i s t i c a l  or  p r o b ab i l i s t i c  c o n c e p t s .  In p hy s i c s ,  t ha t  is the  case  w h e n  
we dea l  wi t h  l a rge  n u m b e r s  o f  p a r t i c l e s  or  w i t h  s y s t e m s  tha t  are 
c o m p o s e d  o f  a l a rge  n u m b e r  o f  s u b s y s t e m s .  In ge n e r a l  one  t r i es  to r e l a t e  
the b e h a v i o u r  o f  the c o m p o s i t e  s ys t e m to the  p r o p e r t i e s  o f  t he  p a r t i c l e s  
or s u b s y s t e m s  and t he i r  mu t u a l  i n t e r ac t i ons .

Th e r e  are s y s t e m s  c o m p o s e d  o f  g r ou p s  o f  r e l a t ed  un i t s  ( s u b s y s t e m s ) ,  
for  w h i c h  the de g r e e  and  na t u r e  o f  the r e l a t i o n s h i p s  is i m p e r f e c t l y  
k nown .  T h e i r  ove r a l l  e m e r g e n t  b e h a v i o r  is d i f f i cu l t  to p r e d i c t ,  e v e n  w h e n  
the s u b s y s t e m  b e h a v i o r  is r ead i l y  p r ed i c t a b l e .  The  t i m e - s c a l e s  o f  v a r i o u s  
s u b s y s t e m s  ma y  be very  d i f f e r en t .  B e h a v i o r  in the l o n g - t e r m  and  s h o r t 
t e rm ma y  be m a r k e d l y  d i f f e r e n t  and smal l  c h a n g e s  in i npu t s  or  
p a r a m e t e r s  ma y  p r o d u c e  l a rge  c h a n g e s  in beh a v i o r .  S y s t e m s  wi t h  t he se  
f ea t u r e s  are d e f i n e d  as C o m p l e x .  E x a m p l e s  o f  C o m p l e x  S y s t e m s  are:  the 
a t m o s p h e r e ,  t u r bu l e n t  f lu ids ,  b i o l o g i c a l  s t r uc t u r e s  and  c o m m u n i t i e s ,  
w h i c h  i n c l u d e  h u m a n  soc i e t i es .

1.2 S tudy ing  coit imunit ies
The  i n t e r e s t  o f  p h y s i c i s t s  in h u m a n - b a s e d  c o m m u n i t i e s  has  i n d e e d  roo t s  

tha t  da t e  back  to 1936 w h e n  the  p hy s i c i s t  M a j o r a n a  w r o t e  a p i o n e e r i n g  
p a p e r  on the  e s sen t i a l  a n a l o g y  b e t w e e n  s t a t i s t i c a l  l a ws  in p h y s i c s  and  in 
the soc i a l  s c i e n c e s  [1].  Th i s  u n o r t h o d o x  po i n t  o f  v i e w  was  c o n s i d e r e d  o f  
m a r g i n a l  i n t e r e s t  unt i l  r ece n t l y .  In the ea r l y  1960s ,  B e n o i t  M a n d e l b r o t ,  
wh i l e  w o r k i n g  at  IBM,  s aw a c o r r e l a t i on  b e t w e e n  the  d i s t r i b u t i o n  o f
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i n c o m e s  in e c o n o m y  and the  d i s t r i b u t i o n  o f  c o t t o n  p r i ce s :  b o t h  s e e m e d  to 
f l u c t u a t e  r a n d o m l y  and c ou l d  not  be f i t t ed  to the  n o r m a l  d i s t r i b u t i o n  
c u r ve  u s e d  as a s t a n d a r d  mo de l  for  p l o t t i n g  va r i a t i on .  M a n d e l b r o t  [2] 
be g a n  to a n a l y z e  a c e n t u r y ' s  wo r th  o f  c o t t on  p r i ce  da t a  and ,  i n s t e a d  o f  
j u s t  c o n c e n t r a t i n g  on  the l a rge  l ong  t e rm c h a n ge s ,  he i n c l u de d  the  smal l  
s ca l e  f l u c t u a t i o n s  too.  Th i s  gave  M a n d e l b r o t  a d e t e r m i n a t i o n  to e x p l o r e  
the  p h e n o m e n o n  o f  sca l i ng .

In s p i t e  o f  t h i s ,  it was  on l y  f r om the  9 0 ’ s tha t  p hy s i c s  c o m m u n i t y  
b e c a m e  p r o g r e s s i v e l y  i n t e r e s t e d  in m o d e l i n g  f i n a n c i a l  m a r k e t s ,  u r ban  
d e v e l o p m e n t ,  w ea l t h  d i s t r i b u t i o ns  and the d i f f u s i o n  o f  o p i n i o n s  and 
d i s ea s es .  D r a ma t i c  e ven t s  such  as the N e w  Yo r k  s tock  m a r k e t  c r a s h  and 
the  fas t  s p r e a d  o f  HIV in the  8 0 ’s b r o u g h t  into q u e s t i o n s  t he  e x i s t i n g  
q u a n t i t a t i v e  m o d e l s  o f  h u m a n  i n t e r a c t i o n  and ,  w i t h i n  the  las t  d e c a d e ,  
t r i g g e r e d  a se r i e s  o f  new i n t e r d i s c i p l i n a r y  s t ud i e s .  For  i n s t a nce :

• M a n t e g n a  and S t a n l ey  [3] we r e  the  f i rs t  to p u b l i sh  an
e x t e n s i v e  s t udy  o f  the s ca l i ng  p r o p e r t i e s  o f  da t a  t a k e n  f rom 
the s tock  ma rke t .  T h ey  were  ab l e  to s h o w  the e x i s t e n c e  o f  
s i g n i f i c a n t  d i f f e r e n c e s  b e t w e e n  the  s t a t i s t i c a l  d i s t r i b u t i o n s  
and the  e c o n o m e t r i c  m o de l s  ( l i ke  A R C H ,  G A R C H ,  e t c)  used  
in f i n a n c e  and  wha t  is o b s e r v e d  for  real  data .

• Ba r ab a s i  and A l b e r t  [4][5]  i n v e s t i g a t e  the  s c a l e - f r e e
p r o p e r t i e s  o f  real  w o r l d  n e t w o r k s  and  p r o p o s e d  a m o d e l  b a s ed  
on a ‘p r e f e r e n t i a l  a t t a c h m e n t ’ o f  n o de s  m e c h a n i s m .  Th i s  was  
a m i l e s t o n e  a c h i e v e m e n t ,  s i nce  the  s p r e a d i n g  o f  o p i n i o n s  and
d i s e a s e s  in a s oc i e t y  is h i gh l y  d e p e n d e n t  on the  t o p o l o g i c a l
p ro p e r t i e s  o f  the s ys t em.

• F a r m e r  [6] p r o p o s e d  a ma rk e t  m o d e l  b a s e d  on t r a d e r  e c o l o g y  
and,  wi t h  Li l lo ,  s t u d i e d  the p ro p e r t i e s  o f  the i m p a c t - p r i c e  
f un c t i on  [7].
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• B o u c h a u d  [8] i n v e s t i ga t e d  the s t a t i s t i c a l  f o u n d a t i o n s  o f  
ex i s t i n g  m a r k e t  m o d e l s  and p r o p o s e d  s ome  n e w  i n s i g h t f u l  
mode l s .  He a l so s u g g e s t e d  an e x p l a n a t i o n  b a s ed  on g r an d -  
c a n o n i c a l  m i n o r i t y  g a m e s  for  the  l o n g - t i m e - m e m o r y  e f f ec t s  
o b s e r v e d  in m a r k e t  v o l u m e  and v o l a t i l i t y  t i me  s e r i e s  [9].

• S o l o m o n  p r op o s e d  an a g e n t - b a s e d  g e n e r a l i z a t i o n  o f  Lo t ka -  
V o l t e r r a  mo d e l s ,  c a l l ed  G e n e r a l i z e d  L o t k a  V o l t e r r a  ( G L V )  
mo de l ,  abl e  to a c c o u n t  for  the  p o w e r  l aw d i s t r i b u t i o n s  f ou n d  
in m a n y  s e l f - o r g a n i z e d  soc i a l  s y s t e m s  (e .g.  w e a l t h  
d i s t r i b u t i o n ,  c i ty p o p u l a t i o n ,  e t c . ) .  The  G L V  m o d e l s  o f f e r  a 
‘m e s o s c o p i c ’ d e s c r i p t i o n  o f  s y s t ems .  T h e i r  a c t ua l  c o n n e c t i o n  
wi th  m i c r o s c o p i c  i n t e r a c t i on s  is not  o b v i o u s ,  t h o u g h  [10].

• G o p i k r i s h n a n  and P l e r ou  i n v e s t i ga t e d  the  s t a t i s t i c a l  p r o p e r t i e s  
o f  m a r k e t  v o l u m e s  and  vo l a t i l i t y ,  i d e n t i f y i n g  s o m e  quas i -  
u n i v e r s a l  f ea t u r e s  o f  t h e s e  q ua n t i t i e s  [11]  [12].

• C h a l l e t  s t ud i e d  the  M i n o r i t y  G a m e  p r o b l e m ,  i n s p i r e d  by the ,  
so ca l l ed ,  ‘El  F a r o l ’ bar  p r o b l e m  [13].

• A u s l o o s  i n v e s t i ga t e d  the  s t a t i s t i c a l  p r o p e r t i e s  o f  e x c h a n g e  
ra te  t i me  se r i e s  [14] ,  the s t ock  m a r k e t  c r a s h  p r e c u r s o r s  [15] 
and  s ou g h t  a m o r e  s c i en t i f i c  a p p r o a c h  to t he  t e c h n i c a l  
a n a l y s i s  m e t h o d o l o g y  used  by f i n a n c i a l  p r a c t i t i o n e r s  [16] .

• S t a u f f e r  s t ud i e d  s eve r a l  c o n s e n s u s  m o d e l s  and  t he i r  c r i t i ca l  
b e h a v i o u r  [17] [18] .  In p a r t i cu l a r ,  he d e v e l o p e d  a c o n s e n s u s  
m o d e l  o r i g i na l l y  i n t r o d u c e d  by S z n a j d  [19] ,  s h o w e d  h o w  it 
m a y  be u s ed  to s i mu l a t e  the vo te  d i s t r i b u t i o n  f o u n d  for  the  
B r a z i l i a n  l oca l  e l ec t i on s ;  i n t r o d u c e d  a s y n c h r o n o u s l y  u p d a t e d  
v e r s i o n  o f  the s a me  mo d e l  and  s t u d i e d  the  p h a s e  t r a n s i t i o n s  
f rom a s ta t e  in w h i c h  the s y s t em does  r e a c h  to t a l  c o n s e n s u s  to
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a s t a t e  in w h i c h  it does  not .  N e v e r t h e l e s s ,  qu i t e
u n r e a l i s t i c a l l y ,  in t he se  s i m u l a t i on s  a g e n t s  are  t h o u g h t  to be 
w i t h o u t  m e m o r y  and  r a n d o m  c h a n g e s  o f  o p i n i o n  are  not  
a l l owe d .  S t a u f f e r  a l so  s i mu l a t e d  a s e c o n d  c o n s e n s u s  mo d e l ,  
p r e v i o u s l y  i n t r o d u c e d  by D e f f u a n t  [20] ,  on a s ca l e - f r e e  
n e t w o r k  [21] and p r o p o s e d  a n e w  v e r s i o n  o f  it b as ed  on 
d i s c r e t e  o p i n i o n  v a l ues  [22] ,  as o p p o s e d  to the  c o n t i n u o u s  
o p i n i o n  v a l ues  ( w i t h i n  a c e r t a i n  r an g e )  u s ed  in t he  o r i g i na l  
mo d e l .  In t he se  f i r s t  v e r s i o n s  o f  the D e f f u a n t  m o d e l  a gen t s  
are not  a l l o we d  to a dap t  to t he i r  local  e n v i r o n m e n t  and  to 
l ea rn  f rom the past .

•  M a i n a r d i  and Sca l as  p r o po s e d  an a p p r o a c h  to the  m o d e l i n g  o f
w a i t i n g  t i me  d i s t r i b u t i o ns  in f i n a n c i a l  m a r k e t s  b a s ed  on 
c o n t i n u o u s  t i me  r a n d o m  wa l k  and  f r a c t i o n a l  B r o w n i a n  mo t i on  
[23].  Th e y  s u c c e s s f u l l y  t e s t ed  t he i r  mo d e l  u s i n g  s ome
f i nanc i a l  a s se t s  ( L I F F E  bond  fu t u r e ) ,  bu t  the ge ne r a l  va l i d i t y  
o f  t he i r  a p p r o a c h  has  not  been  p r o ve d  yet .

• R i c h m o n d  s t ud i e d  the G e n e r a l i z e d  L a n g e v i n  E q ua t i on s ,
L o t k a - V o l t e r r a  and  Pee r  P r e s su re  M o d e l s  and  s h o w e d  h o w
thi s  m o de l s  are r e l a t e d  and h o w  they  m a y  a c c o u n t  for  s ome  
i m p o r t a n t  s t a t i s t i c a l  f ea t u r e s  f o un d  in s o c i o - e c o n o m i c  s y s t e ms  
[10] [56].

O t h e r  s i g n i f i c a n t  c o n t r i b u t i o n s  ca me  f rom:  G a l a m  [ 24 ] [2 5 ] ,  H e l b i n g  
and  H o l y s t  [26] ,  Mar s i l i  [27] ,  S c h w e i t z e r  [28] ,  lor i  [29] and m a n y  o the r s .
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T h e i r  w o rk  p a v ed  the  way  to a n e w  p r o m i s i n g  s c i e n t i f i c  f i e ld ,  t oda y  
k n o w n  as s o c i o - e c o n o - p h y s i c s .

1.3 Agent  Mode l ing
A g e n t - b a s e d  m o d e l s  are w i d e l y  used  to d e s c r ib e  s y s t em s  in w h i c h  m a ny  

un i t s  i n t e r a c t  in a way  tha t  d e p e n d s  on s ome  i n t e rna l  d e g r e e s  o f  f r e e dom.  
One  m a y  n a i v e l y  t h i nk  o f  an a gen t  as a pa r t i c l e  t ha t  m a y  be e i the r  
a t t r a c t e d  or  r ep e l l e d  by a g iv e n  ex t e r n a l  f i e ld .  The  a t t r a c t i o n  or  r e p u l s i o n  
d e p e n d s  on the  va l ue  t a k e n  by an i n t e rna l  v a r i a b l e  ( w h i c h  i t s e l f  o be y s  a 
d y n a m i c s  p o s s i b l y  d e t e r m i n e d  by the  e x t e r na l  c o n d i t i o n s ) .

A r e l e v a n t  e x a m p l e  o f  agen t  mo d e l  is g i ve n  by the M i n o r i t y  G a m e  
mo de l  ( s ee  a p p en d i x ) ,  w i d e l y  s t ud i e d  w i t h i n  the  p h y s i c s  c o m m u n i t y  in 
r ec e n t  years .

M a n y  ( e i t he r  na t u ra l  or  m a n - b u i l t )  s y s t e m s  are  bes t  d e s c r i b e d  by 
n e t w o r k s  o f  a d a p t i v e  agen t s .  For  i n s t a nc e ,  s y s t em s  o f  h i gh  t e c h n o l o g i c a l  
and i n t e l l ec t u a l  i m p o r t a n c e  such  as the In t e r n e t ,  h u m a n  s oc i e t i e s ,  
b i o l o g i c a l  o r g a n i s m s ,  e c o l o g ic a l  s y s t e ms  and  the  e l e c t r i ca l  p o w e r  s upp l y  
n e t w o r k  p r e s e n t  c o m p l e x  w e b - l i k e  s t ruc t u r e s .  The  s t udy  o f  a n e t w o r k  is 
u s ua l l y  p e r f o r m e d  t h r o u g h  the a na l ys i s  o f  q u a n t i t i e s  s uch  as the:  a v e r a g e  
pa t h  l e ng t h  c o n n e c t i n g  two n o d e s ,  the c l u s t e r i n g  c o e f f i c i e n t  and  the 
c o n n e c t i v i t y  d i s t r i b u t i o n .  T r a d i t i o n a l l y  the  s t udy  o f  c o m p l e x  n e t w o r k s  
has  b e e n  the  t e r r i t o r y  o f  g r ap h  theory .  H o w e v e r  e m p i r i c a l  s t u d i e s  have  
s h o w n  t ha t  for  m a ny  n e t w o r k s ,  t r ad i t i on a l  m o d e l s  do  no t  app l y .  M a n y  
real  w o r l d  n e t w o r k s  g r ow  c o n t i n u o u s l y  and  h a v e  a p o w e r  l a w  d e c a y i n g  
c o n n e c t i v i t y  d i s t r i b u t i o n .  P hy s i c i s t s  have  n o w  b e g u n  to bu i l d  m o d e l s  o f  
real  n e t w o r k s
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1.4 The phys ical  propert i es  o f  agent  based sys tems  

1.4.1 The topic  o f  this thesis
Thi s  t he s i s  dea l s  wi t h  s y s t e m s  ma d e  up o f  a g e n t s  by u s i n g  s t a t i s t i c a l  

p h y s i c s  t oo l s  ( s uch  as s ca l i ng ,  c o r r e l a t i on s ,  p r o b a b i l i t y  d i s t r i b u t i o n s ,  
s t o c h a s t i c  d i f f e r en t i a l  e q u a t i o n s  and  Mo n t e  Ca r l o  s i mu l a t i o n s ) .  We  a im at 
f i n d i n g  a b a l a n c e  b e t w e e n  the l evel  o f  d e t a i l s  n e e d e d  for  c a p t u r i n g  the 
i n t e r na l  d e g r e e  o f  f r e e d om  and d e s c r i b i n g  a g e n t  h e t e r o g e n e i t y  and  
a d a p t a b i l i t y ,  and  the s i mp l i c i t y  n ee d e d  for  the  mo d e l  to be h a n d l e d  u s i ng  
d i f f e r e n t i a l  e q ua t i o n s ,  c e l l u l a r  a u t o m a t a  and s i m i l a r  t ool s .  Such  an 
a p p r o a c h  a l l ows  the s tudy  o f  l a rge  s e l f - o r g a n i z e d  soc i a l  s y s t e m s  tha t  
c a n n o t  be m a s t e r e d  o t he rwi s e .

In C h a p t e r  2 we  p r o v i d e  a d e s c r i p t i o n  o f  s ome  o u t s t a n d i n g  q u a n t i t a t i v e  
f e a t u r es  o f  s o c i o - e c o n o m i c  sy s t e ms .  A m o n g  t hem:  the  a l mo s t  ‘u n i v e r s a l ’ 
c h a r a c t e r s  o f  we a l t h  d i s t r i b u t i o n s ,  the fat  t a i l ed  d i s t r i b u t i o n  and  the long  
m e m o r y  o f  v o l u m e s  and v o l a t i l i t y  f l u c t ua t i on s  in f i n a n c i a l  m a r k e t s ,  the 
s c a l e - f r e e  na t u r e  o f  m a n y  rea l  soc i a l  n e t wo r k s ,  the  b r a i n - t w i s t e r  
r e p r e s e n t e d  by soc i a l  d i l e mm a s .

In C h a p t e r  3 we s tudy  the w a i t i n g  t i me  d i s t r i b u t i o n s  o f  t wo  d a t a  set s  
t a k e n  f rom the  XI X c e n t u r y  I r i sh  s tock  ma rk e t  and  f rom the  la te  XX 
c e n t u r y  w o r l d  c u r r e n c y  m a r k e t  and  we t es t  a mo d e l  p r o p o s e d  by Sca l a s  
R a b e r t o  and  M a i n a r d i  [23] and  bas ed  on C o n t i n u o u s  T i m e  R a n d o m  Wal k  
and  f r a c t i o n a l  B r o w n i a n  m o t i o n  resul t s .

In C h a p t e r  4 we  s ho w  h o w  s t o c h a s t i c  d y n a m i c a l  e q u a t i o n s  s uch  as 
G e n e r a l i z e d  L o t k a  - V o l t e r r a  e q u a t i on s  m a y  be u sed  in a g e n t  m o d e l l i ng .  
We  a l so  f i nd  a l ink b e t w e e n  the  s t a n d a r d  G e n e r a l i z e d  L o t k a - V o l t e r r a  and  
a s imp l e  p e e r - p r e s s u r e - b a s e d  mode l .  Th i s  p r o v i d e s  a l so  a b e t t e r
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u n d e r s t a n d i n g  o f  the  u n d e r l y i n g  m i c r o s c o p i c  i n t e r a c t i o n s  in the 
G e n e r a l i z e d  L o t k a - V o l t e r r a  mode l s .

F u r t h e r m o r e  in C h a p t e r  5 we deal  wi t h  the  so ca l l e d  ‘C o n s e n s u s  
d y n a m i c s ’ . U n d e r  c e r t a i n  c o n d i t i o n s ,  the ‘s t a t e ’ o f  an a g e n t  ma y  s p r ead  
t h r o u g h  the  s y s t e m  and  b e c o m e  the ‘s t a t e ’ o f  the  s y s t em.  We  wi l l  r e f e r  to 
m o d e l s  d e s c r i b i n g  th i s  s p r e a d i n g  p ro c e s s  as ‘C o n s e n s u s  M o d e l s ’ . In 
p a r t i c u l a r ,  we  c o n s i d e r  the  so ca l l ed ,  S zna j d  c o n s e n s u s  m o d e l  wi t h  
s y n c h r o n o u s  upd a t i n g .  We  s ho w  h o w  i n d i v i d u a l  a g e n t  m e m o r y  and 
r a n d o m  f l u c t u a t i on s  ma y  i nc r e a s e  the d e g r ee  o f  c o n s e n s u s  w i t h i n  the 
s y s t e m  ( in a w a y  tha t ,  at f i r s t  g l a nce ,  ma y  l ook  c o u n t e r - i n t u i t i v e ) .  We 
d e s c r i b e  h ow  an i n t e r d e p e n d e n c e  m e c h a n i s m  b e t w e e n  the p r o b a b i l i t y  o f  
r a n d o m  f l u c t u a t i o n s  and the g l oba l  c o n s e n s u s  f l u c t u a t i o n s  ma y  a c c o u n t  
for  the  o b s e r v e d  m a r k e t  v o l u m e  d y n a m i c s .

F i na l l y ,  in C h a p t e r  6 we ou t l i ne  the p r op e r t i e s  and s ome  m o d e l s  o f  the 
c o m p l e x  n e t w o r k s  o b s e r v e d  in na t u r e  and  we i n t r o d u c e  two  s i mp l e  
a d a p t i v e  v e r s i o n s  o f  the D e f f a u n t  c o n s e n s u s  mo de l .  In the f i rs t ,  
i n d i v i d u a l  a g en t s  ad j us t  t he i r  e x p e c t a t i o n  to t h e i r  n e i g h b o u r i n g  
e n v i r o n m e n t  s ta t e .  In the  s e c o n d ,  i n d i v i d u a l  a g e n t s  a d j us t  t he i r  
e x p e c t a t i o n s  to t he i r  pa s t  p e r f o r m a n c e s  ( i n c r e a s i n g  t h e i r  e x p e c t a t i o n  
w h e n  the y  do f ind s o m e o n e  they  a g r ee  wi th ,  d e c r e a s i n g  t he i r  e x p e c t a t i o n s  
w h e n  t h e y  do not ) .
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1.4 .2  O r i g i n a l i t y  o f  this  the s i s .

In this  thesi s  I wil l  show that:

1. The wa i t ing  t ime d i s t r ibut ion for XIX Century  Ir ish Stock Market  
can be descr ibed by a Mi t t ag-Lef f l e r  func t ion,  ob t a ined  under  the 
as sumpt ion  o f  a power - l aw memory  funct ion.

2. Genera l i zed  Lot ka-Vol t e r r a  (GLV)  and Genera l i zed  Lotka-  
Vol t e r ra  mode l s  wi th Peer  Pressure  (GLVPP)  lead to power  law 
probabi l i t y  d i s t r ibut ions  that  fit the d i s t r ibut ion  o f  pe r sona l  weal th  
found in mos t  economies .

3. In the Sznajd Consenus  model  we observe  an apparen t  paradox;  
a l lowing agents  to change  thei r  state (or opin ion)  through  random 
f luc tua t ions  may resul t  in an increase o f  the degree  o f  consensus  
wi th in  the system.  The Sznajd model  dynamics  may be used to 
r eproduce  the marke t  volume d i s t r ibut ions  obse rved  in many 
f inancial  markets .

4. In an adapt ive  ver s ion  of  the Def fuant  consensus  model ,  we 
observe  that  the relat ive number  o f  surv iv ing  opin ions  (number  o f  
surv iv ing  opinions  S  over  number  o f  agents  N),  as a func t ion  o f  the 
re la t ive  ini t ial  number  o f  opinions  (number  o f  ini t ial  opin ions  Q 
over  number  o f  agents  N),  presents  a n on - mono t on i c  behavior .  A 
max i mum occurs  for  the ini t ial  number  o f  opin ions  approx ima te ly  
equal  to the number  o f  agents  N.  A h igher  degree  o f  consensus  is 
r eached not  only for Q smal l er  than N,  but  also for Q much larger  
than N.
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C H A P T E R  2

P H E N O M E N O L O G I C A L  D E S C R I P T I O N  
OF S O C I O - E C O N O M I C  S Y S T E M S

2.1 Introduct ion
S e l f - o r g a n i z e d  c o m m u n i t i e s  d i s p l a y  a s t o n i s h i n g  f e a t u r e s  a r i s i n g  f r o m  

t he  m u t u a l  i n t e r a c t i o n  o f  i n d i v i d u a l s .  M a j o r  p r o g r e s s e s  h a v e  b e e n  m a d e  
in r e c e n t  y e a r s  in s p o t t i n g  t he  s t a t i s t i c a l  r e g u l a r i t i e s  o f  t h e s e  s y s t e m s ,  
e s p e c i a l l y  o f  f i n a n c i a l  m a r k e t s .  F o r  i n s t a n c e ,  t he  p r e s e n c e  o f  p o w e r  l a w  
p r o b a b i l i t y  d i s t r i b u t i o n s  a n d  m e m o r y  a r e  t y p i c a l  ( a l m o s t  u n i v e r s a l )  
s t a t i s t i c a l  f e a t u r e s  a s s o c i a t e d  to t h e s e  s y s t e m s .

T h e  r o l e  o f  t o p o l o g y  a n d  i n f o r m a t i o n  i n c o m p l e t e n e s s ,  at  a m i c r o s c o p i c  
l e v e l ,  is n o w  b e t t e r  u n d e r s t o o d  by  t he  s c i e n t i f i c  c o m m u n i t y ,  b u t  i t s  ful l  
c o m p r e h e n s i o n  is s t i l l  an  o p e n  c h a l l e n g e .

2.2 Stat ist ical  quant i t i es .
Le t  us  n o w  o u t l i n e  v e r y  b r i e f l y  s o m e  q u a n t i t i e s  o f  i n t e r e s t  i n  t h e  s t u d y  

o f  S o c i o - E c o n o m i c  S y s t e m s .

• C u m u l a t i v e  D i s t r i b u t i o n  F u n c t i o n  ( c . d . f . ) .  It  is a f u n c t i o n  g i v i n g  
t he  p r o b a b i l i t y  t h a t  t he  r a n d o m  v a r i a b l e  X  is l e s s  t h a n  or  e q u a l  to 
X ,  f o r  e v e r y  v a l u e  x.

10
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• P r o b a b i l i t y  D e n s i t y  F u n c t i o n  ( p .d . f . )  The  p r o b a b i l i t y  dens i t y  
f un c t i on  o f  a c o n t i n u o u s  r a n d o m  v a r i a b l e  is a f u n c t i o n  w h i c h  can  
be i n t e g r a t e d  to ob t a i n  the  p r o b a b i l i t y  tha t  the  r a n d o m  v a r i a b l e  
t a ke s  a v a l ue  in a g i ve n  in t e rva l .

Mo r e  f o r ma l ly ,  t he  p r o b ab i l i t y  den s i t y  f u n c t i on ,  / ( x ) ,  o f  a 
c o n t i n u o u s  r a n d o m  v a r i a b l e  X  is the d e r i v a t i v e  o f  the  C u m u l a t i v e  
D i s t r i b u t i o n  F u n c t i o n  F(x) .

I f  f ( x)  is a p r o b a b i l i t y  de n s i t y  f u n c t i on  t he n  it m u s t  o b e y  two 
c o n d i t i o n s :

1. tha t  the to t a l  p r ob a b i l i t y  for  al l  p os s i b l e  v a l u e s  o f  the 
c o n t i n u o u s  r a n d o m  va r i a b l e  A" is 1:

2. tha t  the  p r o b a b i l i t y  dens i t y  f un c t i on  can  n e v e r  be n e ga t i ve ;  
f ( x )  > 0 for  all  X.

• Ce n t r a l  L i mi t  T h e o r e m  ( CL T )  .The Ce n t r a l  L i mi t  T h e o r e m  s t a t es  
tha t  w h e n e v e r  a r a n d o m  s am p l e  o f  s ize n is t a k e n  f r om any 

d i s t r i b u t i o n  wi t h  m e a n  ^ and  v a r i a n c e  a ,  t he n  the s a m p l e  m e a n  m 
wi l l  be a p p r o x i m a t e l y  n o r m a l l y  d i s t r i b u t e d  wi t h  m e a n  |j, and 

v a r i a n c e  a / « .  The  l a rge r  the  va l ue  o f  the  s am p l e  s ize  n,  t he  b e t t e r  
the  a p p r o x i m a t i o n  to the  n o r ma l  d i s t r i bu t i on .

• A u t o - c o v a r i a n c e  ( A C V F )  and  A u t o c o r r e l a t i o n  F u n c t i o n s .  The  
A u t o c o v a r i a n c e  is a m e a s u r e  o f  the  l i nea r  d e p e n d e n c e  b e t w e e n  
m e m b e r s  o f  a t i me  se r i e s  o f  o b s e r v a t i o n s ,  such  as w e e k l y  sha re  
p r i ce s  or  i n t e r es t  r a t es ,  and  the  s ame  v a l ue s  at a f i xed  t i me  i n t e rva l  
la ter .  A u t o c o r r e l a t i o n  is o b t a i n ed  by d i v i d i n g  the  A u t o c o v a r i a n c e  
by the  V a r i a n c e  o f  the  t i me  ser ies .  A u t o c o r r e l a t i o n  o c c u r s  w he n

(2 .1 )
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r e s i d u a l  e r ro r  t e rm s  f rom o b s e r v a t i o n s  o f  the  s a me  v a r i a b l e  at 
d i f f e r en t  t i me s  are c o r r e l a t e d  ( r e l a t ed ) .

