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Summary

This thesis covers a number of different research projects which are all connected to
the central topic of computing Feynman integrals efficiently through analytic methods.
Improvements in our ability to evaluate Feynman integrals allow us to increase the
order in perturbation theory at which we are able to produce theoretical predictions
for various processes in the Standard Model, which can be tested at the Large Hadron
Collider.

In Chapters 2 and 3, we review scalar Feynman integrals, and classes of iterated
integrals to which they evaluate. Many Feynman integrals are expressible in terms
of multiple polylogarithms (MPLs) [6, 7], which are functions whose properties are
well studied, and for which efficient numerical algorithms exist [8]. However, MPLs do
not span the space of all functions to which Feynman integrals evaluate. For example,
so-called elliptic Feynman integrals [9-40] evaluate to elliptic generalizations of MPLs
such as elliptic multiple polylogarithms (eMPLs) [20, 41-43]. In Chapter 4, we discuss
novel research on the analytic computation of elliptic Feynman integrals, based on
Ref. [1]. We will show how certain elliptic Feynman integrals can be written as
one-fold integrals over polylogarithmic integrands, which can be solved from systems
of differential equations in a canonical dlog form [44], or by direct integration of the
Feynman parametrization. The differential equations depend on the final integration
parameter and can be directly solved in terms of eMPLs, or in terms of MPLs. We
show for two examples how the final integration can be performed in terms of elliptic
multiple polylogarithms (eMPLs).

Although fully analytic solutions in terms of MPLs are known to be very efficient
for numerical purposes, obtaining and numerically evaluating solutions in terms of
eMPLs generally requires more work. Furthermore, for many Feynman integrals it is
not known how to obtain fully analytic solutions at all, as their space of functions
may lie beyond the MPLs and eMPLs. For example, the so-called ‘banana’ graphs are
associated with Calabi-Yau (I — 1)-folds, where | denotes the number of loops (see e.g.

[45, 46].) In Chapter 5, we discuss how Feynman integrals, including those for which
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the space of functions is not well-studied, can be efficiently computed by solving their
differential equations in terms of one-dimensional series expansions along contours in
phase-space [2-4, 40, 47]. By connecting series expansions obtained along multiple line
segments, it is possible in this way to obtain high precision numerical results for many
Feynman integrals at arbitrary points in phase-space.

In Chapter 5, we also present a novel Mathematica package called DiffExp, which
was announced in Ref. [4], and which implements these series expansion methods for
general usage. As a first example, we apply the package to obtain high precision results
for the unequal-mass banana graph family at various points in the physical region,
something that is currently out of reach of other analytic methods. We also showcase
the application of DiffExp to two-loop five-point integrals taken from Refs. [47, 48], for
which the differential equations and boundary conditions are publicly available, but for
which no publicly available numerical implementation existed so far.

In Chapter 6, we present the computation of the complete set of non-planar master
integrals relevant for Higgs plus jet production at next-to-leading order with full heavy
quark mass dependence, based on Refs. [2, 3]. We perform the computation using the
method of differential equations, by setting up a canonical basis for most of the integral
sectors, and by simplifying the elliptic top sectors in a way such that the differential
equations of at most two integrals are coupled at a time. We obtain three-dimensional
plots of the integrals in the physical region, by evaluating them numerically at a
large number of points using the series expansion methods discussed earlier. As a
proof of concept, we also obtain analytic solutions for some of the canonical basis
integrals in terms of logarithms, dilogarithms, and one-fold integrals over combinations
of these.

Lastly, we present the derivation of the diagrammatic coaction of the equal-mass
sunrise family, based on unpublished work [5]. The existence of a diagrammatic coaction
operator was first conjectured for one loop Feynman integrals in Refs. [49, 50]. The
diagrammatic coaction was further studied, including for two-loop polylogarithmic
examples, in Refs. [51-53]. By deriving the diagrammatic coaction of the equal-mass
sunrise family, we show that the diagrammatic coaction can also be generalized to

families of elliptic Feynman integrals.
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Chapter 1

Introduction

1.1 Introduction and motivation

The main topic of this thesis is the study of Feynman integrals from a mathematical and
computational perspective. Feynman integrals are mathematical objects associated with
Feynman diagrams, which schematically depict particle interactions within a quantum
field theory. Feynman integrals are the building blocks of scattering amplitudes, which
are obtained by summing over Feynman integrals that have a given configuration of
incoming and outgoing particles. By squaring and integrating scattering amplitudes
over kinematic phase-space (in a particular way), we may derive cross-sections and
decay rates, which can be measured at detectors of particle colliders. This way we may

test different theorems of particle physics.

Currently, the most complete model of particle physics is called the Standard Model,
which is a specific instance of a quantum field theory (QFT). It has been intensively
studied and tested at the Large Hadron Collider (LHC) in CERN, and other particle
accelerators before that, such as the Tevatron and the Large Electron—Positron Collider.
The Standard Model describes three out of four fundamental interactions, namely the
strong, weak, and electromagnetic interaction. The part of the Standard Model that
describes the strong interaction is the theory of quantum chromodynamics (QCD).
The strong interaction is mediated by gluons and binds together quarks into composite
particles called hadrons, such as the proton and neutron. The weak interaction is
responsible for certain kinds of radioactive decay, and can be combined with the
electromagnetic interaction into a unified theory called the electroweak theory, whose

symmetry is spontaneously broken by the Higgs mechanism .
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The Higgs mechanism relies on the existence of a Higgs field, which gives rise to a
particle called the Higgs boson. The Higgs boson was the last particle in the Standard
Model that had not been experimentally detected, until its discovery at the LHC
in 2012 [54, 55]. A big part of the research conducted at the LHC during the last
decade has focused on measuring the properties of the Higgs boson, and on looking for
footprints of physics beyond the Standard Model. The Standard Model is known to
be incomplete, as it does not incorporate the theory of gravity, which is described by
the theory of general relativity. Furthermore, there is strong astronomical evidence
for the existence of dark matter, which is not described by any of the particles in the
Standard Model either.

There are two ways that searches for new physics may be performed at the LHC. Firstly,
there are direct searches for particles that are not included in the Standard Model.
Secondly, one can probe for the effects of new physics by measuring cross-sections
for processes in the Standard Model at a higher precision. Because new particles
show up in the virtual states of loop corrections to various Standard Model processes,
the existence of these particles might be inferred from deviations of the experimental
measurements from predictions made by the Standard Model. In the coming years,
the LHC will be upgraded to the High Luminosity LHC (HL-LHC), which is expected
to come into operation in 2027. The HL-LHC will generate many more collisions, and
capture ten times as much data. This will improve the experimental precision at which

various processes can be measured.

The increase in experimental precision also requires an increase in the precision of
the theoretical predictions. The computation of amplitudes and cross-sections in the
Standard Model is done perturbatively in the coupling constants of the theory, which
quantify the strength of the interactions. The order of the perturbative corrections
determines the number of loops of the Feynman diagrams that one has to consider.
Perturbative computations provide a valid approximation if the coupling constants
in the theory are small. The strengths of the coupling constants change with (or
‘run’ with) the energy scale of a given process. Because the LHC collides hadrons
(protons for most of the year), a large part of the relevant physics is described by QCD.
A remarkable property of QCD is that it is an asymptotically free theory [56-58],
which means that the strong coupling constant becomes smaller as the energy scale

goes up.

For the energies considered at the LHC, the strong coupling constant is relatively small,

and perturbative expansions can be used. However, such perturbative corrections can
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only be computed efficiently up to a few orders, largely due to limitations in our ability
to evaluate Feynman integrals at high loop orders. The undetermined higher orders
provide a source of theoretical uncertainty on the predictions. Therefore, advancements
in our ability to evaluate Feynman integrals efficiently will allow us to increase the
precision of the theoretical predictions for measurements at the LHC (or other particle
colliders.) It should be noted that another source of theoretical uncertainty comes
from the consideration of non-perturbative effects. In particular, perturbative QCD
describes interactions between quarks and gluons, but not directly between hadrons.
The modelling of the hadronization is another active subject of research and forms an
additional source of theoretical uncertainty on the predictions. We will not discuss this
further in this thesis.

There are typically many Feynman integrals contributing to a given scattering ampli-
tude, which can be reduced to a smaller set. Firstly, all Feynman integrals which have
tensors in the numerators can be reduced to Feynman integrals which are of a scalar
type [59-61], which was first shown by Passarino and Veltman for one-loop diagrams
[59]. After the tensor reduction is performed, one may end up with large numbers
of scalar Feynman integrals, which can be further reduced into a basis of so-called
master integrals using integration-by-parts (IBP) identities [62-65]. The IBP reduction
is typically a computationally heavy procedure, that requires the use of computer
clusters for sufficiently complicated processes. The procedure of IBP reduction has
been given a lot of attention in recent years, and numerous specialized packages based
on the Laporta algorithm [65] have been developed in recent years [66-68]. After the
IBP reduction is performed, the remaining challenge is the evaluation of the master
integrals. We will review a number of aspects of the computation of (scalar) Feynman

integrals next.

Feynman integrals are typically divergent, and need to be regulated. A powerful
prescription is dimensional regularization [69], in which the dimension of the integrals
is shifted by a complex parameter € called the dimensional regulator. The procedure of
shifting the dimension by a complex number can be made rigorous by first converting the
Feynman integrals to a parametric representation, such as the Feynman parametrization
[70-73]. Feynman integrals are then computed as Laurent expansions in the dimensional
regulator, where the poles in the dimensional regulator capture the original divergences.
One can distinguish two types of divergences. The first type are the ultraviolet
(UV) divergences, which occur at regions where the loop momenta of the integrals

become large. In so-called renormalizable theories such as the Standard Model, the UV
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divergences of scattering amplitudes can be ‘reabsorbed’ into the definitions of the
free parameters and fields of the theory, in a procedure that is called renormalization.
In non-renormalizable theories, such as gravity, it is not possible to absorb the UV
divergences by renormalizing a fixed and finite number of quantities in the theory.
This is the main obstacle to deriving a full quantum theory of gravity. However, one
may treat gravity as an effective field theory, in which case the number of quantities
which need to be renormalized increases order-by-order in perturbation theory. The
second type of divergences are the infrared (IR) divergences, which arise from massless
particles in the loops of the diagrams. These cancel out in the computation of inclusive

cross sections and other IR safe observables.

Many phenomenological results can be obtained by integrating the e coefficients of
Feynman integrals numerically, and programs for this purpose have been considerably
optimized over the last years (see e.g. [74, 75]). However, analytic methods are generally
much faster than numerical methods, whenever these are available. In this thesis we will
consider two powerful methods for the analytic computation of Feynman integrals. The
first is the method of direct integration (see e.g. Refs. [76, 77]), which involves rewriting
Feynman integrals in the Feynman parametrization, and integrating one Feynman
parameter at a time. The second is the method of differential equations [44, 78-81],
which involves deriving systems of differential equations for Feynman integrals, and
solving the differential equations from a suitable set of boundary conditions. The
method of differential equations has become particularly powerful after the introduction
of the concept of a canonical basis in Ref. [44], in which the differential equations take

a simple form.

Feynman integrals are generally observed to evaluate to classes of iterated integrals.
The simplest iterated integrals that show up are the multiple polylogarithms (MPLs)
[6, 7], which have well understood analytic and algebraic properties. Many Feynman
integrals may be expressed in terms of these functions. For example, the massless
one-loop bubble, triangle, box and pentagon integrals may be expressed in terms of
MPLs at all orders in the dimensional regulator. There are also many non-trivial
multiloop Feynman integrals which evaluate to MPLs. In fact, certain amplitudes in
special theories, such as the MHV and NMHV planar amplitudes in N = 4 Super
Yang-Mills (SYM) theory, are conjectured to be expressible in terms of MPLs at all

loop orders (see e.g. Ref [82] for an overview of the topic.)

However, not all Feynman integrals can be expressed in terms of multiple polylogarithms.

In general, Feynman integrals are expected to evaluate to increasingly complicated
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classes of iterated integrals as the number of loops and the number of scales (kinematic
invariants and masses) are increased. Loosely spoken, the first class of iterated integrals
that has to be considered beyond the multiple polylogarithms, are the elliptic multiple
polylogarithms (eMPLs) [20, 41-43]. These functions were introduced in the literature
relatively recently, and are still an active subject of study. Many of their properties
have been studied by now, but in practice they are more difficult to work with than the
MPLs. For example, the analytic continuation of eMPLs and the study of functional
identities between them is more involved than in the polylogarithmic case. Nonetheless,
eMPLs have been successfully applied to the computation of numerous Feynman
integrals (see e.g. Refs. [9-40] for works investigating elliptic Feynman integrals and
eMPLs.)

More generally, the types of kernels that appear in the iterated integrals to which
Feynman integrals evaluate can be predicted by computing maximal cuts. Loosely
spoken, the maximal cuts of a Feynman integral are defined by integrating the Feynman
integral over contours which compute residues of all the propagators appearing in
the integrand. Maximal cuts solve the homogeneous part of the differential equations
which a Feynman integral satisfies [18], and therefore their function space shows up
in the general solutions to the differential equations. There are known examples
of Feynman integrals which have hyperelliptic maximal cuts [83], or which involve
Calabi-Yau geometries. For example, the so-called ‘banana’ graphs are associated with
Calabi-Yau (I — 1)-folds, where [ denotes the number of loops (see e.g. [45, 46].) For
these geometries, the iterated integrals have not yet been studied in the literature,
and such Feynman integrals are difficult to compute using current analytic methods.
(Some results are available however in terms of A-hypergeometric functions, see e.g.
[45, 46, 84-86].)

Alternatively, it turns out that many Feynman integrals, including those for which
the space of functions is not well-studied, can be efficiently computed by solving their
differential equations in terms of one-dimensional series expansions along contours in
the phase-space of kinematic invariants and masses [2-4, 40, 47]. Such series expansion
methods combine some of the best aspects of numerical and analytic methods. On the
one hand, it is easy to perform the analytic continuation of Feynman integrals computed
through series expansions. On the other hand, by connecting series expansions along
multiple line segments, it is possible to obtain high precision numerical results for
Feynman integrals at arbitrary points in the phase-space of kinematic invariants

and masses. The performance of series expansion methods outperforms numerical
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integration methods by orders of magnitude [3, 40, 47], and may in some cases even be

competitive with fully analytic solutions in terms of multiple polylogarithms [47].

In this thesis, we will discuss both (fully) analytic methods for the computation of
Feynman integrals in terms of MPLs and eMPLs, and analytic methods based on series

expansions. Some of the novel results appearing in this thesis are:

1. The study of linearly reducible elliptic Feynman integrals through the method of

direct integration and the method of differential equations.

2. The computation of the complete set of non-planar master integrals relevant for
Higgs plus jet production at next-to-leading order, with full heavy quark mass

dependence.

3. The development of a Mathematica package for solving Feynman integrals at
high precision from their differential equations, through one-dimensional series

expansions.

4. The derivation of the diagrammatic coaction of the equal-mass elliptic sunrise

family.

In the following section, we will give a brief overview of these results, and the collabora-
tions in which they have been produced. We will also give an outline for the structure
of the rest of the thesis.

1.2 Contributions and structure of the thesis

My first paper [1], in collaboration with F. Moriello, dealt with the study of what we
called ‘linearly reducible elliptic Feynman integrals’ Such integrals are elliptic in the
sense that their maximal cuts, or the maximal cuts of integrals in their subsectors,
evaluate to elliptic integrals. Furthermore, they admit a linearly reducible integration
order (see Section 3.1) except for a final integration parameter. Such Feynman integrals
do not evaluate to multiple polylogarithms, but take the form of a one-fold integral
over a polylogarithmic integrand which depends algebraically on one or more elliptic
curves. We showed that the polylogarithmic integrand may be computed using the
method of differential equations, or using the direct integration method. We showed
that the analytic continuation of such integrals could be performed by analytically
continuing the polylogarithmic integrand using standard techniques. For two examples

we showed that the differential equations can be put in a canonical form, which may
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be directly solved in terms of E4-functions (eMPLs). Some of the results of this paper

are discussed in Chapter 4.

For my second paper [2], I joined a collaboration consisting of R. Bonciani, V. Del Duca,
H. Frellesvig, J.M. Henn, L. Maestri, F. Moriello, G. Salvatori, and V.A. Smirnov. We
set out to compute one of two remaining non-planar integral families relevant for Higgs
plus jet production at next-to-leading order with full heavy quark mass dependence.
These integrals are difficult to compute, as they require large IBP reductions, satisfy
differential equations which depend on many non-rationalizable square roots, and
contain integral sectors with elliptic maximal cuts. We were able to obtain a canonical
basis for the integral sectors whose maximal cuts were not associated with elliptic
integrals. We showed that the canonical integrals in these sectors can be solved at
weight two in terms of logarithms and dilogarithms, and in terms of one-fold integrals at
orders €3 and e*. Furthermore, we were able to solve all integrals, including the elliptic
top sectors, through series expansion methods. For my third paper [3], T collaborated
with a subset of the same authors, to solve the remaining non-planar family of master

integrals using similar methods. Chapter 6 is based on the results of these papers.

For my fourth paper [4], I worked by myself on a Mathematica package that provides
a public implementation of the series expansion methods that were considered in
Refs. [2, 3, 40]. My implementation contains a few novel improvements compared
to those references, among which an optimized strategy for solving sectors in which
multiple integrals are coupled together. Furthermore, I applied the package to the
computation of the unequal-mass banana graph family, and showed it can be used
to obtain high precision results in the physical region. This is a non-trivial result,
because the unequal-mass banana graph is associated with integrals over Calabi-Yau
varieties, which have not been studied in detail. The package significantly outperforms
the speed of sector decomposition based approaches when applied to this and many

other integral families. Chapter 5 is based on this paper.

Chapter 7 of this thesis contains unpublished work on the diagrammatic coaction of
the (two-loop) equal-mass elliptic sunrise family, performed in collaboration with S.
Abreu, C. Duhr, E. Gardi, R. Britto, and R. Gonzo. The existence of a diagrammatic
coaction operator was conjectured for one loop integrals in Refs. [49, 50], and it was
further studied in Refs. [51-53]. The diagrammatic coaction allows one to resum the
coaction of multiple polylogarithms, which acts on the coefficients in the e expansion
of one-loop Feynman integrals, into a coaction which acts on expressions that are

in closed-form in €, where € is the dimensional regulator. It is an open question to
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what extent the diagrammatic coaction generalizes to higher loops and to functions
beyond polylogarithmic type. Some two-loop results were obtained in Ref. [53] for
polylogarithmic integral families. The equal-mass sunrise family has elliptic maximal
cuts, and presents the first derivation of the diagrammatic coaction of an elliptic

integral family.

Lastly, let us summarize in short the main structure of this thesis. We will start
by reviewing the basic definitions and properties of Feynman integrals and iterated
integrals in Chapter 2. In Chapter 3, we will review two powerful methods for the
computation of Feynman integrals, namely the method of direct integration, and the
method of differential equations. In Chapter 4, we will discuss the analytic computation
of linearly reducible elliptic Feynman integrals based on Ref. [1]. In Chapter 5, we
discuss methods for solving differential equations in terms series expansions, and we will
discuss the DiffExp Mathematica package that automates these methods. This chapter
is based on Ref. [4]. In Chapter 6, we discuss the computation of the non-planar
Higgs plus jet integral families, based on Refs. [2, 3]. Lastly, in Chapter 7, we discuss
progress on the diagrammatic coaction at two-loops in the elliptic case. We provide a

conclusion and outlook in Chapter 8.



Chapter 2

Feynman integrals and iterated

integrals

In this chapter, we cover the basic definitions and properties of Feynman integrals.
Furthermore, we will review a class of iterated integrals called multiple polylogarithms,
in terms of which many Feynman integrals which may be expressed. The analytic
properties of these functions are well-understood, and furthermore there are efficient
algorithms for their numerical evaluation. We will also consider a class of iterated inte-
grals called elliptic multiple polylogarithms, which generalize multiple polylogarithms,
and which are obtained by considering integrals of rational functions on an elliptic
curve. A subset of so-called elliptic Feynman diagrams may be expressed in terms of

these functions, which has been the subject of much recent study in the literature.

2.1 Scalar Feynman integrals

Feynman diagrams are the building blocks of scattering amplitudes in quantum field
theories. Feynman diagrams are graphical depictions of Feynman integrals, which are
multidimensional integrals arising in perturbative calculations in quantum field theories.
Feynman diagrams schematically depict interactions between particles and various
short-lived virtual particles that mediate the interactions. The translation between
Feynman diagrams and Feynman integrals comes from a set of Feynman rules, which
are derived from the Lagrangian of the quantum field theory under consideration. The
simplest Feynman rules are associated with scalar theories such as ¢3-scalar theory,

in which case the Feynman diagrams and integrals do not contain terms carrying free
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Lorentz indices or indices associated with gauge groups. More generally, Feynman
integrals which do not carry such indices, are referred to as scalar Feynman integrals.
It is well-known that by tensor reduction it is possible to express all Feynman integrals
in terms of combinations of scalar Feynman integrals. The tensor reduction was first
worked out by Passarino and Veltman at one-loop in Ref. [59], while the more general
case was studied by Tarasov [60, 61]. Therefore, we may restrict our study of Feynman
integrals to scalar ones, which is done for the remainder of this thesis. We review the

basic definitions next.
We define a scalar Feynman diagram G by the following data:

o A directed and connected graph, containing a certain number of half-edges, called
the external legs, and containing internal edges called propagators. We denote
by [ the number of independent cycles in the graph, by n the number of internal
edges, and by N +1 the number of external legs. We denote by Eg = {ey,...,e,}
the set of internal edges of G, by E&* = {é1,...,én41} the external half-edges,
and we denote by Vi the vertices of G.

o To each internal edge e;, we assign an internal momentum in d-dimensional

Minkowski space denoted by ¢;, and a mass variable m?.

« To each external leg é;, we assign an external momentum vector in d-dimensional
Minkowski space denoted p;. The external momenta should be conserved, in the
sense that the sum of the incoming momenta minus the sum of the outgoing

momenta is equal to zero.

o For each vertex v € Vi, we also have a momentum conservation condition, which
states that the sum of the incoming internal and external momenta minus the

outgoing internal and external momenta at the vertex should equal zero.

Due to the momentum conservation conditions at the vertices, the internal momenta g;
are linearly related to each other and to the external momenta. We can choose a basis
of [ independent internal momenta, and label them by ki, ..., k;. The other internal
momenta can then be expressed as linear combinations of the k; and the external

momenta. Such a choice is not unique, and is called a choice of routing.

To a Feynman diagram G, we can associate a family of scalar Feynman integrals, which

is a collection of integrals of the form:

l d nJrn:L‘rl N 2 2
T = [ (TL %) Pt D= =g m? — 0, 2.1
1y--An+m (g ) H:L::l D;J,,L qz + mZ ] ( )
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where we take the indices a; to be integers, of which aq, ..., a, are non-negative, and of
which a,41,..., @y, are non-positive. When one of the propagator powers a; is raised
to the power two, we will occasionally refer to the propagator as being ‘dotted’, and
diagrammatically we will distinguish this case by drawing a dot on the corresponding
line in the Feynman diagram. Each propagator D; inherits its internal momentum ¢;
from the Feynman diagram. The factors id, with ¢ > 0 being an infinitesimally small
positive number, are introduced as part of the Feynman prescription and invoke a
(physical) choice of branch of the Feynman integrals. We elaborate more on this point
in Section 2.2.2.

The numerator terms N; are linear combinations of dot products of internal and external
momenta, and can be freely chosen subject to the constraint that the propagators and
numerators form a basis of the vector space of dot products of the form ;- k; and k; - p;,
where k; denotes a loop momentum, and where p; denotes an external momentum.
We denote the number of such dot products by n +m = l(l;rl) + [N, where n is the
number of propagators, and m is the number of numerators.

It is well-known that integrals within a family may be related to each other through
integration-by-parts (IBP) identities. In particular, it is possible to express any member
of a family of Feynman integrals as a linear combination of a finite basis of linearly
independent Feynman integrals in the given family. The choice of independent basis
is called a choice of master integrals. It is often possible to choose a basis of master

integrals without numerators. The relevant IBP identities are of the form:

l n+m —a; l n+m —a;
0 o N 0 N
I I ddkl k;'t i=n+1-""1 -0 / ] [ ddkl e i=n+1 -1 =0.
/ <i:1 ) ok ( im1 Dy ) ’ e} ok o1 Dy
(2.2)

These identities are derived by using Gauss’ theorem and the fact that in dimensional

regularization the surface terms vanish (see e.g. [87] for a review.) We will refer to the
master integrals for which all a4, ..., a, are nonzero as being in the ‘top sector’ of the
family, while we will refer to the sets of integrals for which some of the a; are zero as

‘subsectors’, where i < n.

There are other ways to derive the IBP identities between Feynman integrals as
well. For example, they may be obtained in the parametric representation using
parametric annihilators [88], they may be obtained through syzygy equations and
algebraic geometric methods (see e.g. [89-92]), and they may be obtained through
intersection theory methods [93, 94]. In addition to IBP identities, Feynman integrals

also satisfy dimensional recurrence identities, which relate (dimensionally regulated)
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integrals with different integer dimensions [60]. These relations have a particularly

simple formulation in the Baikov parametrization [95, 96].

Feynman integrals are often divergent, and have to be computed through a suitable
regularization prescription. A powerful regularization prescription is dimensional
regularization. In dimensional regularization, the dimension d is upgraded to a complex
parameter, usually written as dg — 2¢, where dy is an integer, and where € is called the
dimensional regulator. This does not immediately make sense from the viewpoint of
Eq. (2.1), but it can be made rigorous by first converting Eq. (2.1) to a parametric
representation such as the Feynman parametrization (see Section 2.2), in which the
dimension d becomes a variable in the integrand that is roughly on the same footing
as the powers of the propagators. Every integration is then performed in a region of d
in which the integral converges, and the result is analytically continued towards e = 0
at the end. The possible (infrared and ultraviolet) divergences of the Feynman integral
are then expressed as poles in the dimensional regulator. Note that in renormalizable
theories like the Standard Model, one can remove UV divergences in the amplitudes
by absorbing them into appropriate rescalings of the free parameters and fields of the
theory. The remaining poles in € are then due to infrared divergences, which cancel in

the computation of infrared finite observables.

Feynman integrals satisfy the scaling relation:

Loyroanin (SN = N2 i (S), v =1d =2 a;, (2.3)
J

where we explicitly wrote the dependence on the set S = {p?}U{s;;}U{m3}, containing

the squares of external momenta, the Mandelstam variables, and the internal masses,

and where by S/A we denote the set of elements {s/\|s € S}, where \ is a parameter

of mass dimension two. Furthermore, note that ~ is the mass dimension of the integral.

By choosing A € S, we may trivialize the dependence on one of the kinematic invariants

or internal masses.

2.2 The Feynman parametrization

It can be difficult to perform explicit computations in the momentum-space represen-
tation given in Eq. (2.1). It is therefore often useful to rewrite Feynman integrals
in a parametric representation such as the Feynman parametrization (see e.g. Refs

[70-73].) A Feynman integral for which all the numerators have exponent zero, admits
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the following Feynman parametrization:

J=1

noi! d 1d L
n = i a—5(+1) T—at+3 . ]
da(H r@))” Fots (1= ay) |
(2.4)

where a = a; + ... + a,. The integration variables «; are referred to as Feynman
parameters. The so-called Symanzik polynomials ¢/ and F can be written in terms of

the Feynman diagram G as:

u = Z H Qa, f: Z ( H ai) S(T1,T2)7 ]:: —]:'+L{ (Z Oész) s
ei(

TeT(G) e;¢T (Th, TR)eF(G) ThWUTy)

(2.5)

where T'(G) denotes the set of spanning trees of G, and where F'(G) denotes the set of
all two-forest of G. Note that a spanning tree is a tree that touches all vertices of the
graph, and that a two-forest is a set of two disjoint trees whose union touches all the
vertices of the graph. We denoted the square of the momentum flowing between the
components T and T3 by S, 7).