• L e p t o k u r t o s i s .  L e p t o k u r t i c  is an a d j e c t i ve  d e s c r i b i n g  a d i s t r i b u t i o n  
wi t h  h i gh  ku r t os i s .  ' Hi gh '  m e a n s  the  f ou r t h  c e n t r a l  m o m e n t  
( ku r to s i s )  is mo r e  t ha n  t h r ee  t i me s  the s e c o n d  cen t r a l  m o m e n t ;  such  
a d i s t r i b u t i o n  has  g r ea t e r  ku r to s i s  t han  a N o r m a l  d i s t r i b u t i o n .  Th i s  
t e rm is u s ed  in B o l l e r s l e v - H o d r i c k  1992 to c h a r a c t e r i z e  s tock  p r i ce  
r e tu rns .  L e p t o -  m e a n s  ' s l im'  in G r e e k  and  r e f e r s  to the  c e n t r a l  par t  
o f  the  d i s t r i bu t i on .

• Wa i t i n g  T i m e  P r ob a b i l i t y  D i s t r i b u t i o n  ( W T P D ) .  The  W T D P  is the 
p r o b a b i l i t y  D i s t r i b u t i o n  F u n c t i on  for  the t i me  lag b e t w e e n  two 
c o n s e c u t i v e  e ven t s  in a t i me  ser i es .  For  i n s t a n c e ,  in C h a p t e r  3 we 
wi l l  s t udy  the  W T P D  for  the t i me  i n t e r va l  e l a p s i n g  b e t w e e n  two  
c o n s e c u t i v e  t r an s a c t i o n s  in F i na nc i a l  M a r ke t s .

•  Su r v i va l  T i m e  P r o ba b i l i t y  D i s t r i b u t i o n  ( S J P D ) .  The  S T D P  g i ves  
the p r o b a b i l i t y  for  a c e r t a i n  e v e n t  to l ast  l o n g e r  t h a n  a g i ve n  t i me  
in t e rva l .  In the F i n a n c i a l  Ma r ke t ,  the S T D P  te l l s  us  h o w  w h a t  is 
the p r o b a b i l i t y  tha t  no t r a n s a c t i o n  wi l l  o c c u r  d u r i n g  a c e r t a i n  t i me  
in t e rva l .

• A u t o r e g r e s s i v e  (AR)  mode l .  It d e n o t e s  a s t oc h as t i c  p r o c e s s  t ha t  can  
be d e s c r i b e d  by a w e i g h t e d  s um o f  i ts p r e v i o u s  v a l u e s  and  a wh i t e  
no i s e  er ror .

• A R C H  mo d e l s .  A R C H  s t ands  for  A u t o r e g r e s s i v e  C o n d i t i o n a l  
H e t e r o s k e d a s t i c i t y .  It is a t e c h n i q u e  used  in f i n a n c e  to m o d e l  a s se t  
p r i ce  v o l a t i l i t y  o ve r  t i me .  It is o b s e r v e d  in m u c h  t i me  s e r i e s  da t a  
on as se t  p r i c e s  t ha t  t he re  are p e r io d s  w h e n  v a r i a n c e  is h i g h  and  
p e r io d s  w h e r e  v a r i a n c e  is low.  The  A R C H  e c o n o m e t r i c  m o d e l  for  
thi s  ( i n t r o d u c e d  by En g l e  ( 1982 ) )  a s s u m e s  tha t  the v a r i a n c e  o f  the 
se r i e s  i t s e l f  is an A R  ( a u t o r e g r e s s i v e )  t i me  se r i es ,  o f t e n  a l i nea r
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one .  An  A R C H  mode l  is a d i s c r e t e  t i me  s t o ch as t i c  p r o c e s s  o f  the 
form;

= (2 .2 )

w h e r e  the  are i n d e p e n d e n t  i d e n t i c a l l y  d i s t r i b u t e d  s t o ch as t i c

v a r i a b l e s  o v e r  t i me ,  wi t h  ze ro  me a n  and v a r i a n c e  e qua l  to 1. rj{t) is 

a Standard Normal Variable ( i.e. a Gaussian distributed variable with zero mean 
and variance equal to 1). s{t) is a po s i t i ve  and t i m e - v a r y i n g  q u a n t i t y ,  

u s ua l l y  o b t a i n e d  as Au t o  R e g r e s s i v e  p r o c e s s  f rom the  pas t  v a l ues  
o f  the  t i me  s e r i es  v a r i a n c e

s^{t )~aQ + a^cr^{t - \ ) + ... + -  n ) . (2 .3)

U s u a l l y  s{t )  is f u r t he r  m o d e l e d  to be an a u t o r e g r e s s i v e  p r oces s .  
A c c o r d i n g  to A n d e r s e n  and B o l l e r s l e v  1995 / 6 / 7 ,  " A R C H  m o d e l s  
are  u s u a l l y  e s t i m a t e d  by m a x i m u m  l i k e l i ho o d  t e c h n i q u e s . "  Th e y  
a l m o s t  a l w a y s  g ive  a l e p t o k u r t i c  d i s t r b u t i on  o f  a s s e t  r e t u r ns  e v e n  i f  
one  a s s u m e s  tha t  e ac h  pe r i o d ' s  r e t u r n s  are  n o rm a l ,  b e c a u s e  the 
v a r i a n c e  is not  the s ame  each  pe r i od .  E v e n  A R C H  mo d e l s ,  
h o w e v e r ,  do no t  u s u a l l y  g e n e r a t e  e n o u g h  ku r to s i s  in e q u i t y  r e t u r ns  
to ma t c h  U.S.  s t ock  data .  Al so ,  t he i r  s ca l i ng  b e h a v i o u r  d ev i a t e s  
f r o m w h a t  o b s e r v e d  in real  m a r k e t s  [1]

• E r r o r  and  U n c e r t a i n t y

For  p h e n o m e n o l o g i c a l  da t a  e r r o r s  a r i s e  f r om r e c o r d  m i s t a k e s  and 
r o u n d i n g  up.

Fo r  M o n t e c a r l o  s im u l a t e d  da t a ,  e r ro r s  h a v e  a s t a t i s t i c a l  o r ig i n .  We 
p e r f o r m  N  s i m u l a t i o n s  ( ke e p i n g  al l  t he  d e t e r m i n i s t i c  p a r a m e t e r s  
u n c h a n g e d )  and  we t ake  the a r i t h m e t i c  a v e r a g e  as the  m o s t  l i ke ly  
va l ue  and  (a q u a n t i t y  p r o p o r t i o n a l  to)  the  s t a n d a r d  d e v i a t i o n ,  as
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e r r o r  ( thi s  way  o f  o p e r a t i n g  is j u s t i f i e d  by the  C e n t r a l  L i mi t  
T h e o r e m ) .

The  R e l a t i ve  E r r o r  (or  u n c e r t a i n t y )  is the e s t i m a t e d  a m o u n t  (or  
p e r c e n t a g e )  by w h i c h  an o bs e r v e d  or  c a l c u l a t e d  v a l ue  ma y  d i f f e r  
f rom the  t rue  va l ue .  An  e s t i m a t i o n  o f  u n c e r t a i n t y  is g i v e n  by the  
r a t i o  s t a n da r d  d e v i a t i o n /  a v e r ag e  va l ue  ( a s s u m i n g  tha t  t he  a v e r a g e  
va l ue  is d i f f e r en t  f r om zero)

•  S t a t i s t i ca l  A v e r a g e s .

I 'he  v a s t  m a jor i ty  o f  s o c i o - e c o n o m i c  data are ‘s in g le  r e a l i z a t i o n s ’. 
F or  i n s t a n c e ,  i f  w e  c o n s i d e r  a ce rta in  f in a n c ia l  i n d e x ,  w e  may k n o w  

its t im e  e v o l u t i o n ,  b ut  w e  c a n n o t  k n o w  w h a t  that  e v o l u t i o n  w o u l d  

h a v e  b e e n  d ur in g  the  s a m e  p e r i o d  o f  t im e ,  u n d e r  d i f f e r e n t  ini t ia l  
c o n d i t i o n s .  A s  a c o n s e q u e n c e ,  usua l ly  w e  can  o n ly  p e r f o r m  a v e r a g e s  

o v e r  data tak en  o v e r  a cer ta in  t ime.  W e  wi l l  u se  the  s y m b o l  < . . .  >  to  

d e s i g n a t e  t im e  a v era g es .

2.3 D i s t r i b u t i o n  o f  w e a l th
P e r s o n a l  w e a l t h  is s i mi l a r l y  d i s t r i b u t e d  in m o s t  h u m a n  s oc i e t i e s .  

G e o g r a p h i c a l  and  po l i t i c a l  d i f f e r e n c e s  s ee m to p l a y  ve ry  l i t t l e  ro le  in 
d e t e r m i n i n g  the  p r o p o r t i o n  o f  p e o p l e  o w n i n g  a c e r t a i n  f r a c t i on  o f  the 
t o t a l  wea l t h .  F i g u r e  2.1 s ho ws  the w ea l t h  and  i n c o m e  c u m u l a t i v e  
d i s t r i b u t i o n s  f ou n d  for  the U n i t e d  K i n g d o m .  T h ey  d i s p l a y  a p o w e r  l aw 
a s y m p t o t i c  b e h a v i o u r  w i t h  an e x p o n e n t  o f  1.85.  W h a t  is t y p i c a l l y  f ou n d  
for  m o s t  o f  the  c o un t r i e s  is an e x p o n e n t  f l u c t u a t i n g  a r o u nd  1.5 [30] .  Thi s  
f ea t u r e  is,  to an ex t en t ,  c a p t u r e d  by  the so ca l l e d  ‘8 0 / 2 0 ’ r u l e  i n t r o d u c e d  
by the  I t a l i an  e c o n o m i s t  V i l f r e d o  Pa r e t o  [30] .  The  ‘8 0 / 2 0 ’ ru l e  s t a t e s  tha t  
the  2 0 %  o f  p o p u l a t i o n  o w n s  the 80% o f  the wea l t h .  Thi s  is an e m p i r i c a l  
e v i d e n c e ,  qu i t e  t r ue  for  the Un i t e d  S t a t e s  and  o t h e r  i n d u s t r i a l i z e d  
c o u n t r i e s  ( for  o t he r s  d e v i a t i o n s  f r om the ru le  are  found) .
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Understanding the origin and the ubiquity of these distributions is still an open problem. 
Significant steps towards shedding light on it have been made in recent years, though.
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Fi g u r e  2.1:  C u m u l a t i v e  w e a l t h  d i s t r i b u t i o ns  in t he  U n i t e d  K i n g d o m  in 
1996 ( c o u r t e sy  o f  D r a g u l e s c u  & al . ;  P h y s i c a  A 299  213 - 221  ( 2001) ) .
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2.3 F inanc ia l  Market s

2 .3 .1  I n t r o d u c t i o n
A t y p i c a l  e x a m p l e  o f  a C o m p l e x  Sy s t e m,  c o n s i s t i n g  o f  m a n y  a gen t s  

m u t u a l l y  i n t e r a c t i ng  is the f i n a n c i a l  marke t .

T a b u l a t e d  in f i gu r e  2.2 is the  va l ue  o f  the S & P 5 0 0  f rom 1960 to 2000 .  
The  f i r s t  p r o b l e m  one  has  to f ace  w h e n  t r y i ng  to a n a l y z e  s uc h  a c u r ve  is 
the c h o i c e  o f  r e f e r e n c e  uni t s ,  b o t h  for  t i me  and  va l ue .  A na t u r a l  ch o i ce  
for  the  t i me  w o u l d  be the  p hy s i c a l  t i me  ( wh a t  one  can  m e a s u r e  u s i n g  a 
c l oc k )  or  the t r ad i n g  t i me  ( i .e.  the p h y s i c a l  t i me  e l a p s i n g  d u r i n g  ope n  
m a r k e t  hour s .  A c t u a l l y  in f o r e i g n  c u r r en c y  e x c h a n g e  m a r k e t  that  
c o i n c i d e s  wi t h  the  p h y s i c a l  t i me ,  i .e.  the c l oc k - t i me ) .  In b o t h  c a s e s  the 
t i me  un i t  (1 year ,  1 m o n t h ,  1 w e e k ,  1 day ,  1 hour ,  20,  10, 5, 1 m i n . . . )  is 
to be chos en .  A l t e r n a t i v e l y ,  one  can  t a ke  t i ck  d a t a  ( t ha t  r ec o r d  
t r a n s a c t i o n s  w h e n  they  ac t ua l l y  occur ) ,  in th i s  case  the  t i me  l ags  b e t w e e n  
t wo c o n s e c u t i v e  t r a n s a c t i o n s  are not  c o n s t a n t  and are  g e n e r a t e d  
t h e m s e l v e s  by a (non  t r i v i a l )  s t o c h a s t i c  p r oc e s s .  The  c h o i c e  d e p e n d s  on 
the a n a l y s i s  we are  c a r r y i n g  on and  on its a i ms  (as  wel l  as on the  qua l i t y  
o f  the  a v a i l ab l e  d a t a  set) .

O n c e  dea l t  w i t h  the t i me  uni t ,  we have  to d e c i d e  w h i c h  q u a n t i t y  we 
w a n t  to s tudy.  In gene r a l  we are i n t e r e s t e d  in q u a n t i t i e s  m e a s u r i n g  the 

c h a n g e  o f  the p r i c e / ’(/'), o ve r  a ce r t a i n  t i me  in t e rva l  A. For  the  p u r p o s e s  

o f  o u r  wo rk  we wi l l  de f i ne  the  r e t u r n s  as:

P{t + A ) - P { t )

Hi)
( 2 .4 )

and l o g a r i t h m i c  r e turns ;

5 j / ) = l n P ( /  + A ) - l n P ( r ) = l n
P{t + Ay  

p{i) .
(2 .5)

16



CHAPTER 2. PHENOMENOLOGICAL DESCRIPTION OF SOCIO-ECONOMIC SYSTEMS

T h e s e  two  q u a n t i t i e s  are b a s i c a l l y  the s ame  for  p r i ce  d i f f e r e n c e s  
s m a l l e r  t ha n  1% (see  F i gu r e  2.3 and  2 .4)  and  b o t h  do not  d e p e n d  on the 
p r i c e  sca le .

2 . 3 . 2 C o r r e l a t i o n  F u n c t i o ns
A n u m b e r  o f  a u t h o r s  h a v e  n ow  p u b l i s h e d  r e s u l t s  for  the  l i nea r  t i me  

c o r r e l a t i o n  ( see  a l so  a p p e n d i x  2) func t i on :
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1200 •

1000  ■

X
■oc
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BOO

BOO ■

40Q ■

200 ■

0 2000 40D0 5000 BOOO 10000 12000

Time (days)

Fi g u r e  2.2:  I ndex  S t an da rd  and  Po o r  500 ,  da i ly  c l o s i n g  va l ue  
d a t a  t a k e n  f rom 1960 to 2001 .
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The  r e s u l t  for  da i l y  da t a  o f  S & P 5 0 0 ,  t a k e n  o ve r  the  p e r i o d  1 96 0- 2 0 0 0 ,  
is t a b u l a t e d  by F i g u re  2.5.

T h e r e  is a l mo s t  no a u t o - c o r r e l a t i o n  b e t w e e n  r e t u rns .  Th i s  f e a t u r e  is 
t y p i c a l  o f  da i ly  d a t a  and is a n e c e s s a r y  (but  not  n e c e s s a r i l y  s u f f i c i e n t )  
c o n d i t i o n  fo r  a s s u m i n g  tha t  s t ock  f l u c t u a t i on s  are i n d e p e n d e n t  d i s t r i b u t e d  
v a r i a b l e .  H o w e v e r  wi t h  the  a v a i l ab i l i t y  o f  m i n u t e  by  m i n u t e  da t a ,  n e w  
f e a t u r e s  o f  th i s  f u n c t i on  can  be seen.

T h i n g s  are  d i f f e r e n t  wi t h  h i gh  f r e q u e n c y  da t a .  In fact ,  one  f i nds  tha t  
r e t u r n s  s e p a r a t e d  by a t i me  lag s ma l l e r  t h a n  10-30 m i n u t e s  are 
s i g n i f i c a n t l y  p o s i t i v e l y  c o r r e l a t e d  and the  a u t o c o r r e l a t i o n  f un c t i on  
d e c a y s  e x p o n e n t i a l l y .  Af t e r  t ha t  t i me  the c o r r e l a t i o n  is v e r y  smal l  and 
o s c i l l a t e s  a r o u n d  ze ro  (as s h o w n  by G o p i k r i s h n a n  & al . )  [3].

2 . 3 . 3  P r o b a b i l i t y  D i s t r i b u t i o n  F u n c t i o n s
The  P r o b a b i l i t y  D i s t r i b u t i o n  F u n c t i on  (p . d . f . )  o f  r e t u r ns  does  not  

b e l o n g  to t he  “ g a u s s i a n  w o r l d ” , at l eas t  w h en  r e t u r n s  are  t a k e n  o v e r  t i me  
i n t e r v a l s  s m a l l e r  t h a n  m o nt hs .  As  s h o w n  by M a n t e g n a  and  S t a n l e y  [3],  
the  s ca l i ng  b e h a v i o u r  o f  the  p .d . f .  o f  r e t u r ns  is r e m a r k a b l y  d i f f e r e n t  f rom 
a g a u s s i a n  d i s t r i b u t i o n  up to t en  t h o u s a n d  m i n u t e s .  T h e  f r e q u e n c y  
d i s t r i b u t i o n  o f  da i l y  log r e t u r n s  is s h o w n  in F i g u re  2.6.
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1987 Crash

10000

Time (days)

F i gur e 2 . 3 :  Standard and Poor  5 0 0 ,  da i l y  returns



Lo
ga

ri
th

m
ic

 
R

et
ur

ns
CHAPTER 2. PHENOMENOLOGICAL DESCRIPTION OF SOCIO-ECONOMIC SYSTEMS

1987 Crash

Time (days)

F igure  2 .4 :  Standard and Poor  5 0 0 ,  da i ly  l o g a r i t h m i c  returns.
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Fi g u r e  2.5:  S t a n da rd  and  Po o r  500,  a u t o c o r r e l a t i o n  f un c t i on  o f  the 
l o g a r i t h m i c  r e tu rns .  The  da t a  s ho w  the  a b s e n c e  o f  any  s i g n i f i c a n t  
c o r r e l a t i on .
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A typica l  feature  o f  re turn di s t r ibu t ions  is what  econome t r i c i ans  call  
l ep tokur tos i s  ( long neck,  thin shoulder s  and fat tai ls) .  Ana lys i s  based on 
h igh  f requency  data i l lus t ra tes  the p resence  o f  two tail  regions .  The far- 
tai l  decays  as a power  law wi th an exponent  equal  to 4; the near - ta i l  is 
be t t e r  approx i ma t ed  by a power  law wi th exponen t  c lose to 1.5.

Such power  law or fat tai l  r egions  have been known s ince the ear ly 
work  o f  Mande lb ro t  who sugges ted  that  the probabi l i t y  d i s t r ibu t ion  
func t ion  decayed  as a power  law wi th an index o f  1.7. Fo l l owi ng  the 
work  o f  Mande lbro t ,  s table Levy di s t r ibu t ions  were  p r oposed  as the form 
for fat tails.  Man tegna  and Stanley found that  S&P500 can be fit by a 
t runca t ed  Levy di s t r ibu t ion  [3] .Tang and Huang  [31] sugges t  the 
fo l l owi ng  for the probabi l i ty  d i s t r ibut ion  funct ion:

where  a,  a and C are parameters .

Bouchaud  s tates  [8] that  a r easonable  fit to mos t  marke t s  can be 
ob t a ined  us ing a symmet r i ca l  t runca ted  Levy d i s t r ibu t ion  def ined  in 
Four i e r  space as

A is the scale factor ,  |a is the power  law exponent  for the ‘near  t a i l s ’ 
that  for most  marke t s  is approx ima te ly  1.5. The pa ramet e r  ^ c ha r ac t e r i z e s

(2.7)

( 2 . 8 )

where

/ ( z )  = cos n  arctan (2.9)
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t he  e x p o n e n t i a l  de c a y  o f  the  far  t a i l s .  P l e r o u  and  c o l l a b o r a t o r s  h a v e  a l so 
e x a m i n e d  the  d i s t r i b u t i o n  o f  p r o f i t s  for  1000 o f  the  l a rg e s t  US  c o m p a n i e s  
[32] ,  The  d a t a  c l ea r l y  e x h i b i t s  a p o w e r  l aw bu t  t he  e x p o n e n t  for  the 
c u m u l a t i v e  d i s t r i b u t i o n  f un c t i on  is e s s e n t i a l l y  3. The  p r o b a b i l i t y  
d i s t r i b u t i o n  f u n c t i on  d e c a y s  t hus  wi t h  an i nde x  o f  4.

2 . 3 . 4  V o l a t i l i t y
A n o t h e r  ve ry  i m p o r t a n t  va r i a b l e ,  in the s t udy  o f  f i n a n c i a l  m a r k e t s ,  is 

vo l a t i l i t y .  V o l a t i l i t y  is a q u an t i t y  e x p r e s s i n g  the  m a g n i t u d e  o f  p r i ce  
f l u c t u a t i on s ,  o f t e n  i d e n t i f i ed  wi th  the  s amp l e  v a r i a n c e  o f  p .d . f .  o f  
l o g a r i t h m i c  r e t u r ns ,  c a l c u l a t e d  ove r  a c e r t a i n  t i me  w i n d o w  ( see  A p p e n d i x  
3).

A l t e r n a t i v e l y ,  as in [11] and  here ,  one  can  t ake  the  a b s o l u t e  va l ue  or  o f  
the  l o g a r i t h m i c  r e t u r ns  d e f i n e d  in (2 .2)  (or  o f  the  r e t u r n s ,  d e f i n e d  in 
(2 .1 ) )  as a m e a s u r e  for  the vo l a t i l i t y .

The  t i me  se r i e s  o f  vo l a t i l i t y  p r e s e n t  s ome  t yp i ca l ,  a l mo s t  u b i q u i t o u s  
( i n d e p e n d e n t l y  o f  the  a s se t  or  i nde x  r e l a t ed )  f ea t u r es :

• C l u s t e r s  ( h i gh  v o la t i l i t y  p e r io d s  c o m e  wi t h  h i gh  v o l a t i l i t y  p e r i o ds  
and  the o th e r  way  a r ou n d )

• L o n g  m e m o r y .

The  a u t o c o r r e l a t i o n  f un c t i on  o f  vo l a t i l i t y  d e c a y s  s l o w l y  f o l l o w i n g  a 
p o w e r  l aw wi t h  an e x p o n e n t  e s t i m a t e d  b e t w e e n  0.3 and  1 [11] .

A p ro c e s s  c a l l e d  vo l a t i l i t y  c a s c a d e  has  a l so b e e n  o b s e r v e d .  The  t i me  
se r i e s  o f  v o l a t i l i t y  c a l c u l a t e d  o ve r  t i me  w i n d o w s  o f  days  is p o s i t i v e l y  
c o r r e l a t e d  to the  t i me  se r i e s  o f  v o l a t i l i t y  c a l c u l a t e d  o v e r  s h o r t e r  t i me-  
se r i es ,  s ay  m i n u t e s ,  sh i f t ed  f o r wa r d .  In o t h e r  w o r ds ,  the  t i me  s e r i e s  o f  
vo l a t i l i t y  c a l c u l a t e  t a k i n g  a l a rg e r  t i m e - w i n d o w  ( c o a r se  v o l a t i l i t y )  can  be 
us ed  to f o r e c a s t  the b e h a v i o r  o f  v o l a t i l i t y  c a l c u l a t e d ,  t a k i n g  a s ma l l e r
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t i m e - w i n d o w  ( f ine  vo l a t i l i t y )  [33],  Th i s  f ea t u r e  can  be e x p l a i n e d  by the 
h e t e r o g e n e o u s  m a r k e t  h y p o t h e s i s  [33] ,  w h i c h  p o s t u l a t e s  the  c o - e x i s t e n c e ,  
in t he  m a r k e t ,  o f  i n v e s t o r s  w i t h  ve ry  d i f f e r e n t  t i me  h o r i z o n s .

Th e  p d f  o f  h i gh  f r e q u e n c y  vo l a t i l i t y  can  be fi t  by  a log g a u s s i a n  p d f  
a r o u n d  his  p i ck ,  and  by a p o w e r  l aw in the  ( po s i t i v e ! )  t a i l .  Wi th  an 
e x p o n e n t  e s t i ma t e d  a r o u nd  4 for  S & P 5 0 0  Index .

V o l a t i l i t y  is s t r on g l y  c o r r e l a t e d  [33] to v o l u m e s  o f  a s s e t s  e x c h a n g e d  in 
the  m a r k e t  and  to the  n u m b e r  o f  a gen t s  o p e r a t i n g  in the  ma r k e t .

T h i s  a l so  e x p l a i n s  the  s e a s on a l i t y  e f f ec t s  in the  t i me  s e r i e s  o f  v o l a t i l i t y  
o f  F o r e i g n  c u r r e n c y  ma r k e t s .  In fact ,  t he re  are t h r ee  m a i n  c u r r e n c y  
m a r k e t s  in the  Wor l d :  N e w  Yor k ,  Tok i o ,  L o nd o n .  T h e i r  o p e n i n g  and 
c l o s i n g  t i mes ,  due  to the d i f f e r e n t  t i me  z ones ,  are not  the s ame ,  t h o u gh  
the  a c t i v i t y  p e r i o d s  are o v e r l a p p i n g  in par t .  As  a r e su l t ,  the F o re i g n  
E x c h a n g e  M a r k e t  is o pe n  24 h ou r s  a day,  but  the  o p e n i n g  or  c l o s i n g  o f  
t he  t h r ee  m a j o r  m a r k e t s  p r o d u c e  p e r io d i c a l  c h a n g e s  in the  n u m b e r  o f  
a g e n t s  t r ad i n g  ( and  in the v o l u m e s  t r aded) .  Thi s  e f f e c t  is e v i d e n t  in the 
v o l a t i l i t y  t i me  s e r i e s  and  p r o d u c e s  an i n t r a - d a i l y  s ea s on a l  pa t t e rn .
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Fi g u r e  2.6:  S t a n d a r d  and Poor  500 Re t u r n s .  The  c u rv e  d i s p l a y s  the 
p r o b a b i l i t y  d e n s i t y  for  the  n o r m a l i z e d  l o g a r i t h m i c  r e t u r ns  ( r e t u r ns  
d i v i d e d  by the s amp l e  s t a n d a r d  d e v i a t i o n ) .  The  f i gu r e  is t a k e n  f rom 
h t t p : / / s o m a . u c h i c a g o . e d u / ~ c o w a n / f i n a n c e / P a p e r s / M a t a c z . p d f
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Time (days)

F i g u r e  2.7:  S t a n d a r d  and  Po o r  500 V o l a t i l i t y  ( a b s o l u t e  v a l u e  o f  
the  l o g a r i t h m i c  (da i l y )  r e t u rns ) .
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y = 0.6906x°"'®'®

0.001
100 100010

Time (days)

F i g u r e  2.8:  S t a n d a r d  and Po o r  500.  A u t o c o r r e l a t i o n  f u n c t i o n  o f  
t he  a b s o l u t e  va l ue  o f  the  l o g a r i t h m i c  r e t u rns .  The  c u r ve  d i s p l a y s  a 
p o w e r  l aw a s y m p t o t i c  b e h a v i o u r ,  wi t h  an e x p o n e n t  c l ose  to 0.5.
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2 . 3 .5 .  M a r k e t  V o l u m e s
The  v o l u m e  is the  t r ad e d  a m o u n t  o f  a ce r t a i n  asset .

The  p r o b a b i l i t y  den s i t y  d i s t r i b u t i o n  o f  v o l u m e s  has  b e e n  s t u d i e d  by 
G o p i k r i s h n a n  and  c o - w o r k e r s  [12] ,  For  m a ny  ( h i g h l y  c a p i t a l i z e d )  s t ocks  
t r a d e d  at  N e w  Y or k  S t ock  E x c h a n g e  it has  b e e n  f o u n d  a p o w e r  l aw 
b e h a v i o u r  for  the  tai l  wi t h  e x p o n e n t  2.5 ( i .e.  1.5 for  the  c u m u l a t i v e  
d i s t r i b u t i o n ) .

Mo re  r ece n t  s t ud i e s  (Li l l o ,  F a r m e r  and  M a n t e g n a )  s eem to s u g ge s t  a 
d i f f e r e n t  b e h a v i o u r  ( c lose  to an e x p o n e n t i a l  d ec a y )  for  the v o l u m e  
d i s t r i b u t i o n  o f  s t oc ks  t r a de d  at L o n d o n  S t ock  E x c h a n g e  [7] ,  but  it is not  
c l e a r  ye t  w h e t h e r  thi s  d i s c r e p a n c y  b e t w e e n  the two d a t a - s e t s  is due  to an 
ac t ua l  d i f f e r e n c e  b e t w e e n  the two  m a r k e t s  or  to a d i f f e r en t  
m e t h o d o l o g i c a l  a p p r o a c h  f o l l o w e d  by F a r m e r  and  Li l lo .

2 . 3 . 6 .  C r o s s  c o rr e l a t i o n  b e t w e e n  s t ocks  and dat a  c l u s t e r i n g
A s s e t s  in a s t ock  m a r k e t  and ,  in p a r t i c u l a r  s t o c k s ,  are  no t  m u t u a l l y  

i n d e p e n d e n t .  W o r k i n g  out  the s y n c h r o n o u s  c r o s s - c o r r e l a t i o n s

b e t w e e n  pa i r s  o f  s t ocks ,  we can  m e a s u r e  th i s  mu t u a l  d e p e n d e n c e .  In 
o r d e r  to c l a s s i fy  s t ocks  on the  bas e  o f  t he i r  d e p e n d e n c e ,  a n a t u r a l  c h o i ce  
is to i n t r o d u c e  a d i s t a n c e ,  d e f i n e d  by the  f o l l o w i n g  p r op e r t i e s :

P ( 2 . 1 0 )
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d ,j = 0  <=> i = j

■ d^=d^,  ( 2 . 1 1 )

d,j

In  p r a c t i c e ,  o n e  w o r k s  o u t  t h e  c r o s s  c o r r e l a t i o n  c o e f f i c i e n t  p^j

d e f i n e s  a d i s t a n c e  d .j =  ^ \ -  p^j w h i c h  u s i n g  a p r o p e r  a l g o r i t h m  [ 3 ] [ 2 7 ]

b u i l d s  a s p a c e  c h a r a c t e r i z e d  by  t he  t h r e e  p r o p e r t i e s  a b o v e ,  f i n d i n g  
e v e n t u a l l y  an h i e r a r c h y .

T h e  f i n a l  r e s u l t  is a t a x o n o m i c  d e s c r i p t i o n  o f  a s t o c k  m a r k e t ,  in w h i c h  
s t o c k s  a r e  g a t h e r e d  in c l u s t e r s ,  a c c o r d i n g  to t he  c o r r e s p o n d e n c e  o f  t h e i r  
p r i c e  m o v e m e n t s .  T h i s  is e x t r e m e l y  i m p o r t a n t  w h e n  t r y i n g  to b u i l d  an  
o p t i m a l  p o r t f o l i o .  S i n c e  a s t r o n g  c r o s s  c o r r e l a t i o n  b e t w e e n  a s e t  o f  s t o c k s  
e n t a i l s  t h a t  t h e y  wi l l  t e n d  to m o v e  in t he  s a m e  d i r e c t i o n ,  t h e r e f o r e  i f  y o u  
h a v e  in y o u r  p o r t f o l i o  o n l y  p o s i t i v e l y  a nd  h i g h l y  c o r r e l a t e d  s t o c k s ,  a 
p i t f a l l  in y o u r  m a r k e t  s e c t o r  w o u l d  no t  be  c o m p e n s a t e d  by  t he  
p e r f o r m a n c e s  o f  o t h e r  s e c t o r s .  T h e  c o n s e q u e n c e s  c a n  be  v e r y  
d e s t a b i l i z i n g  f o r  i n d i v i d u a l ,  c o r p o r a t e  o r  p u b l i c  f i n a n c e s .