We may also write the Feynman parametrization as a projective integral:

I ld mt 1 (T TN e g ) pa
)F<“_2>/Am[d i (Hm-))u ST e

i=1 g

ol

]al,...,an - (Zﬂ-

where A" = {[a; g :... ) ERP" | a; > 0,1 <i<n}, and where [d"'a] de-
notes the canonical volume form on RP*~!, given by:

[d"1a] = Y (1) ayday A - Ndag A Ada, (2.7)
j=1

This can be seen by noting that the first Symanzik polynomial ¢/ is homogeneous of
degree [, and that the second Symanzik polynomial F is homogeneous of degree [ + 1,
so that the integrand in Eq. (2.6) is invariant under a simultaneous rescaling of all

Feynman parameters and their differentials. Furthermore, the set
{(ar,...,0n) €RYy oy + ...+ = 1}, (2.8)

and A"~! are in one-to-one correspondence, since we may always choose the representa-
tive of a point @ = [y : ... : a,,] € A" ! for which the sum of the coordinates is equal

to one. Note that we should choose the orientation of the integration over A"~! in such
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a way that we obtain the same overall sign as in Eq. (2.4). We will sometimes use the

projective notation in Eq. (2.6) instead of the notation in Eq. (2.4), for brevity.

In the case where the Feynman integral has numerators (i.e. some of the a; are negative
integers for i > n), we need to do a bit more work to give the Feynman parametrization.
First, we need a definition of the Symanzik polynomials that derives directly from the
propagators D;. Consider the (I x [)-matrix A, [-vector B, and constant C, defined
by:

n n+m l !
i=1 i=n+1 i,j=1 i=1
We then let:
U* =det(A), F'=det(A)(C+BA'B) . (2.10)

The Feynman parametrization is then given by:
N Id - a‘.“—1> s o
Lot i = lim2) I'a— — d"a i (—1)% —— | x
+ ( ) < 2 > RZ, <z:1_[1 I'(a;) [<j:1;[+1 da )
(u+)a7%(l+l) (f+)*a+% 1

where a = a;+. . .4ap 4y . Note that U,

F. See also Ref. [72] for a more detailed review of Feynman graph polynomials.

~~~~~ An4+m=0 =

.....

2.2.1 The Cheng-Wu theorem

The so-called Cheng-Wu theorem [97] tells us that by a change of variables we may
let:

/Mil[dnflo?] — [ awa (1 - Za]) , (2.12)
>0 jed

where J C {1,...,n} denotes any nonempty subset of the Feynman parameters. As

an illustrative example, consider the beta function, which can be written as

(01)" ! (an)’™

(@1 + Oég)ery ’

B(z,y) = /01 dog i N1 — o)V ! = /Al [dld’} (2.13)



2.2 The Feynman parametrization 15

where we projectivized the integral using the change of variables

(6%}

Q= = (2.14)
Zj:l Qj
Applying the Cheng-Wu theorem, with J = {2}, leads to:
B(z,y) = /OO dQIM . (2.15)
0 (Oél + 1)z+y

The Cheng-Wu theorem can be a useful tool for finding a linearly reducible integration

order, which will be discussed in Section 3.1.1.

2.2.2 Remarks on analytic continuation

Let us consider how the Feynman prescription in the momentum space representation
translates to the Feynman parametrization. First, we may absorb the id’s in the

definition of the internal masses. Then, looking at Eq. (2.5), we see that:
F—=F—idl. (2.16)
and since U is positive-definite we can put:
F—F—1. (2.17)

Therefore, the second Symanzik polynomial F carries an infinitesimally small negative
imaginary part. The integration of the Feynman parametrization is the simplest in
a region where F > 0 on the interior of the whole integration domain, as the i
prescription can then be dropped. From Eq. (2.5) we see that taking s, 7,y < 0 for all
two-forests is sufficient for this condition to hold. This kinematic region is known as
the Euclidean region. Note that such a region is not always guaranteed to exist. For

an example see e.g. Section 4.1 of Ref. [98].

In the Euclidean region, the only possible singularities of the Feynman integral lie at
the boundary of the integration domain, where we may have 4 = 0, or F = 0. If we
choose the integration domain to be a simplex containing all Feynman parameters,
i.e. the set {(ai,...,an)|o; > 0,1 + ..., = 1}, then all possible boundary
singularities lie at positions where subsets of the Feynman parameters vanish. If we
apply the Cheng-Wu theorem and choose a different integration domain, for example
the set {(ai,...,a,)| @ > 0, a,, = 1}, then there may also be singularities when

subsets of integration variables go out to infinity. Using the method of analytic
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regularization! from Ref. [99], it is possible to rewrite a Feynman integral in the
Feynman parametrization in terms of a sum of integrals with prefactors that depend
on ¢, for which there are no more boundary singularities in the integration domain.
The terms in the sum are Feynman integrals associated with the same graph, but with
different propagator powers and shifted dimensions. This method is implemented in
the package HyperInt [100]. Another approach to resolve boundary singularities is the
method of sector decomposition [101-103].

Outside of the Euclidean region, Feynman integrals have threshold singularities. The
locations of these singularities can be found from the Landau equations [104], which
we will not discuss here further. Instead of integrating Feynman integrals directly in
a given physical region, it is usually simplest to first perform the integration in the
Euclidean region, and to analytically continue to the physical region from there. It is
important that threshold singularities are crossed in a manner that is consistent with
the Feynman prescription. Looking at Eqns. (2.5) and (2.17), we see that every squared
mass should be interpreted to carry a negative imaginary part, while the Mandelstam
variables s(r, 1) should carry a positive imaginary part, since their prefactors in the

second Symanzik polynomials are sums of monomials with positive coefficients.

2.3 The Baikov parametrization

Another useful representation of Feynman integrals is the Baikov parametrization
[95], which is obtained by changing integration variables from the loop momenta to
the irreducible scalar products of the form k; - k; and k; - p;, where k; denotes a loop
momentum, and where p; denotes an external momentum. The Baikov parametrization
is particularly useful for the purposes of computing cut Feynman integrals, see for
example Refs. [22, 105-108] for the application to maximal cuts. We will consider
the Baikov parametrization in Chapter 7 to compute cuts of the equal-mass elliptic
sunrise integral family. For a pedagogical derivation of the Baikov parametrization,
see e.g. Ref. [87]. Here we will simply provide the necessary definitions. The Baikov
parametrization is more naturally defined for Feynman integrals defined in Euclidean

conventions. We will distinguish this case by the superscript E. In particular, we

INot to be confused with the identically named concept of analytic regularization in the method of
expansion by regions, where the propagator exponents are used as additional regulators.
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consider a family of Feynman integrals of the following form:

1P = f[ dk; ILZ50, N DF = ¢ +m} —ié (2.18)
a1, ,Antm ' ? n (DE)‘“ ’ i — 4 ) ) :
i=1 i=1 %

where the loop momenta are integrated over d-dimensional Euclidean space, and where
the external momenta live in Euclidean space as well. Note that the sign in front of the
square of the internal momentum inside the propagators DF is now positive. We will
assume that the integrals are functions of N independent ingoing external momenta,

which we denote by pq,...,pN.

Note that we could drop the id-prescription in the Euclidean case, but we keep the
prescription explicit for the following two reasons. Firstly, we will consider cut Feynman
integrals in Chapter 7, in which case the squares of the masses will be assumed to
be negative. In that case the zeros of the propagators may lie inside the integration
region. Secondly, we may Wick rotate from the Fuclidean to the Minkowskian case,
in which case the id-prescriptions are relevant. We can relate the Minkowskian and
Euclidean versions of Feynman integrals using the following prescriptive rule (see e.g.
Ref. [22]):

Ial,---van+m({8ij}7 {p?}7 {mf}) = .Llcﬁ,...,awrm({_sij}? {_p?}7 {sz}) ) (2'19)

where the lefthand side denotes the Feynman integral in the usual Minkowskian

convention. In other words, to relate the two conventions, we flip all the kinematic

invariants, and we add an overall factor %.
The Baikov parametrization is given by:
—21(—2d+2N+i-1)
E _ (—d+N+1)/2
Latyanim = T I (d—l—N-i—z‘) G (1, pN)
i=1 2
I I+N ntm  AT—a;
d—1-N—1y2 IiZ01 N,
X / (H H d(qz : QJ)> G(kla .. '7kl7p17 e apN)( N7z Wa
i=1 j=i i=1 L
(2.20)
where we have that
q1 :kh ) qi :kla qi+1 = P1, R qi+N = PN, (22]—)

and where G (p1,...,pn) and G (ky, ..., k;,p1,...,py) are Gram determinants. The

latter is called the Baikov polynomial. The integration region of the Baikov parametriza-
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tion typically has a complicated form. It has the property that the Baikov polynomial
vanishes on the boundary of the integration region. A general solution for the inte-
gration region can be found in Refs. [109, 110]. In the simple case where [ = 1, it is
defined by k2 > 0 and G (ki,p1,...,pn) > 0.

It is often useful to set up the Baikov parametrization one loop at a time. For
example, if there are two internal momenta k; and k5, we can set up a one-loop Baikov
parametrization for the loop momentum ki, treating k, as an external momentum.
Afterwards, we can set up another one-loop Baikov parametrization associated with
the second internal momentum. Using this approach is it often possible to decrease

the number of integrations that need to be considered.

2.4 Multiple polylogarithms

2.4.1 Introduction

It has been known for a long time that polylogarithms and zeta values appear in
the analytic computation of Feynman integrals. The (classical) polylogarithms are

functions defined by:

Liy(2) = /0 CitLim_l(t) _y = (2.22)

where we will let m be a positive integer. The series representation converges for

complex arguments |z| < 1 when m > 2, and for |z| < 1 when m = 1.

For m = 1, we have the special case Lij(z) = —In(1 — z). The case where m = 2 is
called the dilogarithm, and the case where m = 3 is called the trilogarithm. When the
argument z is evaluated at unity, classical polylogarithms evaluate to special values of

the Riemann zeta function:
Li, (1) =((m)=¢(, form#1. (2.23)

In this section, we will discuss a generalization of classical polylogarithms, called
the multiple polylogarithms (MPLs) [6, 7]. Multiple polylogarithms are defined by

generalizing the series definition of the classical polylogarithms to nested sums of the
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form?
‘ Z?IZQZ . Z]?k
Lipy g (21500 25) = — - (2.24)
1 k 0<n1<n§2:<---<nk nq 1n2 2. Ny, k
which converge for
|z1...2;]| <1 Vje{l,...,k} and (2, mi)# (1,1). (2.25)

Multiple zeta values are defined by the special case

le,...,mk = Limk,...,ml(L ttt 1) ° (226)

An alternative definition of multiple polylogarithms is given by iterated integrals of
the form:

= dt
G(ai,...,an; 2) :/
0

t—a1

G(ag,...,an; t), G(;2)=1, (2.27)

where the parameters a; and the argument z are complex variables. The definitions in
Eqns. (2.24) and (2.27) are related by:

. - 1 - 1
L1m1,~~-,mk (Z1> ey Zk) = (—1)kG (Omk—la Zk, e a0m1—1a m7 1) 9 (228)
where 0,, denotes a sequence of m zeros. The number of parameters n in Eq. (2.27),
or equivalently the sum of the indices m; + ...+ my in Eq. (2.24), is referred to as
the weight of the MPL. In the special case where all parameters are equal we have
that:

1 z
G(ay; z :lon<1—>, 2.29
(d@0; ) = s log" (12 (2:29)
where we used the notation @, to denote the sequence of parameters (a,...,a). We

will call functions or integrals ‘polylogarithmic’ if they are expressible in terms of
combinations of MPLs. Functions that evaluate to linear combinations of multiple
polylogarithms that are of the same weight are typically said to be of uniform tran-
scendental weight (UT). Furthermore, if the prefactors of the multiple polylogarithms

are rational numbers, such functions are said to be pure [44].

ZWe follow the summation convention of Refs. [6, 111].
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2.4.2 Chen iterated integrals

We will take a brief look into the properties of MPLs inherited from the iterated
integral structure next. If we introduce the integration kernels w; = dlog(z — a;) €
QYCP'/{ay,...,a,}), we may alternatively write the definition of MPLs in terms of
Chen iterated integrals [112]:

G(G; 2) = A Wiy = /[0’1] (v'wr) (f1) ... /[o,tn_ﬂ (vwn) () (2.30)

where v is a path with v(0) = 0 and (1) = 2. Note that the above iterated integrals
are homotopy invariant. More generally, given any set of differential forms w;, iterated
integrals of the above type are homotopy invariant if they satisfy Chen’s integrability

condition:
n n—1
Zw1-~(dwi)-~wn — Zwl---(wk/\wkﬂ)‘-~wn =0. (2.31)
k=1 k=1

Chen iterated integrals obey the shuffle product identity:

(L) -(fn) = fmwrn) 25

where w; and w; denote ‘words’ in the ‘letters’ w;, i.e. ordered sequences of the
differential forms, and where the symbol w denotes the shuffle product of the words w;
and wy. In particular, if w; = (wy...wy,) and wy = (W, 41 - - - Wny1n, ), then we have
that:

w1 Wwy = Z (wa(l) .. .wg(nﬁ_nz)) s (233)

O'EEnl,nZ

where

Enl,m = {U S Sn1+n2

ot (1)<...<o7t (n),
ot n+1)<... <o (ng +ny) } 7 (2:34)

and where S,,, 1, denotes the symmetric group of order ny; + ny. Furthermore, Chen

iterated integrals satisfy the path-concatenation formula:

/ w1-~-wn=Z/wlmwnfk/wnfmwwm (2.35)
1) k=0"" 7
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for two paths v and 7, such that (1) = n(0) = (y*n) (%) Lastly, Chen iterated
integrals satisfy the identity

/lel...wn: (=1)"

is the path ~ oriented in the reverse direction.

Wh o W1, (2.36)

—

where 7!

2.4.3 Regularization

Next, let us have a look at the regularization of multiple polylogarithms for special
values of the parameters, where the iterated integrals diverge. We can distinguish two
types of divergent cases. In the first case we have that a; = ... = a,, = 0 for some
7 < n, and there is a logarithmic divergence at the basepoint of integration. In the
second case, we have that a; = ... = a; = z for some 7 > 1, and there is a logarithmic
divergence at the endpoint of the integration. Such divergent configurations of the
multiple polylogarithms may appear when integrating Feynman integrals. Note that
the integrand of a (quasi-)finite Feynman integral that is evaluated in the Euclidean
region has at most integrable singularities at the integration boundaries (see Section
3.1.1.) However, if we partial fraction the integrand (in order to integrate it in terms of
multiple polylogarithms), we may end up with pieces whose integrals are individually
divergent. If we regulate the individual pieces in a consistent manner, the sum of all

terms will be finite and will not depend on the regularization prescription.

Let us first consider the case where a; = ... = a,, = 0 for some j < n. We can regulate
this case by setting the logarithmic divergences at the basepoint of integration to
zero for a consistent choice of branch of the logarithm. This can be done if we pick a
convention for how to approach the basepoint along the integration path. For example,
let v(t) : [0,1] — C\(—00,0) be a path which satisfies that v(0) = 0 and (1) = z. In
the asymptotic limit where ¢ — 0, we have that:

lim log(y(#)) ~ log(v'(0)) + log(t), (2.37)

where the logarithm is considered on the principal branch with a branch-cut along the

negative real axis. We aim to regulate the limit by putting log(¢) to zero:

reglim, o log(7(t)) = log(7'(0)) , (2.38)

but then the value of the regularized limit still depends on +/(0). If we choose to

consider only paths for which +/(0) is set to a fixed value, the regularized limit becomes
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well-defined, which is called the choice of tangential basepoint (see e.g. [113].) The

standard choice is 7/(0) = 1, in which case we simply have that:

reglim,_,,log(v(t)) =0. (2.39)

Now, let wy = dlog(z), and 0 < § < 1. Then we have:

1
reglimy g [ 7" () (1) = reglimy g log((1)) — log(1(9))] =log(s).  (240)

Therefore, we will define that:
G(0; z) = log(z) . (2.41)

The shuffie-product is compatible with the tangential basepoint prescription, and so

we have as well that:

—

G(0,: =) = ;llog(z)", (2.42)

where 0,, denotes a sequence of n zeros. Lastly, suppose that we have an MPL of the
form G(d, Op; z), where the last parameter in @ is not equal to zero. We may write
that:

G(@,0,; 2) = ;!G(ﬁ; z)log(z)" — [G(FL; 2)wG(0n; 2) — G(@, Oy z)} . (2.43)

If we work out the shuffle product in the bracketed term, the resulting sum contains
terms with at most n — 1 zeros in the last parameters. We may iterate the above

substitution on such terms, until we reach a decomposition of the form:
G(@,0,; 2) = > fi(z)log(2)", (2.44)
j=0

where the terms f;(z) are polylogarithmic expressions which are finite as z approaches
zero. This shows in general how to regulate basepoint divergences of multiple polylog-
arithms. Note that the expressions obtained through Eq. (2.43) are not minimal in
size. A basis for the shuffle product can be obtained by considering so-called Lyndon
words [114], which we will not discuss here further (see e.g. Refs. [77, 100] for further
reading. )

Next, let us discuss the second divergent case where a; = ... = a; = 2, for some j > 1.
In this case there are logarithmic divergences at the endpoint of the integration. We

could proceed in a similar manner to before and regulate the endpoint divergences
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by setting these to zero in a consistent way. However, in practice we are focused
on integrating (quasi-)finite Feynman integrals, for which the divergences between
individual terms at the endpoint of the integration should cancel. We can shuffie out
terms which have a divergence at the endpoint, in a similar manner to Eq. (2.43), by
using the identity:

G(Zp,a; 2) = G(Zp; 2)G(@; 2) — [G(Z,; 2) wG(a; z) — G(Z,, a; 2)] (2.45)

where Z, = (z,...,2) is a sequence of n parameters, and where a; # z. After putting
all contributions together, the coefficients of terms of the form G (2,;2) = 0 should
then evaluate to zero. Furthermore, if we know the endpoint divergences cancel in a
sum, we can also iterate Eq. (2.45) with terms of the form G (2,; z) put to zero from
the start.

Note that the extraction of divergences in the manner of Eqns. (2.43) and (2.45) is

known as shuffle regularization.

2.4.4 Integration of rational functions

Any integral of a rational function of a single complex variable z, times a multiple
polylogarithm with argument z, can be expressed in terms of combinations of multiple
polylogarithms. This can be seen by partial fractioning the rational function and by

using integration by parts identities.

In particular, consider a product Q(z)G(d; z) of a rational function Q(z) times a

multiple polylogarithm. By partial fractioning, we may write:

. deg(N(2))~3, pi
N(z) LN, i ,
=>> CE Yo M, (2.46)

a Ty (z — b7 i=1 j—=1 j=0

Q(2)

where £ > 0, p; € N, and where all N,,,b;, M; € C. Next, we can distinguish the
following cases:
1 1 z z
/ dZ ——G (a;7) , / dz'G (a; '), / dz'2*G (a; 7)) , (2.47)
0 (z/ =) 0 0
for £ € N. The first case with k£ = 1 is trivial to integrate, as it matches the definition
of an MPL. The other cases can be performed using integration by parts identities. We

will illustrate this by working out the integration of the case on the left of Eq. (2.47)

with k£ > 1. For simplicity, we assume that the last parameter in @ is not equal to zero,
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and that the first parameter in @ is not equal to z. Otherwise, we shuffle regulate the
MPL first. We have that:

L 1 /Z 1
k—1Jo (2 =b)k (2 —ay)

Q

—~

—~ \'Ql
N\

2o 1 - N
/0 & ) = o
(2.48)

where d_ denotes the sequence of parameters @ with the first parameter removed. By

partial fractioning we have that:

1 - (_1)k _kfl (_1)k+j
(2 —ay) (2 —D)k-1 (b al)k—l (2' — a1) ; (b al)k—j by (2.49)

J

We see that the highest order pole at 2z’ = b is of order £ — 1. Furthermore, the MPL
inside the integrand on the righthand side of Eq. (2.48) has its weight reduced by one.
We may therefore iterate the IBP identity, until we either obtain a simple pole, or
until the weight of the MPL inside the integrand is reduced to zero. Terms of the form

J5 dz2"G(d; z) can be dealt with in a similar manner.

2.4.5 Hopf algebraic structure and symbol map

Next, we will review the Hopf algebraic structure satisfied by multiple polylogarithms
[7, 115]. It can be utilized to simplify complicated expressions for scattering amplitudes
and Feynman integrals [116]. First, consider the vector space of multiple polylogarithms

over the rational numbers, defined by:

Awrr = P Apr (2.50)

n=0

where A}p;, is the Q-vector space of multiple polylogarithms of weight n. Note that
the shuffle product respects the weight, which makes Aypy, into a graded algebra. Next,

we will mod out terms that are proportional to 7, and we define:

Hupr, = AMPL/ (WAMPL) . (2~51)

Then, Hypr, is a Hopf algebra [7]. Recall that a Hopf algebra is a bialgebra together
with an antipode map. Furthermore, recall that a bialgebra is a (unital associative)
algebra that is also a (unital coassociative) coalgebra. The counit and antipode maps

will not play a role in this thesis, so we will not discuss them further.
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The coproduct map A : Hypr, = Huper, ® Hupr, satisfies the coassociativity condi-

tion:

(id® A)A = (A®id)A, (2.52)
and is compatible with the (shuffle) multiplication map:

A(a-b) = Aa) - A(b) . (2.53)

In the case where all arguments are distinct, a compact formula for the coproduct is
given by [30, 117]:

A(G(:2) = 2 Gl ) © Gyl =), (2.54)

where the sum runs over all order-preserving subsets b of a, including the empty set.
The functions G(d; z) are defined by the iterated integral with the same integrand, but
on a contour which circles around the singularities z = a;, a; € l;, and which includes a
factor 1/(2mi) for each point. This is equivalent to taking residues of the integrand
at the singularities. One may use the path-concatenation formula in Eq. (2.35) to
show that the functions Gy(a@; ) can be expressed in terms of combinations of multiple
polylogarithms.

Another form of the coproduct formula can be found in Refs. [111, 115, 116], which
can be visualised in terms of polygons drawn on a semi-circle. A Mathematica
implementation of the coproduct can be found in the package PolyLogTools of Ref.
[118]. Next, we give two particular cases of the coproduct. For powers of logarithms
we have that:

A (log(2)") = zn: (Z) log(2)* @ log(2)" % . (2.55)

k=0

For classical polylogarithms we have that:

1

o log(z)* . (2.56)

n—1
A (Liy(2)) = 1® Lin(2) + > Lip_s(2) ®

k=0
Note that to define the Hopf algebra we modded out terms proportional to iw. This is
necessary to make the coproduct well defined. One way to see this is to consider how
the coproduct acts on the even zeta values (see e.g. Ref. [111].) From Eqns. (2.23)
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and (2.56) it follows that:

AG)=6GR1+1®¢,. (2.57)

Furthermore, we have that ¢, = 72/6 and ¢4, = 7%/90. Combining these expressions

with the coproduct formula given above, we find that:

AQ)=G®1+1®(,

A(C4)=?A(Cz)zz(<2®1+1®<2)2=<4®1+1®c4+§<2®g2. (2.58)

Clearly there is a discrepancy in the above two expressions, because of the term (s ® (5.
If we work modulo 7, the inconsistency goes away, since both (5 and (4 are then set to

Zero.

It is possible to extend the coproduct to a coaction operator A, which does retain
information about powers of imw [111, 119, 120]. To do this, we consider the space
Hyrr = Q[in] ® Hyrpr, where by Q[ir] we denote the ring of polynomials in i7 with
rational numbers as coefficients. We then define A : Hypr, — Hapr @ HapL by

A(it) =it ®1, Aa)=A(a) for a € Hypr, . (2.59)

In this case we have A (¢;) = %@2 ®1= %A (CQ)Q, as desired. In the remaining part of
this thesis we will denote both the coaction and coproduct by A, with context making

it clear which one we are working with. The following identities hold for the coaction
[116]:

0 0
A& = <id ® 82) JANN ADisc = (Disc ® id)A. (2.60)
In other words, derivatives act on the last entry of the coproduct, and discontinuities

act on the first entry.

Lastly, let us take a look at the following formula for the total differential of an MPL
[6]:
= A A;—1 — Q4
dG (a1, ....an;2) =Y _G(a1,..., 8. .., a4 2)dlog——" (2.61)
i—1 iyl — Q;
where the notation a; indicates that the label a; is absent, and where a,,.; = 0 and

ag = z. The above formula gives rise to the definition of the so-called symbol map S
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[115, 121], defined by:

S(G (as. . ami2)) = 3" S(C (ary sty an: 2)) ® log S (2.62)

i=1 Ai+1 — Q4
where S(G(a; 2)) = log(1 — z/ay), and where we work modulo iw. The symbol may
alternatively be computed by maximally iterating the coproduct. In particular, let
F,, . n, be the map that filters terms of weight (ny,...,n;) out of the tensor product
and which sends everything else to zero. Furthermore, let A™ be the n-th iteration
of the coproduct, which is well defined by the coassociativity of the coproduct. For

example:
A® = (id® A)A = (A ®id)A. (2.63)

Then the symbol map S is given by:

-----

S(G(a,...,an; 2)) = (F1 10 A(”_l)) (G(ay,...,an; 2)) . (2.64)

The symbol maps multiple polylogarithms to a tensor product of logarithms. The
symbol is often used as an algebraic fingerprint of multiple polylogarithms, and
can be used to find functional identities between multiple polylogarithms, up to
terms that lie in the kernel of the symbol. For example, let f(z) = Liy(z) and
g(z) = —Lis(1 — 2z) — log(1 — 2) log(z). We have that:

S(f(2)) = —log(1 - ) ® log(z) = S(g(=)). (2.65)

from which we conclude that f(z) and g(z) are equal up to a constant of 72 and
terms of the form 7log(a(z)). By numerically evaluating f(z) — g(z) in a number of
different points, we can verify that the difference is constant. We can numerically fit
the constant to a power of 72, which leads to the well-known identity:

2

Lip(2) = —Lia(1 — 2) — log(1 — 2) log(z) + % : (2.66)

It was shown in Refs. [111, 116] that the coaction can also be used to find functional
identities, and that it may provide additional information about terms that lie in the

kernel of the symbol.

Lastly, suppose we are given a term

f=Y ¢y ilogfi,®.. . ®logfi, €Hyp®@...Q Hypr- (2.67)
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We may ask whether there exists a polylogarithmic function F' such that S(F) = f. A
necessary condition for the existence of F' is that the following integrability condition

is satisfied:

Z ci1,...,in(dlogfij A dlog fij+1)(10g fil ® .. -logfi]v71 ®10g fij+2 ® LI ® logfln) == O

(2.68)
which is inherited from Eq. (2.31).

2.5 Elliptic multiple polylogarithms

2.5.1 Introduction

In this section, we review elliptic multiple polylogarithms (eMPLs.) Various definitions
have been given for such functions in the recent literature, and we will give a short
historical overview. Afterwards, we will discuss in Section 2.5.2 a specific construction
of elliptic multiple polylogarithms, which are labeled by the symbol E,. We will
consider these functions for the computation of examples of linearly reducible elliptic
Feynman integrals in Chapter 4. We will start with a brief review of elliptic curves,

without being overly mathematical.

Elliptic curves We may informally think of an elliptic curve as an algebraic curve

defined by a polynomial equation of one of the following types:
y* = Py(z), y? = Py(z), (2.69)

where Ps(x) or Py(x) is a cubic or quartic polynomial respectively, with distinct roots.
Furthermore, for our purposes we will always work over the field of complex number.
Any elliptic curve over the complex numbers may be written in a special form by a
change of variables (see e.g. Ref. [122]), called the Weierstrass normal form, which is

given by:
y? =42% — gox — g3, (2.70)

where go and g3 are complex numbers satisfying g5 — 27¢2 # 0. More formally, we may
view an elliptic curve as a smooth projective algebraic curve of genus 1. This can be
seen by letting y — y/z, and x — z/z, and by working with homogeneous coordinates

[z :y: 2] € CP?% For example, in Weierstrass normal form we would have the defining
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polynomial equation

Yz = 4% — gonz® — g32®, (2.71)
in projective space. There is a special point ‘at infinity’, given by O =[0:1:0]. An
elliptic curve can be shown to admit the structure of an Abelian group, for which O is
the identity element. One way to expose the group structure is to use the fact that an
elliptic curve can be identified one-to-one with a complex torus. We will show how to
do this next. First, we consider a complex torus as the quotient C/A = {z4+A : z € C}
of the complex plane by a lattice A:

A =wZ+ wZ = {mw; +nwy :m,n € Z} CC, (2.72)

where w; and wy are (distinct) periods of the lattice in the complex plane. A mapping
from the torus to an elliptic curve in Weierstrass normal form can be constructed using
Weierstrass’s elliptic function, which is denoted by @(z; A), or simply @(z), and which
is defined by:

p(z;A):l+ > ( ! - ! )2>. (2.73)

22 (mm2(0,0) \ (2 + mwr + nws)® (mwy + nws

This is a doubly-periodic meromorphic function in z with double poles at the lattice

points, which satisfies the following differential equation:

©'(2)? = 4p(2)° — g20(2) — g3, (2.74)
where
ga=60 > (mwitnw) T, gs=140 Y (mwy +nws) ", (2.75)
(m,n)#(0,0) (m,n)#(0,0)

are multiples of the first two Eisenstein series. A mapping from the complex torus to

an elliptic curve E in Weierstrass normal form is then constructed as follows:

¢0:C/A—> F,
p o) ¢'(p): 1] forp#0, (2.76)
0—1[0:1:0].

The Abelian group law on the elliptic curve is equivalent to the addition of points
on C/A. The inverse map from the elliptic curve to the torus is given by an elliptic

integral. In a more general setting, we will consider elliptic curves that are not in
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Weierstrass normal form. In that case the mappings from and to the complex torus
can be found in Ref. [43]. We will briefly discuss the mapping in the quartic case in
Section 2.5.2.

Elliptic curves may show up in the computation of Feynman integrals as square roots
y(x) which satisfy an equation of the form of Eq. (2.69). Such square roots can not
be rationalized by a change of variables, due to a classical result by Clebsch that
states that algebraic curves admit rational parametrizations if and only if their genus
is zero. Therefore, once a square root of a cubic or quartic polynomial with distinct
roots appears in an integrand, it is generally not possible to perform the integration in
terms of multiple polylogarithms (unless cancellations occur with other terms.) We
will discuss how such square roots may arise in the computation of Feynman integrals
in Sections 3.1.2, 3.1.3, and 3.2.2. In such cases, suitable generalizations of the multiple

polylogarithms are needed, such as the elliptic multiple polylogarithms.

Overview of the literature Various variations of elliptic multiple polylogarithms
have been constructed in the recent literature, and we will give a brief history next.
The first versions of eMPLs were constructed by Brown and Levin in Ref. [41], in
terms of certain averaging sums over classical polylogarithms. Building on those results,
in Ref. [42] a basis of homotopy invariant iterated integrals was constructed on the
complex torus, which coincide with the eMPLs from Ref. [41] when they are constrained
to the real line. These iterated integrals are nowadays also called elliptic multiple
polylogarithms. They were originally considered in order to find a space of functions
for one-loop string amplitudes. Different from the case of multiple polylogarithms, the
set of integration kernels of eMPLs is infinite. They are constructed by a generating
series, defined from a non-holomorphic extension of a certain Eisenstein-Kronecker
series. The non-holomorphicity comes from an exponential factor multiplying the
Eisenstein-Kronecker series, and is introduced in order to make the integration kernels

doubly-periodic on the torus.

In Refs. [28, 43] a variant of the eMPLs of Ref. [42] was considered, in which the
non-holomorphic exponential factor is removed. The integration kernels are then
quasi-periodic on the torus. When the iterated integrals are constrained to the real
line, the two definitions are manifestly the same. Typically the non-holomorphic
iterated integrals are denoted by the letter I', while the holomorphic versions are
denoted by the letter I'. Furthermore, in Refs. [28, 43] two other constructions of
eMPLs were introduced, labeled by E3 and Ey4, the latter of which are the main subject

of Section 2.5.2. These functions are obtained by considering iterated integrals of
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‘rational functions on an elliptic curve’. These are defined to be rational functions of
two variables = and y, which satisfy the defining equation of an elliptic curve (i.e. Eq.

(2.69).)

The Es-functions are associated with an elliptic curve defined by a cubic equation, while
the E4-functions are associated with an elliptic curve defined by a quartic equation.
Since any quartic elliptic curve can be reduced to a cubic one using a change of variables,
the E3- and Ey4-functions are equivalent to each other, although sometimes it might be
more practical to work with one class over the other. In the examples which we will
consider in Chapter 4, we will only encounter quartic elliptic curves. Note that because
an elliptic curve can be identified one-to-one with the torus, the Ez- and E4-functions
span the same space of functions as the I’ and T' functions, and vice versa. The Es- and
E4-functions are well-suited for the computation of Feynman integrals, as the kernels
of these functions naturally show up in the direct integration method, which will be

discussed in Section 3.1.1.

An additional variation of elliptic multiple polylogarithms was considered in Ref.
[33], which are denoted by the symbol &, and which are obtained by considering
iterated integrals of parity invariant combinations of the kernels of the T-functions.
The integration kernels can be mapped from the torus to a quartic elliptic curve, in
which case they are explicitly obtained as functions of the variables  and y, where
y* = Py(z) and where Py(x) is a quartic polynomial with distinct roots. This makes
the &;-functions directly suitable for the computation of Feynman integrals as well.