2.4 Vote  di s tr ibut ions .

O t h e r  i n t e r e s t i n g  f e a t u r e s  o f  s o c i a l  s y s t e m s  a r e  r e l a t e d  to t h e  s t a t i s t i c s  
o f  e l e c t i o n s .  A s  w e  wi l l  s e e  in C h a p t e r  5, t h i s  t o p i c  r e l a t e s  to t he  
d y n a m i c s  o f  o p i n i o n s  w i t h i n  s o c i a l  s y s t e m s .  T h e  d i s t r i b u t i o n  o f  v o t e s  
a m o n g  t he  c a n d i d a t e s  in t h e  B r a z i l i a n  [34]  a n d  I n d i a n  e l e c t i o n s  [35]  
d i s p l a y  a p o w e r  l a w  b e h a v i o u r  ( o v e r l o o k i n g  t h e  f i n i t e  s i z e  e f f e c t s  
o b s e r v e d  at  t h e  b e g i n n i n g  a n d  at  t h e  e n d  o f  t h e s e  d i s t r i b u t i o n s )  w i t h  
e x p o n e n t s  1 a n d  1.3.
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2.5 Micros co p ic  features  of  soc io -ec ono mic  sys tems

2.5.1 Introduct i on
U n d e r s t a n d i n g  the  m i c r o s c o p i c  s t r uc t u r e  o f  s e l f - o r g a n i z e d  soc i a l  

s y s t e ms  m e a n s  u n d e r s t a n d i n g  the way  i n f o r m a t i o n  is r e c e i v e d ,  p r o c e s s e d  
and  t r a n s m i t t e d  by i nd i v i d u a l  agen t s .

A k e y  role  is p l a y e d  by the  t o p o l o g i c a l  s t r u c t u r e  o f  the s y s t em ,  tha t  
d e t e r m i n e s  who  i n t e r a c t s  w i t h  who.

A s e c o nd  f u n d a m e n t a l  f a c t o r  is tha t  a g e n t s  o f t e n  o p e r a t e  w i t h o u t  
k n o w i n g  w h a t  o th e r  a gen t s  are d o i n g  at t ha t  t i me  or  wi l l  do next .  Th i s  
l eads  to ‘soc i a l  d i l e m m a s ’ : s i t u a t i o ns  in wh i c h  d e c i s i o n s  t ha t  m a k e  s ense  
to e a c h  i n d i v i d u a l  can a g g r e g a t e  into o u t c o m e s  in w h i c h  e v e r y o n e  
su f fe r s .

2.5.2 Networks
In a t yp i ca l  soc i a l  s y s t em [36]:

• N o b o d y  i n t e r ac t s  wi t h  e v e r y b o d y  e l se  and  no t  e v e r y b o d y  
in t e r a c t s  wi t h  the  s ame  n u m b e r  o f  p e o p l e  ( d e g re e  d i s t r i b u t i o n ) .

• C l i qu es  form,  for  i n s t a n c e ,  e x c l u s i v e  c i r c l e s  o f  f r i e nds  w h e r e  
e v e r y o n e  k n o w s  e v e r y b o d y  e l se  ( c l u s t e r in g ) .

• D e s p i t e  an o f t en  l a rge  s ize ,  t he re  is a r e l a t i v e l y  sho r t  pa t h  (i .e.  
c o m m o n  a c q u a i n t a n c e s ,  b u s i n e s s  p a r t n e r s ,  e t c)  b e t w e e n  two 
p e o p l e  ( sma l l  wor l d ) .

I n t e r e s t i n g l y  e n o u g h ,  ‘rea l  w o r l d ’ n e t w o r k  f ea t u r e s  d e v i a t e  qu i t e  a lot  
f r om w h a t  one  w o u l d  e x p e c t  f r om pu r e l y  r a n d o m l y  c o n n e c t e d  n e t wo r ks .
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In fact ,  t he  d e g r e e  d i s t r i b u t i o n s  f ou n d  d e c a y  m u c h  s l o w e r  t han  
P o i s s o n i a n  d i s t r i b u t i o n s  and  the c l u s t e r i n g  is m u c h  m o r e  p r o n o u n c e d .

E m p i r i c a l  s t u d i e s  on n e t w o r k s  ( p e r f o r m e d  by s e ve r a l  r e s e a r c h e r s )  have  
f ou nd  t ha t  the  d e g r e e  d i s t r i b u t i o n  to d i s p l a y  o f t e n  a p o w e r  l aw d e c a y i n g  
b e h a v i o u r .  The  de g r ee  d i s t r i b u t i o n  o f  the c o l l a b o r a t i o n  b e t w e e n  mo v i e  
a c t o r s  has ,  a p o w e r  l aw a s y m p t o t i c  tai l  w i t h  an e x p o n e n t  o f  a b o u t  2.3 [4],  
for  the  s c i e n c e  c o l l a b o r a t i o n  an e x p o n e n t  e qua l  to 1.2 was  f o un d  [5].  For  
the  we b  o f  h u m a n  sexua l  c o n t a c t s  the e x p o n e n t  f o un d  is 3.5 [37] and,  
f i na l ly ,  for  the  p h on e  cal l  n e t w o r k  the  e x p o n e n t  f ou n d  is 2.1 [38].  
S i mi l a r  s t ud i e s  h a v e  been  p e r f o r m e d  for  the  c l u s t e r i n g  c o e f f i c i e n t s  o f  
s ome  soc i a l  s y s t ems .  A p o p u l a r  m a n i f e s t a t i o n  o f  the  ‘s ma l l  w o r l d ’ is the 
’s ix d e g r e e  o f  s e p a r a t i o n ’ c o n c e p t ,  u n c o v e r e d  by the  soc i a l  p s y c h o l o g i s t  
S t a n l ey  M i l g r a m  (1967 ) ,  w h o  c o n c l u d e d  tha t  t he r e  w a s  a pa t h  o f  
a c q u a i n t a n c e s  w i t h  t yp i ca l  l e ng t h  abou t  s ix b e t w e e n  m o s t  pa i r s  o f  p e o p l e  
in the U n i t e d  S t a t e s [ 39 ] .

2. 5 .3  S oc i a l  d i l e m m a s
A p a r a d i g m a t i c  e x a m p l e  o f  a ‘soc ia l  d i l e m m a ’ is g i ve n  by the ,  so 

ca l l ed .  P r i s o n e r ’s d i l e m m a ,  d e v e l o p e d  by Me r r i l l  F l o o d  and  M e l v i n  
D r e s h e r  at  the  R a n d  C o r p o r a t i o n ,  a US G o v e r n m e n t  t h i n k - t a n k ,  in the 
ea r l y  1 9 5 0 ’s [40] .

T w o  s u s p e c t s  are  t a k e n  into  c u s t o d y  and  s ep a r a t ed .  The  d i s t r i c t  
a t t o r ne y  is c e r t a i n  t ha t  t he y  are  gu i l t y  o f  a spe c i f i c  c r i me ,  bu t  he does  not  
h a v e  a d e q u a t e  e v i d e n c e  to c o n v i c t  t h e m at  a t r i a l .  He po i n t s  ou t  to e ac h  
p r i s o n e r  t ha t  e a c h  has  two  a l t e r na t i ve s :  to c o n f e s s  the  c r i m e ,  t he  p o l i ce  
a re  sure  t he y  have  done ,  or  not  to confes s .  I f  t he y  b o t h  do no t  c o n f es s ,  
the  d i s t r i c t  a t t o r n e y  s t a t es  t ha t  he wi l l  b o ok  t h e m on s ome  ve ry  m i n o r  
t r u m p e d - u p  c h a r g e  such  as pe t t y  l a r c e n y  and i l l ega l  p o s s e s s i o n  o f  
w e a p o n ,  and t h e y  wi l l  b o t h  r ec e i v e  m i n o r  p u n i s h m e n t ;  i f  t h e y  bo t h  
c on f e s s ,  t h e y  wi l l  be p r o s e c u t e d ,  but  he wi l l  r e c o m m e n d  l ess  t h a n  the 
mos t  s ev e r e  s e n t e n c e ;  but  i f  one  c o n f e s s e s  and  the  o t he r  does  not ,  t hen

31



CHAPTER 2. PHENOMENOLOGICAL DESCRIPTION OF SOCIO-ECONOMIC SYSTEMS

t he  c o n f e s s o r  wi l l  r ec e i v e  l e n i en t  t r e a t me n t  for  t u r n i n g  s t a t e ’s e v i d e n c e  
w h e r e a s  the l a t t e r  wi l l  get  “ the  b o o k ” s l a p pe d  at h im.  T h e y  are  bo t h  
b e t t e r  o f f  i f  t he y  do not  sque a l  and  get  1 yea r  eac h  for  the  m i n o r  
m i s d e m e a n o r .  Bu t  as t hey  are  t e m p t e d  to get  a w a y  wi t h  the  s ma l l e s t  
s e n t e n c e  p o s s i b l e ,  t he y  end  up wi t h  an o u t c o m e  tha t  is w o r s e  for  b o t h  o f  
t h e m t h e y  bo t h  get  15 yea r s  in p r i son .

The  n u m b e r s  in the  ce l l s  r ep r e s en t  the u t i l i t y  t ha t  e ve r y  p l a y e r  is 
g e t t i n g  f rom e a c h  o u t c o m e .  The  h i g h e r  the  n u m b e r ,  the  m o r e  u t i l i t y  
h e / s h e  get s .  The  n u m b e r  b e f o r e  the c o m a  s t ands  for  the p a y o f f  o f  P l a y e r  
1. The  n u m b e r  a f t e r  the c o m a  s t a n d s  for  the p a y o f f  o f  the  s e c o n d  p l aye r .  
The  p a y o f f  o f  e ac h  p l a ye r  d e p e n d s  on  the a c t i on  o f  the  o th e r  p e r s o n  ( tha t  
is w h y  it is a s t r a t eg i c  i n t e r ac t i o n ) .  To f igure  ou t  the p a y o f f s  o f  the 
p l a y e r s ,  one  has  to do the fo l l owi ng :

I f  P l a y e r  1 C o o p e r a t e s  (Do not  Squea l ) ,  P l a y e r  2 has  t wo  op t i on s :  to 
C o o p e r a t e  h i m se l f ,  or  to D e f ec t  ( Squea l ) .  For  t h e s e  a l t e r n a t i v e s  he can 
get  p a y o f f s  o f  4 or  5. N a t u r a l l y  he wi l l  c h o os e  5.

I f  P l a y e r  1 D e f e c t s  ( Sq ue a l s )  P l a y e r  2 can  c h o o s e  b e t w e e n  the  two 
p o s s i b l e  o u t c o m e s  and  p a y o f f s  in the  b o t t o m  lef t  and  b o t t o m  r igh t  cel l .  
B e t w e e n  0 and 1 n a t u r a l l y  he wi l l  c h o os e  1 ( Def ec t ) .
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Plaver 2
Cooperate Defect
(Do not (Squeal)
Squeal)

Player 1 Cooperate
(Do Not 4,4 0,5

Squeal)
Defect

5,0 1.1(Squeal)

T a b l e l .  P a y o f f  o f  d i f f e r e n t  s t r a t eg i e s  in the  P r i s o n e r ’s d i l e m m a .  The  
o u t c o m e  for  a s i ng l e  p l a y e r  d e p e n d s  on the a c t i on s  o f  b o t h  p l a ye r s .  I f  
t h e y  b o t h  c o o p e r a t e  t hey  b o t h  get  4 po i n t s  each ;  i f  one  c o o p e r a t e  and  the 
o t h e r  s q u e a l s ,  t he  f i rs t  get  0 po i n t s  and the s e c o n d  5. I f  t he y  bo t h  s quea l  
t h e y  o n l y  get  1 po i n t  each.

N o w  i f  one does  the s a me  for  p l a ye r  1 you  wi l l  d i s c o v e r  t ha t  i f  P l a y e r  2 
c o o p e r a t e s  ( Do e s  no t  Squea l ) ,  P l a y e r  1 is b e t t e r  o f  D e f e c t i n g  ( a g a i n  5 is 
g r e a t e r  t ha n  4).  I f  P l a y e r  2 D e f ec t s ,  P l a y e r  1 is a g a i n  b e t t e r  o f f  d e f e c t i n g  
( c h o i c e  b e t w e e n  1 and  0).

In t he  P r i s o n e r ’s D i l e m m a  the  r a t i o n a l i t y  s e e m s  to f r us t r a t e  t he  mu t u a l  
good .  The  e x t e n s i o n  o f  th i s  r e s u l t  to real  l i fe is no t  s t r a i g h t f o r w a r d ,  s i nce  
o t h e r  e l e me n t s  have  to be t a k e n  into acc o u n t ,  f i r s t  o f  al l ,  t he  r e c o r d s  o f  
pas t  a c t i o n s  and  the e x p e r i e n c e .
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N e v e r t h e l e s s ,  the  d i l e m m a  st i l l  ho l d s  w h e n  t he r e  is no such  a t h i ng  as 
m e m o r y  (or  any  o t he r  e l e m e n t  t ha t  ma y  g u i de  our  a c t i o n s )  and  we  are 
a s ke d  to m a k e  a d ec i s i o n  w h o s e  o u t c o m e  d e p e n d s  h ea v i l y  on w h a t  o t h e r  
p e o p l e  are d e c i d i n g ,  w i t h o u t  us k no wi n g .

2 . 5 . 4  P l a y i n g  w i t h  ra t i o n a l i t y :  a g u e s s i n g  g a m e
C o n s i d e r  n o w  a g roup  o f  p e o p l e  t a k i ng  pa r t  in a s imp l e  g a m e .  N o b o d y  

k n o w s  w h a t  the o t h e r s ’ a n s w e r s  are.  The  a im o f  the g am e  is to p i c k  a 
( r ea l )  n u m b e r  b e t w e e n  0 -100  ( [ 0 , 100] ) .  The  w i n n e r  wi l l  be the
r e s p o n d e n t  w h o  c h o os e s  the n u m b e r  c l o se s t  to 2 / 3 r ds  o f  t he  a v e r a g e  
n u m b e r  chos en .

In a wo r l d  o f  e qua l l y  r a t i on a l  p l a y e r s ,  t he  on l y  a n s w e r  t ha t  m a y  en s u r e  
e v e r y b o d y  wi ns  is ‘z e r o ’ .

In the  real  w o r l d  tha t  is no t  the  case.  One  s i n g l e  p l a y e r  ma y  ge t  it 
w r o n g  and st i l l  win ,  p r e v e n t i n g  the  o t he r s  ( ‘ r a t i on a l l y  a l t r u i s t i c ’) f rom 
w i n n i n g .  In o th e r  w o r ds  t he r e  is not  a r i gh t  a ns we r :  the w i n n i n g  a n s w e r  
u l t i m a t e l y  d e p e n d s  on the a n s w e r s  g i ve n  by the  o the r s .

T a b l e  2 p r o v i d e s  s ome  e x a m p l e s  f r om thi s  game.
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P l a y e r G u e s s  1 Gu e s s 2 G u e s s  3 G u e s s
4

A 0 0.023 24 10.5
B 0 0.001 0 0.5
C 0 0 0 0
D 0 0 0 0
E 0 0 0 1
F 0 0 0 0
G 0 0 0 0
H 0 0 0 0
Winning

answer
0 0.002 2 1

Winner(
s)

A,B,C,D,E,F,G,
H

B B,C,D,E,F,G,
H

E

T a b l e  2: E i gh t  p l a y e r s  are a s ked  to p i c k  a ( r ea l )  n u m b e r  b e t w e e n  0 -100  
( [ 0 , 100 ] ) .  The  w i n n e r  wi l l  be the r e s p o n d e n t  w ho  c h o o s e s  the n u m b e r  
c l o s e s t  to 2 / 3 r d s  o f  the a v e r a g e  n u m b e r  c h o s e n .  G u e s s  1: e v e r y b o d y  
c h o o s e  ze ro  and ,  as a c o n s e q u e n c e ,  e v e r y b o d y  win .  G u e s s  2: A and  B 
c h o os e  n u m b e r s  l a rge r  t ha n  ze ro ,  B wi ns  s ince  0.001 is the a n s w e r  c l ose r  
to 2 / 3 r ds  o f  the  a v e r a g e  ( 0 . 002) .  G u e s s  3: E v e r y b o d y  wi n  e x c e p t  f ro m A. 
G u e s s  4: E wi n s  s ince  1 is equa l  to 2 /3 r ds  o f  the  a v e r ag e .
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CHAPTER 3

DIFFUSIVE AGENTS

3.1 Introduction
The  s i mp l e s t  w a y  o f  m o d e l i n g  f l u c t u a t i o n s  in a s oc i a l  s y s t e m  is to d r a w  

a c o m p a r i s o n  wi t h  the  B r o w n i a n  M o t i o n  and  to t h i n k  o f  an a g e n t  as a 
B r o w n i a n  pa r t i c l e .  One  m a y  t he n  a s s u m e  tha t  c h a n g e s  o f  a s y s t e m 
m a c r o s c o p i c  q u a n t i t y  a re  d e t e r m i n e d  by the  s um o f  m a n y  a gen t  
c o n t r i b u t i o n s .  H o w e v e r ,  th i s  a p p r o a c h  does  not  a c c o u n t  for  s o m e  r e l e va n t  
s t a t i s t i c a l  p ro p e r t i e s  o f  f i nanc i a l  m a r k e t  and o f  o t h e r  s o c i o - e c o n o m i c  
s y s t e m s  and r eq u i r e s  g e n e r a l i z a t i o n .  A ve ry  i m p o r t a n t  e x t e n s i o n  o f  the 
r a n d o m  w a l k  t h e o r y  is the  ‘C o n t i n u o u s  T i m e  R a n d o m  W a l k ’ t h e o r y ,  in 
w h i c h  the  d i s t r i b u t i o n  o f  the  w a i t i n g  t i me s  b e t w e e n  c o n s e c u t i v e  
s t o c h a s t i c  e v e n t s  is t a ken  into a c c oun t .  In th i s  c h a p t e r  we s t udy  the 
w a i t i n g  t i me  d i s t r i b u t i o ns  o f  two  da t a  set s  t a k e n  f rom the  X I X c e n t u ry  
I r i sh  s tock  m a r k e t  and  f rom the  la te XX c e n t u ry  w or ld  c u r r e n c y  ma rke t .

3.2 Langevin approach
The  t h e o r y  o f  B r o w n i a n  m o t i o n  is t r a d i t i o n a l l y  a s s o c i a t e d  to the  n am e  

o f  A.  E i n s t e i n  (1 9 0 5 ) ,  but  in r ea l i t y  a f i rs t  v e r s i o n  o f  tha t  t h e o r y  was  
i n t r o d u c e d  b e f o r e  by  B a c h e l i e r  ( 19 0 0 )  to d e s c r ib e  p r i ce  m o v e m e n t s  [41] ,
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The basic  idea consi s t s  in a ssuming the change  o f  coordina te  dr iven by 
a de te rmin i s t i c  funct ion o f  the coordina te  plus  a s tochas t i c  term 
(bas ica l ly  whi te  noise) ,  accord ing  to the equat ion

Where  a{x) is a de t e rmini s t i c  func t ion of  pos i t ion  and OoCOis a 

s tochas t i c  componen t  def ined  by the fo l l owing proper t i es :

Where  P(x,t )  is the probabi l i ty  densi ty  funct ion o f  the system.
When th ink ing  about  molecules ,  Eins te in  [41] argued that  anyone 

molecu le  moving  through the system is buffeted by other  molecu les  and 
the total  ef fect  may be inte rpre ted as the effect  o f  uncor r e l a t ed  random 
noise.  By analogy,  we may loosely  th ink o f  agents  as B rowni an  par t i c les  
and assume that  the change  o f  the x coordina te  is de t e r mi ned  by the sum 
o f  agent  cont r ibut ions .  Genera l ly  speaking  each indiv idua l  agent  act ion is 
made  o f  two component s ;  the f irst  is de termini s t i c  and dependen t  only on 
the average  coord ina te  x, the second is pure ly s tochas t i c  and uncor re l a t ed  
to any other  agent  behaviour .

Unfor t una t e ly  the basic Langevin  approach may not  be suf f i c i en t  to 
descr ibe  complex  dynamics  (for  ins tance is not  able to expla in  the 

emer gence  o f  power - l aw tai ls in the d i s t r ibut ion P ( x )  ) and requi res  

genera l i za t ion .  We can wri te

—  = a (x)+ «(,(/)
dt

(3.1)

{«o(0) = 0 and = (3.2)

The Fokker - P l ank  equat ion assoc ia ted to equat ion (3.1)  is:

(3.3)
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X = F{x) + G{x)ri{t) (3 .4)

w h e r e  F{x)  is the d r i f t - t e r m and  G{x)  is t he  ‘ l o c a l ’ va r i a n c e .

(7(0 ) = 0
(3 .5)

A s i m p l e  e x a m p l e  o f  a g e n e r a l i z e d  L a n g e v i n  m o de l  is the B l a c k -  
S c h o l e s  m o de l  [3][8]

w h e r e  77(0 f u l f i l s  the c o n d i t i o n s  in e q u a t i o n s  (3.5) .

It l e ads  to a log n o r m a l  d i s t r i b u t i o n  o f  p r i ces .  Th i s  m o d e l ,  t h o u gh  
b a s ed  u p o n  s ome  r e l a t i v e l y  u n r e a l i s t i c  a s s u m p t i o n s  (as c o n t i n u i t y  o f  
p r i ce  c h a n g e  va r i a b l e  and  a l so  c o m p l e t e l y  u n c o r r e l a t e d  p r i ce  m o v e m e n t s )  
is c u r r e n t l y  u s ed  in f i na nc e  for  o p t i o n s  e v a l u a t i o n  and  p r i c i ng .

A n y w a y ,  on l y  g e n e r a l i z i n g  the bas i c  L a n g e v i n  a p p r o a c h  we  m a y  o b t a in  
p o w e r  l aw ta i l s  in the  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s  [44].

3.3 Co nt i nu ou s  Time Ra ndom Walk  

3.3.1 Theory
The  “ c l a s s i c ” m o d e l  o f  r a n d o m  w a l k  is b a s ed  on the  i dea  o f  

i n s t a n t a n e o u s  j u m p s ,  e ac h  one  o c c u r r i n g  af t e r  a c e r t a i n  w e l l - d e f i n e d  and  
c o n s t a n t  t i me .  A mor e  r ea l i s t i c  m o d e l  s hou l d  r e g a r d  the  t i me  as a 
c o n t i n u o u s  v a r i a b l e  and s ho u l d  a s s u m e  tha t  a l so  the  t i me  l ags  b e t w e e n  
two  c o n s e c u t i v e  j u m p s  can  be a s t o c h as t i c  p r oc e s s .  Th i s  is the  bas i c  idea

P = /.i P+ P7 j ( t ) (3 .6)
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o f  C o n t i n u o u s  T i m e  R a n d o m  W a l k  i n t r o d u c e d  by M o n t r o l l  and  W e i s s  in 
1965 [42] ,

On a m i c r o s c o p i c  sca le ,  th i s  ma y  be e x p l a i n e d  by  the  f ac t  t ha t  e ac h  
f l u c t u a t i o n  is d e t e r m i n e d  by a s i ng l e  agen t  and  by the  f ac t  t ha t  a g en t s  do 
not  ac t  at r e g u l a r  t i me  i n t e rva l s .  For  i n s t a nce ,  in a m a rk e t ,  o r d e r s  are  no t  
s u b m i t t e d  at  r e g u l a r  t i mes  and  the t i me - l a g  b e t w e e n  t wo  t r a n s a c t i o n s  ma y  
d e p e n d  on s eve r a l  f ac t o r s  such  as the  n u m b e r  o f  t r ad e r s  o p e r a t i n g  in the 
m a r k e t  at a ce r t a i n  t i me  and  the  r ec e n t  pas t  p e r f o r m a n c e s  o f  the  ma rke t .

To the  s a ke  o f  a na l y t i c a l  t r a c t a b i l i t y ,  we a s s u m e  t ha t  the j u m p  p d f  A(^) 
is i n d e p e n d e n t  o f  the  w a i t i n g - t i m e  p .d. f .  so t ha t  the  j u m p s  4,

i n s t a n t  ; i = 1; 2; 3; : : : ) are i . i .d.  ( i n d e p e n d e n t  i d e n t i c a l l y  d i s t r i b u t e d )  
r a n d o m  v a r i a b l e s ,  al l  h a v i n g  the s ame  p r o ba b i l i t y  d e n s i t y  . We can 
t h e r e f o r e  wr i t e  .

The  j u m p  p.d. f .  / l ( ^ ) r e p r es e n t s  the  p .d. f .  for  t r a n s i t i o n  o f  the  w a l k e r  
f r om a p o i n t x t o  a p o i n t x  + ,^. The  w a i t i n g - t i m e  p .d . f .  r e p r e s e n t s  the  p.d. f .  

t ha t  a s t ep  is t a k e n  at t he  i n s t a n t  /,+/■ a f t e r  t he  p r e v i o u s  one  ( tha t  

h a p p e n e d  at the  i n s t a n t  / , )  so it is a l so  ca l l ed  the p a u s i n g - t i m e  p .d. f .  The  
p r o b a b i l i t y  tha t  a g iven  i n t e r - s t ep  t i me  i n t e rva l  is g r ea t e r  or  equa l  t o r  
wi l l  be d e n o t e d  by ^ ( 0  wh i c h  is d e f in e d  in t e rm s  o f  ^ ( O b y

'i '( r )  is the  p r o b a b i l i t y  tha t  the d i f f u s i n g  q ua n t i t y  x does  no t  c h a n g e  

va l ue  d u r i n g  the t i me  i n t e r va l  o f  d u r a t i o n  r  a f t e r  a j u m p .  We  a l so  no te ,  
t a k i ng  to=0 t h a t T ( 0  is the s u r v i va l  p r o b a b i l i t y  unt i l  t i me  t at  the  ini t i a l  

p os i t i o n  xo = 0.

Let  us n o w  d e n o t e  by p{x \  t) t he  p .d . f .  o f  f i n d i ng  the  r a n d o m  w a l k e r  at 
the p o s i t i o n  x at t i me  i ns t a n t  t .We a s s u m e  the  ini t i a l  
c o n d i t i o n  p{x, t )  = S { x ) , m e a n i n g  t ha t  the w a l k e r  is i n i t i a l l y  at  t he  o r i g i n

(3 .7)
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X = 0. Mont rol l  and Weiss  have shown that  the Four i e r -Lap lace  
t r ans fo rm o f  p ( x j )  sat i s f ies  a charac te r i s t i c  equat ion:

A
^  WJ

—-p{x,t')dt'= -p ( x , t )  + |A(x -  x')p{x' ,t)dx' (3.8)

plays  here the role o f  “memory  f un c t i o n ” , when  O(0°c<^(/)we 
f ind the wel l  known resul t s  for a non memory  process .

I f  we c ons i de r  a process  wi th  a long memory  func t ion  [23],  given by

t >0 ,  0 < /? < 1 (3.9)

we f ind the so cal led Caputo  f ract ional  t ime de r iva t ive  o f  order  (i that  
impl i es  for  the Surviving Time Dis t r ibut ion  a pa r t i cu l a r  form

T ( 0  =
= Z ( - i r

t Pn

„=o T{pn + \) 
smiPn) Y{P)

t>Q

t -> 00
(3.10)

n

k nown  as Mi t t ag-Lef f l e r  genera l i zed  funct ion.

3 . 3 . 2  T e s t i n g  the c o n t i n u o u s - t i m e  r a nd om  w a l k  m o de l
We have t es t ed  the model  p resen t ed  in equat ions  3 . 26-3 .27- 3 .28 ,  us ing 

two no n - h omo g e ne ou s  (the t ime be tween  two consecu t ive  t r ansac t ions  is 
not  cons t an t )  marke t  data  sets [54].

We analyse  10 stocks taken from Ir ish Stock Mar ke t '  in 19*'  ̂ cen tury  (5 
r a i lways  and 5 banks) .  The data  were recorded be tween  the 1^‘of  January

' During the 19th century, Irish stock activity was recorded on a daily basis and characterized by waiting 
times that varied from a day to some months.
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1 850 a n d  t he  31*'  o f  D e c e m b e r  1854 .  In o r d e r  to m i n i m i z e  s p u r i o u s  
e f f e c t s  r e l a t e d  to s i n g l e  s t o c k s  a n d  to c a p t u r e  t h e  t y p i c a l  b e h a v i o u r  we  
w o r k  o u t  t he  “ a v e r a g e ” S u r v i v a l  T i m e  P r o b a b i l i t y  D i s t r i b u t i o n  ( S T P D )  
f u n c t i o n .

The  d i s t r i b u t i o n  in f i g u r e  3.1 p r e s e n t s  a s h a r p  c u t  o f f  f o r  s u r v i v a l  t i m e s  
b i g g e r  t h a n  150  d a y s .  B e l o w  t h a t  t i m e  w e  c a n  c l e a r l y  i d e n t i f y  t w o  
r e g i o n s :  t h e  f i r s t  o n e ,  r a n g i n g  b e t w e e n  1 a n d  10 d a y s  p r e s e n t s  an  
e x p o n e n t i a l  b e h a v i o u r  ( c h a r a c t e r i s t i c  t i m e  5 d a y s ) ,  t he  s e c o n d  is w e l l  
f i t t e d  by  a p o w e r  l a w  f u n c t i o n  h a v i n g  a n  e x p o n e n t  = 0.4.  T h e s e  t w o  

r e g i o n s  a r e  v e r y  w e l l  f i t t e d  by  t h e  M i t t a g - L e f f l e r  f u n c t i o n :

' V { T ) = E „ \ ^ ( y T f \  ( 3 . 1 1 )

Deals were done on a 'matched bargain basis' with members o f  the exchange (i.e., stockbrokers) bringing 
buyers and sellers together in essentially the same way as is done today via electronic trading, say. The 
only difference is that there are many more buyers and sellers. In the 19th century one informed one's 
stockbroker what one wished to trade (say sell) a certain quantity and requested he get the best quote or do 
the deal subject to a price limit (here a minimum price). He maintained a ledger o f  such pending deals and 
sought to meet, on the stock exchange floor, other member o f  the exchange trying to do the opposite deal. 
Recent studies [5] o f  different 19th century markets find that they were well integrated. Dublin traded 
international shares - it was not solely a regional market. The largest shares - Banks and key railways - 
represented quality investments for UK investors and were also traded in London. Sm aller shares would 
primarily have been o f  only local interest. We see a mix o f  local small investment and large ones 
integrated with London and hence the world stock markets. W orld trends are thus reflected in the Irish 
market for which, at the tim e, there were no exchange controls. (From 1801 to 1922 Ireland was part o f 
UK).
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w h e r e  ;k = 0.025.We  e s t i ma t e  an u n c e r t a i n t y  for  the  fi t  p a r a m e t e r s  va l ue  

b e t t e r  t h a n  10% and  a j ^ > 0 . 0 6  ( o v e r l o o k i n g  the  cu t  o f f  r eg i on) .