The definition of the £;-functions is motivated by the observation that the I-functions
are pure, while the Ey-functions are not, where we refer the reader to Ref. [33] for the
precise notion of ‘purity’” which is a natural generalization of the notion of purity in the
case of multiple polylogarithms. We will not consider £;-functions further in this thesis,

but we note that it is algorithmic to rewrite E4-functions in terms of £4-functions.

We also note that another type of elliptic multiple polylogarithms was constructed in
Refs. [14-16], which can be rewritten in terms of the eMPLs that were discussed earlier.
These functions are defined by natural generalizations of the series representations of
multiple polylogarithms. One advantage of these functions is that it is straightforward
how to evaluate them numerically, which can be done by summing the defining series
up to the desired order. Furthermore, they were the first types of elliptic multiple
polylogarithms that were successfully applied to the computation of Feynman integrals
at high orders in the dimensional regulator. For example, it was shown in Ref. [20] that

the family of kite integrals, which has the equal-mass sunrise family as a subtopology, can
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be solved in terms of these functions at any order in the dimensional regulator. Lastly,
another class of functions which are special cases of elliptic multiple polylogarithms
[30] are the iterated integrals of modular forms, which were first considered for the
computation of Feynman integrals in Ref. [123]. We will encounter these functions in

Chapter 7 for the computation of the cuts of the equal-mass sunrise family.

2.5.2 E,-functions

In this section we will discuss the E4-functions, which were introduced in Ref. [43],
in more detail. These functions will be relevant for the computations performed in
Chapter 4. Their construction is motivated by considering iterated integrals of the

form

Tk—1

/Ox Rl(:vl,y(arl))dxl.../o Ris(n, y(an)) dac (2.77)

where k is some positive integer, and where the functions R;(x,y) are rational in the

variables x and y which are subject to the constraint

4
y(x)? = Pi(z) = [[ (z — a;) , (2.78)

j=1
for some quartic polynomial P,(z) with distinct roots. We are in principle free to
choose the branch of the square root y(z), and in the following we will consider the
principal branch y(z) = \/Py(x). We will comment more on the choice of branch at
the end of this section. In the remaining parts of this section, we will generally not

write out the dependence of y(x) on x.

Let us investigate the kinds of integration kernels that we have to consider in order to
solve iterated integrals of the type in Eq. (2.77). Consider a rational function in z and

y, which we will denote by R(z,y). We can decompose it in the form:
1

where R;(z) and Rs(z) are rational functions in z. This can be achieved in the following

way. First we multiply any term of the form

1
(A(z) + B(x)y)*

(2.80)
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by its conjugate, where A(z) and B(x) are polynomials in z, and where k is some

positive integer. This leads to:

1 1 (A(z) —

B
(A(z) + B(z)y)*  (A(z) + B(a)y)* (A) = Bx)y)¥  (A(z)? — B(x)?Py(x))"*

Next, we expand out the power in the numerator, and note that all even powers of y are

polynomials in z. We then use the relation y = P,(z)/y to obtain the decomposition in

Eq. (2.77). Furthermore, we may partial fraction the rational terms R;(z) and Ra(z)

(see Eq. (2.46).) This leaves us with the following integration kernels:
dx ok dx K dx

dr x

(@=BFy "y L (w=p)

where k is a non-negative integer, and where  is a constant. We can reduce the set

(2.82)

of kernels further by considering integration by parts (IBP) identities. We provide
these identities next. In order to avoid focusing on the details of the integration path,

we provide these relations for primitives. Firstly, we have the following relation for
k> 1:

/xkdx B s N 1 / ( a N ayxk N asxk N asxk ) i
y (k=1y 20k-1J \yz—a) y@—a) ylr—a3) y(r—as)
(2.83)

where we note that:

e <’§ (fv)+ a ) ’ (2.84)

r — a; i=0 a; r — a;

from which it is clear that the maximum power of x in the numerator is reduced by

one. Similarly, we may derive the following relation for k& > 1:

/y( 1 dﬂj:_(:c—c)_ B 1 /((x—c)_ +(x—c)_

x —c)F (k—1)y  2(k—1) yx—a) y(z—ay)

(x =)l F  (z—c)tF
e R e S

Note that partial fractioning a term of the form (z —¢)'=*/ (x — a;) decomposes it into
pieces that carry a factor (z — ¢)™7, where 1 < j < k — 1, and a piece that carries a
factor 1/(z — a;). Hence we may safely iterate Eq. (2.85) to reduce the power of the

factor (z — ¢) in the denominator. Lastly, we provide the following relation that may



34 Feynman integrals and iterated integrals

be used to trade the kernel dz/(y(x — a,)) for 22 dz /y:

LA /<2x2+

T —ay) a12013014 Y 12013014 Yy
—Q] — Qg — A3 — Q4) T ay(—a; +as +asz+a
( 1 2 3 4) I 1 ( 1 2 3 4)) de . (2.86)
Yy Yy

One may obtain similar relations for the kernels dz/(y(x —a;)), j = 2, 3,4, by cyclically
permuting the labels of the roots according to a; — a;,1. This way, we may trade
every kernel of the type dz/(y(z — a;)), for the kernels 22 dx/y and dx/y. Thus, after

using the above IBP identities, we can express any integral of the form

| R y(a)day (287)
in terms of integrals over the kernels

dx dv  wdx 2?2 dx dx

(z—By ¥y y oy (w=p)]

(2.88)

where 3 and  are constants, and where /3 is not equal to one of the roots of Py(z).

Next, suppose that we have an integral of the type:

/Ox Rl(xl,y(xl))](xl)dxl s (289)

where I(x;) is an iterated integral of the form

I(z) = /0 wi (1) . .. /0 wrlr), (2.90)

and where the integration kernels w;(x;) schematically denote the kernels in Eq. (2.88).
We may consider the same types of IBP identities as before, which will now contain
additional terms proportional to derivatives of I(z). Since the only dependence on x4
is in the upper bound of the last integration, I'(z;) involves one less integration. We
can therefore iterate the IBP identities in order to completely rewrite Eq. (2.89) in
terms of iterated integrals over the kernels of Eq. (2.88).

It seems that by using these integration kernels we have defined an elliptic generalization
of multiple polylogarithms, but there is a subtlety. In order for the iterated integrals
to be rightfully called polylogarithms, the integration kernels should have only simple
poles on the elliptic curve. This is the case for all the kernels, except for 2% dz /y, which

has a double pole at infinity. We can see this explicitly by letting z = 1/%, which
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yields:

wyz(z;v _ —CZ Lo (}) . (2.91)

It was shown in Ref. [43] that one may replace the kernel 22 dx/y by adding an infinite
tower of kernels, which involve a primitive of 22 /y, and which have only simple poles
in x. The fact that an infinite tower of kernels is required, is in correspondence with
the fact that eMPLs defined on the torus, such as the [-functions, involve an infinite

set of kernels too.

Next, we give the definition of the E -functions [28, 43]. They are defined by:
By (80t ia) = [ din, (e, DB (3% 5) | (2.92)

where the integration kernels are:

(0.2) = <, dife,) = ——.
c Oc
valen) = o= (00,2) =~ Z4(0),
voa(oow) =, Un(oo.2) = 120 (w) (2.93)
ulea) = T Z00@) = busta(a) onenr) = B,
n— 571
Yon(oo,x) =20 (w) = 2,

where ¢; = %m, where a;; = a; — a;, and where y. = y(x = ¢). The kernel
1_1(c, z) has been defined with an extra term —d./x in correspondence with Ref. [28].
The ‘non-algebraic’ kernels containing the terms Z\™ (z) and ®4(x) are introduced to
avoid the kernel z? dzx/y, and we refer the reader to Ref. [43] for their definition. The
construction of these kernels depends on a choice of conventions for the periods of the
elliptic curve, for the branch of y, and for the ordering of the roots ay,...,as. In Ref.
[43], it is assumed that the roots are real and ordered according to a; < as < az < ay.

Furthermore, the branch of y is not chosen to be principal branch, but it is instead
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taken to be:
-1, z<ay,
—i, a1 <z < ag,
y(z) = /| Pa(x)] x 1, a; <z <ag, (2.94)

1, a3 <z < ay,

-1, z>ay4.

This choice of branch is made such that the periods w; and wy, which are taken to
be

az d az (
w1:204/3—x, w2:204/2—$, (2.95)
az Y ar Y

satisfy w; € Ry, and wy € iR, and span a rectangular lattice for the given ordering of
the roots. In Chapter 4, we will consider the computation of a few examples of elliptic
Feynman integrals in the Euclidean region. We will find that for these examples the
roots of the associated elliptic curves are all complex-valued in the Fuclidean region,
and that y? € R for x € R. In this case we may follow Ref. [36], which describes how
to pick the branch of y and the labeling of the roots, when some or all of the roots
are complex-valued, and in such a way that w; € R, and wy € {R;. The roots will

consist of two pairs of complex conjugates. We may order them as follows [36]:

a; = a3, az=a;, Re(a;) <Re(az),

Im (az),Im (az) >0, Im(a;),Im(as) <O, (2.96)

and we may let y = H?Zl (x — a;) be the principal branch of the square root. Then
the periods defined in Eq. (2.95) satisfy w; € R, and wy € iR,. For completeness, we
note that the map from the torus to the elliptic curve can be constructed from the

following function [36, 43]:

—3a1a13a24p(z) + a%él - 2(1152 + 353
—3CL136L24@(Z) + 3@% — 2CL1§1 + §2

k(z) = (2.97)

where z is a variable on the torus, where p(z) is Weierstrass’s elliptic function defined
in Eq. (2.73), and where:

§1 = Qg +as+ a4 s §2 = a90a3 + Q2G4 + G304 s 53 = Q20304 . (298)
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We then have that:
(car’)’ = Pu(k) = (5 — 1) (k — ag) (k — as) (k — a4) , (2.99)

and that:
R0) = a1, K(wi/2) =as, k(w)2) =as, k(ws/2)=as. (2.100)

The connection between the torus and the elliptic curve will not play a significant role
in this thesis, as we will not consider examples of Feynman integrals that evaluate to

E4-functions with non-algebraic integration kernels.

Lastly, we note that by virtue of being iterated integrals, E4-functions obey the shuffle
product identity. Furthermore, a coproduct and symbol map can be defined on eMPLs,
which was done in Ref. [30]. These maps are most naturally defined in terms of

[-functions, which can be rewritten into E4-functions.






Chapter 3

Methods for the analytic
computation of Feynman

integrals

In this chapter we discuss two methods for the computation of Feynman integrals.
First we discuss the direct integration method, which involves analytically integrating
the Feynman parametrization one Feynman parameter at a time. Next, we discuss the
differential equations method, which involves setting up linear systems of differential
equations for families of Feynman integrals, and solving the integrals directly from the
differential equations. The differential equations method will play a significant role in
the remaining parts of this thesis. We will discuss in Chapter 5 how the differential
equations can be solved in terms of series expansions, which will provide a very efficient

method for the numerical evaluation of Feynman integrals.

3.1 Direct integration method

3.1.1 Basic concepts

A powerful approach to computing Feynman integrals is to directly integrate the
Feynman parametric representation, one Feynman parameter after another (see e.g.
Refs. [76, 77].) Furthermore, we are typically interested in computing Feynman
integrals as a Laurent expansion in the dimensional regulator €, up to the desired order.
However, in general we are not allowed to expand the Feynman parametrization in

¢ before integrating. This is easy to see from the fact that expanding the integrand
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of the Feynman parametrization in € only gives a Taylor series, if we exclude the
1d

prefactor I’ (a — 5) which may give a pole in €. In general, there could be additional
poles in € which do not come from the gamma function, which we will see after all
integrations are performed. Following Ref. [124], we call a Feynman integral quasi-finite
if it has at most a pole in € originating from the gamma function prefactor. We are
allowed to Taylor expand quasi-finite integrals before integration. Each coefficient
in € is then a multidimensional parametric integral, which we aim to solve in terms
of multiple polylogarithms or elliptic multiple polylogarithms. The integrations are
typically performed in the Euclidean region, in which case there are no branch cuts in
the integration region. Results in the physical region can be obtained by analytically

continuing the results obtained in the Euclidean region to the physical region.

Luckily, any Feynman integral can be expressed in terms of combinations of quasi-finite
Feynman integrals. There are two straightforward ways to do this. One method relies
on scanning over a large set of Feynman integrals in the same family, with different
propagator exponents and shifted integer dimension, and to use power counting methods
to identify the quasi-finite integrals. By scanning over enough Feynman integrals, one
will eventually land on a basis of finite master integrals. All other integrals in the
family may then be related to this finite basis through IBP identities and dimensional
recurrence identities, see Ref. [124]. Another option is to use the method of analytic
regularization of Ref. [99], which is formulated directly in the Feynman parametrization.
This method involves repeatedly applying an operation to the integrand which rewrites
it as a sum of parametric integrals which have an improved scaling near parts of
the boundary of the integration region where the original integral diverges. These
parametric integrals come with prefactors that depend on the kinematic invariants
and masses and on €. After applying the operation a sufficient number of times, all
divergences at the boundary of the integration region can be resolved, and the resulting
parametric integrals are all finite. These finite parametric integrals can then be safely
expanded in e before integration. Furthermore, each parametric integral itself can
be identified as a quasi-finite Feynman integral in the same family, which has shifted

powers and shifted integer dimension from the original one.

The package HyperInt [100] can be used to perform the direct integration of Feynman
integrals in terms of multiple polylogarithms, and we used it to obtain the results in Ref.
[1] which are discussed in Chapter 4 of this thesis. We will outline the main steps of the
integration here. We do not aim for a complete treatment of all details, but instead we

focus on the steps that allow us to explain the concept of linear reducibility, which we
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discuss further in Section 3.1.2. We will consider a quasi-finite Feynman integral without
numerators, which we denote by I,, . ,,. Its Feynman parametric representation can be
obtained from Eq. (2.4). We may simplify the Feynman parametrization by including

an overall normalization factor given by
o I (@)
l 9
(ZW%) r (a — %)

where a = a; + ... + a,. This prefactor cancels out all the Euler gamma functions

(3.1)

appearing in the Feynman parametrization. We consider the dimension d = dy — 2e,

and denote the Taylor series in € by

Ioy,.an = Z ]gf,)...,anek ) (3.2)
k=0

for which the coefficients are given by

1 n
Icglf,)...,an = E /A » [dnfl&} (H Ck?i_1> uaf%o(l+l)ffa+%do [(1 + l) log(Z/l) o llOg(./_")]k )

i=1

(3.3)

We proceed by integrating terms of the form of Eq. (3.3) one Feynman parameter at
a time. Furthermore, we will aim to perform these integrations in terms of multiple
polylogarithms. We are typically interested in computing Feynman integrals in even
integer dimension dy, in which case the integrand of Eq. (3.3) is a product of a rational
function times powers of logarithms. Because we have to integrate over multiple
distinct integration parameters, it is not guaranteed that the final expression will be
expressible in terms of multiple polylogarithms. This is because we may encounter

algebraic obstructions in the integrations, as we will discuss next.

To perform the integration of Eq. (3.3), we will deprojectivize the integral using a
suitable application of the Cheng-Wu theorem (see Eq. (2.12).) Let us first consider
the simplest choice, where one of the Feynman parameters is set to one. For example,
we may put a; = 1. Next, we fix an integration order for the remaining variables. For
example, we may choose to integrate these in the order aw, as, ..., «,. Each integration

then takes the schematic form:

f]’ (OZj_H, PN ,O./n) = /OOO dOéjfj_l (Ozj, c. ,Oén) s (34)
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where j € {1,...,n}. Let us assume that we have already performed a number of
polylogarithmic integrations, and that f;_; is a polylogarithmic expression, which
doesn’t contain any algebraic functions of the integration variables. We may perform
the integration of ¢; in the following way [100]:

1. We express fj_1(aj,...,q,) as a combination of multiple polylogarithms of

argument o,
2. We find a primitive Fj(ay, ..., ay) such that 0., Fj(aj, ..., an) = fi—1(ay, ..., an),

3. We compute the limit:

fj(Oéj+1, ce ,Oén) = 11£>Yl Fj(Oéj, cee ,Oén) — lim Fj(Oéj, ce ,Oén) . (35)

Q00 a;—0
Let us consider the first step. Note that while the integrand f;_; is assumed to be
polylogarithmic, it might not be in a form that is directly suitable for integration.

Typically, it will consist of combinations of MPLs of the form:

G(al(aj,osz, .. .), c. ,ak(aj,ajH, .. ), 1) N (36)

where k is the weight of the MPL. We aim to rewrite such terms into the form

G(a’l(aj+1,...),...,a;(ajﬂ,...); Oéj), (37)

where the integration variable «; is only present in the argument. We discuss how
this may be done next. For simplicity, we will denote the integration variable «; by
a, and we will suppress the dependence on the remaining integration variables, which
is not important at this stage of the calculation. We can make use of the following

relation:

0
oo/

G(@(a);1) = G(@(0);1) + /0 “do L@, (3.8)

where we assume that G (@ (0); 1) is finite. If it is not finite we need to employ a

suitable regularization, which we do not discuss here. From Eq. (2.61), it is clear

that 57 G(d(a’); 1) can be expressed in terms of rational functions times MPLs whose
weight is reduced by one. Therefore, we may repeatedly apply Eq. (3.8) until we reach
weight zero. We are then left with iterated integrals over rational functions, which may

be rewritten in terms of multiple polylogarithms with argument a. Let us consider a
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simple example. We have that:
Gla—1,2;1)=G(-1,2; 1) + /a do/aaO/G(oz —-1,2;1). (3.9)
0

Furthermore, using Eq. (2.61) we have that:

aiG(a— 1,2 1) = (;2 _ ai?)) G2 1) + aigG(a— 1) (3.10)
We apply Eq. (3.8) again and write:
Gla—1;1)=G(-1; 1) + /a da'aalG(oz -1;1), (3.11)
0 o
where we have that:
EG(Q -1;1) = CRN . (3.12)

(e
Putting everything together yields:

1 1
o —2 o -3

= 1_ 3 (G(—l; 1)+ /Oa, da” L//l_ 5~ a//l_ 1})] . (3.13)

In this example, there is no need for using any additional IBP relations, and we

find:

Gla—1,21) = G(0,2:1) + /Oa do’ [( ) G(2: 1)+

Gla—1,2;1)=G(-1,2; 1) + G(2; 1) (G(2; o) — G(3; )
+G(—1; DGB3; ) +G(3,2; a) —G(3,1; a), (3.14)

which gives the desired result.

For the second step of the integration, we seek to find a primitive F} (o, ..., ay) so
that Oo, Fj (0, ..., o) = fj—1(aj,...,a,). We may choose

Oaj fiz1 (oz}, . ,an) doz; . (3.15)

Note that f;_; consists of rational functions times MPLs of the form G(@(a;+1, .. .); ;).
We can partial fraction the rational terms, and use IBP relations, to perform the
integration. Lastly, in the third step we have to compute limits of the primitive. For

further details on taking the limit and the regularization thereof, we refer the reader
to Ref. [100].
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3.1.2 Linear reducibility

Note that we assumed at the start that f;_; is polylogarithmic, and that it does not
contain algebraic functions of the integration variables. However, this is not necessarily
the case for f;. This can be seen from the fact that in steps 1 and 2 of the integration
we partial fraction any rational terms in order to separate out the poles. In general, this
can not be done without introducing algebraic factors, such as square roots, that depend
on the remaining integration parameters. Consider the field of rational functions in the
integration variables with complex coefficients, denoted C(a;, ..., a,). Then, for f; to
be absent of algebraic terms, all irreducible polynomials appearing in denominators
of rational terms that are partial fractioned, have to be linear in ;. If there is an
integration sequence for which this condition holds for all integrations, the integration

sequence and the Feynman integral are called linearly reducible [76].

Note that we started our discussion with a particular integration sequence. We used the
Cheng-Wu theorem to put a; = 1, and integrated the remaining Feynman parameters
in increasing order. In general, we have much more freedom. Firstly, we could have
picked any subset J of the Feynman parameters in the application of the Cheng-Wu
theorem (see Eq. (2.12)). Secondly, we are free to pick the order in which to integrate
the Feynman parameters. Typically one finds that only specific integration sequences
are linearly reducible. This has been studied in detail in Refs. [76, 77]. Also, note
that it is often possible to rationalize square roots by a suitable change of variables.
Such changes of variables have been studied in a number of works, see for example
Refs. [99, 125-127]. It is not always possible to perform a change of variables that
rationalizes the roots. A typical situation is one where there are two square roots with
irreducible quadratic arguments, and upon rationalizing one of the roots, the argument
of the other root becomes an irreducible quartic polynomial. Such a polynomial defines
an elliptic curve, and it is well-known that algebraic curves of genus greater than zero

can not be parametrized by rational functions.

Next, we make a few practical remarks about finding a linearly reducible integration
order. Typically this involves enumerating over many different integration sequences.
For sufficiently complicated Feynman integrals, the integration can be (very) compu-
tationally expensive, and so it would take a possibly long time to try out different
integration orders. Luckily, the set of polynomials which have to be factored at a
given integration step can be computed without actually performing the integration,
using so-called compatibility graphs [76, 77]. In practical terms, this works as follows.

One starts by considering a compatibility graph defined by the complete graph whose
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vertices are the two Symanzik polynomials, and the Feynman parameters. Next, one
considers a reduction procedure on the graph with respect to one of the Feynman
parameters. This reduction procedure transforms the compatibility graph into a new
compatibility graph, whose vertices are polynomials that do not depend anymore on
the given Feynman parameter. The vertices of the new graph represent the irreducible
polynomials that occur in the integrand of the next integration. We proceed by reducing
the compatibility graph one Feynman parameter at a time, until we either end up with
a trivial graph or we encounter irreducible quadratic polynomials. If we can reduce the
graph to the trivial graph for some integration order, the family of Feynman integrals
associated with the Symanzik polynomials is linearly reducible. The converse is not
necessarily true. For a review of compatibility graphs, we refer the reader to Ref. [77].

Compatibility graphs are implemented in the Maple package HyperInt [100].

We provide a few more practical remarks about the use of the Cheng-Wu theorem. In
Refs. [76, 77], the Cheng-Wu theorem is typically applied in the form where a single
Feynman parameter is set to one. Furthermore, the definition of the compatibility
graph is based on integrating from 0 to co. In Ref. [1], we showed that there are
some Feynman integrals which benefit from a non-trivial application of the Cheng-Wu
theorem where multiple Feynman parameters are included in the simplicial constraint.
In this case the integration bounds are different from 0 and co. In practice we deal
with this as follow. We choose first some trivial application of the Cheng-Wu theorem.
For example, we let a; — 1 for some 7. Thereafter we perform as many integrations as
possible without introducing algebraic terms. We can determine the optimal integration
order from a compatibility graph. Next, let us look at the remaining expression, which

has the schematic form:

(H /OOO d@j) MPL(ay,, ..., ;) . (3.16)

where J = {j1,...,Jr} denotes a subset of the Feynman parameters, and where
MPL(«;,, . .., a;, ) denotes some combination of polylogarithms which does not contain

square roots or higher degree roots that depend on the Feynman parameters. We can

/

i, for all j € J, where

lift the integration back to projective space by letting a; — o /o
j' ¢ J (see Ref. [1].) This leads to the form:

/ [d*a’] (o)™ 'MPL <%%> , (3.17)

A Qo Qi
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where:
AF = {[ozjl tag,.iag o] ERPF g, >0,i€ JU {j’}} : (3.18)

We can do the same projective lifting of the polynomials appearing in the compatibility
graph, by adding powers of a;; to the monomials in order to make the polynomials
homogeneous. Next, we try out all possible applications of the Cheng-Wu theorem,
and check whether there is a choice such that all polynomials are linearly reducible in
one of the integration parameters. If so, we may integrate on that parameter. Often,
the Cheng-Wu theorem which we apply at this stage is non-trivial, and the integration
bounds of the remaining integration parameters are different from zero and oo. Usually,
at this stage we stop considering the compatibility graph, and try out the remaining

integrations on the integral itself.

3.1.3 Elliptic Feynman integrals

So far we have only considered multiple polylogarithms, but in Section 2.5 we already
saw that we may enlarge the set of integration kernels and consider iterated integrals of
rational functions on an elliptic curve. Therefore, even when the Feynman integral is
not linearly reducible, we are in many cases able to perform an additional integration
in terms of elliptic multiple polylogarithms. The requirement is that we have at most a
single square root in the integrand which depends on a cubic or quartic polynomial, or
alternatively, we have multiple square roots in the integrand that can be rationalized
to yield at most one square root of a cubic or quartic polynomial. A natural question
to ask is then whether the introduction of eMPLs is actually necessary for a given
integral, or whether it is an unfortunate consequence arising from choosing the wrong

integration sequence.

It is not known in general which Feynman integrals are expressible in terms of MPLs.
However, there seems to be a criterion to identify which Feynman integrals are not
expressible in terms of MPLs. For a given Feynman integral, one may compute
the maximal cuts in integer dimension. Feynman integrals that are expressible in
terms of MPLs typically have maximal cuts which evaluate to a rational or algebraic
function. If any of the maximal cuts instead evaluate to elliptic integrals, or to integrals
associated with higher-genus varieties, it is expected that the Feynman integral can not
be expressed in terms of multiple polylogarithms. This follows from the observation

that the solutions to the homogeneous part of the differential equations satisfied by a
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Feynman integral are given by the maximal cuts [18, 128]. The homogeneous solutions

are in turn part of the general solution.

For some Feynman integrals, the maximal cuts are rational functions or square roots,
but the Feynman integrals are still not expressible in terms of MPLs. One possibility
is that the differential equations satisfied by these Feynman integrals are coupled to
subsectors whose maximal cuts do involve elliptic integrals. A more difficult problem
is whether integral families for which the maximal cuts of all integrals are rational or
algebraic, can be always be solved in terms of MPLs. For example, there are families
which admit a basis of master integrals for which the differential equations are in a
canonical dlog-form in which the dimensional regulator is factorized (see Section 3.2.2),
but for which the alphabet contains multiple non-simultaneously rationalizable square
roots. In such a case it is not clear whether the solutions can be written in terms of
MPLs, although the answer seems to be negative [129]. We comment more on this in
Section 3.2.2.

For the remainder of this thesis, we will call a Feynman integral elliptic if its maximal
cuts, or the maximal cuts of some of its subsectors, evaluate to elliptic integrals.
Furthermore, in a slight abuse of terminology, we will call elliptic Feynman integrals
which are linearly reducible except for the last integration parameter, ‘linearly reducible
elliptic Feynman integrals’. This presents the best case scenario for such integrals,
since elliptic Feynman integrals can not be expressed in terms of MPLs. In Chapter 4
we will consider the analytic computation of a few linearly reducible elliptic Feynman
integrals, following Ref. [1]. We will call the integrand of the last integration the inner
polylogarithmic part (IPP), which is a polylogarithmic expression. When the IPP
depends on on a single elliptic curve, linearly reducible elliptic Feynman integrals can
be algorithmically solved in terms of Es- or E4-functions. We will discuss the IPP in
more detail in Section 4.1. Note that in Ref. [130] a similar and generalized concept
of ‘rigidity’ was introduced for Feynman integrals, which is defined to be the least
amount of integrations that are left before the integrand becomes non-polylogarithmic.
Linearly reducible elliptic Feynman integrals have rigidity one, while linearly reducible

(polylogarithmic) Feynman integrals have rigidity zero.

3.2 The method of differential equations

In this section we review the method of differential equations for Feynman integrals.

An important property of Feynman integrals is that they can be realized as solutions to
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linear systems of ordinary differential equations with respect to the kinematic invariants
and internal masses [78-80]. The traditional way to see this, is to take a basis of
master integrals of a given family and to note that their derivatives can be expressed
as combinations of Feynman integrals in the same family with different propagator
exponents. These integrals may be IBP-reduced back to the original set of master
integrals, which allows one to write the derivatives of the master integrals in terms of
a closed-form linear system of differential equations. In the following we review a few

basic properties of these differential equations.

3.2.1 Basic definitions

Let us consider a family of Feynman integrals with m master integrals, packaged into
a vector f = (f1,--., fm). Suppose that the Feynman integrals depend on a set of
kinematic invariants and internal masses that we denote by S, which consist of squares
of sums of external momenta, and of squares of internal masses. We may write the

associated system of differential equations in the following form:

df = (Z A, ds> f, (3.19)
ses
where we will refer to the matrices Ay as partial derivative matrices. From the vanishing
of the total differential d> = 0, we have the integrability condition:
05, A, — 05, A5, + [Asy, Ag,] =0 forall sp,80 € 5. (3.20)
If we have dA = > scs Asds, then we may also write the above equation as:

dA =ANA. (3.21)

Another property of the differential equations is the scaling relation. Starting from Eq.

(2.3), taking a derivative with respect to A, and putting A = 1 yields:

v
Z Saslal,...,an+m = §]a1,...,an+m ) (322)

seSs

where S is the set of kinematic invariants and internal masses. This in turn leads
to:

> sA, =T, (3.23)

seS
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where I is the diagonal matrix with entries 7;/2, where ; denotes the mass dimension
of the j-th basis integral. It is often a good idea to verify that the integrability condition
and the scaling relation are satisfied as a cross-check that the differential equations

were derived correctly.

3.2.2 Canonical basis

The differential equations may be considerably simplified when a so-called canonical
choice of basis is made, a concept that was introduced in Ref. [44]. Let us first consider
a generic change of basis, B=T"1 f, where T is some matrix that may depend on the
kinematic invariants, on the internal masses, and on e¢. The partial derivative with

respect to a variable s then takes the form:

9
0s
It was observed in Ref. [44] that if T is chosen such that

B=[(0.T")T+T'AT|B. (3.24)

(0.T) T+ T 'AT = €A, (3.25)

for all kinematic invariants and internal masses s € S, and where A, is independent
of €, the differential equations are simplified considerably. It was conjectured in Ref.
[44] that there is always such a choice of matrix T. For integrals that are expressible
in terms of multiple polylogarithms, the canonical basis is conjectured to take the

form:

dB =edAB, A=Y Ajlog(l), (3.26)

leA
where A, are matrices of rational numbers, and where A is a set of functions of the
kinematic invariants and internal masses, called the alphabet, whose elements are
called letters. Note that in the mathematics literature, the alphabet usually denotes

instead the set of differential one-forms dlog(().

The matrix A may be found by first computing the following matrices:

Al = /Asldsl (327)
i—1

A= (A ~0,Y

Jj=1

Aj) ds;, i=2,...,|9], (3.28)
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where the variables s; denote the kinematic invariants and masses of the family. The
matrix A is then given by the sum of the matrices A;. The general solution to Eq.

(3.26) may be written in terms of a path-ordered exponential:
B =Pexp (/ edA) B(~(0)), (3.29)
gl

where v : [0,1] — C¥l is a path in the phase-space of the kinematic invariants and
internal masses, which we denote by the set S, and where |S| denotes the number of

these. Let us denote the expansion in € of the basis integrals by:
B=Y BWe, (3.30)
k=0

where we assume the expansion starts at finite order in €. Note that this can always
be achieved by multiplying the basis by an overall power of €. Expanded in terms of

iterated integrals, the path-ordered exponential works out to:

B=BO00) + XY [ 17 @A) (0) [ 77 (dA) (1) x .

[T ) (1) B ((0)). (3.31)

If we express Eq. (3.31) in terms of MPLs, the resulting expressions are pure functions
for each order in e. This means that they are given by linear combinations of MPLs
of the same weight, for which the prefactors of the MPLs are numbers (typically
considered to lie in Q.) Furthermore, note that the weight of the MPLs resulting
from Eq. (3.31) increases by one for each order in €. Such Feynman integrals are
also said to be of uniform transcendental weight (UT). Furthermore, the symbol map
[121, 131, 132] is given by:

S (Bi(k)) =)'S (B](-kfl)) ® Ay, (3.32)

J

(2

where we let S (Bi(l)) = BW,

To obtain a matrix T that solves Eq. (3.25), it is useful to first find a precanonical

basis, in which the differential equations are given by:

a9 - .
5ol = (AL +eAl) f, (3.33)
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for all kinematic invariants and internal masses s, and where the matrices A and
A do not depend on €. Such a precanonical basis may often be found by performing
a change of basis where the prefactors depend on € but not on the kinematic invariants
and internal masses. If we start from a precanonical basis, Eq. (3.25) is solved by a

matrix T that is independent of e, and which satisfies:
o,T=A0T. (3.34)

Hence, T is an invertible matrix that satisfies the precanonical differential equations

at leading order.

Note that while families of Feynman integrals which are expressible in terms of MPLs
are conjectured to admit a canonical basis of the form of Eq. (3.26), the converse is
not necessarily true. We reflect on this next. If the alphabet contains only rational
functions, it is always possible to rewrite the solutions in Eq. (3.31) in terms of multiple
polylogarithms. This can be seen by choosing an integration contour that is a collection
of line segments, such that along each segment only a single integration variable varies

at a time, while the others are kept constant.

More generally, the alphabet may contain algebraic functions such as square roots.
In this case, it is necessary to pick a parametrization of the integration path along
which the roots are rationalized. In recent literature there have been a number of
papers systematically analyzing variable changes for the rationalization of square
roots, such as Refs. [125, 126, 133]. In particular, Ref. [126] provides a Mathematica
package RationalizeRoots which is (under certain conditions) able to find a change
of variables for the rationalization of square roots, when such a change of variables

exists.

If there are non-simultaneously rationalizable square roots in the alphabet, it might
not be possible to express the iterated integrals in Eq. (3.31) in terms of MPLs. In
this case, a polylogarithmic solution may sometimes be found up to some order in the
dimensional regulator through a method that is called the integration of the symbol.
Practically, this means that one writes down an ansatz of polylogarithmic functions,
inspired by the Duhr-Gangl-Rhodes approach of Ref. [134], and that one constrains the
ansatz by matching its symbol to Eq. (3.32). (We will apply this method in Chapter 6
for the computation of a subset of the master integrals for Higgs plus jet production
up to weight two.) Additionally, in Ref. [127], it was shown that a set of Drell-Yan

master integrals, which have unrationalizable roots in the alphabet, can in fact be
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solved in terms of MPLs through the method of direct integration, or by integrating
the symbol.

However, in Ref. [129] a double integral of dlog-forms has been identified, which can
not be expressed in terms of MPLs, strongly indicating that there is no reason to
expect that every family of Feynman integrals admitting a canonical basis of the form
of Eq. (3.26) can be expressed in terms of MPLs.

3.3 Expansion by regions

In the previous section we discussed the method of differential equations. An important
ingredient in the method is to provide a set of boundary conditions at a suitable point
or limit. In this section we briefly review the method of expansion by regions [135-137],
which may be used to find boundary conditions in asymptotic limits. (See also Refs.

[138-140] for some recent developments.)

Generally, we would like to compute boundary conditions in special points, where
the Feynman integrals are expected to simplify. If one looks naively at the second
Symanzik polynomial, it seems that the simplest choice of boundary point should be
one where most of the kinematic invariants and internal masses vanish. In such a point,
the second Symanzik polynomial will simplify, and the Feynman parametrization may
then often be integrated in closed form in € in terms of simple functions, such as ratios
of gamma functions. However, typically a Feynman integral develops divergences as we
approach such a point, and we would not obtain the correct asymptotic limit by simply
plugging it into the integrand. To illustrate this with a simple example, let us consider

the massive bubble, dimensionally regulated around d = 2 — 2¢. We have:
o <¢—-m>

evee 1 /—p2—/4m2—p?
Ak — O
Y e e B Y c = A

(3.35)

in the Euclidean region. Note that the factor =€ /ix!=¢

was added by convention,
where v is the Euler-Mascheroni constant. Next, let us consider the zero-mass limit.
In particular, we let m? = z, and we take the limit = | 0. This yields the following
expression at finite order in e:

2 (log (—p?) — log(z))

- - +O(z). (3.36)
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If we start directly from the massless bubble, we find instead:

erse 2 2log (—p?)
dlk - - _zeemr) . .
g Yo (kl T 4G (3.37)

Thus, the logarithmic divergence in the asymptotic limit in Eq. (3.36) shows up as
a pole in the dimensional regulator in Eq. (3.37), and we can not use Eq. (3.37) to
provide the boundary conditions for the massive bubble in the massless limit. The
question is then how to obtain the asymptotic limit without first computing the
integral for a generic configuration of p? and m?, which defeats the purpose of choosing
a simple boundary point. One solution is to use the method of expansion by regions
[135]. The method has a powerful formulation in the Feynman parametrization, which
was developed in Refs. [141, 142]. Furthermore, Ref. [142] comes with a powerful

Mathematica package asy, that implements the method.*

We briefly outline the method next, from a pragmatic viewpoint. Suppose we consider
a Feynman integral with n propagators, which depends on a set of kinematic invariants
and internal masses S = {si,..., g/} where |S| > 1, and which is written in the
Feynman parametrization. Next, suppose that we are interested in obtaining the
asymptotic behaviour in a one-scale limit in which every kinematic invariant and
mass has a certain scaling s; — s, = 27s; for i = 1,...,|S|, where the exponents
v; are rational numbers, and where x is a line parameter that goes to zero. The
method of expansion by regions states that there is a set of regions { R;}, denoted by
R; = (ra, ..., i) for each i, which describe rescalings of the Feynman parameters,
and which prescribe how to compute the asymptotic expansion in the limit. The set of
regions can be determined from the Symanzik polynomials of the Feynman integral

and also depends on the asymptotic limit that is being considered.

We will not discuss the derivation of the set of regions here. We note that they
can be obtained using for example the program asy.m, which relies on a geometric
algorithm based on finding the convex hull of a set of points determined from the
Symanzik polynomials [142]. For each region, we rescale the Feynman parameters
and their differentials according to a; — o = 2" a;. In addition, we also rescale the
kinematic parameters and masses according to s; — s, = x7's;. Next, we expand the
contribution of each region in the line parameter z, we integrate the result, and we sum
the contributions together. The claim of the method of expansion by regions is that the

resulting sum provides the asymptotic limit of the Feynman integral. Note that it is

!Note that the latest version of asy.m is shipped together with the program FIESTA [74].
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currently not fully mathematically proven that the method is correct [138], however in

practice the method is known to work from the consideration of many examples.

Let us reconsider the example of the massive bubble. Its Feynman parametrization in

d = 2 — 2¢ is given by:

e T(e+1) / 1 {dl&} (o + 042)26 (ozme + asm® + 20aom* — oqozgpQ)iliE
A
(3.38)
Using the Mathematica package asy we obtain the regions
Ry ={0,0}, Ry=4{0,—-1}, R3=1{0,1}, (3.39)

in the asymptotic limit m? = x | 0. Rescaling the Feynman parameters in each region,

and summing over the result yields the expression:

e T(e+1) /Al [dlo?} <(a1 + ay)* (:z:ozf — pPajas + 2raas + xa%)iliﬁ
+ 27 (zay 4 )™ (%204% — pPajas + 2raias + ag)_l_e
+ 27 (o + zon)™ (a% — pPogag + 2rajan + x2a§)16> . (3.40)
At leading order in x we obtain:
e T(e+1) /Al [dld’} <041_€_1a2_5_1 (aq + ozg)26 (—]92)_1_e
+ 2y e (—p2a1 + ozz)_l_e + 2 %! <a1 - p2a2) ! > . (3.41)

After integrating the result, we find:

el <E<—p2>€ D(=ef 2) __2(log(—") — log(x))

p? I'(—2¢) e + O(e), (3.42)

which agrees with Eq. (3.36).

We will use the method of expansion by regions a number of times in this thesis. For
example, in Chapter 5, we will use it to compute boundary terms for the massive
three-loop banana graph family in the limit where the momentum goes to minus infinity.
Furthermore, in Chapter 6 we will compute boundary conditions for two non-planar

families of Higgs plus jet integrals using expansion by region. We will also consider it
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in Chapter 7 for the computation of boundary conditions for the one-line cuts of the

equal-mass sunrise family.






Chapter 4

Computation of linearly reducible

elliptic Feynman integrals

We will call Feynman integrals elliptic when one of their maximal cuts, or the maximal
cut of one of their subsectors, is an elliptic integral. In general, such integrals can not
be expressed in terms of multiple polylogarithms. Elliptic Feynman integrals have been
the subject of a lot of research in recent years [9-40]. This results in this chapter are

based on Ref. [1].

In Section 3.1.2, we reviewed the concept of linear reducibility. Practically spoken,
if a Feynman integral is linearly reducible, there exists an integration sequence such
that the Feynman integral can be expressed in terms of multiple polylogarithms. We
discussed in Section 3.1.3 how some elliptic Feynman integrals are linearly reducible
except for the last integration parameter. In that case they can be expressed as a
one-fold integral over a polylogarithmic integrand, which depends algebraically on one
or more elliptic curves. This could be considered the best case scenario for elliptic
Feynman integrals from the viewpoint of the direct integration method, since if the
last integration was linearly reducible, the solutions would be polylogarithmic. In a
slight abuse of terminology, we therefore call such integrals ‘linearly reducible elliptic
Feynman integrals’. We call the polylogarithmic integrand, the inner polylogarithmic
part (IPP). It turns out that the IPP can be identified with a (generalized) Feynman
integral family, that is obtained from the original one by an application of the Feynman
trick [1]. We will show this in Section 4.1.

In the rest of this chapter, we discuss the computation of two examples of linearly

reducible elliptic Feynman integrals. We will consider both the method of direct
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integration, and the method of differential equations. The integrations will be performed
using the Maple package HyperInt. The differential equation method will be applied
to the generalized integral families that correspond to the IPP, which admit a set
of differential equations in a canonical dlog-form. This approach is different from
Refs. [34, 35, 37, 143], where canonical form differential equations are set up for
families of elliptic Feynman integrals without any remaining dependence on integration
parameters. In our approach, the solutions to the differential equations still depend
on a final integration parameter, but an advantage is that the integration kernels are

given by a simpler class of functions.

4.1 The inner polylogarithmic part

In this section we show that the inner polylogarithmic part can be mapped to a
generalized integral family, arising from an application of the Feynman trick. Consider

a family of Feynman integrals denoted by I,, . ,,. For notational convenience, we

consider a family without numerators. We also include an overall normalization factor
N, given by:

N — iy I (as) (4.1)

() 1)

Suppose that we have used the Cheng-Wu theorem (see Section 2.2.1) to put a, = 1,

and that the Feynman parameter a,,_ is the last one in our integration sequence. We

then have schematically:

I
1
= d ! " D
Tpw =N / (gd k:) "
n—1 o0 o a—4 —at+ld
:(i_l_[l/o do o 1) (L{ 2D F +2)

— /Oo dov, 1 TPP (i 1) | (4.2)
0

an=1

where in the last step we assume all integration parameters but «,,_; are integrated

out, and where we have denoted the inner polylogarithmic part by IPP(c,_1).

Next, consider the following application of the Feynman trick:

1 P (an—l + an) /oo Oéayl—ll—l
= = dav, 1 - 4.3
DI Dy T(an1) T (an) Jo (@n1Dyoy + Dy)im e 0 (4:3)
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The combination «,,_1D,_1 + D,, is quadratic in the momenta, and we may treat it as
a propagator that depends on an external scale «,,_1, if we ignore the last integration.
Therefore, we consider a new family of Feynman integrals that contains this generalized
propagator. We will denote it with the symbol I, and it is given explicitly by:

- - ! 1
Pt sitnson = @1 ddk’) (M2 D) (s Dy + D)™ 0 -
where we included the normalization factor N, given by:
N F(@nil j ?n) [T T (ai) ' (4.5)
(27r5> I'(a—4)
From Eq. (4.3) it is clear that we have:
Loy,.an = /000 Aoty & ar o s 1 - (4.6)
Next, we will show explicitly that:
IPP = 07”7 ay . an-sanosan - (4.7)

We will add tildes to the Feynman parameters of the family I, and we will denote its
Symanzik polynomials by ¢ and F. Note that these can be computed using Eqns.
(2.9) and (2.10). The Feynman parametrization is then given by:

n=2 roo d id
T _ ~ ~a;—1 Za—S(+1) T—a+E
]a17---7an727an71+an - (H /0 dai Q; ) (u 5( )JT_‘ 2)
i=1

where the Cheng-Wu theorem has been applied to put the Feynman parameter &,

, (4.8)

an—1=1

to one. Next, we will explicitly write the dependence of the Symanzik polynomials
on their Feynman parameters, using the notation U(ay, . .., o) and U(ayq, . . ., Gp_1).
One may show that the Symanzik polynomials of the families I and I are related in

the following way:

UG, ... 0n 1) =U(@, ..., g, G101, Gy 1)

.F<O~él, e ,O~én_1) == .F(ONél, Cee 7ONén_2, dn—lan—la O~én_1) . (49)

If we put &,,_1 = 1, in correspondence with the choice of the Cheng-Wu theorem in Eq.

(4.4), and relabel &; to «; for i = 1,...,n — 2, then we have:

Z/!(Oél, vy Op9, 1) = u(ala sy Qp2,Qp_1, 1) )
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Flan,. ., tna,1) = Fla, ..., an 2, a0 1,1). (4.10)
Therefore, the Symanzik polynomials of both topologies match if we use the Cheng-Wu
theorem to put o, = 1 for the family I, and to put d,_; = 1 for the family I. If we
compare Eqns. (4.2), (4.4), and (4.10), we conclude that Eq. (4.7) holds. Hence the

family I may be used to represent the IPP of a family of linearly reducible elliptic
Feynman integral, through Eq. (4.7).

4.2 The unequal-mass sunrise integral

In this section we discuss the analytic computation of the unequal-mass sunrise family,
focusing in particular on the undotted master integral (i.e. the master integral with

unit propagator powers.) The family of integrals is defined by:

Ty

G (s ) — LV 0T W) o (TN
Vv1voV3 S, m17 m2’ m3> - ld my ?
F(V1+V2+V3—§) U

ms

P(Vl)F(VQ)F(Vg) / ddk‘l ddkig 1 (4 11)
T (Vl + vtz — %) im?2 im /2 DY Dy D '
where the propagators are given by:

and where s = p?. We have included an overall normalization factor which cancels out
Euler gamma functions that appear in the Feynman parametrization. The integral
family has seven master integrals, which can be chosen as Ss11, S121, S112, S111, S110, S101,

and 5011 .

Note that the massive sunrise family is a well-known example in the literature and
its computation has been considered from many different angles, see e.g. Refs. [14-
17, 20, 24, 26, 28, 30, 32, 33, 37, 45, 46, 84-86]. For some of the first papers solving
the sunrise in terms of elliptic polylogarithms see e.g. Refs. [9, 12, 14, 16]. The
E,-functions were first applied to the computation of the massive sunrise in Ref. [28].
An addition that we will consider here compared to Ref. [28] is that we will also show
how to obtain expressions in terms of E4-functions by setting up differential equations
in a canonical dlog-form for the inner polylogarithmic part. Note that in Ref. [37] the

unequal-mass sunrise family has also been solved from a canonical set of differential
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equations (without leaving out the last integration), which involves integration kernels

on the moduli space M 3.

4.2.1 Direct integration

The Symanzik polynomials of the unequal-mass sunrise family are:

2 2 2
F = (qag + azas + aqas) (alml + aoms + a3m3) — 1038,

U= a1Qg + 1z + s . (413)
Furthermore, the Feynman parametrization is given by:

SV1V2V3<S7 m%v m%a mg) = / {dQO_Z} aTl_10'/52_10‘/%3_1[/{_%+V1+V2+V3*Fd_yl_V2_V3 .
A2
(4.14)
We will work in the dimension d = 2 — 2¢, where the master integrals in the top sector

are finite. Furthermore, we will work in the Euclidean region, which is given by:

s<0, m?>0. (4.15)

(2

First, we consider the direct integration of the integral S1;;. We start by expanding

the Feynman parametrization around d = 2 — 2¢, which gives:

—1

[e’¢) . f
Slll(su m?a m§7 mg) - Z Ek AQ |:d206:| k‘ [3 1Og (u) - 2 log (F)}k
k=0 :

= S{N(s,m2,m3,m2) + € S{) (s, m?, m2, m2)+
+ 253 (s, m2,m2,m2) + O(). (4.16)

Next, we apply the Cheng-Wu theorem to put a; = 1. Next, we integrate with respect
to ay. The U-polynomial is linear in the integration variable, whereas the F-polynomial
is not. To perform the integration, we have to factorize the F-polynomial, which leads

to:
F = m% (CK3 + 1) (CYQ — R+)(042 — R,) , (417)
where we have that

2 2

—a2m2+as(—m2 —m2—m2+s)—m2+ /P
Ry(s,mi,m3,m3) = —> s 0 (my 2 s %) ! =

(4.18)
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The square root contains a fourth degree polynomial which defines an elliptic curve,

and which is given by:

Po — (a2m?2 2 2 2 2 2 4 2 2 2 2.2
s = |agm3 + asmi] + agm; + asmz +m] — azs) — azmy + my ) (asm] + agms) ,

(4.19)

We can now perform the integration with respect to as. At order €’, we have the

following simple expression:

o 1 R_
ng)l(s,m%,mg,mg) :/0 das ﬁlog <R+> . (4.20)

At order ¢! we obtain:

(1) 2 o oy _ [ 1 Ry 1 1) — 1.1
St (s,my, my, ms) /0 dOé:z\/?SlG( R —R. )G(QS, )—G |0, R 1

1 1 1 1 1
G0, =——1)|—-2G ;1) +2G ;1
- (’R++1’ ) (R_+1’R++1’ >+ <R++1’R_+1’ )

1 1
— 1, =— 1 1, — 1 4.21
36 (g 1 -t ) 36 (a1 ) | (421)

where we introduced:

_ m3 (1 + as) (m] 4+ mjas)
QS - 2

(4.22)
m3m3 + mimias + mimiaz + mimiai — «

5 -
In deriving this result we combined some logarithmic terms encountered at an interme-
diate stage. Note that all polylogarithms are of weight 2. Using HyperInt, we may
also obtain higher orders in € in the same manner. It can then be verified by explicit

computation that the polylogarithmic part is of weight k£ 4 1 at e-order k.

In Ref. [1] we also showed how the analytic continuation of the undotted master
integral can be performed at orders €” and €', by analytically continuing the IPP using
standard techniques for the analytic continuation of polylogarithmic Feynman integrals.
This involves splitting up the phase-space into multiple regions, and finding in each
region an expression in terms of classical polylogarithms without branch cuts. The
integration of the last Feynman parameter may be performed numerically, which we

showed to be sufficient for obtaining fast and precise numerical results.
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4.2.2 Differential equations for the inner polylogarithmic part

Next, we will consider the generalized integral family corresponding to the inner
polylogarithmic part, using the results from Section 4.1. Furthermore, we will set up
canonical form differential equations for this integral family, and solve these analytically.

First, we consider the following Feynman trick:

1 F (e%e] v3—1
N ) / & . (4.23)
D'Dg? (1) T (v3) Jo (Dy + xD3)ntvs
We let Dy = Dy + 2Ds, and define the following (generalized) integral family:
F(I/l -+ Ug)F( 1
SPP = / R A — 4.24
vty (im42)2T (1) + vy + V3 — ? D11/1+V3D§2 ( )
We then have that:

S = [ 2SI, do. (4.25)

The integral family has three master integrals. We performed the IBP reduction to the

master integrals using Fire5 [144]. We choose the master integrals to be
B, = 2(m§)26xe§§%P, By = 2(m3)*(1 + z) 2S{P1P, Bs = e(m3)* 1y Séplp, (4.26)

where y = y/ Péx) /m3, and where Péz) is equal to the polynomial defined in Eq. (4.19)

2¢ is included in the basis definition to

with az replaced by x. The prefactor (m3)
make the integrals dimensionless. We have added tildes to the integrals, to indicate a

different choice of normalization:

1 1
GIPP dy. gd
SV1+V3 va — (Zﬂd/Z)QF 3 — d /d kld k2 DT1+V3D12/2 : (427)
We divided out the term mj in the elliptic curve to obtain the form:
y = —a) —a)@—as)(w =), (4.28)

where the a; variables denote the roots of the elliptic curve. At this stage the ordering

of the roots is not important, and we may choose for example:

m? — (/5 +my)” +mk + \/[(\/5 —my +my)? - m%} [(\/E—ir my +my)? — m%}
= 2m}3 ’
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m%—(\/g—mQ)Q—i-m%%—\/_(\/§+m1—m2)2—m§— (V5 —my —ma)’ — m2]
ag = — - 5 — -
2ms3
=i+ (v = ma)” = md 4[5+ = ma)” = md] (V5 — i — ma)? — ]
as = 5 — -
2ms
—m? + (/5 +ms)’ —m2 + \/(\/5 —my 4 my)” — m% (\/5 +my 4 my)” — m§
= 2m}
(4.29)
The differential equations for our master integrals are in canonical form:
dB = edA B, (4.30)
where we have that B = (B1, Bs, B3), and where
ls — 2y 0 0
A= Ls—15) (=3l —1s+4l; —2l) Iy — Iy .
1 (3l + 1) 3(ly— 1) 5 (—4ls + 15+ 3l + 417 + 6l3) ) (4.31)

The letters are given by:

L =1 szr(erl)m%7xmg+(12+x7y>m§ I =1 ($+1)m?+xm§+(m2+x+y)m§—sx
1 =108 {— zs+(z+1)mé —zmi+(z?+a+y)ms | 2 =10 (z+1)mi+zm3+(z2+z—y)m3—sz |’

m2 m2 S
I3 = log (92) ; l4 = log <m§ + af) , l5 =log <m§> , lg = log <m2> ,
3 3 3

l;=log(x+1), Is=1log(x). (4.32)

As a first cross-check, we computed the symbol of the inner polylogarithmic part
from the differential equations using Eq. (3.32), and we compared it with the symbol
obtained by iterating the coproduct in the manner of Eq. (2.64) on the results obtained
through direct integration. We found that both approaches gave the same result. Note
that Eq. (3.32) requires us to provide the value of the leading order in the € expansion
of B , which is given by the order €. By power counting the integrand, one can show
that B3 vanishes at leading order. Furthermore, the integrals B, and B, are equal
to one at leading order, which can be shown by direct integration of the Feynman

parametrization.

Next, we discuss how to solve the differential equations explicitly in terms of elliptic

multiple polylogarithms (E4-functions.) First, we will perform a Mébius transformation
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on the parameter x to map the integration region to [0,1]. This is equivalent to

considering the following Feynman trick:

1 1/1+1/3 / gy’ — ') (x')vs (4.33)

DYDY [(1—a')Dy + ' Ds]1tvs

instead of the one from Eq. (4.23). We define D; = (1 — 2/)D; + 2'Ds, and con-

sider:

1 1
gwr / R L — 4.34
143,02 (iwd/2)2T(3 — d) 14 K2 Di’1+”3D52 ( )
Under the identification z = 2'/(1 — 2') one has:
SIP o = (L=l giee (4.35)

and we may rewrite the canonical basis in terms of 2’ and S as

By = 2(md) (1 — o) eSH By = 2md)* ST By = e(md)* (m3 — 5)y/ ST

2,1 »
(4.36)
where we now have the elliptic curve:
1 2
(y)? = Ql($/>2 <2m§ (z' —1) <m§ —sa’ + 5) + (m§ + s (2 — 1))
(s —m3)
+mi (2 — 1)2> +mi( —1)" —2m? (' — 1) x(mg (z' — 1)
+m3+s(a’ —1) )1 = (o' — a}) (2" — a}) (2" — a}) (2’ — a)), (4.37)
and where we consider the principal branch of the square root y' = ?:l(x’ —al).
Explicit expressions for the roots a; can be obtained up to permutation from the
ratios:
a;
. 4.38

The roots are complex-valued in the Euclidean region, and we may choose to order
them in the manner of Eq. (2.96). The ordering of the roots is mainly important when
considering E4-functions that contain non-algebraic integration kernels, and we will
not consider these in what follows.
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Since we work in the Euclidean region, we will use the following kinds of simplifica-

tions:

m m2

y(0) = = : (4.39)

(m3 —s)” mi—s

Next, we solve the differential equations with respect to x’, which are given by:

0 = A -
ol =B (4.40)

The partial derivative of A with respect to 2’ has the following entries:

OAy, _ 2 (mj —mi) 4 1 + 1
oz’ m3+a'(m3—mi) o' —1 o
OArn 1 1
or' x a' -1’
OA,s _ 2 (m? —m2) 2m? N 2mj
ox' y(s—m3) 2y (mi—s) ('—=1)y(mj—s)’
0As, B m?2 mams
ox’ 2’y (m% —s) vy (m% - m%) (xlm% —mi — x’m%)
N m3 mi‘—i—Z(s—m%—m%)m%—l—mé_g’
2 (2 — 1)y (m3 — s) 2y’ (s —m3) (mi — m3) Yy
0Agp  3md 3(mf —m3) 3m3
ox' 22y (s —m3) 2y (mg — S) 2(2' = 1)y (m3 —s)’
OAs; 3 2 2 2 2 3
oz’ _;_x’—a’l_x’—ag_x’—ag_x’—aﬁl+x’—1’

OA1,  OA13  OAy
or'  0r  Or - (4.41)

All of the entries may be expressed in terms of integration kernels of the E4-functions
defined in Ref. [28], which we wrote down in Eq. (2.93). The formal solution of the

differential equations is given in terms of a path-ordered exponential:

B(z',s,m1, ma, ms) = Pexp (e d:z:') é(xg, S, My, Mo, m3) . (4.42)

/

The first master integral of the sunrise works out to:

Si11(s, ml, mz, m3 (4.43)

(L Ry
m2—3
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2\ —2¢ 1 1 3 2
— (723)/ dz'=>" | Pexp (e/
(m3 — s)e Jo (et )

which shows that the last integration kernel at all orders in e is 1/y/, confirming

OA
By, dx,) Bk(mgvsvmlvaami%) )
v 3k

the observations made through the direct integration method in Section 4.2.1. In
order to obtain a representation in terms of E4-functions, we would like to pick the
boundary condition xj = 0, but note that B (xg, s, M1, Mg, mg3) is singular in this limit.
Nonetheless, the limit 2, — 0 of the right hand side of Eq. (4.42) should be finite,

since the left-hand side of the equation is finite.

Since the iterated integrals arising from the path-ordered exponential are elliptic
multiple polylogarithms, we know that we may regulate the base-point divergence,
which is of a logarithmic kind, using the tangential basepoint prescription. To get a
consistent finite result we should apply the exact same regularization to the boundary
term §($6, s, my, ma, mg), which will amount to taking the limit as z{, — 0 from the
positive real axis, and throwing away divergences of the form log(z})*, where k is a
positive integer.

Let us explicitly compute reglim,, ﬁoé(x’ ,S,my,ma,mg). It is straightforward to
compute the expression for By, since the Feynman parameterization of Sg%P requires
no non-trivial integrations. For the integrals By and B3 we do have to perform a
non-trivial integration. One way to obtain the boundary terms for these integrals is to
use the method of expansion by regions. Here, we follow a symmetry based argument,
which is the method that we used in Ref. [1]. This works as follows.

Note that if we put 2’ = 0 in the momentum space representation, we find that the
integral family becomes that of a squared tadpole, and the resulting integrals are
independent of s. However, to obtain the correct boundary term we first need to
compute the integral for nonzero 2/, and then compute the regularized limit as ' — 0.
Luckily, the dependence on s also disappears in the regularized limit, which we checked

through numerical integration. This means that:
reglim,, ., (E(x’,s,ml,mg,mg)) = reglim,,_,, (é(x',o,ml,mQ,mg)) : (4.44)

We can find é(:c’ ,0,my, ma, m3) in closed-form in €, by direct integration of the

Feynman parametrization. The result is given below:

/
By (2',0,my, mg, m3) = C1,
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21—Qe T A2A —€
BQ(xlaoamlam%mS) - CYl ( T (ﬁi)(E) ((1 1xI§ .CL'/> - 2F1 (1726; €+ LAl)) )
€+ 5 -

B3($,7 07 my, Mo, mS) =

e/ (Al oF (1,2 + Lie+ 15 A)) A= y/me(1— A) ™7} A}—T(e)) |

(@ = 1) (¢ = D)@'l (e+3)
(4.45)
where we labeled the following terms:
mj (2’ — 1) a’ mi (=2') + ' (m3 (2 — 1) + mj) + m}

A1: A2: )

m3 (2 — 1) —m3z’’ m3

Cy = (m3)” A ) (4.46)
! 3 mi(1—a)a' ) ~ '
Next, we take the regularized limit 2’ — 0. The final expressions are given by the

following pure functions:

1
. 2\ —2€ 2 2N €
reglimx’—)@ B(xlv 0, mq, ma, m3) = (%) 6IF((;G)) (”Té) -1 ' (447)
3 eL(e)? (m?\°© 1
2T (2¢) (ﬁg)

From Eqns. (4.42), (4.43) and (4.47), we have all the elements to express B, and in
particular Sii1, in terms of elliptic multiple polylogarithms. Since we already removed
the boundary divergences in Eq. (4.47), they will show up again once we solve the
iterated integrals. We can filter these out explicitly by shuffle-regulating. For example,

we have that:

Ey(36:1) = E4(36:1) +BEa (35 1) Eg (§:1) —Ea (3; 1) wE4(§51)
=—E4(83; 1), (4.48)

where in the second line we used that E4 (§;1) = log(1) = 0, since we throw away the
logarithmic divergence at the basepoint. In terms of E -functions, the solution of the

unequal-mass sunrise in the Euclidean region is given up to order O(¢)? by:

Cy (m% — S) (m§)265111 =
0 —1
—mwém—&w%m—m@;m+m(oﬁ;Q+mw&w
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v (g e ) 60+ G e (i

2
m? (— 24+8)+2m7] +2m3
E 001 1
e B (31
+2(m§(m%—2m3—s)+m1+m3)E4(01/().1)
(mf —m3) (s —m3) et
2002t —s) b 0y
ca (m? —m3) (s — m3) PO
L2082 ) el gy
cs (mi —m3) (s —m3) 00
2020 —s) eomi )y g1y
ca (mi —m3) (s — m3) e
_—2m1(m2+m3—s)+m1+m3E 00 }nf 1
cs (mi —m3) (s — m3) 0T
_—2m1(m2+m3—8)+m1+m31 <m%>E4(00.1)
c4(m1 m3)(s—m2) % 00
3m3 (—m3 + 2m2 + s) — 3m] — 3mj
E 010.1
A ey
m? (m3 —|—42m§ —23) 2mi — 2m3E4 (100.1)
cq (my m3)(s—m2)
+2m( m3 4+ 5m3 + s) — bmj — 5m3E4< 1)>+(’)( ). (4.49)
cy (mi —m3) (s —m3) o

Lastly, we remark on the three dotted master integrals, which are equivalent upon
permuting the masses. Consider the master integral that has a dot on the second line.

As an integral over the inner polylogarithmic part, it is given by:

St = 1+2e / da’ SIFP (4.50)

SIPP

We can express in terms of the canonical basis integrals of the IPP by IBP

reduction. The relation is given by:

~ c c c c
2\2¢ &GIPP 1,1 1,2 1,3 1,4

rx—ay x—ay T—ay x—a)

C C C C
+ ( 2,1 + 2,2 + 2,3 + 2,4 /) 32

r—ay wx—ay T—ay x—a)

C3,1 C3,2 C3.3 C3.4 C35
+ : + : + : + : + —==| B3.