W a i t i n g  t i me s  r ange  t y p i c a l l y  f rom a day  to s ome  m o n t h s .  In e a c h  t i me  
se r i e s  we h a v e  1826 days  and a n u m b e r  o f  w a i t i n g  t i me s  ( i .e.  o f  
t r a n s a c t i o n s )  r a n g i n g  b e t w e e n  140 and 160.

We have  p e r f o r m e d  the s ame  a n a l ys i s  for  J a p a n e s e  Yen  C u r r e n c y .  The  
d a t a  are  t a k e n  b e t w e e n  the 1989 and  the 1998,  the w a i t i n g  t i me s  r ange  
f r o m a m i n u t e  to s ome  hours .  The  S T P D f un c t i on  ( f i gu r e  3 .2)  s h o ws  in 
th i s  ca s e  a v e r y  d i f f e r e n t  beh a v i o r .  A b o v e  100 m i n u t e s ,  the d i s t r i b u t i o n  
does  not  d rop  o f f  sh a r p l y  and  p r e s en t s  two  smal l  h u m p s  or  s h o u l d e r s .  The  
t i me s  a s s o c i a t e d  wi t h  t he se  s h o u l d e r s  may  be a s s o c i a t e d  wi t h  c l o s i n g  and 
o p e n i n g  t i mes  o f  the  ma i n  c u r r e n cy  m a r k e t s  in the  W o r l d  ( N e w  York ,  
L o n d o n ,  Tok y o ) .

For  s ho r t e r  t i me s  we no l o n g e r  have  a r eg i o n  t ha t  can  be f i t t ed  ea s i l y  
wi t h  an e x p o n e n t i a l  f u n c t i on  -  or  at l eas t  any  e x p o n e n t i a l  b e h a v i o r  has  a 
r e l a x a t i o n  t i me  o f  less t ha n  a mi nu t e .  Thi s  r eg i o n  a p p e a r s  to exh i b i t  
p o w e r  l aw e s s en t i a l l y  o v e r  the  c o m p l e t e  r ange  o f  dat a .  But  no t e  t ha t  the 
p o w e r  l aw n o w  is g r ea t e r  t ha n  un i t y  and the o r ig i n  t h e r e f o r e  m u s t  i n v o l v e  
a m e c h a n i s m  o u t s id e  tha t  c o n s i d e r e d  by Ma i na r d i .

The  s h o u l d e r s  do exh i b i t  a ve ry  smal l  r eg i o n  s h o w i n g  a p o w e r  l aw on 
the b o u n d a r y  o f  the v a l ues  a d m i t t e d  for  13 in (3 .9) .  In fact ,  P r an g e s  here  
b e t w e e n  0.9 and  1.1.  H o w e v e r ,  the  d i s t r i b u t i o n  a p p ea r s  to be d i s s i m i l a r  
to the  M i t t a g - L e f f l e r  func t i on .

In c o n c l u s i o n ,  a c c o r d i n g  to ou r  s t ud i e s ,  c o n t i n u o u s  t i me  r a n d o m  w a l k  
m o d e l s ,  wi t h  a p o w e r  l aw m e m o r y  f u n c t i on  in the w a i t i n g  t i me  d y n a m i c ,  
s ee m to r e p r o d u c e  the  S ur v i v a l  t i me  p r o b a b i l i t y  d i s t r i b u t i o n s  for  I r i sh 
S t ock  M a r k e t  o f  19'*’ ce n t u r y  and  it w o u l d  be i n t e r e s t i n g  to see w h e t h e r  
th i s  h o l d s  for  o th e r  ea r l y  ma rk e t s .  H o w e v e r  in t he i r  s imp l e  f o r m,  t h e y  do 
no t  a p p e a r  to r ep l i ca t e  the  m o re  c o m p l e x  f ea t u r e s  o f  m o d e r n  c u r r e n c y  
ma rk e t s .  A g a i n  it w o u l d  be i n t e r es t i n g  to e x p l o r e  th i s  t h e o r y  in the 
c o n t e x t  o f  o t h e r  c o n t e m p o r a r y  asse t s .
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10C0100

Intermediate Regim e 
Characteristic time - 1 0  days

E x M n e n tia l
Vs=eTi.0.2x

S h arp  d rop -off j

Time (days)

F ig u r e  3.1:  A v e r a g e  Su r v i va l  T i me  P r o b a b i l i t y  D i s t r i b u t i o n  f u n c t i o n  
for  I r i sh  S t ock  M a r k e t  da t a  b e t w e e n  1850 and  1854.  Fi t  p a r a m e t e r s  for  
M i t t a g - L e f f l e r  f u n c t i o n : /  = 0.025 , /? = 0.4 .The r e l a t i v e  e r r o r  for  the 

e x p o n e n t  is a b o u t  0.1.
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I
100 toco

Exi>oiieirt of -1.87f i01114 to 31 liiiiiites0.1

0.01

O O O l

Ex|)onent of-(K93

Time (minutes)

F i g u r e  3.2:  S u r v i v a l  T i me  P r o b a b i l i t y  D i s t r i b u t i o n  f u n c t i o n  for  Yen 
C u r r e n c y  M a r k e t  d a t a  b e t w e e n  1989 and 1998.  The  r e l a t i v e  e r ro r  for  the 
e x p o n e n t s  is a b o u t  0.1.
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C H A P T E R  4

S T O C A S T IC  D Y N A M I C A L  AGE NT S

4.1 Introduct ion
S o me  s t a t i s t i c a l  m o d e l s ,  such  as A R C H  and G A R C H  c an  g en e r a t e  

l e p t o k u r t i c  ( i .e.  h a v i n g  long  neck ,  t h i n  s h o u l d e r  and  fat  t a i l s )  p r o b a b i l i t y  
d i s t r i b u t i o n s  [3],  but  t he y  use  s eve r a l  p a r a m e t e r s  tha t  l a ck  o f  a c l ea r  
c o n n e c t i o n  w i t h  the  u n d e r l i n g  m i c r o s c o p i c  s t r uc t u r e .  In t h i s  c h a p t e r  we 
wi l l  dea l  w i t h  ‘m e s o s c o p i c ’ agen t s ,  each  o f  w h i c h  is s ub j e c t  to spec i f i c  
f o r ces  and  r a n d o m  f lu c t ua t i on s .  Thi s  a l l ows  us to g e n e r a t e  fat  t a i l ed  
d i s t r i b u t i o n s  d e p e n d i n g  on f ew p a r a m e t e r s  h a v i n g  a m o r e  i n t u i t i ve  
m e a n i n g  at  a ‘m e s o s c o p i c ’ l evel .

4.2 Genera l i zed  Lotka-Volterra (GLV) Mode ls
In the  90s ,  So r i n  S o l o m o n  and  c o - w o r k e r s  i n t r o d u c e d  the G e n e r a l i z e d  

L o t k a - V o l t e r r a  ( G L V )  mo d e l s .  Th e s e  g e n e r a l i z e  t he  L o g i s t i c  e q u a t i on

0){t-\-\) = pco{t){\-co{t)) p,co&''y\^ (4 .1)

Wh er e  p  d e n o t e s  a c o n s t a n t  p a r a m e t e r  and  is a f u n c t i o n  o f  t i me .
Th e y  a s s u m e  tha t  the  q u an t i t y  co a bove  ( t ha t  f rom th i s  t i me  f o r w a r d  we 

wi l l  cal l  w e a l t h )  is g i ve n  by the  c o n t r i b u t i o n  o f  m a n y  a g en t s ,  w h e r e b y  
i n d i v i d u a l  w ea l t h  c h a n g e s  are due  to c hanc e ,  c o o p e r a t i o n  and  c o m p e t i t i o n  
wi t h  o th e r  a g e n t s [  1 0] [44] .

The  m o s t  g en e r a l  e x p r e s s i o n  o f  G L V  is g i ve n  by

CO, (/ +1) = [1 + X(t)]co, it) + Y ,  (0 -  Z  “  Z  • 2)
7 = 1  7=1  7= 1
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( 4 . 3 )

w h e r e  i is a n  i n t e g e r  c h o s e n  r a n d o m l y  in t he  r a n g e  1 < / < TV, a t  e a c h  
t i m e  s t e p  t, w h e r e  A{t)  a r e  i d e n t i c a l  i n d e p e n d e n t  v a r i a b l e s  d r a w n  f r o m  a

g i v e n  d i s t r i b u t i o n  Y[{X) , w h i c h  d o e s  n o t  d e p e n d  o n  i a n d  t; a^j  a n d  c, ^

a r e  c o n s t a n t .
T h e  f i r s t  t e r m  on  t h e  r i g h t  h a n d  s i d e  o f  Eq .  ( 4 . 2 ) ,  d e s c r i b e s  t he  e f f e c t  

o f  s t o c h a s t i c  f a c t o r s  at  t he  i n d i v i d u a l  l eve l .  In an  e c o l o g i c a l  s y s t e m  t h i s  
t e r m  r e p r e s e n t s  v a r i a t i o n s  in t h e  p o p u l a t i o n  o f  a g i v e n  s p e c i e s  ( b i r t h s  a n d  
d e a t h s  a f f e c t e d  b y  e x t e r n a l  c o n d i t i o n s  b u t  no t  a f f e c t e d  by  t h e  i n t e r a c t i o n  
w i t h  o t h e r  s p e c i e s ) .  In a s t o c k  m a r k e t ,  it r e p r e s e n t s  t h e  i n c r e a s e  ( o r  
d e c r e a s e )  by  a r a n d o m  f a c t o r  X { t ) o i  t h e  c a p i t a l  o f  t h e  i n v e s t o r / ,  b e t w e e n  

t h e  t i m e  t a n d  / + 1 .
T h e  s e c o n d  a n d  t h e  t h i r d  t e r m s  a r e  c a l l e d  a u t o - c a t a l y t i c  t e r m s .  In an 

e c o l o g i c a l  s y s t e m ,  t he  s e c o n d  t e r m  r e p r e s e n t s  t h e  d e p e n d e n c e  o f  
p o p u l a t i o n  / on  t h e  a v a i l a b i l i t y  o f  f o o d ,  in t he  f o r m  o f  p o p u l a t i o n  j .  T h e  
t h i r d  t e r m  r e p r e s e n t s  t he  f a c t  t h a t  p o p u l a t i o n  i i t s e l f  m a y  be  t he  f o o d  o f  
s o m e  o t h e r  s p e c i e s .  In an  e c o n o m i c  s y s t e m  t he  s e c o n d  a n d  t h i r d  t e r m s  
r e p r e s e n t  t r a d e  b e t w e e n  i n v e s t o r s  or  f i r m s  i a n d  j ,  s u c h  as  b u y i n g  a n d  
s e l l i n g ,  r e s p e c t i v e l y .

T h e  f o u r t h  t e r m  in Eq.  ( 4 . 2 ) ,  d e s c r i b e s  s a t u r a t i o n  e f f e c t s  d u e  to t he  
c o m p e t i t i o n  f o r  l i m i t e d  r e s o u r c e s .  In an e c o l o g i c a l  m o d e l ,  t h a t  t e r m  
i m p l i e s  t h a t  l a r g e  p o p u l a t i o n s  t e n d  to e x h a u s t  t he  a v a i l a b l e  r e s o u r c e s  
t h e y  d e p e n d  on .  In an  e c o n o m i c  s y s t e m ,  t h i s  t e r m  is r e l a t e d  to t he  
s a t u r a t i o n ,  d u e  t o  t h e  f i na l  s i z e  o f  t he  e c o n o m y .

A s i m p l e r  v e r s i o n  o f  t h i s  m o d e l  is b a s e d  on  t h e  e q u a t i o n s :

«,(r + l) = [l + A(OM(0 + « «} {t)-C{co^,...co^,t)coXt) ( 4 . 4 )

( 4 . 5 )
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w h e r e  C(<y,,. . .«„, / )  is a g e n e r a l  f u n c t i o n  o f  t he  co^( t ) ' s  t h a t  i n c l u d e s  an  

e x p l i c i t  t i m e  d e p e n d e n c e :

CO ( 4 . 6 )

I n t r o d u c i n g  a se t  o f  n o r m a l i z e d  v a r i a b l e s

^,(0 
a  (0

( 4 . 7 )

a n d ,  u s i n g  a m e a n - f i e l d  a p p r o x i m a t i o n ,  Eq .  ( 4 . 2 )  c a n  be  c o u c h e d  in 
t e r m s  o f  a g e n e r a l i z e d  L a n g e v i n  E q u a t i o n .  T h i s  a l l o w e d  P e t e r  R i c h m o n d  
( 2 0 0 0 )  t o  w o r k  o u t  a n a l y t i c a l l y  a v e r y  i m p o r t a n t  f e a t u r e  o f  G L V  m o d e l s :  
t h e y  a s y m p t o t i c a l l y  l e a d  to p o w e r  l a w  t a i l e d  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n s .  [44]

P( x)  oc X ' “ exp
l - a

( 4 . 8 )

w h e r e  a  = \ + 2 ci/ [d  + a^ )  a n d  D  is t he  v a r i a n c e  o f  A{ l ) . T h i s  is c o n s i s t e n t  

w i t h  t h e  d i s t r i b u t i o n  o f  t he  d a t a  o b t a i n e d  t h r o u g h  s i m u l a t i n g  t he  s y s t e m  
d e s c r i b e d  by  t h e  ( d i s c r e t e )  e q u a t i o n  ( 4 . 4 )  a n d  ( 4 . 5 ) .

4.3 Peer  pressure and di f fus ion
W e  c o n s i d e r  n o w  a o n e - d i m e n s i o n a l  d i f f u s i o n  m o d e l  c h a r a c t e r i z e d  b y  a 

d r i f t  t e r m  o r i g i n a t i n g  f r o m  a k i n d  o f  “ p e e r  p r e s s u r e ” t h a t  e a c h  p a r t i c l e  
f e e l s  d e p e n d i n g  o n  i ts  p o s i t i o n  a n d  f u n c t i o n a l l y  d e p e n d e n t  on  t he  
p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n .
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T h er e  is an i n t e r a c t i o n  b e t w e e n  the w a l k e r s ,  w h i c h  l eads  to a dr i f t  or  a 
b i a s  t e r m  w h i c h  o p p o s e s  the d i f f u s i o n  s p r e a d i n g  and  p r o m o t e s  
a g g r e g a t i o n .  The  bas i c  idea  is tha t  a w a l k e r  p e r c e i v e s  the p o p u l a t i o n s  o f  
o th e r  w a l k e r s ,  o ve r  a c e r t a i n  r ange ,  bo t h  r i gh t  and  lef t  o f  he r  o wn  
l o c a t i o n  and  has  a dr i f t  in the  mo r e  c r o w d e d  d i r ec t i on .

E x a m p l e s  in w h i c h  a g g r e g a t i o n  p r o c e s s e s  c o m p e t e  w i t h  d i f f u s i o n  
p r o c e s s  are:

The  i de a  can  be e n c a p s u l a t e d  in a non  l i nea r  e q u a t i on ,  p r o p o s e d  by 
Ma r s i l i  [45]

w h e r e  P(x, t )  is the d i s t r i b u t i o n  o f  the l o c a t i o ns  o f  p a r t i c l e s  at  t i me  t 

w i t h  a dr i f t  v e l oc i t y :

• I n s ec t s  ( c h e m o t a c t i c  s i gna l s )
• Ch a r i t y
• S t ock  p r i ce  m o v e m e n t s
• I nv e s t o r s  in a m a r k e t

(4 .9)

v(x t) =
2 O,(x ,/)  + O_(x,0

(4 . 10 )

w h e r e

00

( 4 . 11 )
JC

X

(4 .12)
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are the m e a s u r e  o f  p o p u l a t i o n  w i t h i n  a r ange

I f  ^ - > 0  or  /I —>• 0 we f ind the  us ua l  d i f f u s i o n  e q u a t i o n  o f  b r o w n i a n  

mo t ion .

Tak i ng :

^ 2D
g  = 0 , + 0 _  ( 4 . 13)

n = cD̂ -o_

Q and n  can  be seen  as c o n j u g a t e  H a m i l t o n i a n  v a r i a b l e s  o f  a s y s t e m 
where :

/ / ( n , 0  = ^  + F ( 0  ( 4 . 14 )

is the  H a m i l t o n i a n

(1^ i r
= + ( 4 . 15)

\ + r

is t he  p o t e n t i a l  and wh e r e  the  ini t i a l  spa t i a l  c o o r d i n a t e  x p l a y s  the  role  
o f  t ime.

The  s t e a dy  s o l u t i on  is s t r o ng ly  d e p e n d e n t  on the  p a r a m e t e r  r.

I f  r <1 the  o n l y  s o l u t i on  ( p h y s i c a l l y  a c c e p t a b l e )  is/*j(x) = 0.  T h e r e f o r e

the  p ro b a b i l i t y  d e n s i t y  s p r e a d s  ou t  and v a n i s h es  as in s t a n da r d  d i f f u s i on .  
For  r > l  the s t e a d y  s o l u t i on  has  the  fo rm

p {̂x) = /^(r)cosh r - \  , .----(X-Xfl)
2  ̂ .

-2r l(r - \ )

( 4 . 16 )
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w h e r e  A(r)  is a qu i t e  c o m p l i c a t e d  f un c t i on  o f  r .
A t  r = l  t he r e  is a n on - t r i v i a l  c h a n g e  o f  b e h a v i o u r ,  c o r r e s p o n d i n g  to a 

p r o p e r  p h a s e  t r a n s i t i o n  ( a c c o m p a n i e d  by a s p o n t a n e o u s  b r e a k i n g  o f  the 
t r a n s l a t i o n  s ym m e t r y ) .

T h e  c en t r e  o f  the s t e a dy  d i s t r i b u t i o n  d e p e n d s  ( in a c o m p l i c a t e d  
m a n n e r )  on  the  in i t i a l  c o nd i t i o n s

O n e  can  a l so d e f i n e  a k i nd  o f  “ l o c a l i z a t i on  l e n g t h ” I w h i c h  d i v e r g e s  as

^ = | l - r |  ' an d  m e a s u r e s  the s p re a d  o f  the  p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n .

4.4 Peer pressure  ef fects  in Genera l i zed  L otk a-V oi t erra  
Model s .

C o n s i d e r  a s i m p l e  t ype  o f  a g e n t  m o d e l  c o n s i s t i n g  o f  a set  {i} o f  agen t s ,  
e a c h  o f  w h i c h  can  have  an i n t r i n s i c  a t t r i bu t e ,  x,. Th i s  c ou l d  be 
p r o p o r t i o n a l  to the f i nanc i a l  h e a l t h  or  w e a l t h  o f  the agent .  N o w  a s s u m e  
t h a t  th i s  g i ves  r i se  to s ome  k i nd  o f  pee r  p r e s s u r e  or  a force  t ha t  t e n d s  to 
m a k e  ‘p e o p l e  k e e p  up wi th  the  J o n e s ’ as they  say in the  UK.  S u c h  a fo r ce  
o f  i n t e r a c t i on  /(x, -xy) b e t w e e n  the d i f f e r e n t  a g en t s  is s i m i l a r  to t ha t  
b e t w e e n  m o l e c u l e s  i n t e r a c t i ng  v i a  an i n t e r - pa r t i c l e  p o t e n t i a l .  The  
s t r e n g t h  o f  th i s  k i nd  o f  ‘ s o c i a l ’ f o rce ,  as has  b ee n  p o i n t e d  ou t  by for  
e x a m p l e ,  K r a w i e c k i ,  Ho l ys t  and H e l b i n g  [26] ,  is no t  d e p e n d e n t  on spa t i a l  
n e i g h b o u r h o o d ;  r a t h e r  its o r i g i n  l ies  in c o m m u n i c a t i o n  b e t w e e n  agen t s .  
T h e  s pa t i a l  t o p o l o g y  o f  a g e n t s  ma y  be c o n s i d e r e d  to be u n i m p o r t a n t .  The  
s i m p l e s t  t ype  o f  pee r  p r e s s u r e  is i n t r o d u c e d  by a s s u m i n g

f { X , - X , )  = - f { X ^ - X ^ )  ( 4 . 17 )

The  p e e r  p r e s s u r e  force  has  not  on l y  a m a g n i t u d e  bu t  a l so  a d i r e c t i o n  
d e p e n d i n g  on w h e t h e r  the  a r g u m e n t ,  x,  is p o s i t i ve  or  neg a t i v e .

N o w  a s s u m e  the  a g e n t  d y n a m i c s  can  be c a p t u r e d  by the f o l l o w i n g  set  
o f  L a n g e v i n  e qua t i ons :
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^  = ( 4 . 18 )
at j

The  s t o c h a s t i c  t e rms ,  are  d e f in e d  as:

(^, (0^,  (/' )) = -  r '); (^, (/)) = 0 (4 .19)

We n ow  c o m p u t e  the m a n y  a g e n t  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n

P^(x , 0  = ( | n c 5 [ X , ( 0 - x , ] | )  ( 4 . 20 )

A s t a n da r d  c a l c u l a t i o n  gives :

A c c o r d i n g  to R i c h m o n d  [56] ,  we ma y  r ed u c e  the N  c o o r d i n a t e  
r e p r e s e n t a t i o n .  Th i s  y i e l ds  a h i e r a r c h y  o f  e q u a t i o n s  o f  a g en t  p r o b a b i l i t y  
d i s t r i b u t i o n  func t i ons :

d P ^ ^ D d 2 P ^ _ ^
dt 2 ax'  cbc J / 2v , I /

C l e a r l y  a s o l u t i on  is on l y  p os s i b l e  i f  we have  a r o u t e  to t r u n c a t i n g  thi s  
i n f i n i t e  h i e r a r c h y  o f  c o u p l e d  e q u a t i o n s .  The  s i m p l e s t  way  f o r w a r d  is to 
a s s u m e  a m e a n  f i e ld  a p p r o x i m a t i o n :

P ^ { x , x ' \ t ) ^  P,{x\ t )P,{x' \ t )  ( 4 . 23 )

D r o p p i n g  the  su f f i x  w h e n  N= \  we  ob t a i n
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( 4 . 24 )
dt 2 dx^ dx

The  m e a n  f i e ld  fo r ce  is g i ve n  by:

(j){x\t)= \ d x ' f { x - x ' ) P { x ' \ t )  ( 4 .25)

N o w  c o n s i d e r  the  a gen t  pa i r  f o r ce  / ( x ) ,  h a v i n g  a d i r e c t i o n a l  c h a r a c t e r .  
C l e a r l y  a n u m b e r  o f  f u n c t i on s  fi t  th i s  form.  A p a r t i c u l a r l y  s imp l e  c h o i ce  
is [ 55] [56] :

f  (x) = X > 0
 ̂ ( 4 .26)

/ (x) = X < 0

I f  a  > 0, we see  tha t  a gen t s  wi t h  a t t r i bu t e  Xj < x, are  a t t r a c t e d  to a gen t
i. E q u a l l y  a g e n t s  w i t h  a t t r i b u t e  Xj > X, c h o os e  to a vo i d  a g en t  i. Th i s
m i m i c s  a k ind  o f  ‘k e e p i n g  up wi t h  J o n e s ’ soc i a l  force .

Thi s  n ow  l eads  to t he  e x p r e s s i o n :

00 X

^ { x \ t )  = a \ d x ' P { x ' \ t ) - a  \ d x ' ^ ( x ' | /) ( 4 . 27)
X  -00

Thi s  f o rm p r o ve s  use fu l  in i l l u s t r a t i n g  the l ink to the L o t k a - V o l t e r r a  
a p p r o a c h  d e v e l o p e d  by S o l o m o n  and c o - w o r k e r s  [47] .

U s i ng  our  p a r t i c u l a r  c h o i ce  o f  force  d e f i n e d  in e q u a t i o n  ( 4 . 26 ) ,  we 
i n t r o d u c e  the c h a n g e  o f  va r i a b l e :

( 4 . 28 )

U s i ng  the  t h e o r e m  o f  I to the  s t o c h a s t i c  e q u a t i on  for  ou r  n e w  v a r i a b l e  
Wi d e f i n e d  in ( 4 . 28 )  is:
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W , < W ,  W : > W .  ^  ^)  ' I I )

N o t e  t ha t  n o w  the  s t o c h as t i c  f u n c t i on  s^{t) t a kes  on l y  p o s i t i v e  v a l ue s

and  t he  a d d i t i o n a l  t e rm D  ma y  be a b s o r b e d  w i t h i n  the  m e a n  v a l ue  o f  thi s  
s t o c h a s t i c  func t i on .

We r e f e r  to ( 4 . 29 )  as G L V P P  ( G e n e r a l i s e d  L o t k a - V o l t e r r a  w i t h  Pee r  
P r e s su re ) .  No t e  t ha t  t hey  are e x ac t  c o n s e q u e n c e s  o f  i n t r o d u c i n g  the 
s p ec i f i c  f o r ce  ( 4 . 26 )  into  the ini t i a l  L a n g e v i n  d y n a m i c s  d e f i n e d  by 
e q u a t i o n s  (4 .18) .  No  m e a n  f i e ld  a p p r o x i m a t i o n  has  been  u s ed  to r eac h  
th i s  po i n t .  For  l a rge  v a l ues  o f w , ,  the t h i rd  t e rm on the RHS o f  e q u a t i on  

( 4 . 1 9 )  ma y  be n e g l e c t e d .  E q u a l l y  the  s um o ve r  w^<w-  ma y  be e x t e n d e d  

o v e r  al lw^.  As  a r e su l t  e q u a t i on  (4 .19)  r e d u ce s  e s s en t i a l l y  to the

g e n e r a l i s e d  L o t k a - V o l t e r r a  e q u a t i o n s  p r o p o s e d  by S o l o m o n  for  we a l t h  
d y n a m i c s .  T h e s e  l a t t e r  e q u a t i o n s  have  been  s o lv ed  u s i n g  b o t h  a me a n  
f i e ld  a p p r o a c h  and  e x a c t  n u me r i c a l  m e t h o d s .  Bo t h  a p p r o a c h e s  s h o w  tha t  
t he  d i s t r i b u t i o n  o f  we a l t h ,  w,  d i s p l a y s  a p o w e r  l aw or  fat  ta i l  [24] .

The  c o m p a r i s o n  b e t w e e n  our  s i mp l e  p ee r  p r e s s u r e  mo d e l  and  the  G LV 
m o d e l  o f  S o l o m o n  is s h o w n  in F i g u r e  4.1.  The  po i n t s  are c o m p u t e d  f rom 
the  L a n g e v i n  e q u a t i o n  not  the  m e a n  f i e ld  t h e o r y  so is an e x a c t  s o l u t i on .  
C l e a r l y  the  d i f f e r e n c e  for  the  p a r a m e t e r s  used  is m i n i m a l  [25] .  Fo r  bo t h  
m o d e l s  we f ind  a p o w e r - l a w  tai l  w i t h  an e x p o n e n t  b e t w e e n  1.3 and  1.6,  
c o m p a t i b l e  w i t h  the  e x p o n e n t  o f  the w e a l t h  d i s t r i b u t i o n s  o f  m a ny  
i n d u s t r i a l i z e d  cou n t r i e s .
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100

power exponent=1.30-1.60

1.01
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B :oi ■3u
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Wealth / Average Wealth

F i g u r e  4.1:  G L V P P  vs.  G LV.  The  cu r ve  d i s p l a y s  the c u m u l a t i v e  
p r o b a b i l i t y  d en s i t y  ( the p r o b a b i l i t y  o f  f i n d i ng  a r a t i o  W e a l t h / A v e r a g e  
W e a l t h  l a rge r  t h a n  the va l ue  r e p o r t e d  on the x - a x e s ) o f  the d a t a  o b t a i n e d  
b o t h  G L V P P  ( b l ac k )  and  G L V  ( g rey )  m o d e l s ,  w i t h  the  f o l l o w i n g  

p a r a m e t e r  cho i ce :  c=0,  a N = 0 . 00 0 2 3 ,  D = 0 . 000 8 3 ,  ^ 1 = ^ 2 = 1 .  10 s amp l es  
e a c h  m a d e  o f  1000 agen t s  have  been  s tud i ed .  The  s t r a i gh t  l i nes  (b l ac k-  
g r ey )  f i t t i ng  the  t a i l s  in the  l o g - l o g  p lo t  s ho w  tha t  t h e y  e x h i b i t  a p o w e r -  
l aw b e h a v i o u r  w i t h  e x p o n e n t  b e t w e e n  1.3 and 1.6.  T h e  r e l a t i v e  e r ro r  for  
e a c h  d a t a  po i n t  is a bou t  5%.  The  e r ro r  bar s  a re  o f  the  s am e  s i ze  as the 
p o i n t - m a r k e r s  in the  graph .
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CHAPTER 5

CELLULAR AUTOMATA, PERCOLATION AND THE  
SZNAJD MODEL

5.1 Introduction

5.1.1 C e l l u l a r  A u t o m a t a
C e l l u l a r  a u t o m a t a  are i d e a l i z a t i on s  o f  p hy s i c a l  s y s t e m s  in w h i c h  al l  the 

r e l e v a n t  ‘p h y s i c a l ’ q u a n t i t i e s  ( i n c l u d i n g  space  and  t i me)  are  d i s c r e t e .
A t y p i ca l  c e l l u l a r  a u t o m a t o n  c on s i s t s  o f  a r e g u l a r  u n i f o r m  la t t i ce  (or  

‘a r r a y ’) in w h i c h ,  at each  t i me  s t ep,  e ac h  si te is c h a r a c t e r i s e d  by one  set  
o f  (one  or  mo r e )  d i s c r e t e  va r i a b l e s .