(Mx—%) y(x—ay)  ylx—ay) ylx—ay) y)
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where we have the following coefficients:

(a1 — 1) (a3 (Tm3 + s) —m7) + aymg

Ci1 = 2 )
4a’172a’173a’174m% (m% —5)
o 3l = 1) (s = m3) — md) + 3aim
K - 2 ’
4a’172a'173a’1’4m% (m% —5)
oy = et Dl = 1) mi — aim3) ((ay — 1) (@} (m3 + 3s) —m3) + ajm3)
’ € 201 301 4 (S — m§)4 7
m3(Te + 2) + se
C35 = 2(2 2) S (4.52)
2m3e (m3 — s)
The other coefficients are found by cyclic permutations:
Cij = cl-7j,1|a;€_m;€+1 fori=1,2,3and j =2,3,4, (4.53)

where af is equal to af. It is clear from Eqns. (4.42), (4.47) and (4.51) that Si9; can
be integrated in terms of E,;-functions. In particular, S‘égp can be expressed in terms
of E4-functions with only algebraic integration kernels, while the last integration on
the parameter 2’ requires us to introduce more complicated kernels. We will not work

out the expressions in more detail here.

4.3 Triangle with bubble integral

We consider the below triangle diagram, with a massive bubble insertion, relevant for

the two-loop QCD corrections to heavy quark pair production:

2 _
b3 =5

T1211(S, mQ) = (m2 — S)F(l + 26) (454)

This diagram has the equal-mass sunrise as a subtopology (as seen from contracting the
massless internal propagator.) In order to make the diagram finite in four dimensions,
we have put a dot on one of the massive propagators of the bubble. We note that
there is only one master integral in the top sector of the integral family to which this

diagram belongs.
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4.3.1 Direct integration

The momentum-space representation of the integral family is given by:

(4.55)

TV1V21/3V4 - <m2 - 8)

T (Vl) r (VQ) r (Vg) r (1/4) / ddkfl ddk’g 1
I'(vi+ve+vs+uvy—d)J ind2igd/2 D' D52 D Dyt

where we included gamma functions in the prefactor which cancel those in the Feynman
parametrization, and where we included an additional overall factor (m? — s) in the

definition. The propagators are given by:

Dy = — (ky +p2)” +m?, Dy = — (ks — ps)” +m?, (4.56)
D3 = — (k1 + ko +po)? +m? Dy=—k}.
The Feynman parametrization has the Symanzik polynomials
F= (agoﬁ + aza? + asaq + a3aq + 3asasag + asast
agag + a§a4 -+ a§a4 -+ 2a2a3a4)m2 — ¥ a(3S
U = ajay + azg + ooy + oo + aisoy (4.57)

and is given by:
2 3> - vi—1 vitvetvstva—3¢ v —vo—v3—vatd
TV1V2V3V4 = (m - 8) /A3 [d Oé} izl—[laz‘ Uu 2 F . (458)

We will work in the Euclidean region where s < 0 and m? > 0. We expand the integral

in € according to:

Ti211 (s,mZ) = ZTI(%L (Sa m2) e (4.59)
=0
At order €® one obtains:
O (s,m?) = (m? — 3] Q2L (2 _ ) [ dndasday
Tio11(s,m") = (m s) /A3 [d a} UF (m 3)/0 [UFH ) (4.60)

as=1

where we applied the Cheng-Wu theorem to set ay = 1. Next, we integrate out the

Feynman parameter associated with the massless propagator, which yields:

1o (m2(a1+a3+1)(a1a3+a1+a3)—a1a38)
B (a3+1)m?2(a1az+ai+az)

a1(az + 1) (m?(ar1as + aq + ag) — azs)
(4.61)

T3 (s,m?) = (m? = 5) |~ dodas
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The polynomial (m?(a; 4+ az + 1)(ias + aq + a3) — aass) does not factor linearly
in either of the remaining integration parameters without having to introduce a
square root containing the other integration variable. The roots of the quadratic
polynomial are special cases of those encountered for the sunrise, namely Ry =
Rfl)(s, m?2,m?,m?), where the terms R correspond to the roots of Eq. (4.18) with
ag replaced by «y. Performing the integration on a3 leaves us with the following

one-fold representation:

T8 Gsn) = [ [ G0 )6 (~ 1) = G o + 1000
+G (R_1+ - b(L); 1) +G <R+1+1,b(1); 1) ]dal, (4.62)

where we have introduced the term:

ap +1)m? — s

m2—s

b(1) = (4.63)

At order €' we can integrate along the same sequence and we obtain the following

result:

T (s.m) = [ das - [26000); DGOE) VG0 1)

=360 DE0E: 16 (7= 1) = 26000 D606) 16 (7= 1)

1—oy
1 2G(b(2); 1)G(0,b(1); 1) — 2G(0,b(1); )G (1—104
1

T 1)+ G DO, )
~ G(b(1),b(1); DG (1=

1—041

1) = G(b(1: DG(0.5(2); 1)
+Gb(1): )G (o

1) = 2G((1): DG(G(),b(2); 1

- R_+
#36 (111) 6 (005 1) = 20005 106 (7001
+3G<1—a ’ 1>G<R 1+1,b(1); 1) +3G(b(1); 1)G<1_1& b(2); 1)
+3G(b(1); 1)G (1 _1a ' _1a : 1) +2G(b(3); 1)G (ar +1,b(1); 1)
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S b(1): 1) + G0, a1+ 1,b(1); 1) - 2G (R_lﬂ,o,b(l); 1)
—G( ! ,b(l),b(l);1>+2G< ! ! b(l);l)

R_+1"R_+1

1 1
b(1); 1| —2
1) =26 (5

1 1
—2G <R++1,O,b(1); 1) —G<R++1,b(1),b(1); 1)

, O + 176(1)a 1)

1 1 1 1
b(1); 1 2G b(1); 1

- 3G (Oél + 1, b(l), 1) + 3G (061 + 1,0(1 + 1, b(l), 1)] 5 (464)

R, +1’
where we introduced the terms:

1 1

b(2) = l—a(1+ap)’ b(3) = 1—m2a;(1+ap)

(4.65)

Higher orders in € may be obtained from the same integration sequence. In Ref. [1] we
also performed the analytic continuation of the one-fold representation to the physical
region s > 0,m? > 0 at orders €” and €. Like for the unequal mass sunrise, this was
done by partitioning the physical region into a number of subregions, and by expressing
in each subregion the polylogarithmic integrand in terms of logarithms and classical
polylogarithms without branch cuts in the given region. The threshold singularity at
s = 9m? can be crossed by using the Feynman prescription. For further details, we
refer to Ref. [1].

4.3.2 Differential equations for the inner polylogarithmic part

We combine two massive propagators and define:

- _ mA(L+ 0 (1 + vo) T (v3)T (1) / : hnd’k, (4.66)

- xDy + Do)+ D Dy’

v1+vo,v3,vs ( d

z'7r§)2 ['(v—d)
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where v = vy + 15 + v3 + vy, and where t = —s/ m? is a scale with zero mass dimension.

We have that

TVl,V27V37V4 = A d(L’ xyl_lTVIf)-fVQ,lﬁ,m ) (467)
and in particular that
T1211 :/0 Tig)lp dl‘, T1121 :/0 TQIglp dx (468)

Note that Tia;1 = Ti191 by the symmetry of the diagram. Nonetheless, Thf and

TbE are different polylogarithmic expressions, as they represent different integration

sequences of the same integral. We adopt the notation:

v =142 (242 + 30+ 16+ )z +2(1 + )’ +2°)
= m P (=mPt, m?, m®, m?) (4.69)
where ng) corresponds to Eq. (4.19) with ag replaced by x. A canonical basis of the
IPP is given by:
05,2,1T2151P + C§,1,1T§{)1P
C§71,1T31F1
3 PP

04,0,1T4,0,1 (4.70)
4 PP 4 PP 4 PP ) :
C2,1,0T2,1,0 + C:‘>,1,()T:4,1,0 + 04,0,0T4,0,0

5 IP 5 P 5 PP
3101210t 3101510t Cloola00

]l
I

4007400

where the coefficients are:
C%,Q,l = (m?)"**u(l +t +x)e, Cé,m = 2(m?) e
C%,l,l = (m?*)*2(1 + t)wve? Ci,o,l = (m?)** 2%,
C%,l,(] _ (m2)’1+25(1+$)2(1—5;(1+t+33))62(—2+35) : Cé,l,o _ _(m2)2;(1+:c)e(t2x26 + (1 bt 1;2)26
cloo =2 (2u(l + 2 — to +2?) + ¢ +2ta(e + 2(2+ (=5 + x)e)))

+r(=1+t+6tx+ (—1+t)x> +2%)e), c§, o= 5(m?*) (1 +x)%(—2+ 3e)
Gao = —(m?2(L+2)(1+a(l+1t+ 1)), ¢}, = 2rrlere (4.71)

The differential equations are then of the form:

dB = edAB, (4.72)
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where the letters are:

I1 =log(t), Iy =1log(z), I3=1og(y), Ily=1log(t+1),

ls=loga +1), ls=log(t+x+1), I =log(frtetel)

(4.73)
_ (t+z+2)zta+y+1
ls = log ({5 3mrat) -
x4+2tx3+2x3+t2x2+4tx2+x2+(x2+tac+x—1)y+1
lg = lOg A 42twd 4203 + 1202 HAte? a2 — (22 +tx+z—1)y+1
and where:
A= (4.74)
—ly — 2l + 1 2ly+2lg 6y + 61y b —k bbbyl ks
ly+1lg =244 2lg —6l; —b byb —bh_b
0 0 2l 0 0 b
3l
— Al + 215 2 2
0 0 0 L —4— 42 b
0 0 0 0 0 ly — 215

We show next how to solve the resulting differential equation in terms of E4-functions.

We perform the change of variables x = 2'/(2" — 1), and let:
o _ LH2(=14 02 + 3+1) () = 201+ ) () + (1 + 1) («/)"
(1+1)?
— (¢ — ) — )@’ — )@ — ), (4.75)

(%)

where we may label the roots in the following way:

1_\/4(t+2\/jt_1)+1 , aé:% 1_\/4@_2\/3_1)4_1>7

t242t+1 1242t+1
4(t+2v/—t—1 4(t—2+/—t—1
as = 3 1+\/(t2+2t+1)+1>’ ay=3 1+\/(t2+2t+1)+1>7

such that the ordering in Eq. (2.96) is satisfied for ¢ > 0. We consider the principal

(4.76)

!/

branch of the square root y' = H?:1(9€/ —a;

1). The differential equation matrix is
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given by:
Vi1 Y12 Yz Yia Yis i
i Yo1 Yoo a3 You Y25 g
OA | 00 Wy 00 W | @
ox’ 0 0 0 au Yas tYug
0 0 0 Y54 Y55 O
0 0 0 0 0 g
where the non-zero entries are:
Y11 =11 (1 + %,x/) — 1 (0,2') , Yo = 21 (1,2") — 24p1 (0,27) ,
Yo =201 (0,2) — 491 (1,2') + 261 (14 L,0') s = 201 (0,2') — 241 (1,27) ,
V1,3 =61 (0,2') — 6¢ (1,27) , P36 = —5t1 (1,27)
Yra=—v_1(1,2") — 391 (00, 2') Va4 =31 (0,2") + 391 (1,2") — 241 (af, ")
+5 (o1 (0,0') + wl (0,2)) + (0] oy (ah, ') — 21 (ah, 2') — 201 (af, )
P15 =1 (L, 2") — 591 (0,27) Yas = =31 (L,2") = 3 (-1 (0,2") + ¥1(0,2")) ,
P16 = 3¢1(0,27) — 1/11 (1,2) , Ya6=P-1(0,2") + -1 (1,2') — 41 (00, 2')
o =1 (0,2) =201 (L,2) +un (14 4,27) , 20020 4y, (0,27)
oo =201 (14 1,2') = 20 (1,2) , Y.a = Po1 (0,2') + o1 (L) + 41 (0,27)
a3 =691 (1,27) — 641 (0,27) , Ys5 = —1(0,2) — ¢ (1,2')
Pou =% (—_1(0,2') — ¢ (0,2)) Ve, = Y1 (0,2") + 41 (1,27) ,
—y_(1,2) Pos =31 (0,2") — 31 (1,27) . (4.78)

The kernels ¢, (c, ') are defined in Eq. (2.93). The family associated with the inner
polylogarithmic part, after having performed the Mobius transformation, is given
by:

IPP _ m?*(1 +1) / d’kyd’ks (4.79)
et (i74) (5 — a) ) (@'Dit (1= @) Do)t DY Dy
so that:
1 A 2(m?) 7 1 By
_ 11 _ o NTIPP /
Tion =2 [ da' (1 - )1} - Ereml (4.80)
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The full solution of B can again be written as a path-ordered exponential:

. @ OA ﬁ
B(x/’ t, m2) = Pexp <€ y gx/ /> B(xg, t, mz) , (481)
0

and combining this with Eq. (4.80) yields:

2 (m? o / / / @ aA AN T
T2 = _((—:2)/0 dx’ (Y1 (1,2") — 1 (0,2")) Pexp (6 . Or ) B(%at;m2>-

(4.82)

We are interested in finding the boundary term:
reglimg, B(z),t,m?), (4.83)

so that we may express Eq. (4.82) in terms of E4-functions. Note that that the top
sector integrals B; and B, contain the terms TirF and TP with prefactors that are

proportional to an overall factor 2’. Furthermore, note that:
1,
T1211 == 2/ ng)lp dZL'/, T1121 :/ T2I§1P d(L’l. (484)
0

Since Tho11 = Ti101 is a finite integral, the integrands in Eq. (4.84) should have

integrable singularities at zero. Therefore we find that:
i}inm By = 11;/11130 By, =0. (4.85)

We may compute B3 by direct integration of the Feynman parametrization. It can
then be seen that it vanishes in the limit 2’ — 0 as well. The canonical basis integrals
B4, Bs and Bg belong to the sunrise subsector, and their regularized limit may be
obtained in the same manner as the was done for the unequal-mass sunrise in Section

4.2.2. Putting everything together, we find that:

0
0
0
reglim,, B (xg,t,mQ) =| a4 |- (4.86)
2F(262) B
(e 1
a0 (20) 2
1
2

We now have almost all the ingredients to write 17127 in terms of E4-functions, but there

is still a technical complication. If we look at Eq. (4.82), we observe the appearance of
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the kernel ¥ (1, 2') in the last entry. We will need to shuffle-regulate it out in order
to make the E,-functions well-defined. A complication is that the kernel 1_;(1,2’)
may then appear in the first entry, which also diverges at 1. We deal with problem
in a similar manner to Ref. [28], where such issues arise in the analysis of the second
master integral of the equal-mass sunrise. First, we define a new kernel:

y(1) 1

wfi(lvx): (I—l)y_ (x_1)7 (487)

which is a regulated version of 1_;(1,2’). We then express our E4-functions in terms

of this new kernel. After doing so, one may extract out the divergent pieces from each

E4-function by shuffle regularization. The only remaining divergent terms are:
Ei(1:1), Eq(11:1), (4.88)

and their prefactors should vanish as we know 7719 is finite. We found for example

the contribution:
E,(11:1) (—C4E4(‘});1) —2e4By (2:1) +E4 (9;1) — 4By (—};1)) : (4.89)

and it may be numerically verified up to high precision that the combination of E4-
functions multiplying E, (11;1) evaluates to zero. We decide to restore the kernel
¥_1(1,x) in all entries but the first, and we obtain the following representation in

terms of E4-functions that are individually finite:

2\ —2€

@mu5shn+@m<a%hn+%mua;5n—Eua%ﬂ>

ey (T h D) el (D + 20 (LD — By (31851 — Bl (311D
—2caBy (11 D) +Ea (11 1) +eaBa (g9 03 1) +aaBa (o 151) +2aaBa (57505 1)
+C4E4((1J_%_éa1)+C4E4((1]_%_%,1)+204E4(é—%;;1) _E4((1J_(1)871) _E4((1J_%871)
+ 204y (55015 1) —Ea(§0131) — caBa (59 05 1) — caBa (g 715 1) + 2eaBa (55505 1)
+aaBy (51 051) +eaBa(517151) +2eaBa (51205 1) —Ea (6663 1) — Ea (§18: 1)

— el (B35 1) e (13 5) + eal (FT11) 2008 (T 11) B (1611
bema (F551) + B (T4 + 20 (1) B (igi)

— ¢4y (‘}}},1)) +O(e) o)

The higher orders in € may be obtained in the same manner.
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4.4 Non-planar triangle integral

Lastly, we will briefly discuss the direct integration of a non-planar triangle integral
with two off-shell legs. The integral is part of the Higgs plus jet integral family F, which
will be fully solved using series expansion methods in Chapter 6. In the following we will
work in d = 4 — 2¢, and we will include a prefactor to obtain an inner polylogarithmic

expression of uniform weight:

2
Py — S
N111111(8,p§,m2) = 15(226+ 1))
_ (pg — S) / ddkl dde 1 (4 91)
F(ZE + 1) 7;7Td/2 i?Td/2 D1D2D3D4D5D6 . .

We have chosen the labeling of the external momenta differently from Chapter 6.
Furthermore, we consider the following routing of the internal momenta, which follows
the conventions of Ref. [23]:

D1=—(1€1—P1)2 ) Dy = — (ks +p2)2 ) D5:m2—(k;1—k2)2 )

Dy=m®— (ks —p1)*, Di=m’— (ki —ka+ps)*, Dg=m’>—Fkj. (4.92)
The maximal cuts of the non-planar triangle integral are known to be elliptic [2, 18, 107].
We will show that the integral is linearly reducible except for the last integration
parameter. A difference from the examples in Sections 4.2 and 4.3 is that the integrand

will depend on multiple algebraic functions, including the square root of an elliptic

curve, so that it can not be solved in terms of E4-functions.

4.4.1 Direct integration

We will work in the Euclidean region where s < 0,p3 < 0 and m? > 0. The Feynman

parametrization is given by:

0 Rl 3
Nunn(s,phm?) = (L +26)(p5 =) 3 & [ [@°a] 172 [31og) — 21og(F)]"
k=0 :

= Nﬁ?ln(sap%a m2) + ENI(HIH(Sapga m2) + 0(62) ) (4-93)
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where the Symanzik polynomials are equal to:

U = agay + agay + s + g (g + oy + as) + agag + asag + o (o + ag + a5 + ag)
F = mQalag — S Qi3 + m2a§a3 + 2m2a1a2a4 — p§a1a2a4 -+ mzagoq — SO (30l
+ 2mPagagay + mzozlai + mzagai + mQagai + 2mlaqasas + m2a§a5 — SQipO3Qis
2m?2 9m2 2 2m2 2
+ 2m ozt — Szt + 2MmT o gy — Proi Qiyis + 2M° Qiaia Qs — Priaia Qs
9m2 2 2 2 2 2 2 2 2
+ 2miazasas — prasauas + miajag + masay + masas + 2magagos — So o
+ 2mPasazag + 2mlagauag — saqauag + 2miasagag + 2miasoagag + m20zia6

+ 2mPaqasag + 2mlasasag + 2miasasag — p§a3a5046 + 2mayasag — p§a4a5o¢6

+m*aiag + mParag + mPazag + mragag + miasag . (4.94)

In order to obtain a one-fold integral representation, we use the Cheng-Wu theorem to

put ap — 1 — ay — a5 — ag, and we choose the following integration sequence:

1 l1—as l—ag—as o) [e'e)
/ [@a| — / doss / dous / dag / do, / das . (4.95)
A5 0 0 0 0 0

After performing the first two integrations, we have:
1 l1—as l—oy—as
0
N1(1%111 (37173»”12) Z/ d%/ dOé4/ dag
0 0 0
64 as—1)s a5m2 (03 m2—a5 2
(s —p3)log (( (o —1)s(sm? o r)) >

m2+&273§—a4p§+&4a6p§—a4a68) (mz—a4a5pg—045046}7%+a§8—a5s+a4ass+a5a65)
(m? + sasag — p3as (ay + ag)) (m? + pday (=1 + ay + ag) — sy (—1 + ay + as + ag))

(4.96)
After integrating out ag we obtain:
1=as doy
Mifin (s,pg, )= /0 da5/0 —asm? — aym? + agasps + @ 02s + a3ass — agss [
G ( —m? + auasps — a3s + aus — auass agaspi — m? ‘ 1)
ay (up3 + asps — p3 — aus — ass +5) " ay (up3 + asps — p3 — aus — azs +5)
( —m? + oz4oz5p2 — 045 + auS — auoss M 4 0EP; — P — AES + 5S — S 1)
g (aups + asp3 — p3 — s — azs + ) as (ups + asps — p3 — aus — azs +s)
e ( ' m? ‘i; &%pg — asp3 ’ 044045172 m? 1)
s (aups + asp3 — p3 — qus — azs +5) " g (up3 + asps — p3 — aus — ass + )’
LG ( : m? —i; a%pé — asp? m? + a2p} — aspi — ads + azs — auass 1)
s (Qup3 + asp3 — p3 — aus — ass + )7 as (ups + asps — p3 — aus —azs +5)

+log (m + oy ((ag —1) (p3 — 5) — 0455)> log (% (og (p2 —5) — azs + 8) — m2>

m?2 — auasps s
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1 m* — ayaspy 1 a5 (a (P%‘S)—a58+s)—m2
— 1o og
& m2+(a5—1)a5p2—a5(a4+a5_1 S
(CY4 + a5 — 1) (CY4 (CYE)pQ — Ol5m m2 + ay ((a4 — 1) (p% _ S) _ &58)
— log log
m? + (ay — 1) a4p2 m? — asaspl
T log (g + a5 — 1) (ay (0451?2 — a5m
m? + (ay — 1) a4p2
m2 — 0440[5])2
x lo . 1.97
g<m2+<a5—1)a5p5—a5<a4+a5_1>s (4.97)

The integrand contains quadratic polynomials in a4, which have to be factored in order
to perform the next integration. This introduces a dependence on the square roots of

the following three polynomials:

yi = —4m’py + 4m®s + 205p5s — 2p3s + py + a3s” — 255" + 57, (4.98)
ys = —4m®s + aipy — 202p5s + 2a5p3s + st — 2a58° + 82,
ys = —2asm*ps + 2a2m?®s + 2asm?s + m* + alpy + 20ipss — 2a2p3s + azs’

— 2035 + azs?,

of which the last one is quartic in a;. We will not present the result of the final
integration here, which can be found in Ref. [1]. Note that in Ref. [1] an additional
Mobius transformation is performed to map the final integration bounds to zero and
infinity. The integral can be integrated at order e along the same integration sequence.
A variant of this integral with an additional on-shell external leg was solved in terms
of eMPLs in Ref. [36].



Chapter 5

Series expansion methods

5.1 Introduction

In this chapter, we will discuss a method for computing Feynman integrals from their
differential equations in terms of truncated one-dimensional series expansions along
line segments in phase-space. By connecting solutions along multiple line segments,
the method will allow us to obtain high-precision numerical results at arbitrary points
in phase-space. The main ideas of the method are based on Ref. [40], which in turn
builds on a large set of previous literature on series expansions methods for Feynman
integrals (see e.g. Refs. [31, 127, 145-156].) The methods were further studied in
Refs. [2, 3], which are discussed in Chapter 6 of this thesis. We will also present the
Mathematica package DiffExp, which I announced in Ref. [4], and which provides a
public implementation of the series expansion method discussed here. Besides providing
a public implementation of the method, the paper and Mathematica package also
contain a few novel improvements compared to Refs. [2, 3, 40], which we will discuss

in Section 5.2.

The rest of this chapter is structured as follows. In Section 5.2, we discuss all aspects
of solving Feynman integrals as one-dimensional series expansions from the differential
equations. In particular, we discuss how to obtain an integration sequence, how to
solve the homogeneous and inhomogeneous differential equations of coupled Feyn-
man integrals, we discuss how to perform the analytic continuation past threshold
singularities and branch points, we discuss how to improve the precision of the series
expansions, and lastly we discuss strategies for obtaining the line segments along which

to integrate. In Section 5.3, we discuss the main functions and options of the DiffExp
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package. Lastly, in Section 5.4 we discuss the computation of the equal-mass and
unequal-mass three-loop banana graph families with DiffExp. We also apply DiffExp

to a few examples from the literature. This Chapter closely follows Ref. [4].

5.2 Series expansion methods

In this section, we will outline how to find series solutions for Feynman integrals
starting from their systems of differential equations, and how to use these to obtain
high precision numerical results for Feynman integrals at arbitrary points in phase-
space. The main integration strategy was first considered in Ref. [40], and was further
studied and applied in Refs. [2, 3], for the computation of Higgs plus jet integral
families. We will discuss the computation of the non-planar Higgs plus jet integral
families in Refs. [2, 3] in Chapter 6. The series expansion method has also been applied
recently to the computation of two-loop non-planar five-point functions in Ref. [47].
Series expansions methods have also been explored in many other literature, such as
in Refs. [31, 145-156], usually for the computation of single-scale integrals, or for the

computation of multi-scale integrals in special kinematic limits.

We will discuss a few novel improvements compared to Refs. [2; 3, 40]. In particular,
in subsection 5.2.2 we discuss how to derive an integration sequence directly from the
differential equations using basic graph theory. In subsection 5.2.3 we discuss a simple
way to find all homogeneous solutions using the Frobenius method and the method of
reduction of order. In subsection 5.2.4 we develop an optimized strategy for finding
the general solutions of coupled Feynman integrals. Lastly, we slightly improve the
integration strategy of Ref. [3] in subsection 5.2.8, by deriving explicit formulas for the

center points of neighbouring line segments.

5.2.1 Differential equations order-by-order in ¢

Consider a family of Feynman integrals with m master integrals, packaged into a vector

f="(f1,--., fm). We denote the set of kinematic invariants and internal masses by S.

We then have the following differential equations:

— —

O F1S). ) = Au({S} ). 6.1)

for each s € S. We will refer to the matrices A as partial derivative matrices. Suppose

that we have a line segment described by the path y(z) = (s, (@), Vs, (@), - - -, ¥s.5 (2),
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where s1, s9,... € S, and where x is the line parameter. We may then write:

0vs(x)
or

— —

&Ef(x, 6) = Az(xv E)f(ZC,G), A, = Z AS("Y(x))

seS

(5.2)

where now we explicitly wrote down the dependence of the integrals on the line
parameter and on the dimensional regulator. Let us expand the partial derivative

matrix in terms of the dimensional regulator:

A (x,e) = i AW ()b (5.3)

We have assumed that there are no poles of the form 1/e* for k > 1. Such poles in
€ may typically be removed by rescaling the basis integrals with overall powers of e.
We sum up to infinity in order to account for terms of the type 1/P(¢), where P(e)
denotes a polynomial in € with P(0) # 0. In general, it is also convenient to rescale
the basis integrals by e-dependent factors that remove any terms of the form 1/P(e),
whenever possible, so that for some positive integer K, it holds that A%*) = 0 for all
k > K. This will speed up the computation of the series expansions of the master
integrals at higher orders in e. We will assume the basis integrals are finite, which can
be achieved by normalizing them with an overall power of ¢, and we will write their €

expansion as:

o

flw,e) =3 W (@) (5.4)
k=0
For brevity, we will drop the dependence on z in the notation in the following. Plugging
Eqns. (5.3) and (5.4) into Eq. (5.2), and collecting terms order-by-order in €, we
obtain:

O, fF) = AL0) k) ki:l A0 fG) (5.5)

§=0
It is clear that the matrix A(”) plays a special role, as it multiplies the homogeneous
component of the differential equations. Note that for a canonical basis A() = 0. In
the following sections, we will solve Eq. (5.5) by considering sets of coupled integrals.
Roughly spoken, we consider integrals to be coupled when their derivatives depend on
each other at leading order in e, i.e. in the part that is expressed by the A) matrix.

We will make the definition of coupled integrals rigorous in Section 5.2.2.
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Let {fs,,..., fo,} be aset of coupled integrals, where ¥ = {oy,...,0,} labels a subset
of the master integrals. For convenience we will introduce the notation f,, — g1, fo, —

g2, and so on, and let § = (g1,...,9,). We are then interested in the differential

equations
0,7 = Mg® + 50 (5.6)
where we have explicitly that:
k—1
7k k - !
M, = (A®),,,. B =Y [(A;M)m 943 (A8) >] (57)
i3> 1=0

In the following sections we will discuss in detail how to solve Eq. (5.6) as a series
expansion around the origin. As a final remark, we will assume that the matrix M
does not contain functions other than rational functions and square roots of irreducible
polynomials. This also means that the basis of master integrals that we choose should

not contain prefactors other than rational functions and square roots.

5.2.2 Deriving an integration sequence

The first task in solving the differential equations is to determine an integration
sequence. We should start by integrating the leading order in € of the integrals, and
move up one order in € at a time, since the derivatives of the higher order terms contain
contributions of the lower order terms (see Eq. (5.5).) Furthermore, for any given
integral, its subsectors should be integrated first, since derivatives of subsectors never
evaluate to terms containing integrals in higher sectors. Next, we show how to read off
a suitable integration sequence directly from the partial derivative matrices, which can

be done using basic graph theory.

First we define a new matrix C, which is of the same size as A®) (i.e. k x k where k is
the number of master integrals), and which will be interpreted as the adjacency matrix
of a directed graph GG. We define C such that its elements C;; are equal to one if
(A;O))jl- is nonzero, and zero otherwise. That way, the vertices of the directed graph G
are the basis integrals, and G has an edge j — i for all nonzero (A(?);;. Next, consider
the strongly connected components of G. Each strongly connected component is a set
of vertices for which there is a directed path between every pair of vertices. Note that
every vertex is connected to itself by the trivial path. By repeatedly differentiating an

integral in a strongly connected component, one will eventually obtain a contribution
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from any other integral in the strongly connected component. We will call such integrals

coupled, and their differential equations have to be solved simultaneously.

Next, consider the condensation G of the graph G. This is the graph whose vertices are
the strongly connected components of G, and which has an edge between components
c1 and ¢y if there is at least one directed edge in GG between a vertex of ¢; and a vertex
of co. An integration sequence is then found by topologically sorting the vertices of
G, meaning that a vertex ¢; comes before c; if there is a directed path from ¢; to c;.
For example, suppose we have three master integrals, and find the set {{3}, {1,2}}
after sorting. This indicates that we should first integrate the third integral, and then
integrate together the coupled integrals one and two. Note that in general topological
sorting does not lead to a unique integration sequence, but we are free to pick any
integration sequence that is compatible with the topological ordering. Lastly, we
remark that we should (re-)derive an integration sequence for each path (x). This is
because sometimes integrals are coupled when transported along certain directions, but
not along others. Luckily, deriving an integration sequence is very fast in the above

approach.

5.2.3 Homogeneous solutions and the Frobenius method

In the following subsection we discuss how to solve the homogeneous component of
the differential equations of a set of coupled integrals as a series expansion around the
origin of the line segment. We adopt the notation of Eq. (5.6), but we will drop the
superscripts, since the homogeneous differential equations are the same at each order

in €. Thus, we are interested in solving differential equations of the form:
0.9 = Mg, (5.8)

for a vector of integrals ¢ = (g1, ..., gp). For simplicity, we will use the notation 0 = 0.
Furthermore, we will let ¢) = 97§. Note that the superscript now does not refer to
the order in e, which was the case in subsection 5.2.1. We define a set of matrices M)
by:

7 =MU)g. (5.9)
We can obtain these matrices by the recursion relation:

MO =1, MY = oMUY 4 MEDIMD  for all j > 1. (5.10)



88 Series expansion methods

Since we are interesting in finding series solutions, we expand M around the point
x =0 up to a given order, and we compute M) in terms of series expansions as well.
Note that upon series expanding square roots, we have to take care that we choose
the correct analytic branch of the square root. This is discussed in more detail in

subsection 5.2.6.

Next, consider the (p x p)-matrix M whose rows are given by the top rows of the
matrices M), In particular, we have: 1\~/Iij = Mg@fl). Furthermore, consider the vector
3 = (91,091,...,0° 1g;). Then it holds that:

7’ =Mg. (5.11)
If M is invertible, we may write:
g=M"15. (5.12)

For generic configurations of the kinematic invariants and internal masses, M is
invertible. If the master integrals are instead integrated along line segments that lie
on degenerate configurations of the kinematic invariants and internal masses, it may
happen that there are relations between the master integrals along the line. In such
cases, M might not be invertible. We will discuss a solution strategy for the case where
M is singular at the end of this subsection, and we assume for now that M is invertible.
Note that one way of avoiding the situation is to use a set of differential equations
where the additional relations between the master integrals have been plugged in

explicitly.

We are interested in finding and solving a p-th order differential equation for ¢g;. In

particular, we seek a vector ¢'= (co, ..., ¢p), such that:

p

Z ¢ig?) =0. (5.13)

Note that the elements of & depend on z. Consider the ((p+ 1) x p)—matrix M, , which
is again defined by (1\~/I+)Z~j = Mgij_l). There is a unique vector ¢T in the left null-space
of M, up to normalization, since we assumed that M is invertible. Next, define the
vector g9 = (g1,0g1, - ..,07g;). We then obtain the desired differential equation in the

following way:

g =M, G=0 (5.14)
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We will normalize cT such that ¢, = 1, i.e. the coefficient of the highest derivative is
set to one. Next, we will discuss how to solve Eq. (5.13) using a simple formulation of
the Frobenius method.

The Frobenius method is a general method for solving a homogeneous ordinary differ-
ential equation around a regular point x = 0, in terms of series expansions. The main

idea relies on taking an ansatz for the solution in terms of a series of the form:

gi(z) =2a"s(z), s(x)= io Smax™ (5.15)

for some rational number r. We may series expand the coefficients of the differential
equations, plug Eq. (5.15) into Eq. (5.13), and collect terms based on powers of x.
We then obtain a set of equations for the coefficients s,,. At leading order in x, the
equation is a non-trivial polynomial equation for r, which is called the indicial equation.
The indicial equation will in general have multiple solutions. It turns out that if we
take the largest solution for r, we may (recursively) solve for all s, with m > 1, by
considering the equations defined by the remaining orders of . The value of s is a
free parameter, and we may put it to one. The reason for picking the largest root of
the indicial equation is to ensure that the recursion for s,, does not break down. This
can be seen if one works out the recursion symbolically, but we will not do that here

(see e.g. Ref. [157] for a more detailed review of the Frobenius method.)

Thus, the Frobenius method yields at least one series solution to the differential
equations. Next, we discuss how to find the p — 1 remaining independent series
solutions, using the well-known method of reduction of order. Let D = 3-%_, ¢;0 be the
differential operator associated with Eq. (5.13), and assume that A is the solution from
the Frobenius method, which satisfies Dh = 0. Next, consider a multiplicative ansatz of

the form hp, where = [ v, which satisfies D(hu) = 0. We then have explicitly:

P P J ;
j J j—n 1)
0= D) =X () = 3= 31 ) @00, (5.16)
j=0 j=0n=0
Note that the coefficient of = 9%y, in the above equation, is simply given by:
p
> ¢j0"h = Dh=0. (5.17)
=0

Thus, Eq. (5.16) is a p-th order differential equation for y with no 9°u-coefficient.
Therefore, it defines a (p — 1)-th order differential equation for v. We may describe
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this equation by a new differential operator D’ = SP"1 ¢/d, for which we may again
find one solution using the Frobenius method. It is clear that we may take another
multiplicative ansatz, and iterate until we obtain a trivial differential equation. A

possible recursive implementation in Mathematica looks as follows:

FrobeniusSolutions[DEq_] := Block[{Sols = {}, DEq2},
AppendTo[Sols, FrobeniusSolution[DEq]];

If [DEgqnOrder [DEq] > 1,
DEq2 = Dprime[DEq, Sols[[-1]1];
Sols = Join[Sols, (Sols[[-1]] * Integratel[#, x])& /@
FrobeniusSolutions[DEq2]];
1;

Return[Sols]
1;

In the above example, the function DEqnOrder [DEq_] represents a function that returns
the order of the differential equation DEq. The function FrobeniusSolution[DEq_]
represents a function that returns a solution to the differential equation from the series