The  t i me  e v o l u t i o n  h a p p e n s  t h r o u g h  u p d a t i n g  the  v a r i a b l e s  at  e ac h  si te.  
The  v a r i a b l e s  at one  si te are a f f e c t ed  by the v a l ue s  o f  v a r i a b l e s  at s i t es  in 
i ts " n e i g h b o r h o o d "  on the p r e v i o u s  t i me  s tep.  The  n e i g h b o r h o o d  o f  a s i te  
is t y p i c a l l y  t a k e n  to be the s i te  i t s e l f  and all  i m m e d i a t e l y  a d j a c e n t  s i tes .  
The  v a r i a b l e s  at each  s i te  are u p d a t e d  s i m u l t a n e o u s l y  ( " s y n c h r o n o u s l y " ) ,  
b as ed  on  the v a l u e s  o f  the  v a r i a b l e s  in t he i r  n e i g h b o r h o o d  at the 
p r e c e d i n g  t i me  s t ep ,  and a c c o r d i n g  to a de f in i t e  set  o f  ‘ local  r u l e s . ’

C e l l u l a r  a u t o m a t a  [43] we r e  o r i g i na l l y  i n t r o d u c e d  by von  N e u m a n n  and 
U l a m  ( un d e r  the  n a me  o f  " c e l l u l a r  s p a c e s " )  in 1963-6  as a p os s i b l e  
i d e a l i z a t i o n  o f  b io l og i c a l  s y s t e m s ,  wi t h  the  p a r t i c u l a r  p u r p o s e  o f  
m o d e l l i n g  b i o l o g i c a l  s e l f - r e p r o d uc t i o n .  T h ey  h a v e  b e e n  a p p l i e d  and  
r e i n t r o d u c e d  for  a wi de  v a r i e ty  o f  p u r p o s e s ,  and  r e f e r r e d  to by  a v a r i e t y  
o f  n a m e s ,  i n c l u d i n g  " t e s s e l l a t i o n  a u t o m a t a , "  " h o m o g e n e o u s  s t r u c t u r e s , "  
" c e l l u l a r  s t r u c t u r e s , "  " t e s s e l l a t i o n  s t r uc t u r e s , "  and  " i t e r a t i v e  a r r a y s . "

In p h y s i c s  m a n y  s y s t e ms  ma y  be eas i l y  r e p r e s e n t e d  in t e rm s  o f  c e l l u l a r  
a u t o m a t a .  A p a r a d i g m a t i c  case  is g i ve n  by the I s ing  M o d e l  [53]  (an 
e l e m e n t a r y  f o r m o f  c e l lu l a r  a u t o ma t a ) .
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5 . 1 . 2  C o n s e n s u s  Mo d e l s
S i m p l e  c e l l u l a r  a u t o m a t o n  b a s ed  mo d e l s ,  s uch  as t he  I s i ng  or  Po t t s  

m o d e l s ,  are u s e f u l  not  on l y  to u n d e r s t a n d  p h y s i c a l  p h e n o m e n a  s uch  as 
f e r r o m a g n e t i s m  [53] ,  bu t  a l so  to s t udy  the  e f f ec t  o f  i n t e r a c t i o n s  b e t w e e n  
h u m a n  b e i ng s  in a soc i e t y .  Th i s  ma y  cas t  l i ght  on the  wa y  o p i n i o n s  or  
b e h a v i o u r s  s p r ead  t h r o u g h o u t  soc i e t y .

In m a n y  soc i a l  s ys t ems ,  a g e n t  i n t e r ac t i o n  is local  or  s ho r t  r an g e d .  In 
s p i t e  o f  thi s ,  u n d e r  ce r t a i n  c o n d i t i o ns ,  the  ‘s t a t e ’ o f  an a g e n t  ma y  s p r ea d  
t h r o u g h  the s y s t e m  and b e c o m e  the ‘s t a t e ’ o f  the  s y s t em.  The  w o r d  
‘s t a t e ’ is ve ry  g e n e r i c  and  ma y  me an :  o p i n i o n ,  a t t i t ude ,  b eh a v i o u r ,  
a c t i on ,  i n f e c t i o n ,  etc,  d e p e n d i n g  on the s pec i f i c  case .  We  wi l l  r e f e r  to 
m o d e l s  d e s c r i b i n g  th i s  s p r e a d i n g  p r o c e s s  as ‘C o n s e n s u s  M o d e l s ’ , s i nce  
t he y  m a y  d e s c r i b e  the p r oc e s s  t h r o u g h  w h i c h  a s oc i e t y  in w h i c h  i n i t i a l l y  
d i f f e r e n t  o p i n i o n s  are p r e s en t  m a y  end  up wi t h  u p h o l d i n g  a s i ng l e  
o p i n i o n  (or  j u s t  f e w  o f  t hem) .

5 . 1 . 3  P e r c o l a t i o n  t heory
T h e  o p i n i o n  s p r e a d i n g  p r oc e s s  w i t h i n  a s oc i e t y  m a y  be d e s c r i b e d  as a 

p e r c o l a t i o n  p r o c e s s  [36] [57].
C o n s i d e r  a r e g u l a r  ( / - d i mens i ona l  l a t t i ce  w h o s e  e d g es  are  p r e s e n t  wi th  

p r o b a b i l i t y  p  and  a b s en t  w i t h  p r o b a b i l i t y  \ - p  or ,  a l t e r n a t i v e l y ,  a l a t t i ce  in 
w h i c h  al l  b on d s  are  p r es e n t  and  a node  ma y  be o c c u p i e d  wi t h  p r o b a b i l i t y  

P-
P e r c o l a t i o n  t h e o r y  s t ud i e s  the  e m e r g e n c e  o f  p a t hs  tha t  p e r c o l a t e  the 

l a t t i c e  ( s t a r t i ng  at one  s ide  and  e n d i n g  at the o p p o s i t e  s ide) .
A t yp i ca l  f e a t u r e  is the e x i s t e n c e  o f  a c r i t i ca l  va l ue  o f  p ,  c a l l e d  the 

p e r c o l a t i o n  t h r e s ho l d .  For  p  v a l ue s  belowp^. ,  on l y  f ew c o n n e c t i o n s  are 

p r e s e n t ,  t hus  on l y  smal l  c l u s t e r s  o f  n o d es  c o n n e c t e d  by e d g e s  can  form.  
F o r  p v a l ue s  a b o ve  p^, a p e r c o l a t i n g  c l us t e r  o f  n o d e s  c o n n e c t e d  by edges  

a p pe a r s .  Thi s  c l u s t e r  is ca l l ed  i n f i n i t e  c l us t e r ,  s i nce  its s ize  d i v e r ge s  as 
the  s i ze  o f  the  l a t t i ce  i nc r e a se s .

Q u a n t i t i e s  o f  i n t e r e s t  in p e r c o l a t i o n  are:
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• The  p e r c o l a t i o n  p r o ba b i l i t y ,  P,  d e n o t i n g  the p r o b a b i l i t y  tha t  
a g iv e n  no d e s  b e l o n g s  to the  i n f i n i t e  c lus t e r :

/ > = P ^ ( | C |  =  c o ) = l - X / > , ( | C |  =  i )  ( 5 . 1 )
. v < 0 0

w h e r e  / ’̂ (|C| = 5) d e n o t e s  the p ro b a b i l i t y  t ha t  the  c l u s t e r  at  the 

o r i g i n  has  s ize  s.

• The  a v e r a g e  c l us t e r  s ize  (5) ,  de f i n e d  as

00

W  =  £ , ( |C |)  =  |; i/> ^ { |C | =  s )  (5.2)
i=i

and  g i ves  the  e x p e c t a t i o n  va l ue  o f  c l us t e r  s izes .
For  P>0,  (5) is in f in i t e .
In th i s  case  is u s e f u l  to c o n s i d e r  the a v e r a g e  s i ze  o f  f in i t e

c l us t e r s  by t a k i n g  a w a y  f rom the s y s t e m  the  i n f i n i t e  c l us t e r :

{sY = £ , ( |c | , i d  < 0 0) = = s) (5.3)
5<00

• The  c l us t e r  s ize  d i s t r i b u t i o n ,  ,d e f i n e d  as the p r o b a b i l i t y  o f  

a n od e  b e i n g  the  left  h a nd  end  o f  a c l u s t e r  o f  s i ze  s,

= ;^ p (|C | = 5) (5 .4)

does  not  c o i n c i d e  wi t h  the  p r ob a b i l i t y  t ha t  a n od e  is pa r t  o f  a 

c l u s t e r  o f  s ize  s . By f i x i ng  the  p o s i t i on  o f  the  n ode  in the  c l u s t e r  
(at  the lef t  h a n d  end  o f  the  c l us t e r ) ,  we are  c h o o s i n g  one  o f  the  s
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p os s i b l e  n o de s  o f  the c l us t e r ,  r e f l e c t e d  in the d i v i s i o n  o f  / ’̂ (|C| = 5)

by s, and c o u n t i n g  e ve r y  c l us t e r  on l y  o n c e  ( l o o s e l y  s p e a k i n g  i t ’s 
l i ke  to t ake  al l  the c l us t e r s  o f  s ize  s c o n t a i n i n g  a g i v e n  poin t ,  
d i v i de  t h e m into s c l a s s e s  d e f in e d  by the p os i t i o n  o f  t ha t  po i n t  
( f r o m the  lef t  ha nd  end to the r i gh t  h a nd  end)  and  t a ke  on l y  the 
f i rs t .  Th i s  g i ves  a q u a n t i t y  p r o p o r t i o n a l  to the  n u m b e r  o f  c l u s t e r s  
o f  s ize  s).

G e n e r a l  r e su l t s  f r om the p e r c o l a t i o n  t h e o r y  are:

In the  s u b - c r i t i c a l  p h a s e  (p < )

The  p ro b a b i l i t y  for  a c l us t e r  o f  h a v i n g  s ize  s is g i v e n  by:

P^(|C| =  5) oc 5 ->  CO ( 5 . 5 )

for

( 5 . 6 )

U =

Ua \ p )  - >  00  as  / ? —> 0 0

In the  s u p e r - c r i t i c a l  p h a s e  (p > p j

A c c o r d i n g  to the  p r in c i p l e  an s a t z  o f  p e r c o l a t i o n  t h e o r y  ( and  to 
t he  r esu l t s  so far  o u t l i n e d ) ,  the mo s t  ge ne r a l  e x p r e s s i o n  for  the 
c l u s t e r  s ize  d i s t r i b u t i o n  can  be w r i t t en  as:

nX p )
s'V-\\P-P.

s~VA\p-Pc

1/- as

as

P^Pc

P ^ P c
( 5 .7 )

58



CHAPTER 5. CELLULAR AUTOMATA, PERCOLATION AND THE SZNAJD MODEL

where  r and c  are crit ical  exponents;  / l ( x ) c c e  and 

/ J x )  cc ^  ; x » l .

A second ansatz is that the correlation length d iverges  near the 
perco lat ion  threshold  f o l l o w in g  a power law:

i(p)'^\p-pS'  ( 5-8)

for p ^ p .

The correlat ion length.^ and the characteris t ic  s ize  for the

exponent ia l  c u t -o f f  ( i .e .  the maxim um s ize  that contribute
s ign i f ic an t ly  to cluster averages)  are related by a power law:

!/
5.  oc (5 .9 )

F o l lo w s  that the percolat ion  probabil i ty  is g iven  by:

p (p ) A p - p X  ; P - —  (5 -10)

and the average  s ize  o f  f ini te clusters  obeys:

{sY ( 5 . 11)

3 -  r
with y  = -------

<7

A lso ,  b e lo w  the cri t ical  threshold,  clusters  are fractals  s ince  
their s ize does  not sca le  as their radius to the d-ih. power,  but as
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s { r ) c c r ‘̂  ̂ ( d ^  = \ / a v ) .  A b o v e  the  c r i t i ca l  t h r e s h o l d  c l us t e r s  

b e c o m e  n o r m a l  t / - d i me n s i on a l  ob j ec t s .

' - I  '

f ^ a r l  S. 

tn L -

p=0.315 p=0.525

F i g u r e  5.1.  An e x a m p l e  o f  b o n d  p e r c o l a t i on .
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5.2 The Sznajd Model
In t h i s  c h a p t e r  we  wi l l  dea l  wi t h  the ,  so ca l l ed ,  S z n a j d  Mo d e l .  It t r i es  

to c a p t u r e  s ome  i mi t a t i v e  f e a t u r es  o f  h u m a n  soc i a l  b eh av i o u r .  In fact ,  it 
is we l l  u n d e r s t o o d ,  w i t h i n  h u m a n  s oc i e t i e s ,  t ha t  it is g e n e r a l l y  e a s i e r  to 
c h a n g e  s o m e o n e ' s  o p i n i o n  by a c t i n g  w i t h i n  g ro up s  t h a n  by  a c t i ng  a lone .  
Fo r  e x a m p l e ,  a s i ng l e  p e r s o n  s t o p p i n g  on the s t r ee t  and  s t a r i n g  at  the  sky 
is u s u a l l y  i g n o r e d  (or  p e r h a p s  c o n s i d e r e d  ecc e n t r i c ) .  H o w e v e r ,  i f  s eve ra l  
p e o p l e  s t a re  into the  sky,  t he y  r e a d i l y  i nduc e  o t h e r s  to do the  s ame.

E q u a l l y  it is not  u n us ua l  to c o me  a c r o s s  d o o r - t o - d o o r  s a l e  a g e n t s  
w o r k i n g  in c o u p l e s  r a t he r  t ha n  on an i n d i v i d u a l  bas i s .  In d e m o c r a t i c  
e l e c t o r a l  c a m p a i g n s ,  smal l  g r ou p s  ( t yp i ca l l y  c o u p l e s )  o f  p o l i t i c a l  pa r ty  
a c t i v i s t s  ma y  v i s i t ,  d o o r - t o - d o o r ,  po t e n t i a l  e l e c t o r s  and  s eek  to ga i n  t he i r  
vo t e s .  T r ad e  u n i o n  m o v e m e n t s  o f t en  t ry to c o o r d i n a t e  t h e i r  a c t i o n s  in 
o r d e r  to s t r e n g t h e n  the i r  p o s i t i o n  a ga i ns t  m a n a g e m e n t  t han  i f  e v e r y b o d y  
t r i e s  to n e g o t i a t e  it a lone .  The  u n d e r l y i n g  p r in c i p l e ,  in all  o f  the a bove -  
m e n t i o n e d  e x a m p l e s  ma y  be c a p t u r e d  by the f a m o u s  A b r a h a m  L i nc o l n ' s  
i n j un c t i on :  " Un i t e d  we s t and ,  d i v i de d  we fa l l " .  Th i s  p r i n c i p l e  was  
d e v e l o p e d  into a c o m p u t a t i o n a l  mo d e l  by Sz n a j d  [19] .

A s imp l e  v e r s i o n  o f  the S zna j d  m o d e l  ma y  be i m p l e m e n t e d  on a t wo-  
d i m e n s i o n a l  l a t t i ce  ( the  S z n a j d  m o d e l  was  o r i g i n a l l y  i m p l e m e n t e d  on  a 
o n e - d i m e n s i o n a l  l a t t i ce ,  bu t  for  ou r  p u r p os e s ,  the t w o - d i m e n s i o n a l  is the 
s i m p l e s t  non  t r i v i a l  v e r s i on ) .  E a c h  s i te ca r r i e s  a sp in ,  S, t ha t  m a y  be 
e i the r  up or  d own .  Th i s  r e p r e s e n t s  e i t he r  po s i t i ve  or  n e g a t i v e  o p i n i o n s  on 
any  q ue s t i on .  T w o  n e i g h b o u r i n g  pa r a l l e l  sp ins ,  r e p r e s e n t i n g  for  i n s t a n c e  
t wo  n e i g h b o u r i n g  p e o p l e  s ha r i n g  the s ame  o p i n i o n  in the  m o d e l ,  are  ab l e  
to c o n v i n c e  t h e i r  n e i g h b o u r s  o f  th i s  op i n i on .  I f  t h e s e  t wo  n e i g h b o u r s  are 
no t  pa r a l l e l  or  in s tep,  t he n  the y  have  no i n f l u e n c e  on t he i r  n e i g h b o u r s .  
A l l o w i n g  such  a s y s t e m to e v o l ve  f rom one  t i me  s t ep  to a n o t h e r  v i a  a 
r a n d o m  s e q u en t i a l  u p d a t i n g  m e c h a n i s m  a l wa y s  l e ads  to a c o m p l e t e  
o r i e n t a t i o n  o f  s p ins  af t e r  a s u f f i c i e n t l y  long  t i me  w h i c h  fo r  the  soc i a l  
s y s t em s  is a n a l o g o u s  to c o m p l e t e  c o n s e n s u s ,  p r o v i d e d  tha t  t he  in i t i a l  net  
o r i e n t a t i o n  o f  s p i n s  is g r e a t e r  t ha n  zero  [17].
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5.3 Sznajd Model  and Vote Di s tr ibut ions

I n t e r e s t i ng l y ,  the  d i s t r i b u t i o n  o f  vo t e s  o b t a in ed  f rom the s i m u l a t i o n  o f  
a m u l t i - d i m e n s i o n a l  Szna j d  M o d e l  ( in w h i c h  eac h  c a n d i d a t e  is a s s o c i a t e d  
to one  d i m e n s i o n ,  i .e.  a p os s i b l e  o p i n i o n )  on a cub i c  l a t t i ce  s h o w  a good  
a g r e e m e n t  wi t h  t ha t  o b t a i n e d  f rom the  r e su l t s  o f  t he  l oca l  B r az i l i a n  
e l ec t i on s .  B e r n a r d e s  & al. [34]  u s ed  a m o d i f i e d  v e r s i o n  o f  the S z n a j d  
m o d e l  in w h i c h  a pa i r  o f  n e i g h b o u r s  in a g r e e m e n t  c o n v i n c e s  i ts t en 
n e a r e s t  n e i g h b o u r s  to the s a me  op i n i on .  A c u b i c  l a t t i ce  o f  s ize  L><LxL 

r e p r e s e n t s  the set  o f  vo t e r s .  A n u m b e r  T V ,o f  c a n d i d a t e s ,  , is f i xed

in the  b e g i n n i n g  o f  the  s i mu l a t i on .  The  va l ue  n = \ , 2,  . . . , Â ,„, o f  a s i te

S  on  the  l a t t i ce  m e a n s  t ha t  th i s  vo t e r  p re f e r s  the  c a n d i d a t e  n. The  
i m p l e m e n t a t i o n  o f  the mo d e l  goes  t h r o u g h  two  s t ages .  F i r s t ,  t he  ini t i a l  
c o n d i t i o n s  are  p r o d u c e d  and,  a f t e r  tha t ,  the s i m u l a t i o n  o f  the  e l e c t o r a l  
c a m p a i g n  (on l y  v o t e r s  can  i n f l u e n ce  o t he r  vo t e r s )  is p e r f o r m e d .

As  in real  e l ec t i on s ,  the  c a n d i d a t e s  have  d i f f e r e n t  i n i t i a l  c h a n c e s  o f  
b e i ng  v o t e d  for  ( r e p r e s e n t i n g  mo r e  mo ne y  for  e l e c t o r a l  c a m p a i g n s ,  mo r e  
ini t i a l  v i s i b i l i t y  et c . ) .  Th i s  is m o d e l e d  by a p r o b a b i l i t y  o f  c o n v i n c i n g ,  

c a l c u l a t e d  f rom the l abel  n o f  the  c a n d i d a t e

K ’={>’/ N „ . y  ( 5 . 12 )

It m e a n s  tha t  the  h i g h e r  is the  l abel  n o f  a c a n d i d a t e ,  the h i g h e r  is the 
p r o b a b i l i t y  o f  c o n v i n c i n g  a vote r .

In t he  f i r s t  s t age ,  al l  t he  s i t es  have  va l ue  ze ro ,  m e a n i n g  t ha t  t he r e  are 
no c o m m i t t e d  vo te r s .  Th e n ,  all  t he  s i tes  are v i s i t ed  e x ac t l y  once ,  in 
r a n d o m  orde r .  For  e ac h  vi s i t ,  t he  vo t e r  is ‘ i n v i t e d ’ to a dop t  a c a n d i d a t e ,  
c h o s e n  at  r a n d om .  A r a n d om  n u m b e r  r is g e n e r a t e d  and  c o m p a r e d  with/*^..
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I f  r</*^the candida te  is accepted  by that  voter .  I f  the candida t e  convinces  

the voter ,  this voter  t r ies to convince  the ne ighbor ing  si tes.  Once  again,  a 
new r andom number  is ex t rac ted  and compared  wi th P̂ . I f  success ful ,  i.e.

r<P^, the voter  t r ies to convince  the ne ighborhood  as fol lows:  all the six

n e i ghbor i ng  si tes are checked;  for each that  has the same value  o f  the 
cand ida t e  chosen  before,  all the ten ne ighbour ing  si tes o f  this  bond of  
two si tes a ssume  the same value (as in the usual  Sznajd p rescr ip t ion) .  If  
nobody  has chosen  the same candida te ,  only the or ig inal ly  se lec ted voter  
is c ommi t t ed  to this  candidate .

In the second stage,  the usual  Sznajd process  is pe r formed:  going to 
r andom si tes on the lat t ice,  a ne ighbor ing  site is chosen  at r andom and if 
the two si tes  have the same value ( they prefer  the same candida t e ) ,  all 
the ten ne ighbor s  change in favor  o f  that  candidate .

The s imula t ion  resul t s  are compat ib l e  wi th the hyperbo l i c  law

N{v)a:\lv (5.13)

obser ved  in Brazi l i an  and Indian elect ions ,  in which  a f r ac t ion of
the total  n umber  o f  candida tes  have v votes  each.  Dev ia t i ons  f rom a 
s imple  power  law for both very large numbers  o f  votes  and very smal l  
number s  are observed.

In the same paper  a s imi lar  resul t  is obta ined s imula t ing  the model  on a 
sca le  free ne twork.

5.4 S y nc hr on ou s  updat ing  mechani sm
I f  the r andom sequent ia l  upda t ing  is rep laced  by a synchr onous  

upda t ing  me cha n i s m the poss ib i l i ty  o f  r eaching a consensus  is reduced 
qui te  d rama t i ca l l y  [18].

The i n t r oduc t ion  o f  a synchr onous  upda t ing  rule is j u s t i f i ed  when 
con t r ad i c t o ry  informat ion ,  that  has to be p rocessed  s imul t aneous ly ,  is
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p r e s e n t  and  w h e n  the  e f f ec t s  o f  a s i ng l e  i n t e r ac t i o n  ma y  last  for  a c e r t a i n  
t i me  and  con f l i c t  w i t h  the  e f f ec t s  o f  a s u b s e q u e n t  i n t e r a c t i on .

Th e  u p d a t i n g  is p e r f o r m e d  by go i ng  s y s t e m a t i c a l l y  t h r o u g h  the  l a t t i ce  
to f i nd  the  f i r s t  m e m b e r  o f  the  pa i r ,  t he n  c h o o s i n g  r a n d o m l y  the  s e c o nd  
m e m b e r  o f  t he  pa i r  w i t h i n  the  n e i g h b o r h o o d  o f  the  f i rs t .  H a v i n g  in th i s  
w a y  c o m p l e t e d  the  a s s e m b l y  o f  c o u p l e s ,  e a c h  a g e n t  t h e n  o r i en t s  
h e r / h i m s e l f  a c c o r d i n g  to he r /h i s  n e i g h b o u r s  at  t i me  s t ep  t . L i k e - m i n d e d  
c o u p l e s  wi l l  i nd u c e  the i r  n e i g h b o u r s  to t u rn  to the  s a me  s t a t e  ( op i n i on ) .  
H o w e v e r  a s i ng l e  agen t  ma y  o f t en  b e l on g ,  s i m u l t a n e o u s l y ,  to the 
n e i g h b o u r h o o d  o f  mo r e  t ha n  one  c o u p l e  ( o f  l i k e m i n d e d  age n t s ) .  In th i s  
cas e ,  i f  t he  c o u p l e s  have  d i f f e r e n t  o p in i o ns ,  s he / h e  d o e s n ' t  k n o w  w h a t  to 
do ( f r u s t r a t i on )  and ends  up d o i n g  n o th i ng ,  i .e.  s t i cks  w i t h  he r / h i s  
p r e v i o u s  op i n i on .  F r u s t r a t i o n  ma y  p r e v e n t  the  s y s t e m  f rom r e a c h i n g  to ta l  
c o n s e n s u s .

5.5 Memory
A f e a t u r e  o f  the  a gen t s  in the m o de l s  d i s c u s s e d  a b o v e  is t he  c o m p l e t e  

a b s e n c e  o f  m e mo r y .  The  pas t  p l a ys  no role.  We  n o w  a s s u m e  tha t  a gen t s  
are  e n d o w e d  wi t h  m e m o r y  [58] .  For  the sake  o f  s i mp l i c i t y ,  t he y  are  all 
t h o u g h t  to h a v e  the  s ame  m e m o r y  span  T  and u p d a t i n g  m e c h a n i s m  is 
s y n c h r o n o u s .  A g e n t s  are  keen  to c h a n ge  o p i n i o n  w h e n  in the 
n e i g h b o u r h o o d  o f  a l i k e - m i n d e d  cou p l e ,  as in the  m o d e l s  above .  An  agen t  
r e s o r t s  to he r /h i s  i n d i v i d u a l  h i s t o r y  w h e n  f r u s t r a t i on  occur s .  In t ha t  case ,  
the  n e w  s ta t e  t u r n s  out  to be the  mo s t  f r eq u en t  o f  h e r /h i s  o w n  T+1  mos t  
r e c e n t  {T  a c c o u n t s  for  the pas t ,  one for  the p r e s en t ) .  In an ^ - d i m e n s i o n a l  
c a s e  {n o p i n i o n s ) ,  th i s  ru le  p r o ve s  to be m o re  e f f i c i e n t  w h e n  T  is an 
i n t e g e r  m u l t i p l e  o f  n,  b e c a u s e  t ha t  g u a r a n t i e s  the  e x i s t e n c e  o f  one 
o p i n i o n  m o re  f r e q u e n t  t ha n  the  o the rs .
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5.6 Phase  t rans i t ions
L e t ’ s n o w  d r a w  an a n a l o g y  wi t h  the f e r r o m a g n e t i c  s ys t ems .  We  ma y  

t h e n  a s s o c i a t e  a sp in  ( e i t he r  p o i n t i n g  up or  d o w n )  to e a c h  agen t .  In a 
t w o - d i m e n s i o n a l  S z n a j d  mo d e l  wi t h  a s y n c h r o n o u s  u p d a t i ng ,  the  s y s t em 
a l w a y s  e n d s  up at  a f i xed  po in t :  e i t he r  al l  s p ins  po i n t  up or  t h e y  al l  po i n t  
d o w n .  W h e n  s y n c h r o n o u s  u p d a t i n g  is c h o s e n  t h i ng s  are  d i f f e r en t .  The  
s y s t e m  c o n v e r g e s  to a f i xed  po i n t  (al l  sp ins  up or  al l  s p i ns  d o w n ) ,  o n l y  i f  
the a s y m m e t r y  ( ab s o l u t e  d i f f e r e n c e )  in the  ini t i a l  d i s t r i b u t i o n  o f  o p i n i o n s  

is a b o v e  a c r i t i ca l  va l ue  M^ t ha t  d e p en ds  not  on l y  on the  s i ze  o f  the 

l a t t i ce ,  bu t  a l so on the m e m o r y  l e ng t h  T  [ f i g . 5 . 2 -5 . 6 ] .
F i g . 5.7 s ho w s  as a f u n c t i on  o f  L ( the  l a t t i ce  s ide  s i ze) .  The  s lope

d e c r e a s e s  as T  i nc r e a s e s .
For  sma l l  v a l ue s  o f  L the t h r ee  cu r ves  d i s p l a y e d  s e e m to c o n v e r g e  to 

the s a m e  poin t .  Th i s  is e as i l y  u n d e r s t o o d  b e c a u s e  for  smal l  l a t t i c e s  one  
e x p e c t s  the  i mp ac t  o f  f r u s t r a t i on  on total  c o n s e n s u s  to be sma l l .  As  a 
c o n s e q u e n c e ,  t he  ro l e  o f  the  m e m o r y  T  is not  as i m p o r t a n t  as it w o u l d  be 
for  l a rge  v a l ue s  o f  L.

For  l a rge  L t he  cu r v e s  m o n o t o n i c a l l y  d e c a y  to z e r o ,  th i s  s u g g e s t s  tha t  
a s y m p t o t i c a l l y  ( for  i n f i n i t e l y  l a rge  l a t t i ce )  no c o n s e n s u s  is p o s s i b l e .

F i g . 5.8 s h o w s M ^ a s  a f un c t i on  o f  T. The  s l ope  o f  the  t wo  cu r ve s  

a p p e a r s  to be i n d e p e n d e n t  o f  L - an a s p e c t  t ha t  r eq u i r e s  f u r th e r  s tudy .
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Figure  5.2: The phase  t rans i t ion  from a no - consens us  s tate to a 
total  consensus  state is dr iven by the value  M(0)  o f  the 
magne t i za t i on  at t ime zero.  The lat t ice l inear  d imens ion  is L =17.  
The memory  length 7=0,  2, 8. The t rans i t ion point  is shi f t ed towards  
zero as the agent  memory  length T increases .  The er ror  bars  are o f  
the same size as the po in t -markers .
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F i g u r e  5.3:  The  p h a s e  t r a n s i t i o n  f rom a n o - c o n s e n s u s  s t a t e  to a 
t o t a l  c o n s e n s u s  s t a t e  is d r i ve n  by the v a l ue  M(0)  o f  the 
m a g n e t i z a t i o n  at t i me  zero.  The  la t t i ce  l i nea r  d i m e n s i o n  is L =101 .  
T h e  m e m o r y  l e ng t h  T=0,  2,  8. The  t r a n s i t i o n  p o in t  is s h i f t e d  t o w a r d s  
ze r o  as the a g e n t  m e m o r y  l e n g t h  T i n c r e a s e s .  T h e  e r r o r  ba r s  are  o f  
t he  s ame  s i ze  as the p o i n t - m a r k e r s .
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Figure  5.4: The phase  t rans i t ion  from a no -consensus  state to a 
total  consensus  state is dr iven  by the va lue  M(0) o f  the 
m agne t iza t io n  at t ime zero. The latt ice  l inear  d im ens ion  is L =301. 
The m em ory  length  r = 0 ,  2, 8. The t rans i t ion  po in t  is sh i f ted  tow ards  
zero as the agent m em ory  length  T increases .  The error  bars  are o f  
the same size as the po in t -m arkers .