ansatz in Eq. (5.15), and lastly, the function ReduceD[DEq_, h_] represents a function
that returns a lower order differential equation from the solution h given in the second

argument. The series solutions which are obtained will contain terms of the type:
N log(N) (5.18)

where ¢ is a rational number, and j is a non-negative integer. Such terms may be
integrated in terms of combinations of terms of the same form, by repeatedly using
an integration-by-parts identity to reduce the power of the logarithm down to zero.
Within DiffExp, the integration of terms of the form of Eq. (5.18) is implemented
using a list of replacement rules, which is faster than using the Mathematica function

Integratel...], like in the above example.
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We now have a way of obtaining p independent solutions, which we will denote by

hi,...,hy, in the following. Next, consider the Wronskian matrix:
hy - hy
ohy ---  0Oh,
w=| 7T (5.19)
oP~thy .. 3p—1hp

A matrix of solutions F to the homogeneous differential equation in Eq. (5.8) is found
by putting the Wronskian at the place of g7 in Eq. (5.12), which leads to:

F=M'W, 0OF=MF. (5.20)
We may multiply the columns of F by free parameters, and sum over them, to obtain

a general vector solution to Eq. (5.8).

5.2.4 General solutions

In the previous subsection, we showed how to solve homogeneous differential equations
of the form of Eq. (5.8). Next, we describe how to obtain the general solution to a

system of differential equations of the type:

8,5 = Mg+ b, (5.21)

1. .
B=-(b,....b), (5.22)
p
where b = (b1, ...,b,) is a vector of size p. Next, consider the matrix G = FH, which
satisfies:
0G = MG + B, (5.23)

where F is given in Eq. (5.20), and where H will be determined next. We then have
that:

FOH=B = H:/F—1B+E, (5.24)

where E is any constant matrix. We let E be a diagonal matrix of the form E =

diag(ey, ..., e,), where the constants e; are to be fixed from boundary conditions. The
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general vector solution to Eq. (5.21) is then given by:
p —
i=> G, G:F(/F1B+E), (5.25)
k=1

where G denotes the k-th column of G. In principle, this concludes the task of solving
the differential equations. Let us discuss some optimizations to computing Eq. (5.25).
Note that the definition of F relies on the inverse matrix M~!, while the definition of
G also relies on the inverse matrix F~1 = WM. Since our matrix elements contain
series expansions, it can be computationally expensive to compute these inverses when p
is large. Let us first consider the inverse of M. Note that the entries of M contain series
expansions without logarithms, since there were no integrations involved in computing
M. This makes the computation of the inverse of M relatively straightforward. In the
current version of DiffExp, the Mathematica function Inversel[...] is used, with the

option Method set to "DivisionFreeRowReduction".

Next, let us consider the Wronskian matrix W. Its entries contain series expansions
which may contain logarithmic terms of the form log(z), and we find in this case that
Mathematica has trouble to explicitly compute the inverse matrix, or an associated
linear system, for high orders of p. We remedied this problem in a manner which we

discuss next. First note that the Wronskian matrix satisfies a differential equation of

the form:
0 0o .- 0 0
0 0 1 0 0
OW =NW, N-= : : s : : . (5.26)
0 0 0 0 1
—C —CG —C - —Cp2 —Cp1
Furthermore, we have:
0=0(WW )= OW)W ' + WoW ' =N + WoW ' (5.27)
Therefore, we have:
OWHT = _NT(WHT, (5.28)

We may solve this differential equation for W~ using the Frobenius method following
the steps outlined in subsection 5.2.3. After solving Eq. (5.28) this way, we obtain a

matrix, which we will call X!, that is not quite the inverse of W, but which satisfies
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the condition J(WX) = 1. Therefore, WX is a constant matrix, which we will call Z.
We may easily invert Z, and we can then obtain the inverse of the Wronskian matrix as
W1 = XZ~!. We use this approach to calculate W' in DiffExp when the Wronskian
contains logarithms. Otherwise, we invert W directly, which we find to be faster in
that case.

Note that we only compute F and F~! once for each set of coupled integrals on a
given line segment. To find the solutions of the coupled integrals at a given order in ¢,
we then compute the appropriate B-matrix, and use Eq. (5.25). Lastly, we remark
that the above integration strategy is essentially equivalent to the method of variation
of parameters, which we discuss next in subsection 5.2.5. However, we found (by
considering a number of examples) that the above way of computing the solutions is a
bit more efficient in practice.

5.2.5 Solution along degenerate lines

The integration strategy discussed in the previous subsection relies on the property
that M is invertible, which is the case along generic contours where all master integrals
are independent. We have also implemented a more direct version of the method of
variation of parameters. We find (experimentally) that this method performs a bit
slower than the one discussed in subsection 5.2.4. However, we have found it more
straightforward to generalize this method to the case where M is not invertible. We

discuss the method next.

Consider the differential equations in Eq. (5.21), repeated here for clarity:
0.9=Mg+5b. (5.29)
Next, define an analogue of Eq. (5.9) by introducing vectors g(j ), so that:
79 =MW g + 50 (5.30)
We then have that:
50 — 0 09 — b= + MUV forall j > 0. (5.31)

Next, we seek to find a higher order differential equation for each integral in g. Consider

the set of ((p-+1) x p)—matrices M, ,, and vectors 3q7+ of length (p+1),forg=1,...,p,
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defined by:
~ i—1 ~ 2l
(Mg )iy =My, (g =050 (5.32)
Furthermore, let 2 | = (g4, 9y, - .., 07gy). Then we have:

o =My G+ by - (5.33)
Next, let c] denote the vector (up to normalization) in the left null-space of M, ;
with the most trailing zeros (i.e. which gives the lowest order differential equation for

integral ¢.) Then we obtain the following differential equations:

Cqu+—CTMq+g+CTz +=0, forallg=1,...,p. (5.34)
=0

Let us consider the differential equation for the integral g,. We will denote the order

of the differential equation by v,. We have:

Z Ca s 94 + by = (5.35)

2

where 0, = —cgzqﬂr. We choose the normalization c,,, = 1. We may obtain the
homogeneous solutions to Eq. (5.34) using the Frobenius method, as described in
subsection 5.2.3. Denote these by hg 1, ..., hg.,. The method of variation of parameters

tells us that the general solution to Eq. (5.35) can then be written as:

94 = ;hq,j (eqj +/ W(J dl’) ) (5.36)

where the constants e, ; are are to be determined from boundary conditions, where
W, is the Wronskian determinant of the homogeneous solutions hq1, ..., hgy,, and

where W, j) is the determinant of the Wronskian matrix with the j-th column replaced

by the vector (0,...,0, ﬁq).

Next, we distinguish two cases. In the first case, we consider that 1\7Iq is invertible for
some ¢, where Mq is the (p X p)-matrix obtained by removing the last row of 1\~/Iq7+.

We may then compute Eq. (5.36) for the given ¢, and use that:

Q1L

g=M," (gq —b ) (5.37)
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in order to find the solutions of the other basis integrals. Here we used the notation ﬁg

and zq to denote the vectors ¢, and zqﬁr with the last entry removed. In the second
case where M is not invertible, we can use Eq. (5.36) to compute all the coupled
integrals. Because the integrals are related through Eq. (5.29), there are relations
between the constants e, ; for different g. These are fixed by plugging the solutions of
Eq. (5.36) into Eq. (5.29) and eliminating the redundant constants by reducing the

resulting linear system.

Note that we only have to compute the matrix W(q) and the matrices M) once for
a given line segment. For each order in €, we then compute the corresponding terms
zq and determinants W, ;). The method of variation of parameters may be enabled
in DiffExp by setting the option IntegrationStrategy to the value "VOP" in the

configuration.

5.2.6 Analytic continuation

In the following subsection we discuss how to perform the analytic continuation of
the series solutions to the differential equations. We also discuss some specific details

related to the Mathematica package DiffExp.

If we solve the differential equations on a line segment that is centered on a threshold
singularity, the series expansions may contain multivalued functions of the form log(z)
and /x. Square roots may arise from a Frobenius ansatz of the form of Eq. (5.15),
when the maximal root r of the indicial equation has denominator two. We are not
aware of any Feynman integral family for which there are homogeneous solutions
containing roots of degree higher than two. Square roots may also appear when the
partial derivative matrices contain square roots. DiffExp is only able to analytically
continue square roots and logarithms. Therefore, the user should give a set of differential

equations that contains only rational functions and square roots.

We can specify the branch of the logarithms and square roots by adding an infinitesimally

small imaginary part to the argument. For real x, we have:

log(z + i) = log(z), Vi +id =,
log(z — i6) = log(x) — 2mif,, , Vo —id = (0, — 0,)Vz, (5.38)
where we let 6, = 6(z) and 6,, = 0(—z) be Heaviside step functions. Within the

Mathematica code, we don’t have to work with terms of the form 9,6, and 0,

explicitly, but we can instead implement the above relations using replacement rules.
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For example, if we know the line parameter carries a small negative imaginary part, we
can evaluate the series expansions at negative values of the line parameter by applying

the following rules before evaluation:

log(x) — log(z) — 271, VI — —x. (5.39)

Internally DiffExp only uses replacement rules, but results that are provided to the user

from the function IntegrateSystem[...] carry explicit factors of 6, and 6,),.

If we seek to obtain results in a given physical region, the imaginary part of the line
parameter should be in correspondence with the Feynman prescription. We discuss
next how this is handled in DiffExp. First, note that the Feynman prescription does
not always provide a unique choice of signs of the Mandelstam variables. We saw in
subsection 2.2.2 that every variable sz, 1,) should carry a positive imaginary part, and
that the masses should carry a negative imaginary part. However, the quantities sz, 1)
evaluate to sums of Mandelstam variables, and are related by momentum conservation.
Therefore, the Feynman prescription may sometimes be ambiguous in terms of the

Mandelstam variables.

Therefore, we have taken a more general approach to analytic continuation in DiffExp,
where instead of assigning an imaginary part to each Mandelstam variable, the user
provides a list of polynomials with an additional term =+id, such that the zeros of the
polynomials parametrize either physical threshold singularities or the vanishing locus of
square roots, and such that the id’s determines the choice of branch. This is done with

the configuration option DeltaPrescriptions. For example, a user may put:
DeltaPrescriptions -> {4msq-s-I9, 4*msq*(pdsq - s - t) + s*t + Id}

to fix the id-prescription for a threshold singularity at s = 4m?, where s and —m?
carry +1¢9, and to tell DiffExp that the square root \/4m2 (p7 — s —t) + st should be

interpreted as:

VAm? (93 — s — t) + st + 6. (5.40)

To transfer the user-provided id-prescriptions over to the line parameter z, we plug
the line into the polynomials provided by the user, expand the resulting expressions
in x, and take the leading terms in . The polynomials for which the leading term is
constant are discarded, as the current line segment is not centered on their corresponding
singular surface. For the remaining polynomials, we check whether the leading term

is proportional to = (raised to power one.) If so, we can read off how to associate
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the id-prescription with the line parameter. If the leading term is proportional to
a different power of x, we are unable to transfer the Feynman prescription, and we

should pick a different line segment.

Let us work out a simple example. Consider the square root f(s) =4 — s — 1. Its

differential equation is given by:

1

Osf(s) = D]

f(s). (5.41)
Let us consider the line s = 4 — 2. We then have:
1
Oy = — ) 5.42
f#) = 5-f () (542

Solving the above differential equation leads to the general solution f(z) = c;2'/2, where
c1 is to be fixed from boundary conditions. Furthermore, we have that 4 — s(z) —i0 =
x — 0. Hence, we see that x carries the imaginary part —id. Next, we use Eq. (5.38)

to update our general solution to the correct prescription, which gives:
f(33) :Cle_Zé‘:Cl(ep_em)\/E (543)

Fixing c¢; at a boundary point gives ¢; = 1, which provides the correct answer.

We conclude this subsection with some additional remarks about the handling of square
roots in the differential equations. Firstly, in the case where the square root lies on a
physical threshold singularity, it is important that it is assigned the branch that agrees
with the Feynman prescription. For example, if the basis contains a square root of
the form v4m?2 — s, and the Feynman prescription tells us that s carries a positive
imaginary part and m? carries a negative imaginary part, the corresponding square
root should be interpreted as v/4m?2 — s — i6. The branch of the square roots which do
not lie on a physical threshold singularity can be chosen freely. For those, it is most
convenient to pick 479, so that the square roots are given in the standard branch. All
square roots for which the argument or —1 times the argument is not passed to the
option DeltaPrescriptions by the user, will automatically be assigned the imaginary
part +id.

Another point is that we should only work with square roots that contain irreducible
arguments (over the real numbers). If the arguments of the square roots are reducible
the following problem could arise. Consider the square root ,/s(4 —s). We want

to assign the square root some branch, for example /s(4 —s) — y/s(4 —s) + id.
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Furthermore, suppose that the Feynman prescription dictates that s carries a positive
imaginary part. Along the line s = x, we can safely let  ~ = + id, and this agrees
with the choice of branch of /s(4 —s). However, along the line s = 4 + x, that
would yield \/s(x)(él —s(x)) = \/—x(4 +z) ~ \/—x(4 + ) — 0. Therefore, we can

not simultaneously satisfy the Feynman prescription and the fact that the square root

is on the standard branch.

Lastly, note that upon series expanding the partial derivative matrices, we have to take
care that the square roots are expanded in the correct branch. A simple way to do this

is to take all square roots in the matrices which carry a —id, and use the relation:
a(S) —id = —iy/—a(S) +id, (5.44)

where a(.S) denotes an irreducible polynomial in the kinematic invariants and internal
masses (which are denoted by the set S.) After using the above relation, we can
use Mathematica’s function Series[...] with the option Assumptions — 2 >0, in
order to obtain a series expansion that is valid for positive values of . We can then
evaluate the expansions at negative values of x, by using the replacement rules of Eq.

(5.39) whenever z carries negative imaginary part.

5.2.7 Precision and numerics

In the following subsection we discuss two ways that we may increase the precision of
the series expansions along a given line segment. First, we give a few remarks on the

convergence of the expansions and the growth of the series coefficients.

Convergence radius and growth of series coefficients

Note that DiffExp is only designed to work with differential equations whose coefficients
are composed of rational functions and square roots of rational functions. Suppose
that we expand along a line parametrized by the line parameter . The differential
equations have singularities in the complex plane of x, at the positions of the poles of
the rational functions, and the positions of the zeros of the arguments of the square
roots. Let us denote these by the set Xgng = {z1,...,2,}, and suppose that we are
expanding around the origin x = 0. Then, the radius of convergence of the series
expansions is given by r = min{|z;| € Xgne}. Note that the Feynman integrals

themselves typically possess a small subset of the singularities that are contained in
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the differential equations. Nonetheless, at intermediate stages of the calculations, our

computations will be sensitive to the points in Xg.

Within the DiffExp package, the coefficients of the series expansions are treated as
inexact numbers which are valid up to the user-provided working precision. If r is very
small, we will typically find that the series coefficients of the expansions grow very fast.
This is undesirable, as it may lead to loss of precision and/or numerical instabilities.
For this reason, it is a good idea to rescale the line parameter in order to map the
points in Xgn, away from the origin. In the upcoming subsections, we will discuss two
different segmentation strategies for the transportation of boundary conditions. In
both strategies, the line segments which are returned are always chosen such that the
radius of convergence r satisfies » > 1. In some cases, the choice of » = 1 may still lead
to numerical instabilities. We find this to be the case for the unequal-mass three-loop
banana graph family, which is solved in subsection 5.4.2. Therefore, DiffExp contains
the additional option Radius0fConvergence, which is equal to one by default. For
values different than one, the line parameter will be rescaled so that for each segment

r is at least equal to the value of RadiusO0fConvergence.

Improving the precision: Mdbius transformations

One way to improve the precision along a given line segment is to act with a specific
Mobius transformation on the line parameter, which repositions the nearest singularities

so that they are at an equal distance from the origin.

Suppose that we are interested in expanding around the origin of the line ~(z).
Furthermore, suppose that Xgne = (21,...,2;)/{0} is a finite set of points at which
the line v(x) crosses a singularity of the differential equations. We exclude the point
zero from the set, as we are expanding at origin. Assume for now that all z; € Xine
are real. We comment on the more general case later. Let z;, < 0 and zz > 0 be the
two points in X, that are closest to the origin. If there is no x; € X, such that
x; <0, we let x;, = —oo. Similarly, if there is no x; > 0 in Xy, then we let 25 = +-00.

Now, consider a new line parameter y defined by the Mobius transformation:

2yrTR
x(y) = , 5.45
) rr — TR +y(rL + TR) ( )
such that the points y = —1,0,1 correspond to z = xr,0,xr respectively. When
r, = —o0, or xgp = oo, we can take a limit of the Mo6bius transformation. Let

Yang = (y1,--.,yx)/{0} be the set of points such that z(y;) = x;. We then have
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that |y;| > 1 for all y;. Therefore, if we expand in the line parameter y, the resulting
expansions converge in the range y € (—1, 1), which corresponds to the range (z,zg) in
the line parameter x. Had we expanded instead in the line parameter x, the expansions

would have been valid in the smaller range (—r,r), where r = min(—zy, xg).

Let us illustrate this with a simple example. Consider the function:

1 1

T@) =05 " 1=2

(5.46)

which has poles at + = —1/10 and = = 1. We are interested in a series expansion at

the point # = 0, which we denote by S(f)(x). The first five orders are given by:
Ss(f)(x) = 9 — 101z + 9992 — 100012> + 99999x* — 1000001z° + O(x)®.  (5.47)

It it clear that the series coefficients quickly grow in size, and that the radius of

convergence of f(z) is equal to 1/10. Next, consider the line parameter y defined

by:

2y
=— A4
o) = 5 (5.45)
We may plug z(y) into Eq. (5.46) or Eq. (5.47), and obtain:
202 , 2023 L 2020 ]
Ss(f)ly) =9~ =7~ + 18y 18y o +0(y°) . (5.49)

Notice that the series coefficients are now much better behaved. Furthermore, consider
the point z = 1/4, which corresponds to y = 11/17. Evaluating the series expansions

up to order 15 gives:
Sis(f)(z) ~ —6.65-10°, Si5(f)(y) =~ 1.51, f(x =1/4)=32/21 ~1.52. (5.50)

Clearly, the series in x does not converge, while the series in y does. Therefore, it is

beneficial to use a Mébius transformation to remap the singularities.

Lastly, we comment on the case where some of the x; € X, are complex numbers. In

that case, we may consider instead the set X!

ting» Which contains all the points Re(z;)

for x; € Xging with Re(z;) # 0, and which contains the points +Im(z;) where x; is the
closest point to the origin satisfying Re(z;) = 0. We may then proceed as before, with
Xsing replaced by X

sing»

and consider the line parameter y of Eq. (5.45). In the complex
case, it is not guaranteed anymore that expanding in y is better than expanding in

x. For example, there may be complex singularities with large imaginary parts, but
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real parts close to the origin, and it might not be optimal to map their real part to
—1 or +1. One solution would be to increase z; and xr dynamically until one of the
singularities in the complex plane of y lands inside the unit disc, and such that xr — x,

is as large as possible, but this possibility is left for a future version of DiffExp.

Improving the precision: Padé approximants

If a function f(x) admits a Taylor series at x = 0, we may compute its Padé approximant

of order (n,m), which is a rational approximation to f(x) of the form:

Sl (ZL‘)

Pan(Pe) = 5

(5.51)

where S;(z) and Sa(z) are polynomials of degrees n and m respectively. The Padé
approximant is uniquely defined by the property that its Taylor expansion matches

ntmH1) “and can be computed using

the Taylor expansion of f(z) up to order O(z
standard algorithms. It is well-known in the field of applied mathematics that Padé
approximants often yield a better approximation to a function than the Taylor series.
(See e.g. Ref. [158] for a more general overview of Padé approximants and series
acceleration methods.) Furthermore, the Padé approximant is computed directly from

the Taylor series of f(x).

The definition of the Padé approximant can be extended to cover functions f(x) which
admit a Laurent expansion at x = 0. In this case, we may multiply out the highest
degree pole, compute a Padé approximant of the resulting Taylor series, and divide out
the pole, to obtain a Padé approximant for f(x). We can also extend the definition
to power series with fractional powers. For example, suppose we have a series of the
type:
k
S fal 4 Oy (5.52)
j==p

for integers k > —p, and a positive integer » > 1. We may compute the Padé

k
Jj=—p
case the Padé approximant is not anymore the ratio of two polynomials, but of two

approximant of 3 fj27, and replace every power 2’ by 27/ afterwards. In this
power series with fractional powers. We will then let P, ,,(f)(x) denote the Padé
approximant where the powers of x in the numerator are at most equal to n, and where
the powers of x in the denominator are at most equal to m. The Padé approximant is
implemented in Mathematica, including for series with fractional powers, and can be

called using the function PadeApproximant [f[x], {x, 0, {n, m}}].
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Note that series solutions of Feynman integrals may also contain powers of logarithms.

To deal with these, we decompose the series expansions as:

q 00
> log(x)’ > fia!'", (5.53)
i=0 i=—p

for a non-negative integer ¢, an integer p, and where r = 1 or r = 2. We then compute

a Padé approximant for each power of the logarithm.

We may employ Padé approximants in our setup whenever we need to evaluate the
series solutions of the Feynman integrals. For example, in order to compute boundary
conditions for the next line segment, we compute the Padé approximant of each integral,
and evaluate it at the next boundary point. Note that Padé approximants were also
used in Ref. [3] to improve the numerical precision. Lastly, note that DiffExp always
computes the diagonal Padé approximant. In particular, for a series of the form of Eq.

(552), we let n = L%J and m = L%J

There are two possible caveats when using Padé approximants, which we discuss next.
Firstly, note that the series solutions that are found by DiffExp have inexact numerical
coefficients which are valid up to a certain number of digits. Typically, the accuracy of
the coefficients of the Padé approximants is lower than the accuracy of the coefficients
the original series. Therefore, when Padé approximants are enabled in DiffExp, the
working precision should typically be increased too. The second caveat is that it can
take some time to compute the Padé approximants of all the basis integrals, especially
when the expansions contain half-integer powers and/or logarithms. Nonetheless,
in the examples on which DiffExp was tested, we have almost always found Padé
approximants to significantly decrease the computation time needed to obtain results
at a given precision. However, to be safe, Padé approximants are disabled in DiffExp

by default. They can be turned on by setting the option UsePade to True.

5.2.8 Line segmentation strategies

In the following section we describe two strategies for transporting boundary conditions
along a line, based on subdividing the line into multiple segments. First, we consider a
‘dynamic’ segmentation strategy, in which we keep the error of the series expansions of
the differential equations within a certain bound. In practice, bounding the error of the
expansions of the differential equations also bounds the error of the series solutions to
the differential equations (although not necessarily to the exact same extent.) Secondly,

we describe a variation of the first strategy, which we call the ‘predivision’ segmentation
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strategy. In that strategy, we subdivide the line into multiple segments, with the
requirement that the expansions on each line segment are only evaluated at a fixed
fraction of the distance to the nearest singularity of the differential equations. Similar
integration strategies were considered in Refs. [2, 3, 40, 47]. Our implementation of
the predivision strategy is closest to that of Ref. [3], where the strategy was considered
with the use of Mobius transformations. Compared to that paper, we have slightly

improved the matching of neighbouring line segments.

Dynamic segmentation strategy

Suppose we are transporting along a line y(x), from a point Zstar 10 & point Tenq > Tstart-
Let Xging = (21, ..., xy) denote the set of singularities of the differential equations in

the complex plane of z, and assume that Tenq ¢ Xeing. Next, let
T(Ys) = T+ r:ys (5.54)

define a line parameter y;, for each point #, such that z(yz = 0) = & and such that
x(yz = £1) = & £ rz. The variable r; denotes the distance of Z to the nearest point in
Xging. By including this additional rescaling, the series expansions in y; behave better
numerically, as discussed in subsection 5.2.7, and converge within the interval (—1,1).

Next, consider some small number §, and define the interval
I(yz) = [~v3. 93] . (5.55)
where 32 is the maximum real number so that:

A ) = S (AY) (wa)| <0, foralli,jk, and -y} < yz < 32, (5.56)

and where S, (A;’i)w> denotes the series expansion of Aéi)” in g5 up to order O(y2*),
where n is the order at which the expansions are performed. In fact, within DiffExp,
we usually take n in Eq. (5.56) to be a few orders smaller than the order at which
we perform the expansions, to be safe. The matrices Ag;) are the partial derivative
matrices introduced in Eq. (5.3), with respect to the line parameter y;. In practice, it

is hard to compute y2 exactly, and so we instead use the estimate:

1
f:jeSt = min (WM) , foralli,75,k; , (5.57)
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where S (A(ylz)”> denotes the coefficient of the n-th power yZ in the series expansion

of Aék) and where we pick the real and positive n-th root. Lastly, let:

ERVE
I°(x) = [, 21, (5.58)

where:

=5 5

= 2(ys = —y3) P =1y = 43) (5.59)
be the interval I°(y;) expressed in the line parameter z. Note that to compute these
intervals, we have to perform the expansions of the partial derivative matrices in yz,
which can be time-consuming. The first step in our integration algorithm is to compute

I°(z;) for all real z; € Xgjng, such that gy < 2; < Tena.

—

Next, suppose that we are given boundary conditions f(zy.) at the point xy., and
that we are given the point x,, on which to center the current line segment. Then we

perform the following steps:

1. Expand the differential equations in y,, and find the corresponding series solu-

tions. Fix boundary conditions at the point ¥, _ be, where 2(Ye., = Yz, be) = The-

0,R
Xp *

where x(yxxp = yxxp,end) = Tend, and return the result. Otherwise, let 21, =«

If xi}f > Tend, €valuate the series solutions at .., end,

&R
Xp )

and evaluate the series solutions at yixp, to obtain the next set of boundary

2. Determine ygxp and x

—

conditions f(x1.).

3. If . € I°(x;) for some x; € Xging, then let @ = 2. Otherwise, let 2/ = zf,..

By iterating the above steps, starting with zy, = Zbe = Tgtart, We may reach the
endpoint Zeng. Note that we may let Zgar € Xang if we give the set of boundary

conditions f(Zsart) as an asymptotic limit in the line parameter y,_,, .-

Lastly, we discuss how we may incorporate Mobius transformations in the above setup,
in the spirit of subsection 5.2.7. In this case we have to be careful with the presence
of complex singularities. We may deal with complex singularities by defining a new

set of points X

«ing Which consists of particular projections of the singularities in Xgp,

onto the real axis. In particular, for each z; € X, consider the set Xp0;(z;), such
that:

* Re () € Xproj (i),
o Re(z;)—Im (2;) € Xproj () if I (F2j € Xging | Re (z;) — Im (2;) < Re(z;) < Re (z;)),
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o Re(z;)+Im (z;) € Xproj (z) if 1 (3xj € Xing | Re (z;) < Re(z;) < Re (x;) + Im (z)) .

Then we let X{,, = Uz, e X, Xproj(2i) = {27, ..., 7} }. Next, we choose line parameters

of the following form:
Yz (Q.i'L.i'R — i’i‘L — jf}{) + i'fL — fﬁi‘R

, 5.60
yj(.fﬁL+5fR—2f)+3~7L—fR ( )

r(yz) =

where 7, is the nearest point in X/, = that is on the left of Z, and similarly for . If

sing
there is no singularity on the left, we choose T, = —o0o, and if there is no singularity on
the right, we choose T = +00. We may now proceed with the same three integration
steps as before, using the line parameters of Eq. (5.60), and replacing Xgng by X[, in

sing
the third step.

Predivision segmentation strategy

In this subsection, we describe an integration strategy that subdivides the contour
into multiple segments, based on the requirement that the series solutions on each
line segment are at most evaluated at a fixed fraction of the distance to the nearest
singularity of the differential equations. We call this strategy the predivision strategy,
because with this strategy all line segments may be obtained in advance (before doing

any expansions.)

We will work with the set X(;,, of projections of the singularities on the real line,

defined at the end of subsection 5.2.8. Next, we define the analogue of Eqns. (5.55)
and (5.58) by:

I(yz) = [-1/k,1/K], I(z) = [z%,27], (5.61)
such that
it =a(ys = —1/k) it =x(y: = 1/k), (5.62)

and where £ is some real number greater than one.

—

Next, suppose that we are given boundary conditions f(zn.) at @, and the point x,
on which to center the current line segment. We perform the following three steps,

which are very close to those in subsection 5.2.8:

1. Expand the differential equations in y,,, and find the corresponding series solu-

tions. Fix boundary conditions at the point ¥, 1c, where z(y,,, = yxxp,bc) = The-
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2. If xfp > Tend, €valuate the series solutions at v, end, Where x(yxxp = Yzprend) =

Tend, and return the result. Otherwise, let z. = zZ | and evaluate the series

Xp?
—

solutions at y,,, = 1/k, to obtain the next set of boundary conditions f(xi,.).

3. If xp, € I(x;) for some x; € X!

sing»
Lo
Xp The-

then let 2}, = z;. Otherwise, let 2, be the
point such that z

The third step differs from the one in subsection 5.2.8 in an important way. Instead of
letting z7, = xj,, we define z as the point for which zj,. lies on the left boundary