68



CHAPTER 5. CELLULAR AUTOMATA, PERCOLATION AND THE SZNAJD MODEL

3

6X

O 0 0,1 0-3 Oi 0.6 0.7 0.9

MeiTDrylengIh

-«-T=2
^ T = 0

t p

M(0)

F i g u r e  5.5:  The  p h a s e  t r a n s i t i o n  f rom a n o - c o n s e n s u s  s t a t e  to a 
t o t a l  c o n s e n s u s  s t a t e  is d r i v e n  by the  va l ue  M( 0 )  o f  the 
m a g n e t i z a t i o n  at t i me  zero .  The  l a t t i ce  l i nea r  d i m e n s i o n  is L =1 0 0 0 .  
T h e  m e m o r y  l e n g t h  T=0, 2, 8. The  t r a n s i t i o n  p o i n t  is s h i f t e d  t o w a r d s  
ze r o  as the  a g e n t  m e m o r y  l e n g t h  T  i nc r e a s e s .  The  e r r o r  ba r s  are  o f  
t he  s ame  s ize  as the p o i n t - m a r k e r s .
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Fi g u r e  5.6: The  p h a s e  t r a n s i t i o n  f r om a n o - c o n s e n s u s  s t a t e  to a 
to t a l  c o n s e n s u s  s t a t e  is d r iv e n  by the v a l ue  M( 0)  o f  the 
m a g n e t i z a t i o n  at t i me  zero .  The  l a t t i ce  l i nea r  d i m e n s i o n  is L =50. 
The  m e m o r y  l e ng t h  r = 0 ,  2, 8, 100, 500, 1000. The  t r a n s i t i o n  po i n t  
is s h i f t e d  t o w a r d s  ze ro  as the  a g e n t  m e m o r y  l e n g t h  T  i n c r e a s e s .  The  
e r r o r  ba r s  are  o f  the s ame  s i ze  as the  p o i n t - m a r k e r s .
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F ig u r e  5.7:  V a r i a t i o n  wi th  L o f  1 - (one  m i n u s  the  a bs o l u t e

v a l ue  o f  the  d i f f e r e n c e  in the  ini t i a l  p r o b a b i l i t i e s  for  +1 a n d -1 )  for  
w h i c h  in h a l f  o f  the c a s e s  a c o n s e n s u s  was  r e a c he d .  T h a t  ma y  be 
s ee n  as the p h a s e  t r a n s i t i o n  po i n t  f r om the  s t a t e  w i t h o u t  c o n s e n s u s  
to the  s t a t e  w i t h  c o ns en s u s .  The  e s t i m a t e d  s l ope  is - - 0 . 39  for  T=0, - 
0.21 for  r = 2 ,  - 0.11 for  7=8.  The  e r ro r  ba r s  are  o f  the s a me  s i ze  as 
t he  p o i n t - m a r k e r s .
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1

•  L=17 

+  L=50

10 100 1000

Memory Length

Figure  5.8: Var ia t ion  with T o f  the d i f fe rence  in the in it ial  
p robab i l i t i e s  for which  in h a l f  o f  the cases  a consensus  was  reached. 
That  may be seen as the phase  t rans i t ion  poin t from the state 
w i thou t  consensus  to the state with consensus .  The e s t im ated  slope 
is 0.46 for 1= 17  and 0.47 for 1=50. The error  bars  are o f  the  same 
size as the po in t -m arkers .
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5.7 Sy n ch ro n o u s  updat ing  in the Sznajd Mode l  wi th  added  
noise.

We e x a m i n e  n o w  the  i n f l u e n ce  o f  no i s e  in the  t wo  d i m e n s i o n a l  S zna j d  
mo d e l  w h e r e  u p d a t i n g  is s y n c h r o n o u s  [59].

The  n o i s e  he r e  a c c o u n t s  for:

• Ex t e r na l  f ac t o r s  t ha t  ma y  i n f l u en ce  a s pe c i f i c  agen t .

• D i f f e r e n c e s  in the  wa y  a gen t s  r e ac t  to t h e i r  e n v i r o n m e n t  and 
d e v i a t i o n s  f rom the  ge ne r a l  rule  o f  i n t e r a c t i on .

• A l o o s e r  c o n n e c t i o n  o f  some  a g e n t s  w i t h  t he i r  e n v i r o n m e n t  
( i .e.  a h i g h e r  d e g r ee  o f  i n d e p e n d e n c e )

We  d e f in e  the  M a g n e t i z a t i o n  in the f o l l o w i n g  way  

|A ^  - T V  I
M  = ^  ( 5 . 14 )

+Â _

w h e r e  N^  is t he  n u m b e r  o f  up sp ins  and N_ is the n u m b e r  o f  d o w n  

sp ins  and  n e g l e c t  m e m o r y  e f f ec t s .  D u r i n g  the  e v o l u t i o n  o f  the  s y s t em 
f rom the  ini t i a l  r a n d o m  s ta t e  into a s t ab l e  c o n f i g u r a t i o n ,  we  a l l ow  each  
sp in  to f l ip r a n d o m l y  wi t h  p r o b a b i l i t y  q w he r e  0 < ^ <0 . 5 .

Th i s  is i m p l e m e n t e d  a p p l y i n g  f i r s t  the n o i s e - f r e e  rule  to the  w h o l e  
l a t t i ce ,  t h e n  g o i n g  s y s t e m a t i c a l l y  t h r o u g h  the  l a t t i ce  and  a l l o w i n g  each  
s i te a f u r t h e r  f l ip ( wi t h  p r o b a b i l i t y  q).  Th i s  t w o - s t e p  u p d a t i n g  c o m p l e t e s  
one  t i me  step.

F i g u r e s  5.9 s h o w s  the e f f e c t  o f  t e m p e r a t u r e  or  no i s e  on  the f inal  
m a g n e t i z a t i o n ,  M{oo)  for  l a t t i ce  s ize  o f  50.  F i g u r e s  5 .10  and  5.11 are 
s i m i l a r  r e s u l t s  for  l a t t i ce  s i zes  o f  100 and 250  r e s pe c t i v e l y .

W h e n  M( 0) >  M^t he  f inal  o r i e n t a t i o n ,  M(oo)  d e c r e a s e s  m o n o t o n i c a l l y  as

q i nc r e a s es .  W h e n  M ( 0) <  the f inal  o r i e n t a t i o n  M(co)  d i s p l a y s  n o n 

m o n o t o n i c  b e h a v i o u r  as a f u n c t i o n  o f  q. Fo r  v e r y  s mal l  v a l u e s  o f  q 
( t y p i c a l l y  b e l o w  0 . 005 ) ,  M  i n c r e a s e s  and ma y  r e a c h  v a l ue s  c l o se  ( bu t  st i l l  
b e l o w )  1, for  i n t e r m e d i a t e  v a l ue s  o f  q ( r ou g h l y  b e t w e e n  0 . 006  and  0 . 06)
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M(co) may decrease  s lowly or even di splay osci l l a t i ons  depend i ng  on the 
value o f  the ini t ial  magnet i za t ion .  For  larger  values  o f  q,  M(co) quickly  
decays  to zero.  These  resul t s  have been obta ined  us ing Monte  Car lo 
s i mula t i ons  and averag ing  over  ensembles  o f  500 rea l i za t ions  for  each set 
o f  the three  pa ramete r s  {L, M(0) ,  q}.  We wil l  cal l  this  e f fect  ‘di f f erent -  
i s -un i fo rm e f f e c t ’ , in fact  this resul t s  sugges t  that  a l lowing the agent s  to 
r andoml y  change  thei r  state (and be in that  sense ‘d i f f e r e n t ’) may resul t  
in a h igher  degree  o f  un i formi ty  in the whole  system.
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In itia l M a g n e t iz a t io n  v a lu e  
( b e fo r e  t h e  th e rm a l iz a t io n )

M(initial)=0,9 
—̂  M(initial)=0.2 
- A -  M (initial)=0.02 
-* -M ( in it ia l)= 0

0.2

0
0 0.02 0.04 0.06 0.08 0.1 0.12

Single Spin Probability of Random Flipping

F i g u r e  5.9:  M a g n e t i z a t i o n  at e q u i l i b r i u m  as a f u n c t i o n  o f  the  p r o b a b i l i t y  
q ( for  a sp in  to f l ip  r a n d o m l y  at  each  t i me  s t ep  o f  e ac h  r un  o f  the 
s i m u l a t i o n ) ,  for  L = 5 0  and in i t i a l  m a g n e t i z a t i o n  v a l u e s  0.9,  0 .2 ,  0 . 02  and 
zero .  T h e  e r ro r  ba r s  are o f  t he  s ame  s ize as the  p o i n t - m a r k e r s .
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12

1

0.8
In itia l M a g n e tiz a t io n  v a lu e  

( b e fo r e  t h e  th e rm a l iz a t io n )

0.6 □  M(initial)=0.9 
M(initial)=0.2 

M(initial)=0.02 

•*— M(initial)=00.4

0.2

0
0 0.02 0.04 0.06 0.08 0.1 0 12

Single Spin Probability of Random Flipping

Figure  5.10;  Magne t i za t i on  at equi l ibr ium as a func t ion  o f  the 
probabi l i ty  q ( for  a spin to flip r andomly  at each t ime step of  each 
run o f  the s imula t ion) ,  for L - 1 0 0  and ini t ial  magne t i za t i on  values  
0.9,  0.2,  0.02 and zero.  The error  bars  are o f  the same size as the 
po in t -marker s .
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Initial IV Iagnetization va lue  
( b e fo re  th e  th e rm aliza tio n )

CD— M (in itia l)=0.9 

• M (in itia l)=0.2 

-A— M (initia l)=0.02 

■̂le— M (initia l)=0

0 0.02 0.04 0.06 0.08 0.1 0.12

Single Spin Probability o f  Random Flipping

F ig u r e  5 .11:  M a g n e t i z a t i o n  at  e q u i l i b r i u m  as a f u n c t i o n  o f  the 
p r o b a b i l i t y  q ( for  a sp in  to f l ip r a n d o m l y  at e a c h  t i me  s t ep  o f  each  
r un  o f  the s i m u l a t i o n )  , for  L=250  and  ini t i a l  m a g n e t i z a t i o n  v a l ues  
0 . 9 ,  0.2,  0 . 02  and  zero .  The  e r ro r  bar s  are  o f  the  s ame  s ize  as the 
p o i n t - m a r k e r s .
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5.8 M icr os tru c tu re
To gain fur ther  ins ight  into this non-monot on ic  behav iour ,  we began  

wi th a r andomly  selec ted conf igura t i on  o f  spins  on the lat t ice,  having  a 
f r ac t ion p  up and \ -p  down (say />=0.4, i.e. ini t ial  magne t i za t i on  
M(0)=0 .2) ,  and no added random noise  (^=0) .  Af te r  only a few hundred  
i t e ra t ions ,  the sys tem evolved  into an a rch ipe l ago- l i ke  s t ructure .  Spins  
could be observed  al igned in the manner  of  i s lands  located in a sea o f  
oppos i t e  or ienta t ion.  For  va lues  o f  p  close to 0.5,  the ' l andscape '  is 
i r r egula r  and j agged .  The geomet r i ca l  s t ructure  o f  these  smal l  i s lands  is 
now crucial .  Spins  sur rounded by four  others  o f  the same sign (so 
forming c ros s - shaped  i s lands)  form a stable state s ince,  at any t ime,  they 
are prevented ,  at zero t empera t u re ,  f rom f l ipping by f rus t ra t ion.  Is lands  
made  up o f  one or more  copies  (even ove r l apping)  o f  such a c ros s - shaped  
s t ruc ture  are des t ined  to last  and no total  or i en ta t ion  can be r eached  in 
the system.

Howeve r  now the addi t ion  o f  random noise can fl ip a f r ac t ion q o f  
spins,  at each t ime step.  The occas iona l  f l ipping o f  one spin wi thin a 
c ros s - shaped  i s land now removes  the f rus t r a t ion and breaks  the prev ious  
s tabi l i ty  o f  the i s land s t ructure .  Equal ly  some new c ros s - shaped  i s lands  
may also be r andomly  created.  M thus  is now dependen t  on the ba lance  
b e tween  creat ion and des t ruc t ion  o f  c ross - shaped  i s lands.  The ef fect  is 
i l lus t ra ted  by f igures  5.12 and 5.13 which represent  the mi c r os t ruc tu re  at 
two consecu t ive  t ime steps.  The area  located by the a r row show how an 
i s land has become  des tab i l i zed  by the noise.
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i

n
1Q 15 25 ac 4C 45  so

F i g u r e  5.12;  Th i s  s ho w s  the m i c r o s c o p i c  de t a i l  o f  a c a l c u l a t i o n  
for  a l a t t i ce  o f  l i nea r  d i m e n s i o n  L=50 ,  a p r o b a b i l i t y  o f  r a n d o m  
f l i pp i n g  q=0 . 001  and  an i n i t i a l  m a g n e t i z a t i o n  M ( 0 ) = 0 . 2 . T h e  a r r o w  
po i n t s  to the ' c r o s s - s h a p e d '  i s l and  ( pos i t i ve  sp i ns ,  b l a c k )  c e n t r e d  in 
t he  s i te  {33,17} and  s u r r o u n d e d  by  the  sea  ( n e g a t i v e  sp ins ,  w h i t e )  
t ha t  has  f o r m e d  a f t e r  396 t i me - s t e p s .
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I:l l i i
Fi gu r e  5.13:  Th i s  s h o ws  the  m i c r o s c o p i c  de t a i l  for  the c a l c u l a t i o n  

s h o w n  in f i gu r e  1 1 at  the s u b s e q u e n t  t i me  s tep.  The  r a n d o m  f l i pp i n g  
o f  sp in  {33,  16} (see  the  a r ro w )  has  n o w e a s e d  the  f r u s t r a t i on ,  it 
w o u l d  o t h e r w i s e  exh i b i t  at ze ro  t e m p e r a t u r e ,  d e s t a b i l i s i n g  the  ' c ross  
s ha p e d '  i s l and .  In th i s  p a r t i c u l a r  case  it t ook  j u s t  one  t i m e - s t e p  for  
the  o t he r  fou r  p os i t i ve  sp i ns  f o r m i n g  the i s l and  to be f l i pp e d  via  
i n t e r a c t i o n  wi t h  the  s u r r o u n d i n g  n e g a t i ve  spins .  In gene r a l  t ha t  ma y  
t ake  up to t ens  o f  s teps .
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5.9 A toy model  for market  vo lumes
It is wel l  unde r s tood  that  col lect ive  behav ior  may play a key role in 

marke t s  [6] [9][13]  [15].  Trends ,  bubbles  and crashes  may be seen as an 
expres s ion  of  that  on a macroscopic  level .  I f  we assume that  market  
mov eme n t s  are main ly  de t e r mined  by few big players ,  such as the main 
Mutual  Funds ,  able to move  very large asset  vo lumes ,  a key p r ob lem is to 
unde r s t and  the very nature  o f  volume f luctuat ions .

We focus  on the process  that  makes  the owners  o f  fund quotes  decide  
whe ther  to buy or sell ,  t rying to model  it in t e rms  o f  op in ion  dynamics .  
We then assume the ba lance  be tween  the buyers  and sel lers  o f  fund 
quotes  to de t e rmine  the vo lume  o f  the buy (or  sel l )  order  that  the fund 
manage r  wil l  p lace  in the market .

Think  o f  a marke t  domina t ed  by a s ingle big inves tor ,  say an 
i nves t ment  fund.

After  a t r ansac t ion  ini t ia l ly each o f  N  fund share t raders  is as l ikely to 
be a potent i a l  buyer  as to be a potent ia l  sel ler.  These  N  agent s  interact  
over  a cer ta in  t ime before  they make a new deal .  Here we a ssume  that  to 
happen through the s imul t aneous  Sznajd- l ike  in te rac t ion  desc r ibed  above.  
The aver age  s t rength  o f  the mutual  inf luence  ( inverse ly  measu red  by the 
p robabi l i ty  o f  r andom f luc tua t ions  for a spin)  may change  f rom a 
t r ansac t ion  to the next ,  dr iven by random factors  and by the risk 
percept ion.

A s imple  choice  is to assume,  for each t ime step:

(5.15)

T]{t)e A^(0,l) 

D{ t ) ~  M ,(co)
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W h e r e  the  d e m a n d  D{t)  at t i me  t is g i ve n  by the a s y m p t o t i c  va l ue  o f  
the M a g n e t i z a t i o n  M ,(o o )  at the  / - run  o f  the s i m u l a t i o n ;  B is an

e x p o n e n t i a l l y  w e i g h e d  ' b e n c h m a r k '  for  the d e m a n d  and  l / ( l - a )  is a 

m e a s u r e  o f  the  a v e r a g e  a g e n t  m e m o r y  l e n g t h  for  the  d e m a n d  [60] .
T h i s  is j u s t i f i e d  by r e c e n t  s t ud i e s  [7] tha t  s ug g e s t  the  i m p a c t  f un c t i on  

(p r i ce  c h a n g e s  as a f u n c t i on  o f  t r ad e d  s hare  v o l u m e s )  to have  p o w e r  l aw 
b e h a v i o u r  wi t h  an e x p o n e n t  va l ue  t y p i ca l l y  r a n g i n g  f rom 0.2 to 0.5.

The  a s s u m p t i o n  ( m a d e  at the  b e g i n n i n g  o f  th i s  p a r a g r a p h )  o f  a s ing l e  
big  m a r k e t  p l a y e r  m a k e s  B a l so  a m e a s u r e  for  the m a r k e t  v o l a t i l i t y  ( s i nce  
v o l u m e s  g r ow  as s ome  p o w e r  ( b e t w e e n  2 and 5) o f  the  a b s o l u t e  r e t u r n s  

[ 1 1 ])-
Fig.  5 . 14  and 5.15 d i s p l a y  the r esu l t s  o f  a s i m u l a t i o n  o f  t h i s  mode l .  

The  e x p o n e n t s  f ou n d  for  the C u m u l a t i v e  D i s t r i b u t i o n  F u n c t i o n  ( b e t w e e n  
1.4 and  1.6) and  for  the A u t o - C o r r e l a t i o n  F u n c t i o n  ( b e t w e e n  0.3 and  0.4)  
are c o m p a t i b l e  w i t h  the e x p o n e n t s  t y p i c a l l y  f o u nd  for  the  t i me  s e r i e s  o f  
f i n an c i a l  m a r k e t  v o l u m e s .  For  i n s t a nc e ,  for  the  N e w  Y o r k  S t ock  
E x c h a n g e  [6] the  e x p o n e n t s  f o u nd  r ange  in b e t w e e n  1.4 and  1.7.  for  the 
c .d. f .  and  b e t w e e n  0.3 and  0 .38  for  the  ACF.
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exponent 1.4-1.6

0 .D D 1
□ 001 0,01 0.1

Volume (Arbitrary Units)

F i g u r e  5.14:  C u m u l a t i v e  p r ob ab i l i t y  d i s t r i b u t i o n  for  t he  s im u l a t e d  
d e m a n d  ( v o l u m e  o f  s ha res ) .  The  de c a y  f o l l o ws  a p o w e r - l a w  
b e h a v i o u r  w i t h  an e x p o n e n t  ( b e t w e e n  1.4 and  1.6) c l o se  to the  va l ue  
o f  1.5 f ou n d  in N Y S E  v o l u m e  d i s t r i b u t i o n s .  N u m b e r  o f  t r a n s a c t i o n s  
( d a t a  p o i n t s )  = 2 0 0 0 0 ,  { = 0 . 9 8 ,  <^=0.005,  N = 2 5 0 0 } .  T h e  e r r o r  ba r s  
a re  o f  the  s a me  s ize as the  p o i n t - m a r k e r s .
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1

exponent* 0.3-0.4

10 100 1000 

Time (Arbitrary Units)

F i g u r e  5 .15:  A u t o c o r r e l a t i o n  f u nc t i on  for  the  s i m u l a t e d
d e m a n d  ( v o l u m e  o f  sha r es ) .  The  cha r t  d i s p l a y s  a p o w e r  l aw 
d e c a y  w i t h  an e x p o n e n t  s m a l l e r  t h a n  1. N u m b e r  o f  t r a n s a c t i o n s  
( d a t a  po i n t s )  = 2 0 00 0  { a = 0 . 9 8 ,  c r = 0 . 005 ,  N = 2 5 0 0 } .  T h e  er ro r  
ba r s  are o f  the  s ame  s i ze  as the p o i n t - m a r k e r s .
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CHAPTER 6

COMPLEX NETWORKS AND THE DEFFUANT MODEL

6.1 Introduction
La t t i c e  m o d e l s  h a v e  the  g i f t  o f  (a r e l a t i ve )  t o p o l o g i c a l  s i mp l i c i t y ,  but  

fai l  to c a p t u r e  the  c o m p l e x  t o p o l o g y  o f  soc i a l l y  o r g a n i z e d  s y s t e m s .
S y s t e m s  o f  h i gh  t e c h n o l o g i c a l  and  i n t e l l ec t ua l  i m p o r t a n c e  s uch  as the 

I n t e r n e t ,  h u m a n  s o c i e t i e s ,  b i o l o g i c a l  o r g a n i s m s ,  e c o l o g i c a l  s y s t e m s  and 
the e l e c t r i c a l  p o w e r  s upp l y  n e t w o r k  p r e s en t  c o m p l e x  w e b - l i k e  s t r uc t u r e s .

He r e  we  ou t l i n e  the  bas i c  d e s c r i p t i v e  p r o p e r t i e s  o f  n e t w o r k s  and  some  
m o d e l s  ab l e  to c a p t u r e  t he  mo s t  r e l e v an t  p r o p e r t i e s  o f  rea l  soc ia l  
n e t w o r k s  ( n a m e l y  the  s c a l e - f r e e  c h a r a c t e r  o f  the  d e g r e e  d i s t r i b u t i o n  and 
the  s m a l l - w o r l d  a s pec t ) .  We  d e s c r i b e  the  D e f f u a n t  C o n s e n s u s  M o d e l  
i m p l e m e n t e d  on a s ca l e  f ree  n e t w o r k  and we m o d i f y  it i n t r o d u c i n g  two  
s i m p l e  a d a p t i v e  ve r s i ons .

6.2 Networks  

6.2.1 D e f i n i t i o n s
F o l l o w i n g  a r e c e n t  r e v i e w  p a p e r  f rom B a r a b a s i  and  A l b e r t  [36]  in thi s  

p a r a g r a p h  we ou t l i n e  ve ry  b r i e f l y  the  p r o p e r t i e s  o f  N e t w o r k s .  In 
m a t h e m a t i c a l  t e rms ,  a n e t w o r k  is r e p r e s e n t e d  by a g r aph .  A g r a p h  is a

pa i r  o f  se t s  G = { P , E] ,  w h e r e  P  is a set  o f  N  n o d es  P p P j  ^^id E

is a se t  o f  ed g e s  t ha t  c o n n e c t  two  e l e m e n t s  o f  P .

G i v e n  a node  i c o n n e c t e d  to o t he r  n o d e s ,  the  c l u s t e r i n g  c o e f f i c i e n t

o f  n od e  i is:
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2E
C,  = — ( 6. 1)

w h e r e  E, is t he  n u m b e r  o f  e d g e s  b e t w e e n  the n e i g h b o r i n g  no d e s  and  

^A:,(A:,-l )  is the n u m b e r  o f  e d g e s  t ha t  w o u l d  ex i s t  b e t w e e n  t h e m  i f  t hey

w e r e  pa r t  o f  a c l i q u e  ( eac h  one  o f  k n o de s  were  c o n n e c t e d  to al l  the o t h e r  
k nodes ) .

The  c l u s t e r i n g  c o e f f i c i e n t  o f  a n e t w o r k  is g i v e n  by the  a v e r a g e  
c l u s t e r i n g  c o e f f i c i e n t  ( the  a v e r a g e  is p e r f o r m e d  o ve r  all  nodes ) .

The  d i s t r i b u t i o n o f  the  n u m b e r  o f  n e i g h b o r s  is c a l l e d  d e g r e e

d i s t r i b u t i o n  and  h a p p e n s  to be a p o w e r  l aw d i s t r i b u t i o n  for  m a n y  real  
n e t wo r ks .

The  a v e r a g e  n u m b e r  edges  c o n n e c t i n g  two  r a n d o m l y  c h o s e n  n o de s  in a 
g i ve n  n e t w o r k  d e f in e s  the a v e r a g e  pa t h  l eng t h  o f  t ha t  n e t wor k .

6.2.2 Scale  free networks
M a n y  rea l  n e t w o r k s  are ( a p p r o x i m a t e l y )  s ca l e  f ree (SF) .
In fact ,  t he i r  d e g r e e  d i s t r i b u t i o n  f o l l ows  a p o w e r - l a w  for  l a rge  k (up to 

a c e r t a i n  c u t - o f f  va l ue ) .  F u r t h e r m o r e ,  even  for  t hos e  n e t w o r k s  for  

w h i c h / ’(^) has  an e x p on en t i a l  ta i l ,  t he  de g r e e  d i s t r i b u t i o n  s ig n i f i c a n t l y  

d e v i a t e s  f r o m  a Po i s son .
The  p r o b l e m  o f  the  o r ig i n  o f  the  p o w e r - l a w  d e g r e e  d i s t r i b u t i o n  in 

n e t w o r k s  was  f i r s t  a d d r e s s e d  by B a r a b a s i  and  A l b e r t  ( 19 9 9 )  [4].
T h ey  i n t r o d u c e d  the  Sc a l e - f r ee  Mo de l  (SF) ,  b a s e d  on two  i n g r ed i e n t s :  

g r o wt h  and  p r e f e r e n t i a l  a t t a c h m e n t .

1. G r o w t h :  S t a r t i ng  w i t h  a smal l  n u m b e r  ( m^)  o f  no d e s ,  at 

e v e r y  t i me  s t ep we  add  a n e w  n ode  wi t h  m ( <Wq) e d g e s  t ha t  l ink 

the  n e w  n o d e  to m d i f f e r e n t  n o d es  a l r e a d y  p r e s e n t  in the  s ys t em.
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2. Preferent ia l  a t t achment :  When choos ing  the nodes  to which 
the new node connec t s ,  we assume that  the probabi l i t y  O that  a 
new node wil l  be connec ted  to node i depends  on the degree  k, o f

knode i ,  such that  n(A: ) = =-^— . Af ter  t t ime steps  the ou tcome  o fX,*,
this  a lgor i t hm is a ne twork  wi th N  = t + niQ nodes  and mt edges ,  

evo lv ing  into a sca le - invar i ant  state.  The probabi l i t y  for a node to 
have  k edges  fo l lows  a power - l aw behav i our  wi th an exponent

( independen t  o f  m ) = 3.

Some o f  the p roper t i e s  o f  SF ne tworks  are still  to be ful ly unvei led.  
A cco r d i ng  to s imula t ions ,  the average  path length in a SF model  is 
smal l e r  than in a random graph and grows approx ima te ly  logar i t hmi ca l ly  
wi th  the ne twork  sizeA^. This  means  that  the scale free t opo logy  is more  
e f f i c i en t  in br inging  the nodes  close than the random ne twork  topology.  
Non  t r ivial  cor re la t ions  are found be tween the degree  o f  connec t ion  of  
nodes  connec t ed  by an edge.

The c lus t e r ing  coef f i c i ent  is many t imes higher  than that  o f  a r andom 
ne twork .  Di f f e ren t ly  from the Smal l  wor ld  model  (in which  the c lus t e r ing  
coef f i c i en t  is i ndependent  ofA^) and from the random graphs  (in which 

the c lus t e r ing  coef f i c i en t  decays  asA^”' ) ,  the c lus t er ing  coef f i c i en t s  o f  the 
Free Scale model  decreases  wi th the ne twork  size fo l l owing 

approx i ma t e l y  a power  l a w C  cc .

The spect ra l  dens i ty  p{X) o f  the sca le- f ree  model  is con t inuous ,  but  it is 

s i gni f i cant ly  d i f f erent  form the semi c i r cu l a r  shape  found for r andom 
graph spect ra l  densi ty.

Numer i ca l  s imula t ions  indicate  that  the bulk o f  p{X) has a t r i angle - l ike  

shape wi th  top lying well  above the semi -c i rc l e  and edges  decay ing  as a 
power - l aw.  This  power - l aw decay is due to e igenvec tor s  ‘l o c a l i z e d ’ on
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t he  h i g h e s t  d e g r e e  nodes .  As  for  r a n d o m  g r a p h  ( and  u n l i k e  sma l l  wo r ld  
n e t w o r k  m o d e l s ) ,  the p r in c i pa l  e i g en v a l u e ,  /I,, is c l ea r l y  s e p a r a t e d  f rom 

the  b u l k  o f  the  s pe c t r um .  A l ow e r  b o u nd  for  2, can  be g i v e n  as the 

s q u a r e - r o o t  o f  the  n e t w o r k ’s l a rges t  d e g r e e  A:,. S ince  the n od e  d e g r e e s  in 

the  s ca l e  f r ee  m o d e l  i nc r e a s e  as , it r e su l t s  t h a t l ,  i nc r e a s es  

a p p r o x i m a t e l y  asÂ *' "̂’ . N u m e r i c a l  r es u l t s  i n d i c a t e  t ha t  /I, d e v i a t e s  f rom 

the  e x p e c t e d  b e h a v i o u r  for  smal l  n e t w o r k  s i zes ,  r e a c h i n g  it 

a s y m p t o t i c a l l y  for  N  —> co . Thi s  c r o s s o v e r  w o u l d  s u gg es t  the  p r e s e n c e  o f  
c o r r e l a t i o n s  b e t w e e n  the  l o n g e s t  r ow  v e c t o r s ,  o f f e r i n g  a d d i t i o n a l  
e v i d e n c e  for  c o r r e l a t i o n s  in the s c a l e - f r e e  mode l .

T h e  p r i n c i p a l  e i g e n v a l u e  p l a ys  an i m p o r t a n t  r o l e  in t he  m o m e n t s  

o f p { X) ,  d e t e r m i n i n g  the  l oop s t r u c t u r e  o f  the s c a l e - f r e e  n e t w o r k .  In 

c o n t r a s t  wi t h  the  s u b - c r i t i ca l  r a n d o m  g r ap h s  { p < \ j N  ), w h e r e  the 

f r a c t i o n  o f  l o o p s  b e c o m e s  n e g l i g i b l e ,  in a s c a l e - f r e e  n e t w o r k  the  f r ac t i on  
o f  l o o p s  wi t h  m o r e  t han  four  edges  i n c r e a s e s  w i t h  N  and  t h e i r  g ro wt h  
ra t e  i n c r e a s e s  w i t h  the s i ze  o f  the l oop  ( N o t e  tha t  the f r a c t i on  o f  
t r i a n g l e s  d e c r e a s e s  wi t h  N) .
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Reqila* Snal-woM flandoTi

Inaeasini rgndcmaess

‘ 7 ^ ,  i

Random Graph
. X . - -

Scale-free Graph

Figure  6.1: N e tw orks .  Above are d isp layed  graphic  exam ples  of: a 
r eg u la r  la t t ice,  a sm al l -w or ld  ne tw ork  and a random  network .  Small -  
w or ld  ne tw orks  may be seen as a t r a d e -o f f  be tw een  the regular  
t o p o lo g ica l  s t ruc ture  o f  a la t t ice  and the random topo log ica l  s t ruc ture  o f  
a r andom  graph .Below ,  we can apprecia te  the  p ic to r ia l  d i f fe rence  
ex is t ing  be tw een  Random  and Sca le- f ree  graphs  M oreover ,  in the random 
graph ,  the  5 most connec ted  nodes  are connec ted  to 27% o f  all nodes.  In 
the  sca le - f ree  graph, the 5 most connec ted  nodes  are connec ted  to 60% o f  
all nodes.
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6.3 The Deffuant  Model  on scale free networks

6.3.1 G e n e r a l  o v e r v i e w  o f  the D e f f u a n t  M o d e l
D e f f u a n t  et  c o - w o r k e r s  [20] i n t r o d u ce d  a c o n s e n s u s  m o d e l  t ha t  was  

l a t e r  i m p l e m e n t e d  on a B a r a b a s i  N e t w o r k  by  S t a u f f e r  and  M e y e r -  
O r t m a n n s  [51] ,  The  mo d e l  is b a s ed  u p o n  the a s s u m p t i o n  tha t  t wo  a gen t s  
a re  l i ke l y  to a g r ee  i f  the i r  i n i t i a l  o p i n i on  are not  too  d i f f e r e n t .

As  a f i r s t  s t ep ,  S t a u f f e r  and  M e y e r - O r t m a n n s  c o n s t r u c t e d  a s c a l e - f r e e  
n e t w o r k  ( t h r o u g h  the p r e f e r en t i a l  a t t a c h m e n t  m e c h a n i s m )  and  a s s i g n e d  to 
e a c h  s i te  a r a n d o m  n u m b e r  S  b e t w e e n  ze ro  and  one  as in i t i a l  op i n i on .  
T h e n  for  eac h  i t e r a t i on ,  e ve r y  s i te  A was  u p d a t e d  once  by s e l e c t i n g  
r a n d o m l y  one  s i te  B f r om the  s i t es  c o n n e c t e d  wi t h  A ( in the  d i r e c t e d  case  
t he  s e l e c t i o n  is m a d e  on l y  f rom the  m s i t es  w h i c h  A had  s e l e c t e d  as 
f r i e nds ) .  I f  t he n  the o p i n i o n s  and 5^ d i f f e r  by mo r e  t h a n  a c o n s t a n t  

c o n f i d e n c e  b o u n d  e  b e t w e e n  ze r o  and  one,  A and B r e f us e  to d i s c u s s  and 
do no t  c h a n g e  t he i r  op i n i on .  O t h e r w i s e  bo th  m o v e  c l o s e r  to the  p o s i t i on  
o f  t he  o t h e r  by an amoun t :

= ( 6 .2 )

wi t h  in t he i r  s i mu l a t i o n s ,  i .e.  A t a kes  the  o p i n i o n  S ^ - S  and  B the 

o p i n i o n  S, ^+S.  The  p a r a m e t e r  c h a r a c t e r i z e s  the  f l e x i b i l i t y  in c h a n g i n g  

op i n i on .
T h e r e f o r e ^  m a y  be i n t e r p r e t e d  as a m e a s u r e  for  t he  t o l e r a n c e  o f  p e o p l e  

to o t h e r  o p i n i on s .
T h e y  f ind t ha t  for  s  l a rg e r  t h a n  a bou t  0.4 a ful l  c o n s e n s u s  is r ea c h e d ;  

on l y  one  o p i n i o n  su r v i ves .  For  s m a l l e r ^ ,  no c o n s e n s u s  is r e a c h e d  and  the 
n u m b e r  F  o f  f i x e d  o p i n i o n s  i n c r e a s es  wi t h  d e c r e a s i n g ^ .  Fo r  s ma l l  s ,  
F K N  for  l a rge  N.
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A d i s c r e t e -op in i on  vers ion of  the previous  model  was also impl emen t ed  
by Stauffer  and Sousa  [22],

Ins t ead  of  a l l owing  for the opinions  any real  number  be tween  0 and 1, 
they took di scre te  numbers  ^ = 1,2,..,.g, as in the Sznajd  model  [17],  Only 

peop le  d i f f er ing  by ±1 in thei r  op in ion  can convince  each o ther  thus  \ jQ 

co r r e s ponds  to the conf idence  interval  o f  the prev ious  model s .  They find 
that  for  large N  the number  S  o f  surviving final  op in ions  roughly  equals  
Q for  not  too s m a l l ^ ;  for Q = 2,  on the other  hand,  near ly  a lways  a 

comple t e  consensus  was found.
If, however ,  Q grows  to va lues  c loser  to N , then the f ini te s ize o f  the 

ne t work  is felt :  5 is lower  than Q and approaches  jV + w,  that  means  

eve r ybody  keeps  its own opinion and the s imula t ion  s tops soon.  A fini te-  
s ize sca l ing  formula

S = { Q - \ ) f { Q / N y ,  / ( x ^ O )  = l / ( x - > a , )  = l/x (6.3)

fi ts r e a sonab l y  the same s imula ted  data,  except  for  smal l  Q.

6 . 3 . 2  D e f f u a n t  m o d e l  on B a r a b a s i  N e t w o r k  wi t h  loca l  r e l a t i ve  
c o n f i d e n c e  b ou n d  and t i me  a d a p t i v e  agent s .

In i t ’s or ig inal  vers ion,  the Def fuant  Model  does  not  take into account  
the t ime evo lu t ion  and the local  dependence  o f  the conf idence  bound.

In a second paper  [52] Def fuant  and al. p ropose  a new model  o f  
i n t e rac t ion  cal led re la t ive  agreement  model ,  which  is a va r i an t  o f  the 
p rev ious ly  d i scussed  bounded  conf idence .  In this  model ,  uncer t a in ty  
(quant i f i ed  by the conf idence  bound)  as well  as opin ion  can be modi f i ed  
by in te rac t ions .  They assume the uncer t a in ty  o f  an agent  B to d imini sh  
af ter  in t e rac t i ng  wi th a more  conf ident  ( smal l e r  uncer t a in ty)  agent  A and 
to inc rease  af ter  in t e rac t ing wi th a less conf iden t  ( l arger  uncer t a in ty)  
agent  C.

We propose  two fur ther  model s  [61] in which  agents  take di screte  
opin ions  ( in t eger  number  f rom 1 to Q)  and can change  the i r  conf idence
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b o u n d .  T h e  c o n f i d e n c e  b o u n d  m e a s u r e s  t h e  i n d i v i d u a l  d e g r e e  o f  
t o l e r a n c e .  A g e n t s  t e n d  to o p t i m i z e  t h e i r  d e g r e e  o f  t o l e r a n c e  ( c o n f i d e n c e  
b o u n d ) .  L o o s e l y  s p e a k i n g ,  t h e y  t r y  t o  f i n d  an  a g r e e m e n t  w i t h  t h e i r  
n e i g h b o u r s ,  w i t h o u t  c o n c e d i n g  m o r e  t h e n  w h a t  is n e e d e d .  T h i s  
a s s u m p t i o n  s e e m s  to  a p p l y  to m a n y  s o c i a l  s i t u a t i o n s  r a n g i n g  f r o m  t he  
c h o i c e  o f  t r a d i n g  p a r t n e r s  a n d  p o l i t i c a l  a l l i e s  to t he  c h o i c e  o f  s e x u a l  
p a r t n e r s .  In s o c i a l  s y s t e m s  t h e  k e e n n e s s  o f  i n d i v i d u a l s  to a g r e e  w i t h  
s o m e o n e  e l s e  is o f t e n  c o n d i t i o n e d  by  t he  e n v i r o n m e n t .  F o r  i n s t a n c e ,  
p e o p l e  w i t h  q u i t e  d i f f e r e n t  p o l i t i c a l  v i e w  a r e  m o r e  l i k e l y  t o  s i n k  t h e i r  
d i f f e r e n c e s  w h e n  a r e  s u r r o u n d e d  by  e x t r e m e  m i n d e d  p e o p l e .  T h e  
o p p o s i t e  is a l s o  t r ue .  In m a n y  ‘m o d e r a t e ’ p o l i t i c a l  s y s t e m s  p a r t i e s  h a v i n g  
v e r y  c l o s e  p o l i c i e s  m a y  o f t e n  e n g a g e  in f i e r c e  b a t t l e s .

W e  c a n  ca l l  t h i s  r e l a t i v e  e x p e c t a t i o n  m o d e l s  ( R E M s ) . I n  t h e  f i r s t  R E M ,  
w e  a s s u m e  t h a t ,  at  e a c h  t i m e  s t e p ,  e a c h  a g e n t  w o r k s  o u t  an  i n d i v i d u a l  
c o n f i d e n c e  b o u n d  b a s e d  on  t h e  i n d i v i d u a l  e x p e r i e n c e  a n d  n e i g h b o r h o o d .  
T h e  l a r g e r  is t h e  b o u n d ,  t h e  s m a l l e r  is t he  e x p e c t a t i o n .

A v e r y  s i m p l e  a s s u m p t i o n ,  to i m p l e m e n t  t h i s  i d e a ,  is t o  t a k e  as  a 
t h r e s h o l d ,  f o r  a a g e n t  / at  a t i m e  t,  a f r a c t i o n  7  o f  t h e  a v e r a g e  d i s t a n c e  

b e t w e e n  a g e n t  / a n d  it is d i r e c t  n e i g h b o r s ,  o v e r  t h e  p a s t  t i m e  s t e p .
F i g u r e s  6 . 2 - 6 . 5  d i s p l a y  t h e  r e s u l t s  f o u n d .
T h e  n u m b e r  o f  s u r v i v i n g  o p i n i o n s  d e c r e a s e s  as  7  i n c r e a s e s .  T h e  r a t i o  

n u m b e r  o f  s u r v i v i n g  o p i n i o n s  o v e r  n u m b e r  o f  a g e n t s  d e c r e a s e s  a s  t he  
n e t w o r k  s i z e  i n c r e a s e s .
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F i g u r e  6 . 2 :  N u m b e r  o f  s u r v i v i n g  o p i n i o n  as  a f u n c t i o n  o f  t h e  i n i t i a l  
n u m b e r  o f  o p i n i o n s  in an  a d a p t i v e  D e f f u a n t - l i k e  m o d e l .  T h e  c o n s e n s u s  
t h r e s h o l d  is a f r a c t i o n  (1,  0 . 2 ,  0 . 0 4  a n d  0 . 0 0 8 )  o f  t h e  a v e r a g e  l o c a l  
d i s t a n c e .  T h e  a v e r a g e s  a r e  p e r f o r m e d  o v e r  t h e  d i r e c t  n e i g h b o u r h o o d .  T h e  
n u m b e r  o f  a g e n t s  is e q u a l  to A^=1000.  E a c h  a g e n t  h a s  m = 4  d i r e c t  
c o n n e c t i o n s .  T h e  s i m u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t  o v e r  1 0 0 0  s a m p l e s .  
T h e  e r r o r  b a r s  a r e  o f  t he  s a m e  s i z e  as  t h e  p o i n t - m a r k e r s .
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F i g u r e  6.3:  N u m b e r  o f  s u r v i v i n g  o p i n i on s  d i v i d e d  by  the n u m b e r  N  o f  
a g e n t s ,  as a f un c t i on  o f  t he  ini t i a l  n u m b e r  o f  o p i n i o n s  in an a d a p t i v e  
D e f f u a n t - l i k e  mo d e l .  The  c o n s e n s u s  t h r e s h o l d  is 0 . 008  t i me s  the  a v e r ag e  
local  d i s t a n c e .  The  a v e r a g e s  are p e r f o r m e d  o ve r  the  d i r ec t  
n e i g h b o u r h o o d .  The  n u m b e r  o f  agen t s  is e q u a l  to / / = 1 0 ,  100,  1000,  
10000.  E a c h  a g en t  has  m=4  d i r ec t  c o n ne c t i o n s .  T h e  s i m u l a t i o n s  have  
b e e n  c a r r i e d  ou t  o ve r  1000 s a mp l es .  The  e r ro r  ba r s  are o f  t he  s am e  s ize 
as t he  p o i n t - m a r k e r s .
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F ig u r e  6.4:  N u m b e r  o f  s u r v i v i n g  o p i n i o n s  d i v i d e d  by the  n u m b e r  N  o f  
a g e n t s ,  as a f u n c t i on  o f  the  i n i t i a l  n u m b e r  o f  o p i n i o n s  in an a d a p t i v e  
D e f f u a n t - l i k e  mo d e l .  The  c o n s e n s u s  t h r e s h o l d  is 0 . 02  t i me s  the  a v e r a g e  
loca l  d i s t a nc e .  The  a v e r a g e s  are p e r f o r m e d  o v e r  the  d i r ec t  n e i g h b o u r h o o d  
. The  n u m b e r  o f  ag e n t s  is e qua l  to N=  100,  1000,  10000.  E a c h  a g e n t  has  
m=4  d i r ec t  c o nn e c t i o n s .  The  s i m u l a t i o n s  have  b e e n  c a r r i ed  ou t  o ve r  1000 
s amp l es .  The  e r ro r  bar s  are  o f  the  s ame  s ize  as the  p o i n t - m a r k e r s .
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F i g u r e  6 . 5 :  N u m b e r  o f  s u r v i v i n g  o p i n i o n s  d i v i d e d  by  t h e  n u m b e r  ~N o f  
a g e n t s ,  as  a f u n c t i o n  o f  t h e  i n i t i a l  n u m b e r  o f  o p i n i o n s  in an  a d a p t i v e  
D e f f u a n t - l i k e  m o d e L  T h e  c o n s e n s u s  t h r e s h o l d  is e q u a l  to t h e  a v e r a g e  
l o c a l  d i s t a n c e .  T h e  a v e r a g e s  a r e  p e r f o r m e d  o v e r  t h e  d i r e c t
n e i g h b o u r h o o d .  T h e  n u m b e r  o f  a g e n t s  is e q u a l  t o  N=  100 ,  1 0 0 0 ,  1 0 0 0 0 .  
E a c h  a g e n t  h a s  m=A  d i r e c t  c o n n e c t i o n s .  T h e  s i m u l a t i o n s  h a v e  b e e n  
c a r r i e d  o u t  o v e r  1 0 0 0  s a m p l e s .  T h e  e r r o r  b a r s  a r e  o f  t h e  s a m e  s i z e  as  t he  
p o i n t - m a r k e r s .
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In the second REM, we assume, each individual confidence bound s to increase each 
time there is no agreement, and to decrease each time there is an agreement o f  a 
quantity:

T (6.4)

The second equation simply means that s cannot be smaller than 1. At time zero all 

the agents have the same confidence bound, equal to 1. During the time evolution 8 
may get higher values.

When an agent A meet a neighbour B whose opinion is within the threshold value, 
agent A approaches B opinion o f  a quantity equal to the previous opinion value plus 
a fraction (0.5 in this case) o f  the relative opinion distance between A and B. B may 
or may not do the same, depending on its confidence bound.

We obtain the results displayed in figures 6.6-6.9, for N= 14, 104, 1004, 10004 and 
T =  10, 50, 333, 2500. The relative number o f  surviving opinions, as a function o f  
the initial number o f  opinions, presents a non-monotonic behavior. With a maximum 
occurring for the initial number o f  opinions Q approximately equal to the number of 
agents N.

When the number o f  initial opinions Q is much larger then N we find :

N N
—> co,r, =  d { T , N )

(6.5)

Where S  is the Number o f  Surviving Opinions.
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For Q much larger than A^the number o f  surviving opinions is much smaller then for 
Q=N.  This effect may appear counter-intuitive and remarkably different from what 
observed in the non-adaptive case, but it may be explained by the existence o f  a 
characteristic opinion-distance.

d o p l . ,o n  =  (1̂ , -  ^ + 1) (6 .6)

When the average opinion-distance d is:

^  ^opinion

(Q agents are more likely to have similar opinions and may easily reach 
an agreement;

^  ^opinion

(Q > N), agents tend to enlarge more their confidence bound to avoid 
isolation;

^opinion

{Q = N),  opinions are too distant for the agents to find an agreement, but also 
too close to promote an efficient adaptation process.

What observed may be called ‘far-is-close effect’, since agents start from a wider 
range and end up with a narrower range o f  opinions than in.
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F ig u r e  6.6:  N u m b e r  o f  s u r v i v i n g  o p i n i o n s  d i v i d ed  by the n u m b e r  N  o f  
agen t s ,  as a f un c t i on  o f  the ini t i a l  n u m b e r  o f  o p i n i o n s  in a t i me  a d a p t i v e  
D e f f u a n t - l i k e  mode l .  The  c o n s e n s u s  t h r e s h o l d  c h a n g e s  o ve r  t i me  
d e p e n d i n g  on  the  a g e n t  e x p e r i e n ce :  it i nc r e a s es  ( d e c r e a s e s )  o f  a f a c t o r  x 
d e p e n d i n g  on w h e t h e r  the a g e n t  is s u cc e s s f u l  (or  u n s u c c e s s f u l )  in f i n d i ng  
a l i k e - m i n d e d  n e i g h bo ur .  The  r esu l t s  o b t a i n ed  for  x=10 ,  50,  333 ,  500 are 
c o m p a r e d  to t h o s e  o b t a i n e d  for  the  non  a d ap t i v e  case .  The  a v e r a g e s  are  
p e r f o r m e d  o ve r  the  d i r ec t  n e i g h b o u r h o o d .  The  n u m b e r  o f  a g en t s  is equa l  
to A^=14. E a c h  a g e n t  has  m=4  d i r ec t  c o n n ec t i o n s .  The  s i m u l a t i o n s  h a v e  
been  c a r r i e d  out  o ve r  1000 s amp l es .  The  e r ro r  ba r s  a re  o f  t he  s ame  s ize 
as the  p o i n t - m a r k e r s .
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Fi g u r e  6.7:  N u m b e r  o f  s u r v i v i n g  o p i n i o n s  d i v i d e d  by the n u m b e r  N  o f  
a ge n t s ,  as a f u n c t i o n  o f  the ini t i a l  n u m b e r  o f  o p i n i o n s  in a t i me  a d ap t i v e  
D e f f u a n t - l i k e  mo d e l .  The  c o n s e n s u s  t h r e s h o l d  c h a n g e s  o v e r  t i me  

d e p e n d i n g  on  the a gen t  e x pe r i e n ce :  it i n c r e a s e s  ( d e c r e a s e s )  o f  a f a c t o r  x 
d e p e n d i n g  on w h e t h e r  the a g e n t  is s u cc e s s f u l  (or  u n s u c c e s s f u l )  in f i nd i ng  

a l i k e - m i n d e d  n e i g h b o ur .  The  r e s u l t s  o b t a i n e d  for  t = 1 0 ,  50,  333 ,  2500  
are  c o m p a r e d  to t hos e  o b t a i n e d  for  the  non  a d a p t i v e  case .  T h e  a v e r a g e s  
a re  p e r f o r m e d  o ve r  the d i r ec t  n e i g h b o u r h o o d .  The  n u m b e r  o f  a g e n t s  is 
equa l  to A^=104. E a c h  a g e n t  has  m=4  d i r ec t  c o n n e c t i o n s .  The  s i m u l a t i o n s  
have  b e e n  c a r r i ed  ou t  o ve r  1000 s amp l e s .  The  e r ro r  ba r s  are  o f  the  s ame  
s ize as t he  p o i n t - m a r k e r s .
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Fi g u r e  6.8:  N u m b e r  o f  s u r v i v i n g  o p i n i o n s  d i v i de d  by the  n u m b e r  N  o f  
agen t s ,  as a f u n c t i on  o f  the ini t i a l  n u m b e r  o f  o p i n i o n s  in a t i me  ad a p t i v e  
D e f f u a n t - l i k e  mode l .  The  c o n s e n s u s  t h r e s ho l d  c h a ng e s  ove r  t i me  
d e p e n d i n g  on the  agen t  e x p e r i e n c e :  it i nc r e as es  ( de c r ea se s )  o f  a f ac t o r  
x d e p e n d i n g  on w h e t h e r  the a gen t  is s u c c e s s f u l  (or  u n s u c c e s s f u l )  in 
f i n d i n g  a l i k e - m i n d e d  n e i g h b o u r .  The  resu l t s  o b t a in e d  for  x=10,  50,  333,  
2500  are c o m p a r e d  to t hose  o b t a in e d  for  the non  a d a p t i v e  case .  The  
a v e r a g e s  are p e r f o r m e d  ove r  the  d i r ec t  n e i g h b o u r h o o d .  The  n u m b e r  o f  
agen t s  is equa l  to A'^=1004. E a c h  agen t  has  m=4  d i r ec t  c o n n e c t i o n s .  The  
s i m u l a t i o n s  have  been  ca r r i e d  out  o v e r  1000 s a mpl e s .  The  e r r o r  bar s  are 
o f  the  s a me  s ize as the p o i n t - m a r ke r s .
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F i g u r e  6.9:  N u m b e r  o f  s u r v i v i n g  o p i n i o ns  d i v i d e d  by the  n u m b e r  N  o f  
a g en t s ,  as a f un c t i on  o f  the  ini t i a l  n u m b e r  o f  o p i n i o n s  in a t i me  a d ap t i v e  
D e f f u a n t - l i k e  mode l .  The  c o n s e n s u s  t h r e s h o l d  c h a n g e s  o v e r  t i me  
d e p e n d i n g  on  the  a g e n t  e x p e r i e n c e :  it i n c r e a s e s  ( d e c r e a s e s )  o f  a f a c t o r  t  
d e p e n d i n g  on w h e t h e r  the a g e n t  is s uc c e s s f u l  (or  u n s u c c e s s f u l )  in f i n d i ng  

a l i k e - m i n d e d  n e i g h bo ur .  The  r e s u l t s  o b t a in ed  for  x=10,  50,  333 ,  2 5 0 0  
are  c o m p a r e d  to t hos e  o b t a i n e d  for  the  non  a d ap t i v e  case .  The  a v e r a g e s  
are  p e r f o r m e d  o ve r  the d i r ec t  n e i g h b o u r h o o d .  The  n u m b e r  o f  a g e n t s  is 
e q u a l  to A^=10004.  Eac h  agen t  has  m=4 d i r ec t  c o n n e c t i o n s .  The  
s i m u l a t i o n s  have  b e e n  c a r r i ed  out  o ve r  1000 s amp l es .  The  e r r o r  ba r s  are 
o f  t he  s am e  s i ze  as the p o i n t - m a r k e r s .
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CHAPTER 7

CONCLUSIONS  

7.1 Summarizing
U n d e r s t a n d i n g  the r e l a t i o n  b e t w e e n  m i c r o s c o p i c  and  m a c r o s c o p i c  

f ea t u r e s  o f  s oc i a l  s e l f - o r g a n i z e d  s y s t e m s  is st i l l  an o p e n  c h a l l en ge .  In 
t h i s  t h e s i s  we  have  s t a r t ed  f r om a s imp l e  L a n g e v i n - l i k e  a p p r o a c h  and  
m o v e d  to a g e n t - b a s e d  m o d e l i n g  as it a l l ows  a b e t t e r  u n d e r s t a n d i n g  o f  the 
u n d e r l y i n g  m i c r o s c o p i c  s t r uc t u r e  o f  s o c i o - e c o n o m i c  s y s t e ms  and  e nab l e  
us to r e p r o d u c e  the  m i c r o s c o p i c  s t a t i s t i c a l  f ea t u r e s  o f  t hos e  s ys t ems .

The  r e s u l t s  o f  t h i s  t he s i s  ma y  be s u m m a r i z e d  as it f o l l ows :

1. The  w a i t i n g  t i me  d i s t r i b u t i o n  found  for  XI X C e n t u r y  I r i sh  S t ock  
M a r k e t  can  be d e s c r i b e d  by a M i t t a g - L e f f l e r  f un c t i on ,  o b t a i n e d  
u n d e r  the  a s s u m p t i o n  o f  a p o w e r - l a w  m e m o r y  f un c t i on  ( for  the 
w h o l e  s y s t em) .  For  s ome  o t h e r  m a r k e t s  (e .g.  the  X X  c e n t u r y  
J a p a n e s e  c u r r e n c y  m a r k e t )  th i s  mo d e l  does  not  app l y .

2. G e n e r a l i z e d  L o t k a - V o l t e r r a  ( G L V )  and  G e n e r a l i z e d  Lo t ka -  
V o l t e r r a  m o de l s  wi t h  Pee r  P r e s su r e  ( G L V P P )  l ead  to p o w e r  l aw 
p r o b a b i l i t y  d i s t r i b u t i o n s  tha t  ( for  an a p p r o p r i a t e  c h o i c e  o f  the 
p a r a m e t e r s )  f i t  the d i s t r i b u t i o n  o f  p e r s o n a l  w e a l t h  f o u nd  in mos t  
e c o n o m i e s .

3. The  S z n a j d  C o n s e n s u s  m o d e l  d y n a m i c s  ma y  be u s ed  to r e p r o d u c e  
the  m a r k e t  v o l u m e  d i s t r i b u t i o n s  o b s e r v e d  in m a n y  f i nanc i a l
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m a r k e t s  (e.g.  N e w  Yor k  S t ock  E x c h a n g e ) .  A v e r y  i n t e r e s t i n g  
f ea t u r e  o f  the  S z n a j d  mo de l  is r e p r e s e n t e d  by an a p p a r e n t  p a r a d o x  
( d i f f e r e n t - i s - e q u a l  e f f ec t ) :  a l l o w i n g  a g e n t s  to c h a n g e  t h e i r  s t a t e  (or  
o p i n i o n )  t h r o u g h  r a n d o m  f l u c t u a t i on s  ma y  r e s u l t  in an i n c r e a s e  o f  
the d e g r ee  o f  c o n s e n s u s  w i t h i n  the s ys t em.  In o t h e r  w o r d s ,  in 
soc i a l  s y s t e m s  in w h i c h  th i s  m o d e l  a pp l i e d ,  a l l o w i n g  i n d i v i d u a l s  to 
be d i f f e r e n t  f o rm t he i r  n e i g h b o r s  ma y  r e s u l t  in a h i g h e r  u n i f o r m i t y .

4. T w o  s imp l e  a d ap t i v e  v e r s i o n s  o f  the D e f f u a n t  m o de l ,  b a s ed  on  the 
‘r e l a t i v e  e x p e c t a t i o n ’ o f  i n d i v i d u a l  agen t s ,  h a v e  b e e n  s t u d i e d  on 
s c a l e - f r e e  n e t wo r ks .  The  f i rs t ,  l eads  a gen t s  to a d j us t  the i r  
e x p e c t a t i o n  to n e i g h b o u r i n g  e n v i r o n m e n t a l  s t a t es .  T h e  s e c o n d ,  
a l l o w s  i n d i v i d u a l  a gen t s  to a d j us t  t he i r  e x p e c t a t i o n s  to t he i r  pas t  
p e r f o r m a n c e s  ( i n c r e a s i n g  t he i r  e x p e c t a t i o n  w h e n  t h e y  do f ind 
s o m e o n e  t he y  agree  wi th ,  d e c r e a s i n g  t he i r  e x p e c t a t i o n s  w h e n  they  
do not ) .  A d a p t i v e  m e c h a n i s m s  p l ay  a key  ro le  in i n c r e a s i n g  the 
p o s s i b i l i t y  for  the  s y s t e m to c o nv e r g e  on to  f e w f inal  o p i n i on s ,  
s t a r t i ng  f rom a wi de  r ange  o f  ini t i a l  op i n i ons .
P a r t i c u l a r l y  i n t e r e s t i n g  is the s e c o n d  o f  t h e s e  t wo  m o d e l s .  The  
r e l a t i ve  n u m b e r  o f  s u r v i v i n g  o p i n i o n s  ( n u m b e r  o f  s u r v i v i n g  
o p i n i o n s  o ve r  n u m b e r  o f  age n t s ) ,  as a f u n c t i on  o f  t he  r e l a t i ve  
ini t i a l  n u m b e r  o f  o p i n i on s  ( n u m b e r  o f  i n i t i a l  o p i n i o n s  o v e r  n u m b e r  
o f  a g e n t s ) ,  p r e s en t s  a n o n - m o n o t o n i c  b eh a v i o r .  A m a x i m u m  oc c u r s  
for  the  ini t i a l  n u m b e r  o f  o p i n i o n s  a p p r o x i m a t e l y  equa l  to the 
n u m b e r  o f  a g e n t s  N.  A h i g h e r  de g r e e  o f  c o n s e n s u s  is r e a c h e d  not  
on l y  for  Q s ma l l e r  t ha n  N,  bu t  a l so for  Q m u c h  l a rg e r  t h a n  N  ( far -  
i s - c l o se  ef fect ) .  Th i s  ma y  a p p e a r  c o u n t e r - i n t u i t i v e  and  r e m a r k a b l y  
d i f f e r e n t  f r om w h a t  o b s e r v e d  in the  n o n - a d a p t i v e  case ,  bu t  it ma y  
be e x p l a i n e d  by the e x i s t e n c e  o f  a t y p i ca l  a v e r a g e  d i s t a n c e ,  so tha t  
w h e n  the  a v e r a g e  o p i n i o n  d i s t a n c e  is a b o ve  s uch  a v a l ue ,  a gen t s  
have  to c h a n g e  t he i r  o p i n i o n s  f a s t e r  ( to a vo i d  i s o l a t i o n ) ,  w h e n  the 
a v e r a g e  o p i n i o n - d i s t a n c e  is b e l o w  the v a l ue ,  a g e n t s  h a v e  ve ry  
s i m i l a r  o p i n i o n s  and ma y  ea s i l y  r eac h  an a g r e e m e n t ,  w h i l e  a r o u n d
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the  t yp i c a l  v a l ue ,  o p i n i o n s  are too d i s t a n t  for  the  a g e n t s  to f ind an 
a g r e e m e n t ,  but  a l so too c l ose  to p r o m o t e  a q u i c k  a d a p t a t i o n  
p ro c e s s .

The  c o m m o n  d e n o m i n a t o r  o f  the  Szna j d  and  D e f f u a n t - R E M  ( D e f f u a n t  
w i t h  r e l a t i v e  e x p e c t a t i o n  m o de l )  c o n s e n s u s  m o d e l s  and  M a r s i l i - R i c h m o n d  
p ee r  p r e s s u r e  m o d e l s  is t ha t  in b o t h  soc i a l  e n v i r o n m e n t  s i g n i f i c a n t l y  
i n f l u e n c e  a g e n t  b e h a v i ou r .

G L V P P ,  Pee r  P r es su r e ,  S z n a j d  and  D e f f ua n t  m o d e l s  t ry to c a p t u r e  
d i f f e r e n t  a s pe c t s  o f  soc io  i n t e r a c t i on  ( l oos e l y  s p e a k i n g :  ‘keep  up wi t h  the 
J o n e s ’ ( G L V P P ) ,  g o i n g  wi t h  the c r o w e d  (PP) ,  u n i t e d - w e - s t a n d - d i v i d e d -  
w e - f a l l  ( S z n a j d  mo de l ) ) ,  b a r g a i n i n g  ( D e f f u a n t  mode l ) ) .

One  o f  t he  m o s t  i m p o r t an t  d i f f e r e n c e s  b e t w e e n  G L V P P  and  PP mo d e l s  
on the  one  hand  and  Szna j d  and  D e f f u a n t  m o de l s  on the  o th e r  has  to do 
wi t h  t he  t o p o l o gy .  In the f i r s t  e v e r y b o d y  does  i n t e r a c t  w i t h  e v e r y b o d y  
e l se .  In the  s e c o n d  th i s  does  not  h appen .

T h e r e  are  not  on ly  d i f f e r e n c e s  r e l a t ed  to the  i n t e r a c t i o n  and the  
t o p o l o g y ,  bu t  a l so  to the e q u i l i b r i u m  so lu t i on .  In the  t wo  c o n t i n u o u s  
m o d e l s  a g e n t  s t a r t  h av i n g  the  s a me  w e a l t h  and end  up wi t h  t h e i r  w e a l t h  
b e i n g  p o w e r -  l aw or  ‘t e n t ’ d i s t r i b u t e d .  In the  d i s c r e t e  m o d e l s ,  at the 
b e g i n n i n g  t h e r e  are d i f f e r e n t  o p i n i o n s ,  at  the end  o n l y  f ew (or  j u s t  one )  
o p i n i o n s  s u r v i ve .  In the f i rs t  case  the e v o l u t i o n  r e d u c e s  the  ‘o r d e r ’ 
w i t h i n  t he  s y s t em,  in the  s e c o nd  i n c r e a s e s  it.
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7.2 Out look
In o r d e r  to u n d e r s t a n d  the  e m e r g e n c e  and  e v o l u t i o n  o f  s e l f - o r g a n i z e d  

soc i a l  s y s t e m s ,  we  need  to pu s h  f o r w a r d  a g e n t - b a s e d  m o d e l i n g  and  to 
a c h i e v e  a m o re  r ea l i s t i c  r e p r e s e n t a t i o n  o f  the  s y s t em s  we are  t r y i ng  to 
ana l y se .

Key  s t eps ,  in d o i n g  tha t ,  w o u l d  be:

1. B u i l d i n g  n e w  m o d e l s  e n a b l i n g  e a c h  a g e n t  to b o t h  se l ec t  a 
s pe c i f i c  soc i a l  e n v i r o n m e n t  and  adap t  to it. For  i n s t a n c e ,  one  ma y  
t h i nk  o f  a D e f f u a n t - R E M  mo d e l  in w h i c h  the n e t w o r k  c o n n e c t i o n s  
ma y  c h a n g e  a c c o r d i n g  to a d y n a m i c a l  m e c h a n i s m .

2. A s s e s s i n g  the i m p a c t  o f  a gen t  b e h a v i o u r  on the t o p o l o g i c a l  
and  d y n a m i c a l  p r o p e r t i e s  o f  a sys t em.  For  i n s t a nc e ,  u n d e r s t a n d i n g  
w h a t  m a k e s  a g e n t s  bu i l d  a p r e v i o u s l y  i n e x i s t en t  n e t w o r k  ( a l o n g  the 
l i nes  o f  s o me  r ece n t  s t ud i e s  on s e l f - a s s e m b l i n g  n e t w o r k s  w i t h i n  ant  
c o m m u n i t i e s  [62] )  and  h ow  the p r o p e r t i e s  o f  t he i r  l oca l  i n t e r ac t i on  
a f f e c t s  t o p o l o g i c a l  q u a n t i t i e s  such  as the a v e r a g e  c l u s t e r i n g  
c o e f f i c i e n t ,  t he  a v e r a g e  pa t h  l e ng t h  and the  d e g r ee  d i s t r i b u t i o n .

3. S t u d y i n g  the i m p a c t  o f  g loba l  c o n d i t i o n s  and  n e t w o r k  
t o p o l o g y  on the  i n d i v i d u a l  a g e n t  b e h a v i o u r .  Fo r  i n s t a n c e ,  s t u d y i n g  
how,  g i ve n  a c e r t a i n  i n t e r ac t i o n ,  an a g e n t  p e r f o r m a n c e  d e p e n d s  on 
the  local  c l u s t e r i n g  c o e f f i c i e n t  and on the  c o n n e c t i v i t y  de g r e e  
d i s t r i b u t i o n .

A p p l i c a t i o n s  o f  p o s s i b l e  f i n d i n gs  w o u l d  c e r t a i n l y  be t o p i c a l  for  a 
v a r i e t y  o f  d e c i s i o n - m a k i n g  p r o c e s s e s  r a n g i n g  f rom m a r k e t  r e g u l a t i o n  to 
h e a l t h  and  safe ty .
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Ap pe nd ix
In A p p e n d i x  1 w e  o u t l i n e  th e  d e f i n i t i o n  and  p r o p e r t i e s  o f  A u t o - C o -  

V a r i a n c e  F u n c t i o n s .  A u t o c o v a r i a n c e  an d  A u t o c o r r e l a t i o n  (a n o r m a l i z e d  

v e r s i o n  o f  th e  f i r s t ) ,  are i m p o r t a n t  to d e t e c t  m e m o r y  e f f e c t  w i t h i n  t i m e  

s e r i e s .  In A p p e n d i x  2 w e  r e v i e w  th e  b a s i c  p r o p e r t i e s  o f  F i n a n c i a l  M a r k e t  

V o l a t i l i t y .  In A p p e n d i x  3,  w e  d e s c r i b e  th e  p r i n c i p l e  b e h i n d  th e  r a n d o m  

n u m b e r  g e n e r a t i o n  a l g o r i t h m  u s e d  in  t h e  s i m u l a t i o n s  w i t h i n  t h i s  t h e s i s .

Ap pe n d ix  1: A u to -C o -V a r ia nc e

I n t r o d u c t i o n  to A u t o - C o - V a r i a n c e
T h e  a u t o - c o v a r i a n c e  f u n c t i o n  ( A C V F )  m e a s u r e s  f o r  a g i v e n  t i m e  s e r i e s ,  

x { t ) ,  th e  c o r r e l a t i o n  b e t w e e n  f l u c t u a t i o n s  a r o u n d  th e  a v e r a g e  v a l u e ,  |.i at 

t i m e  w i t h  s i m i l a r  f l u c t u a t i o n s  at a n o t h e r  t i m e  t j .  It i s  f o r m a l l y  

e x p r e s s e d  as f o l l o w s  [ 1 ] [ 2 ] :

C ( / , ,? 2 ) = E { x { t , \ x { t ^ ) ] - / u { t , ) i u { t ^ )  (1).

£{x( / | ) ,x ( /2 )}  = f  [  x^xjf{x^,xj,t^,tj)dx^dx^ (2)
•t-O Q  CO

and

/ j { t )  =  E { x { t ) ) =  \  x f { x , t ) d x  (3)
• ^ 0 0

are th e  e x p e c t a t i o n  v a l u e s  o f  x{ t )  an d  x ( / , ) x ( ? 2 ) -  f { x , t )  i s  th e  

p r o b a b i l i t y  d e n s i t y  o f  o b s e r v i n g  t h e  r a n d o m  v a l u e  x  at t i m e  t.

i s t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  o b s e r v i n g  x, at t i m e  /, 

a n d  Xj at t i m e  t -̂

For t ^ - t ^ i ^ ^  A C V F  is e q u a l  to t h e  v a r i a n c e  a s s o c i a t e d  w i t h  the  

s t o c h a s t i c  p r o c e s s  x { t ) .
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I f  f ( x , t )  d o e s  n o t  d e p e n d  e x p l i c i t l y  u p o n  t h e  t i m e ? ,  t h e n  

c l e a r l y //(/■,) = / / ( / j )  = / /  a n d  b o t h  E{x{t^) ,x{t2)}  a n d  C(/ ,  ,^2) = e ' er)  d e p e n d  

o n l y  o n  r = t 2 - t ^ .  S u c h  a p r o c e s s  is s a i d  to be  “ w i d e - s e n s e ” s t a t i o n a r y .  

T h e  A C V F  m a y  n o w  be  t h o u g h t  o f  as  a “ m e m o r y  f u n c t i o n ” , i . e.  a 
f u n c t i o n  t h a t  q u a n t i f i e s  h o w  m u c h  m e m o r y  o f  p a s t  f l u c t u a t i o n s  is 

r e t a i n e d  b y  t he  s y s t e m  a f t e r  a t i m e r .

In  g e n e r a l ,  t h e  A C V F  is n o n - z e r o  o v e r  a r a n g e  | r | < r ’ a n d  f l u c t u a t i o n s

w i t h i n  t h i s  r a n g e  a r e  s t a t i s t i c a l l y  d e p e n d e n t .  In p a r t i c u l a r ,  i f  t h e  A C V F  is 
p o s i t i v e  o v e r  t h i s  r a n g e ,  p o s i t i v e  f l u c t u a t i o n s  a r e  m o r e  l i k e l y  t o  f o l l o w  
p o s i t i v e  f l u c t u a t i o n s  a n d  n e g a t i v e  f l u c t u a t i o n s  a r e  m o r e  l i k e l y  to f o l l o w  

n e g a t i v e  f l u c t u a t i o n s  a f t e r  a t i m e r .  I f  t he  A C V F  is n e g a t i v e ,  p o s i t i v e  
f l u c t u a t i o n s  a r e  m o r e  l i k e l y  to f o l l o w  n e g a t i v e  f l u c t u a t i o n s  a n d  v i ce  
v e r s a .

T h e  P r o p e r t i e s  o f  the A u t o - C o v a r i a n c e  Fu n c t i o n .
T h e r e  i s  a v e r y  i m p o r t a n t  r e l a t i o n  b e t w e e n  t he  F o u r i e r  t r a n s f o r m e d

r
-co

x'{t)t\x>{i(ot)dl o f  t h e  s t o c h a s t i c  p r o c e s s  x ' { t )  = x { t )  - / j  a nd
CO

jH-00

t h e  F o u r i e r  t r a n s f o r m e d  C(<i)) = C( r ) e xp ( / 6>r)<i/ o f  t h e  A C V F  C ( r )  o f
J-Q O

x{ t ) \

C{co) = E{x ' { (o)x ' ' {co)}  ( 4 )

T h i s  r e s u l t  is a l s o  k n o w n  as  W i e n e r - K h i n t c h i n e  t h e o r e m  

a n d .  3c'((Z))x'* (<y) is a l s o  c a l l e d  P o w e r  S p e c t r u m  ( P S )  o f  x ' ( 0 [ l ] [ 2 ] -

T h i s  r e s u l t  a l l o w s  us  to s t u d y  t h e  PS  a n d  e s t a b l i s h  m o r e  d e t a i l  a b o u t  

t h e  A C V F .  I f  t h e  A C V F  o f  x{t)  is z e r o  f o r  t h e  p o w e r  s p e c t r u m  is

f l a t ,  in o t h e r  w o r d s  al l  t h e  f r e q u e n c y  c o m p o n e n t s  c o n t r i b u t e  w i t h  t he  

s a m e  w e i g h t  to PS.  I f  x{t)  is a s h o r t  r a n g e  c o r r e l a t e d  p r o c e s s  a n d

C ( r )  = e x p ( - | r | / / l ) , t h e  P . S .  b e c o m e s :
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C((y) = ---------------
 ̂  ̂ 1 +  (27tA(v )

2crU
( 5 )

I f  x(/) is c h a r a c t e r i z e d  by a p o w e r  law:  C( r )  = ^ | r | ' ' ' ,  w h e r e  ^  is a

c o n s t a n t  c o e f f i c i e n t  and  7 is a n u m b e r  b i g g e r  t h a n  ze ro  and  s m a l l e r  t ha n  

1, the PS is

The  r a n g e  o f  f r eq u e n c i e s ,  for  w h i c h  we can  r e ly  on a n a l y s e s  o f  the 
p o w e r  s p e c t r u m  is g i v e n  a p p r o x i m a t e l y  by

w h e r e  T i s  the t i me  l e ng t h  o f  the t i me  s e r i e s  and  Af is the  t i me  lag 
b e t w e e n  t wo  data.

An i m p o r t a n t  po i n t  to m a k e  at thi s  s t age  is t ha t  m o s t  w o r k e r s ,  
( e s p e c i a l l y  p h y s i c i s t s )  a s s u m e  tha t  e x p e c t a t i o n  v a l u e s  ma y  be e q u a t e d  
wi th  t i me  a v e r a g e s ,  i .e. :

Wh en  t ha t  is p o s s i b l e  the p ro c e s s  x(t)  is sa id  to be e r god i c .

To d i s c r i m i n a t e  w h e t h e r  or  no t  a p r o ce s s  is e r g o d i c  can  be a ve r y  ha rd  
task.

G e n e r a l  r e q u i r e m e n t s  for  a p r o c e s s  x(/) to be e r g o d i c  are:  to be 

s t a t i on a r y  and  to h a v e  a t i me  a v e r a g e s  in ( 10) and  ( 11) i n d e p e n d e n t  by 
the  s a m p l e  ( s am p l e  f un c t i o n )  c h o s e n  o f x ( / ) .

The b e h a v i o u r  o f  the  A C V F  is v e r y  i m p or t a n t  in o r de r  to a s s e s s  to w h a t  
ex t en t  t he  Cen t r a l  L i mi t  T h e o r e m  ( CL T )  ma y  fu l ly  d e s c r i b e  the 
a s y m p t o t i c  b e h a v i o u r  o f  a p ro c e s s  x ( 0 ( s e e  Ce n t r a l  L i mi t  T h e o r e m ) .

C(o}) = ( 6 )

and ( y^^=l / A? ( 7 )

1 T

E{x{t)}=<x{t)>=\\vs\— \x{t)dt ( 8 )
7 -><x T  J  ■* n0

and
T

£ ’{x(O x(r,)} s <  x (M x(/,)  >= lim \x{t )̂x{t2 )dt (9 )
r-xxi J
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C L T  a s s u m e s  v a r i a b l e s  are  s t a t i s t i c a l l y  i n d e p e n d e n t .  A s t o c h a s t i c  
p r o c e s s  o f  i d e n t i c a l  d i s t r i b u t e d  r a n d o m  v a r i a b l e s ,  h a v i n g  a ze r o  A C V F  
va l ue  for  r  d i f f e r e n t  f r om zero ,  me e t  the  C L T  r e q u i r e m e n t s ,  h e n ce  the 
p r o c e s s  o b t a i n e d  s u m m i n g  A^of t hos e  i id v a r i a b l e s  is e x p e c t e d  to 
c o n v e r g e  to a s t ab l e  d i s t r i b u t i o n  ( i .e.  to a G a u s s i a n  d i s t r i b u t i o n  i f  the 
v a r i a n c e  a s s o c i a t e  to is f in i t e ,  to a Le v y  d i s t r i b u t i o n  i f  t he  v a r i a n c e  is 
i n f i n i t e  or  no t  d e f in e d ,  a c c o r d i n g  to the  g e n e r a l i z e d  C L T )  as N i n c r e a s es .

I f  x( r , ) i s  a s t a t i on a r y  p r o c e s s  wi t h  v a r i a n c e  cr^ =C ( 0 )  and  C(co) = 0 ,  the 

v a r i a n c e  o f  the  v a r i a b l e

= with j  = 0 , N , 2 N  kN  (10)
/ =  1

can  be e x p r e s s e d  in t e rms  o f  C(r )  as fo l l ows ;

a , /  = £{5^^}- E{S,  27VX(1 -  -^)C (r) (11)
N

I f  C( r )  d e c a y s  f a s t e r  t han  1/r for  l a r g e r ,  the  s um o ve r  r  t e n d s  to a 

c o n s t a n t  for  l a rge  N , and thus  the v a r i a n c e  o f  the s um st i l l  g r o w s  as N , 
as for  t he  u s ua l  Cen t r a l  L i mi t  T h e o r e m .

I f  C ( r ) d e c a y s  for  l a rge  r  as a p ow e r  l aw ( “ f r a c t i o n a l  B r o w n i a n  

m o t i o n ” ) t ~'" wi thv < \ t hen  the  v a r i a n c e  g r ow s  f a s t e r  t ha n  N , as . In

th i s  ca s e  the  s t a n d a r d  C L T  n e e d s  to be a m e n d e d ,  and  t he r e  is no ge ne r a l  
s o l u t i o n  for  t he  p r o b l e m  o f  the  l i mi t  d i s t r i b u t i o n  in t h e se  c a s e s  [2].

S t u d y i n g  the  s t a n d a r d  d e v i a t i o n  (J^^of as f u n c t i o n  o f  N  one  can

w o r k  ou t  s ome  p r o p e r t i e s  o f C ( r ) .

In o r d e r  to do tha t  one t a kes  a t i me  se r i es  o f  l e n g t h T a n d  d i v i d e s  it in 
T

n = — i n t e r va l s ,  wo r ks  ou t  for  each  i n t e r va l  ^^(z) and
N  ^

e s t i m a t e s  cr.  ̂as

(12)
« - 11 /

w h e r e

116



APPENDIX

s ; = < s „ > = - X s „ ( 0  ( 1 3 )
n

i f  the p rocess  x{t) is s tat ionary.

I f  the p rocess  is not  s ta t ionary because  o f  a t rend,  we can sti l l  use the 
r e l a t ion  (14)  to work  out the a symptot i c  p roper t i e s  o f  au to-covar i ance ,  
but  we mus t  t ake  as a non cons tan t  func t ion o f  i r ep resen t ing  the

va lue  o f  the func t ion  best  f i t t ing the point s  { i , }. In this  case  we talk

o f  D e t r e n d e d  Fl uc tua t i on  Ana l ys i s  (DFA).[3]
From such an analys i s  one can infer  some a sympt o t i c  p roper t i e s  o f  

ACVF,  a ccord i ng  to the fo l l owing cr i teria:

• I f  <7ĝ  is propor t ional  to , this means  that  there  is no

long range cor re la t ion,  the s tochas t ic  p rocess  has fast  decaying  
a u t ocor re l a t i on  or no autocor re la t i on.

• I f  (7^  ̂ is propor t ional  to N “, wi th 0 . 5 < « < 1 ,  C( r ) i s  pos i t ive  

and has a power  law behav iour  wi th exponent  v = 2 - 2 a .

• I f  is p ropor t iona l  to Â “ , wi th  0 < o r < 0 . 5 ,  C(r ) i s

nega t i ve  (an t i - cor r e l a t ion)  and has a power  law behav i our  wi th
exponen t  v = 2 - 2 a .

• I f  is p ropor t iona l  to N “, wi th  a > \ ,  C{t)  is non zero,

but  does  not  have anymore  a power  law s t ructure .

There  are s tudies  sugges t ing  how,  in some cases ,  j u s t  one o f  the
methods  ou t l i ned  might  be not  enough  to work  out  the p roper t i e s  o f  
ACVF.  In general ,  it is advisable  to use not  only A CVF  di rect
express ion ,  but  also PS and DFA,  re lying only on resul t s  suppor ted  by at 
least  two o f  those  methods[5] .

Also,  a cer ta in  care in the in te rpre ta t ion  o f  resul t s  is advi sable  when
deal ing wi th d i s t r ibu t ions  having  “heavy t a i l s ” .

In fact ,  in that  case,  the es t imated  value o f  the ACVF (sample  ACVF)  
can be a f fec t ed  by bigger  s tat i s t ical  er rors  than in the case o f  a gauss ian
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p r o b a b i l i t y  d e n s i t y  f un c t i on ,  due  to a s l o w e r  r a t e  o f  c o n v e r g e n c e  to the 
ac t ua l  A C V F  [5]
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A p p e n d i x  2: V o l a t i l i t y

Vo l a t i l i t y  is c o m m o n l y  a s s o c i a t e d  wi t h  r i sk  and  o p p o r t u n i t i e s  for  
m a k i n g  p r o f i t s .  It is a m e a s u r e  o f  the m a g n i t u d e  o f  a s s e t  p r i ce  
f l u c t u a t i o n s  and  is c o m m o n l y  f o r m u l a t e d  u s i n g  one  o f  t wo  d i f f e r e n t
r ou t e s .  H i s t o r i c  v o l a t i l i t y  is a s t a t i s t i ca l  m e a s u r e  b a s ed  on p a s t  p r i ce
m o v e m e n t s .  I mp l i e d  v o l a t i l i t y  is c a l c u l a t e d  f rom q u o t e d  t r a d e d  o p t i on  
p r e m i u m s  or  p r i c e s  and for  th i s  p u r po s e ,  the use  o f  a p r i c i n g  m o d e l  such  
as the  B l a c k  S c h o le s  t h e o r y  is r equ i r e d .  Th i s  l a t t e r  r ou t e  is u s ed  to 
e s t i m a t e  w h e t h e r  op t i on  p r e m i u m s  are r e l a t i v e l y  c h ea p  or  e x p e n s i v e .  A 
m e a s u r e  o f  v o l a t i l i t y  in the f u t u r e  w o u l d  c l e a r l y  e n ab l e  us to p r e d i c t  
f u t u r e  p r i ce  m o v e m e n t s  mo r e  p r ec i se l y .  S i nce  th i s  is not  p os s i b l e ,
h i s t o r i c  and  i m p l i e d  v o l a t i l i t i e s  are w i d e l y  used  as the  bes t  g u e s s e s  for  
f u t u r e  vo l a t i l i t y .  T h e s e  are no t  a l wa y s  equ i va l e n t .

G e n e r a l l y ,  w h e n  e v a l u a t i n g  vo l a t i l i t y ,  we c o n s i d e r  d i f f e r e n t  t i me
pe r i o d s .  We  m a y  look  at the  v o l a t i l i t y  o ve r  the pas t  w e e k ,  the  pas t  
m o n t h ,  t he  p a s t  t h r ee  m o n t hs ,  the pas t  s ix m o n t h s  and  e v e n  o ve r  l onge r  
pe r i o d s .  T h e  l o n g e r  t i me  p e r io d  wi l l  c l ea r l y  y i e ld  mo r e  o f  an a v e r a g e  
vo l a t i l i t y .

S u p p o s e  we have  the  t i me  se r i e s  for  the p r i ce ,  [po, Pi ,  P 2  P n },  o f
an asse t .  T h e  p r i ce s  are t a k e n  at r eg u l a r  i n t e r va l s ,  t  t ha t  m a y  be a nnua l ,  
m o n t h l y ,  w e e k l y ,  da i l y  or  e v e n  f i ner  s t eps  t a k e n  o ve r  a t i m e  p e r i o d  T 
w h e r e  T  = N t .

We n o w  c o m p u t e  the log p r i ce  r e t u r n  t i me  ser i es :

( 1 )

Cl e a r l y  t he  a v e r a g e  r e t u r n  is

(2 )

The  h i s t o r i c  v o l a t i l i t y  is t he n  d e f in e d  as
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<J - ( 3 )

A n o t h e r  d e f i n i t i o n  s o m e t i m e s  u sed  is:

(4 )

Wi th  the e m e r g e n c e  o f  t ic da t a  tha t  is not  h o m o g e n e o u s  in t i me  and for  
w h i c h  the  t i me  lag b e t w e e n  da t a  po i n t s  is no l o ng e r  c o ns t a n t ,  c a r e  mus t  
be t a ke  wi t h  the c o m p u t a t i o n  o f  vo l a t i l i t y .  A c o m m o n  a p p r o a c h  is to use  
E x p o n e n t i a l  M o v i n g  A v e r a g e  ( E M A )  o p e r a t o r s  to g e n e r a l i z e  the  usua l  
s t a t i s t i c a l  t oo l s  d e v i s e d  for  h o m o g e n e o u s  t i me  se r i e s  [1].

The  p r o b a b i l i t y  d i s t r i b u t i o n  f u nc t i on  o f  the  v o l a t i l i t y  can  be d e s c r i b e d  
by  a log n o r ma l  d i s t r i b u t i o n  for  s ma l l  va l ue s ;  for  l a rge  v a l ue s  it e x h i b i t s  
a fat  ta i l  t ha t  can  be c h a r a c t e r i s e d  by a p o w e r  law.

The  A u t o c o r r e l a t i o n  f u n c t i on  o f  the v o l a t i l i t y  a l so  e x h i b i t s  a l ong  tai l  
w i t h  c h a r a c t e r i s t i c  p o w e r  l aw b e h a v i o u r .  G e n e r a l l y  the  e x p o n e n t  o f  the 
p o w e r  l aw is s ma l l  l y i ng  b e t w e e n  0.2 and  0 .6[2] .

T h e r e  is a s t r ong  po s i t i ve  c o r r e l a t i on  b e t w e e n  v o l a t i l i t y  and  m a r k e t  
v o l u m e ,  s u g g e s t i n g  tha t  vo l a t i l i t y  is i n t i ma t e l y  r e l a t ed  to the  sca l e  o f  
m a r k e t  ac t i v i t y .

W h e n  e v a l u a t i n g  the  p u r c h a s e  o f  an o p t i on ,  not  o n l y  t he  h i s t o r i c a l  
v o l a t i l i t y  bu t  a l so the s o - ca l l e d  i mp l i e d  v o l a t i l i t y  o f  the  u n d e r l y i n g  
s e c u r i t y  is e v a l u a t e d .  Th e r e  are m a n y  d i f f e r e n t  m o d e l s  for  p r i c i n g  o p t i on s  
a nd  m o s t  r eq u i r e  a va l ue  for  the  vo l a t i l i t y  in o r de r  to e s t i m a t e  the  pr i ce .  
F r e q u e n t l y  u s i n g  the  h i s t o r i c  vo l a t i l i t y  wi th  mo s t  m o de l s  wi l l  y i e l d  a
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price  re l a t ive ly  c lose to the t rue price.  The es t imate  is however  af fected 
by the t ime interval  or lag be tween  two consecut ive  pr ices  used for the 
de t e rmina t ion .  Accord ing  to an empi r ica l  rule,  the best  e s t imate  is 
ob t a ined  t aking a t ime interval  as long as the t ime to matur i ty ,  T, o f  the 
opt ion  [3],

However ,  there are t imes when the ca lcula ted pr ice  is qui te  d i f f erent  to 
that  at which  the opt ion is t rading.  This  is genera l ly  ascr ibed  to the fact  
that  the hi s tor ica l  vola t i l i ty  be ing used is incor rec t  s ince all o ther  inputs  
such as the t ime unt i l  expi ra t ion,  the st r ike price,  d iv idends  to be paid by 
the s tock,  the cur rent  risk free interes t  rate are known.  The marke tp l ace  
in e f fect  is as suming  a d i f f erent  vola t i l i ty f rom that  predic ted  using the 
hi s tor ica l  volat i l i ty.  The way out  o f  this  d i l emma is to use the opt ion-  
p r i c ing  model  in reverse.  We know the opt ion price and all other  
va r i ab les  except  the vola t i l i ty that  the market  pr ice  impl ies .  Therefore ,  
ins tead o f  us ing the equat ion to solve for the opt ion price,  we use the 
model  to solve for the vola t i l i ty  assuming  all o ther  var iable  are known.  
Using quoted  opt ion prices toge ther  wi th other  var i ables  such as t ime to 
expi ry,  s t r ike pr ice,  d iv idends  to be paid,  unde r ly ing  s tock pr ice  and 
cur rent  r i sk free interes t  rate we may compute  the so-ca l l ed  impl ied 
volat i l i ty.

Many t raders  refer  to impl ied vola t i l i ty  as the p remium.  To be precise ,  
the word  p remium refers  to the opt ion pr ice re la t ive  to the under ly ing  
secur i ty .  Never t he l e s s ,  t raders  wil l  say things  l ike,  "Premium levels  are 
high."  or  "Premium levels are low." What  the t rader  is real ly re fe r r ing  to 
is the impl ied  volat i l i ty.  The impl ied vola t i l i ty  is high or the impl ied 
vola t i l i t y  is low.

Thus  us ing the Black-Schol es  pr ic ing formula  for  Eur opean  opt ions  we 
may es t i mate  the marke t  expec ta t ion  o f  volat i l i ty,  a  us ing marke t  pr ice 
data  for a “ b e nc hm a rk ” opt ion wi th a t ime to matur i ty ,  T, us ing the Black 
Scholes  fo r mula  for the price,  p:

p  = c ( x ^ , t , T , r , a , x ^ )  _ (5)
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The resul t  for the impl ied volat i l i ty,  a(x^.,T) as a func t ion  o f  st r ike

pr ice ,  X5 and xo, exhibi t s  a charac te r i s t i c  behav iour  as a func t ion  o f  Xs-xq. 
The curve  may f requent ly be l ikened to the smi le o f  Chesh i r e  cat.  This  is 
the so-ca l l ed  vola t i l i ty  smile.  The impl ied vola t i l i ty  r eaches  a mi n i mum 
value  for  = xq ( a t - t he -money  opt ions)  that  is smal l e r  than the actual  
vola t i l i t y  cr o f  the under ly ing  asset.

The vola t i l i t y  smi le  effect  has been shown to be i n t imate ly  re la ted to 
the p r e s ence  of  a non-zero  and general ly  pos i t ive  kur tos i s  k(T)  for the 
d i s t r i bu t ion  o f  re turns  o f  the under ly ing  asset .  Bouchaud  [2] has der ived 
the f o l l owi ng  approximate ,  analyt ic  express ion  for impl i ed  volat i l i ty:

o-{x^,T) = a 1 + k(T)
24 2 2 r p

a  X qT
( 6 )

ARCH,  GARCH and related s tochas t ic  processes  have been widely  used 
in an a t t empt  to develop  t ime dependent  models  o f  vola t i l i t y  [4]. HARCH 
mode l s  succeed  in mode l l ing  long ranged memory  o f  vola t i l i t y[  1 ]. Other  
s tochas t i c  vola t i l i ty  models  that  invoke a dependence  on past  vola t i l i ty  
values  r a the r  than s imply re turns  have also been explored.  All  these 
mode l s  genera l ly  fail to descr ibe  correct ly  the sca l ing behav i our  that  
char ac t e r i s es  re turn and vola t i l i ty  d i s t r ibu t ion  func t ions  and can be 
c umb er so me  to compute .  This  has led to a new approach  based on the use 
o f  agent  methods  rooted in s tat i s t ical  phys ics  for the char ac t e r i s a t i on  o f  
these s tochas t i c  processes .  Recent ly ,  however ,  LeBar on  [4] has shown 
how s imple  s tochas t ic  vola t i l i ty  mode l s  that  inc lude dr iv ing  processes  
wi th d i f f e r en t  t ime scales can di splay power  laws and scale invar i ance  
s imi la r  to actual  f inancial  data
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A pp en dix  3: Random number  generat ion

R a n d o m  n u m b e r s  n e e d e d  in C o m p u t e r  s i m u l a t i on s  h a v e  b e e n  g e n e r a t ed  
t h r o u g h  L i n e a r  C o n g r u e n t i a l  R a n d o m  N u m b e r  G e n e r a t o r  a l go r i t h m .

S t a r t i n g  wi t h  an i n t ege r ,  c a l l ed  I S E E D ,  we p r o d u c e  an odd  i n t e g e r  I BM 
= 2 * I S E E D  -1,  t h e n  we p e r f o r m  the m u l t i p l i c a t i o n  I B M = I B M *  1 6807 .

I m p l e m e n t e d  on any  32-b i t  m a c h i n e  thi s  p r o c e d u r e  g i ves  i n t e g e r s  I BM 

d i s t r i b u t e d  r a n d o m l y  b e t w e e n  -2^’ and  2^'.
In fact ,  w h e n  two  n u m b e r s  are m u l t i p l i ed  a 3 2 - b i t  c o m p u t e r  t h r ow s  

a w a y  the  l e a d i n g  bi t s  e x c e e d i n g  32 bi t s .  S ince  the  f i r s t  bi t  r e f e r s  to the 
n u m b e r  s ign  ( say  0 for  po s i t i ve  and 1 for  n e g a t i v e ) ,  the  m u l t i p l i c a t i o n  o f  
two  p os i t i v e  n u m b e r s  ma y  st i l l  p r o du ce  a n eg a t i v e  n u m b e r .  Mo r e  
i m p o r t a n t  the  l as t  ( and  leas t  s i g n i f i c a n t )  32 d ig i t s ,  t ha t  are  r e t a i n e d ,  look  
c o m p l e t e l y  u n p r e d i c t a b l e  and  w o u l d  pass  m o s t  n on - t r i v i a l  t e s t s  for  
r a n d o m n e s s .

E m p i r i c a l l y  the  bes t  r e s u l t s  are o b t a i n e d  m u l t i p l y i n g  I BM t i m e s  16807 
( in t he  pas t  o th e r  n u m b e r s ,  such  as 6 5 53 9  and 6 5 5 49 ,  h a v e  b e e n  used) .  In 
g en e r a l  it is r e q u i r e d  for  the  IBM n u m b e r s  to be odd  i n t ege r s .
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