of the interval I(x,). This way, we are able to cover more distance with less line
segments. In the dynamic strategy we are not able to solve this condition efficiently,
as computing the interval I 5(x;p) requires expanding the differential equations at z7 .

However, in the current scenario, we may algebraically solve the equation
Yoy, = —1/k) = 2}, - (5.63)

If we use straight line segments we have:

Tiy = Ty, + z (5.64)
where s is the distance of z}, to the nearest singularity, which is given by:
k(@ —& . Fr(14k)+Zp(k—1
. (bl+kL~) if i, <), < L(1+ );;C r(k—1) (5'65)
k(—aibj_;:a:R) i m(uk);jm(kq) <) <in
If we use the Mébius transformed line segments of Eq. (5.60), we have simply:
2317 (=1 + k)2, — (1+ k)2
z, = ILxR/-i—xbc [( —i: )T — (1+ ~)xR] (5.66)
—2x,.+ (1 + k)2, — (=14 k)Zr
We can take limits of the above equation when #; = —oo or when Tp = +00. We

find that the predivision strategy typically needs less line segments than the dynamic
integration strategy, in order to obtain results at a given precision. The predivision
strategy is enabled in DiffExp by default, with the variable k set to 2, which is controlled

by the configuration option DivisionOrder.
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5.3 The DiffExp package

In this section we discuss the functions and use of the DiffExp Mathematica package,
which was announced in Ref. [4]. DiffExp can be loaded into Mathematica using the

Get[...], command, i.e.:
<< "DiffExp.m";

Note that DiffExp has been designed and tested on Mathematica 12.1.

5.3.1 Main functions

LoadConfiguration[l_List] / UpdateConfiguration[l_List] /

UpdateConfiguration[l__Rule] First we should parse the configuration options to
DiffExp. This is done using the commands LoadConfiguration[...] or Update-
Configuration[..]. The commands take in a list of rules of configuration options
and their values. The function LoadConfiguration[...] sets default values for
options which are not included in the argument, while the function UpdatesConfigu-
ration[...] can be used to change individual configuration options. Most options
have default values, as described in the table below. The only option that is mandatory
is the option MatrixDirectory, which should be a path to a directory containing
the partial derivative matrices. For many practical purposes, the option DeltaPre-
scriptions, which defines the id-prescriptions for the analytic continuation, is also
mandatory. If it is not specified, it is still possible to transport boundary conditions
within a region where no physical threshold singularities are crossed. The full list of

options is described next.

Main configuration options

Option: DeltaPrescriptions Default value: {}

Description: A list of polynomials in the kinematic invariants and internal masses,
each of which should contain an explicit factor +¢9. The zeros of the polynomials
should describe singularities such as physical threshold singularities, or branch points

of square roots.

Option: EpsilonOrder Default value: 4

Description: An integer specifying the highest order in the dimensional regulator e
in which the integrals should be computed.

Option: LineParameter Default value: =

Description: The line parameter used for parsing lines to DiffExp.
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Option: MatrixDirectory Default value: None

Description: The location of a directory on the file system which contains the partial
derivative matrices A%*). The files should be named according to the convention:
ds_k.m, where s is an external scale or a mass variable, and where k is the order
in €. A special file d_1.m may be provided for a canonical polylogarithmic family,
which should contain a matrix whose entries are Q-linear combinations of logarithms
(the alphabet letters.)

Option: Variables Default value: None

Description: The kinematic invariants and masses of the family of basis integrals. If
no value is provided, DiffExp will attempt to load all files with the name d*_*.m at

the location specified by the option MatrixDirectory.

Options related to precision and numerics

Option: AccuracyGoal Default value: None

Description: The option AccuracyGoal can be used to control the precision of the
results. This option is required when the dynamic segmentation strategy is used,
and is optional for the predivision strategy. There are a few limitations, discussed
below this table.

Option: ChopPrecision Default value: 250

Description: Indicates the number off zeros after the decimal point after which terms

should be set to 0 in intermediate computations.

Option: DivisionOrder Default value: 3

Description: This option determines the inverse distance to the nearest singularity

at which the line segments are evaluated, when the predivision strategy is used.

Option: ExpansionOrder Default value: 50

Description: Specifies the maximum power of the line parameter that should be
kept in intermediate series expansions. At intermediate steps the expansions might
be multiplied by poles, and the final results may be provided at a lower expansion
order.

Option: RadiusOfConvergence Default value: 1

Description: This option has the effect of rescaling the line parameter of each line
segment, so that the minimal radius of convergence is given by its value. Higher

values may help to combat fastly growing series coefficients.

Option: SegmentationStrategy Default value: "Predivision"

Description: This option determines which segmentation strategy is used. The

possible values are "Dynamic" and "Predivision".
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Option: IntegrationStrategy Default value: "Default'

Description: Determines how the differential equations are solved. The value
"Default" corresponds to the strategy of Section 5.2.4, and is the fastest. The
value "VOP" corresponds to using variation of parameters, described in Section 5.2.5.
This strategy is generally a bit slower for solving coupled integrals, but works along

degenerate lines.

Option: UseMobius Default value: False

Description: This option determines whether the line segments are obtained by

linear transformations or by Mobius transformations.

Option: UsePade Default value: False

Description: Determines whether Padé approximants are used while transporting

boundary conditions.

Option: WorkingPrecision Default value: 500

Description: The number of digits kept for any intermediate computation.

Other options

Option: LogFile Default value: None

Description: Location of a log file on which to write all output of the current session.

Option: Verbosity Default value: 1

Description: Determines the level of printed output. The default level is 1 and the
maximum level is 3. When running inside a Mathematica notebook, lower verbosity

levels are generally recommended. For shell-scripts higher verbosity levels might be

preferred.

We provide additional comments about some of the configuration options next.

AccuracyGoal: When AccuracyGoal is specified, DiffExp will aim to transport the
boundary conditions at an absolute precision of 107, where § is the value of
AccuracyGoal. The option AccuracyGoal works by bounding the error of the
expansions of the differential equations. For integrals that are not coupled, or
coupled at low orders, it is typically the case that the solutions to the differential
equations have the same error. For highly coupled sectors we did not always
find this to be the case, and in the presence of such sectors setting the option
AccuracyGoal might not have the desired effect. In this case, one may still increase
or lower the value of AccuracyGoal to control the precision globally. By default,
AccuracyGoal is turned off, and the precision can be controlled using the options

ExpansionOrder and DivisionOrder.
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If the option SegmentationStrategy is set to "Dynamic", the option Accuracy-
Goal determines how far the solutions are evaluated away from the origin. If the
option SegmentationStrategy is set to "Predivision", DiffExp will dynamically
increase or decrease the expansion order of each line segment, until the expansions
of the differential equations are within the desired precision. This means that the
differential equations are expanded multiple times, until the desired precision is
reached. If the expansion of the differential equations bottlenecks the computation,
then using the option AccuracyGoal with the predivision segmentation strategy is

not recommended.

Lastly, note that AccuracyGoal does not take into account Pade approximants in
determining the error. When AccuracyGoal is specified, and Pade approximants
are enabled, the precision of the results are typically far higher than the given
AccuracyGoal. In this case, setting a value for AccuracyGoal might still be useful

for globally increasing or decreasing the precision.

ChopPrecision, RadiusOfConvergence, and WorkingPrecision: We provide a num-

ber of comments about these three options, which impact the numerical precision
and stability of the calculations. Firstly, the option WorkingPrecision determines
the number of digits at which inexact numbers are kept. The value of WorkingPre-
cision should typically be put significantly higher than the precision that is desired
for the final results. This is because at intermediate stages there might for example
be cancellations between large numbers. The value of ChopPrecision determines
the number off zeros after the decimal point after which numbers are discarded.
For families of integrals where the number of coupled integrals is low, such as a
polylogarithmic family in a canonical basis, the value of ChopPrecision can be set
a bit lower than the value of WorkingPrecision. For integral families where there
are sectors with many coupled integrals, the value of ChopPrecision may need to
be set significantly lower than the value of WorkingPrecision. One reason for this
is that solving the coupled sectors involves calls to a number of Mathematica’s linear
algebra routines, for which the options Tolerance and ZeroTest are controlled
by the value of ChopPrecision. If very small nonzero numbers remain present
in the matrices, the linear algebra routines may run into numerical instabilities.
Note that by default the values of ChopPrecision and WorkingPrecision are set
fairly high, so that most problems simply run out of the box. One can look at the

example notebooks to see some other typical configuration values.
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Lastly, another option that may affect the numerical stability is Radius0fCon-
vergence. It has the effect of rescaling all series coefficients in the manner
cxr® — cx(x/10)*. This may be useful when the expansions blow up at inter-
mediate stages. By default the value of RadiusOfConvergence is set to one.
In the three-loop unequal-mass banana graph family, we found it necessary to
set this option higher than one, in order to obtain stable numerical behaviour.
For all other examples we didn’t need to use this option. Note that the three-
loop unequal-mass banana graph family is somewhat of an edge case, since it
involves a sector of eleven coupled integrals. Also note that setting the value of
Radius0fConvergence too high may result in the expansion coefficients becoming

too small, and being incorrectly discarded, at intermediate stages of the calculation.

DeltaPrescriptions: The option DeltaPrescriptions should be given a list of poly-
nomials with associated id-prescriptions, such that the zero sets of the polynomials
correspond to physical threshold singularities, or the arguments of square roots
in the basis choice. In order to find results at any given point in phase-space, the
list should contain all the physical threshold singularities of the basis integrals. In
practice, one only has to provide the physical threshold singularities that need to
be crossed. For example, if the boundary conditions are provided in the Euclidean
region, one would provide the necessary id-prescriptions to analytically continue
the results to the physical region of interest. By default, DiffExp will recognize
which square roots appear in the differential equations, and assign them the +id

prescription (i.e. the standard branch), unless otherwise specified.

There are two equivalent ways that the ¢0-prescriptions may be passed to DiffExp.
The first way involves adding explicit terms of the form +¢d to the polynomials,
while the second method involved adding the signs of the id-prescription as a

separate argument. For example, we could provide either of the following:

DeltaPrescriptions -> {-s+4-1§, t-4+I0},
DeltaPrescriptions -> {{-s+4,-1}, {t-4,1}},

to define the prescriptions for threshold singularities at ¢t = 4 and s = 4.

Lastly, we mention a potential pitfall regarding the analytic continuation. For
each line segment, DiffExp checks whether there are multivalued functions in the
expansions. If multivalued functions are present, but DiffExp is not centered at one

of the singular regions provided by DeltaPrescriptions, the computation will be
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aborted and DiffExp will ask the user to provide the relevant id-prescription. One
situation where this check fails, is if two singular regions intersect at the origin of
the line segment but the analytic continuation prescription is only given for one of
them. In this case, DiffExp will assume the ¢-prescription of the singular region
that was provided to the option DeltaPrescriptions, which might not be the

correct choice for the other one.

MatrixDirectory: The partial derivative matrices that are provided to DiffExp may
only contain combinations of rational functions and square roots with irreducible
polynomial arguments. Other functions such as elliptic integrals, which show up
for canonical bases of elliptic families of Feynman integrals, are not supported.
However, for such families one may provide a precanonical basis instead. If a file
ds_k.m is absent, for some epsilon order k, it is assumed that the corresponding
matrix has all entries equal to zero. To speed up the expansions of polylogarithmic
sectors, a special matrix d_1.m may be provided, whose entries should be linear
combinations of logarithms. Note that if both d_1.m, and files of the form ds_1.m,

are present in the folder, their contributions will be summed together.

UseMobius: Enabling M6bius transformations reduces the number of line segments
needed to transport boundary conditions at a given precision. However, if we
work on Mo6bius transformed line segments, the time needed for expanding the
differential equations might increase considerably. When the differential equations
are large, their expansion might be the main computational bottleneck, and in
such cases enabling Mobius transformations can be detrimental to performance.

For this reason, Mobius transformations are turned off by default.

UsePade: Enabling Padé approximants typically increases the precision of the solutions
considerably. However, the use of Padé approximants can sometimes lead to
numerical instabilities. This is typically the case when the options ChopPrecision
and WorkingPrecision are set to values that are too low. Furthermore, finding
the Padé approximants is somewhat costly too, and adds computation time to the
algorithm. Typically, we still find that the use of Padé approximants significantly
decreases the computation time needed to obtain results at a given precision, but

to be safe, they are currently turned off by default.
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CurrentConfiguration[]

This function return a list with the current configuration options.

PrepareBoundaryConditions[bcs_List, line_List]

This function converts a set of boundary conditions into a form that is useable by the
routines IntegrateSystem[...] and TransportTo[...]. The first argument should
contain the boundary conditions, while the second argument should contain a point or
line specifying an asymptotic limit in phase-space, in which the boundary conditions
are given. DiffExp recognizes whether the argument is a line or a point, by checking

whether it depends on the line parameter.

The first argument should be a list of n elements, which contain the boundary conditions
of the integrals. The boundary conditions of an individual integral can be given in one
of the following three forms:

1. A closed-form expression in €.

2. A list of coefficients for each order in €, where the first list element corresponds

to order €.

3. The string "?", which instructs DiffExp to ignore boundary conditions for the
integral. This option is useful for when dealing with coupled integrals in an
asymptotic limit, where the boundary conditions for a subset of the integrals

may fix the remaining ones.

If the second argument is a line, DiffExp assumes that the boundary conditions given
in the first argument are valid at leading order in the limit where the line parameter x
approaches the origin from the positive direction. More specifically, if the leading order
is proportional to ¥, then DiffExp will assume the boundary conditions are valid up
to O(z*1/2). To override this behaviour, one may provide the boundary conditions
as a list of terms, order-by-order in €, where each term itself is a series expansion in
x (given by Mathematica’s SeriesData object, i.e. the output of the Series[...]
function.) DiffExp will then assume the results to be valid up to the order to which

the series is provided.

If the boundary conditions contain multivalued functions, which is typical for asymptotic
limits, they should be provided in such a way that the positive direction of the line
across which the limit is taken points along the standard (Mathematica branch) of the
multivalued function. For example, suppose that the boundary conditions contain a

term of the form log(—s), and that the Feynman prescription dictates that s should
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carry a positive imaginary part. This situation will lead to incorrect results along the

line s = x, since DiffExp will convert the logarithm into the form
log(—s(z)) = im + log(z) . (5.67)

The correct way to pass the boundary term to DiffExp is therefore to change log(—s) to
—im+log(s) before calling PrepareBoundaryConditions[...]. Similar considerations

apply when passing closed-form expressions like (—s)°.

Note that the output of PrepareBoundaryConditions[...] includes the point or line
that was given in the second argument. That way, when feeding the result to Inte-
grateSystem[...] or TransportTol...], DiffExp knows where to fix the boundary

conditions.

IntegrateSystem[bcs_List, line_List]

The function IntegrateSystem[...] implements the integration of the differential
equations along a single line segment. It is possible to omit the first argument, and
IntegrateSystem[...] will then return the general solution to the differential equa-
tions at the given point. The free parameters will be labelled using the convention
G j.k, Where 7 corresponds to the order in €, j to the coupled block of integrals, and &

labels the parameters.

When boundary conditions are provided, the first argument should be the output
of the function PrepareBoundaryConditions[...], or the output of the function
TransportTol[...]. If the boundary conditions are given at a point, the point should
lie on the line given as the second argument. If the boundary conditions are given as
an asymptotic limit, the line along which the boundary conditions are given should
be parallel, oriented in the same direction, and centered at the line passed to Inte-
grateSystem[...]. If the two lines satisfy these conditions, but were parametrized
differently, DiffExp will automatically perform the change of parametrization in the

boundary terms.

The output of IntegrateSystem[...] is an (n X m)-matrix, where n is the number
of basis integrals and where m is equal to the value of the option EpsilonOrder plus
one. The first column gives the e’-coefficients of the integrals. If the expansions were
centered at a branch point, the result may contain the Heaviside step functions 0(x)

and 6(—x), which are labelled as 6, and 6,, respectively.

TransportTo[bcs_List, line List, to_:1, save_:False]
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The function TransportTol[...] is the most important function in DiffExp, as it per-
forms the transportation of boundary conditions to arbitrary (real-valued) points in the
phase-space of kinematic invariants and internal masses. The conditions on the argu-
ments bcs_ and line_ are the same as for the function IntegrateSystem[...], in the
case that 1ine_ depends on the line parameter x. The results will then be transported
to the endpoint 1ine /. x — to. If the argument 1line_is a point instead, DiffExp
will consider the line x*1ine + (1-x)*start, where start is the point at which the

boundary conditions were prepared using PrepareBoundaryConditions[...].

The argument save_ determines whether the expansions along individual line segments
should be saved and returned in the output. If it is set to true, the output of
TransportTol[...] may be passed to the function ToPiecewisel[...], which combines
the results of all line segments together into a single function, which is suitable for
numerical evaluation, or for plotting purposes. If the argument save_ is set to false,
the output of TransportTo[...] is a list consisting of the form {point, results, errors}.
The first list element is the point in phase-space at which the results were evaluated.
The second and third element of the list are both (n x m)-matrices, where n is the
number of basis integrals and where m is equal to the value of the option EpsilonOrder
plus one. If the argument save_ is set to true, the output of TransportTo[...] has
instead the form {{point, results, errors}, segmentdata}, where segment data is a list

which encodes the expansions obtained along individual line segments.

The error estimates are provided as a convenience to the user, but should probably not
be relied upon for sensitive results. In that case, a better way to estimate the error, is
to evaluate a point along two different contours, and to take the difference between the
results. The error estimates are obtained in the following way. At each matching point
between neighbouring line segments, and at the final evaluation point, we also evaluate
the series solutions at an order that is reduced by a certain number ¢ > 0. We then
compute the difference between the evaluation of the lower order solutions and the
original solutions, and take the absolute value. The number ¢ is currently determined
by a simple heuristic. In particular, we found that it was useful to let ¢ be proportional
to the maximum order at which integrals are coupled in the integral family, in order to
get reliable estimates for highly coupled families. The error accumulated along each
line segment is added to the total error estimate. Note that if the option UsePade is
set to true, the evaluation of the lower order series solutions is also done using Padé

approximants.
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ToPiecewise[segmentdata List, pade_:False] The function ToPiecewisel...]

takes as input the output of TransportTo[...], given that the latter has been run
with the argument save_ equal to true. The output of ToPiecewise[...] is an
(n x m)-matrix, where n is the number of basis integrals and where m is equal to the
value of the option EpsilonOrder plus one. Each entry is a Piecewise mathematica
object, which is a function of the line parameter of the line that was given to Trans-
portTo[...]. The output of ToPiecewise[...] may be used for numerical evaluation

of the results at arbitrary points along the line, or for plotting purposes.

The argument pade_ determines whether the Piecewise objects are composed out of
the Padé approximants of the solutions along the line segments, or out of the series
solutions. If TransportTol[...] was called with the configuration option UsePade
to false, there should not be a significant difference in precision by enabling Padé
approximants here. Note that computing the Padé approximants might take some
time, and if one is just interested in plotting results then it is usually not necessary
to compute the Padé approximants. However, if the aim is to use the output of

ToPiecewise for numerical evaluation, it is advised to set pade_ to true.

5.4 Examples

In the following section we consider two examples in detail, the equal-mass three-loop
banana family, and its unequal-mass generalization. The results in this section can
be obtained by running the notebook Banana.nb in the Examples folder shipped with
DiffExp (see Ref. [4]). We discuss a few other examples at the end of this section.

5.4.1 Equal-mass three-loop banana family

my

L
Fig. 5.1 The three-loop unequal mass banana diagram.
The three-loop unequal-mass banana diagram is depicted in Fig. 5.1. We will first

consider the equal-mass case, in which we let m? = m? for i = 1,...,4. We will

normalize out the overall mass dimension, and parametrize the kinematics by the ratio
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t = p?/m?. Furthermore, we will work in the dimension d = 2 — 2¢. We define the

equal-mass banana integral family by:
banana evEe s 2 a—§(2—26) & d —a1 )—a2 N)—a3 7)—a4
[henana (Wm> (m?)e~3 Il / dk; | Dy Dy D% Do . (5.68)
where the propagators are:

Dlz—k%—f—mz, DQZ—kg+m2,
D3 = —k’§ + m2 s D4 = —(k'l —I— k?g —I— l{/‘g +p1)2 + m2 . (569)

We choose the following basis of master integrals:
B — (I3, (14 B) IR, (1 -+ 3)(1+ 40T, SIHE™), (5.70)

for which the differential equations are in precanonical form. They are given by:

64214124+ (84+1)%e  2(t+20)(2c+1)  6(2e+1) 2
t(t—16) (t—4) t(t—16)(t—4) t(t—16) (t—4) t(t—16)
o 3t(3e+1) . 2(t+8)e+t+4 3e+1 0 -
anana ___ t(t—4 t(t—4 t(t—4 anana
o,B — ( ; ) W ) . B
t t
0 0 0 0
(5.71)

The IBP reductions required for setting up the differential equations were obtained
using Kira [68, 159, 160]. We seek to compute boundary conditions for the system

of differential equations. Since the first three master integrals are coupled, it turns

out we only have to provide boundary conditions for the master integrals 172" and
Ipamama - the latter of which is trivial and given by:

IPE™™ = 1T (). (5.72)

We will compute boundary conditions for P4 in the limit ¢ = —1/x, with x | 0.
We will occasionally refer to this as the infinite momentum limit. The Feynman

arametrization of IP2rana is oiven by:
1111

—3e—1
Iy = ieT (3¢ + 1) (m?)

a3t / . [d?’o?} (a1 + aogas + oo+
A
4e 2 2 2 2 2 2
a1a2a4) Qo3| T + Qo] T + Q34T + Q030X + Qo0 T + Q3 T+
Qlasonr + Aagonr + dlagon + dasasauon T + AT + asaiaur+
2030 pLeZIeq] 300400 20300400y 20030, 200300y

—3e—1
2
+asa304x + a2a3a4a1) .

(5.73)
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From asy, we obtain fifteen regions as = | 0:

Rl = {07 _17 _17 _1}7 RZ = {07 _17 _170}7 R3 = {0707070}7

Ry =1{0,0,0,—1},  R;={0,1,1,0},  Re={0,0,1,0},
R;={0,—-1,0,—1}, Rs={0,-1,0,0}, Ro=1{0,0,0,1}, (5.74)
Rio = {0,1,1,1}, Ry ={0,0,1,1}, Ry =1{0,1,0,0},

ng — {0,0, —1, —1}, R14 — {O, 1,0, 1}, R15 - {0,0, —1,0} .

At leading order in z and in each region R;, the resulting parametric representation for
IPamana may be integrated directly. The contributions of all regions are given by:

637€€$€+1F(—6)2F(6)3

[y ~ 2T (e)?, [, ~ (—2¢) )
[Rs 3e37¢ex3 I (—e)T'(3e) [Ra 2e37¢ex? I (—€)3T ()T (2¢)
1111 F(—4€) ) 1111 F(—SE) )
63’ye€xe+1r(_€)2r(6)3 ‘ .
I{%fn ~ T(—2¢) ) Iﬁbn ~ 2e” T (e)?,
R €€t (—e)’T (¢)? R 27T (—€)’T'(e)I'(2e)
I ~ ) [T ~ )
T(—2€) ['(—3€)
. 2e37¢ex? I (—€)3T(e)T(2€)
5y ~ 2eT(e)?, [ ~ (—3¢) )
€3ve€xe+lr(_€)2r(e)3 .
I{—511111 ~ F(—QE) ) I{illfl ~ "L‘e?w F(6)37
IR13 63y66x5+1r(_6)2r(6)3 IR14 63756xe+1r(_6>2r<6)3
1111 F(—QE) ) 1111 F(—2E) )
2e37¢ex? T (—€)3T ()T (2¢)
s~ . 5.7
1111 F(—3€> ( )
Summing over all the regions, we obtain the final result:
banana 740 35 Gex T (—€)?T(e)®  8ex® T (—¢)3T(e)T'(2¢)
i I'(—2¢) I'(—3e)
3ex3 (=) (3
@ TEITGI | ref + 0@)) . (5.76)
I'(—4e)

Next, we use DiffExp to plot the banana graph in the region ¢t = 0,...,32. First we
consider the line t = —1/z, and transport the boundary conditions from z = 0 to 1.
Thereafter, we transport the result along the line ¢ = x, from —1 to 32. The relevant

commands are:
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I' = Gamma;
BananaBoundaryConditions = {
ot e
€(1+3¢) (1+4¢€) (- ((4E~ (3¢EulerGamma) ['[e] ~3) /t) +(
6E~ (3cEulerGamma) e (-(1/t)) ~(1+e)'[-e] ~2I'[e] 3)/
['[-2€]+(8E~ (3¢EulerGamma) e (- (1/t) )~ (1+2¢)
['[-e]1"3I[e]ll'[2€]1) /T [-3e]l+
(3E" (3€EulerGamma) e (- (1/t) )~ (1+3e)I'[-€] ~4I'[3€]) /T [-4€]) ,
E~(3¢EulerGamma)e~3I'[e] ~3
}// PrepareBoundaryConditions[#, <|t -> -1/x[|>] &;

Resultsi
Results2 = TransportTo[Resultsl, <|t -> x|>, 32, Truel;

TransportTo[BananaBoundaryConditions, <[t -> -1[>];

ResultsFunction = ToPiecewise[Results2];

ReImPlot [{ResultsFunction[[3, 4]][x], ResultsFunction[[3, 5]] [x]},
{x, 1/2, 32}, MaxRecursion -> 15, WorkingPrecision -> 100]

We performed some additional processing of the plot, which gives the result in Fig. 5.2.
It took about 1 minute to reach the point p?/m? = 32 from the limit p*/m? = —oo,
with an estimated error of 1072°, with the option DivisionOrder set to 3, and the

option ExpansionOrder set to 50.

800 [
600 [
400 -

200 -

0

-200 |-

400 |-

-600 -

Fig. 5.2 Plot of the master integral Bs in the region p?/m? = 0...32. The solid lines
are the real parts of the integrals, and the dotted lines the imaginary parts.
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5.4.2 Unequal-mass three-loop banana family

Next, we will consider the unequal-mass banana graph family. This time, we will not
normalize the integrals by the power of an internal mass. The unequal-mass banana

integral family is then defined by:

banana evee ’ & d —a —a —a —a
](11(12[13[14 - </L7Td/2> <H/d kz> Dl 1D2 2D3 3D4 47 (577)
=1
where:
Dy = —kj +mi, Dy = —k3 +m3,
D3 = —k3+m3, Dy = —(ki + ko + ks +p1)* +mj. (5.78)

We choose the following basis of precanonical master integrals:

banana banana banana banana banana banana
elfion ™, €155, elrgar™®, el ™, elgior™, eln ™,

e ) (L BOTEE™, e(1+ BT, e(1+ Be) g™, (5.79)
e(1+ 3e)I5eme, e(1 + ) (1 + de) I, : :

3 rbanana 3 rbanana 3 rbanana 3 rbanana
e Loy, e Loy € I, € ITg

We will label the basis integrals from left to right, and top to bottom, by By, ..., Bis,
and we denote their e-orders by a superscript. The corresponding differential equations

are 8 megabytes in size, and too large to present here.

The unequal-mass family is significantly more difficult to compute than the equal-
mass family, due to the fact that there are eleven coupled integrals in the top sector.
Furthermore, we found that at intermediate steps of the calculation the series coefficients
are growing very fast with the order of the line parameter. We compensated for this
by setting the options ChopPrecision and WorkingPrecision very high, and setting
the option RadiusOfConvergence to 10. This has the effect of rescaling all series

coefficients in the manner cyx® — ¢ (x/10)*.

In the following, we will denote the phase-space coordinates by (p?, my, ma, ms, my).
As an illustrative example, we have computed results along the line:

v(z) = (x,2,3/2,4/3,1), (5.80)

from z = 1/2 to « = 50. In Fig. 5.3, we provide plots for B® B® BW p® B®
and Bﬁ) along this line. These results were obtained in the following manner. First,

we used the differential equations of the equal-mass family to obtain high precision
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Fig. 5.3 Plots of some of the precanonical basis integrals of the unequal-mass three-loop
banana family. Note that By = e(1 + 3¢) P2 and that Byy = €(1+ 3€)(1 + 4e) IPapana,

results at the point (1/2,1,1,1,1). Next, we transported the results to the point
(1/2,2,3/2,4/3,1). Lastly we performed the expansions along the line v(z) to reach
the point (50,2,3/2,4/3,1). The transportation of the results along y(z) took about 1
hour and 5 minutes on a PC equipped with an i7-4700MQ processor. The expansions

for the unequal-mass family were configured with the following options:

{
ChopPrecision -> 250, DivisionOrder -> 4, EpsilonOrder -> 4,
ExpansionOrder -> 70, RadiusOfConvergence -> 10, UseMobius -> True,

UsePade -> True, WorkingPrecision —-> 1000
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The error reported by DiffExp at the point (50,2,3/2,4/3,1) was of order 10722, We
performed an internal cross-check of the results by reaching the point (50,2,3/2,4/3,1)
through a different contour. In particular, we first used the differential equations of
the equal-mass family to obtain results at high precision at the point (50,1, 1,1, 1),
and then we transported those to the point (50,2,3/2,4/3,1) using the unequal-mass
differential equations. We found that the maximum difference between the results at
(50,2,3/2,4/3,1) obtained along the different contours was of the order 1072%.

We also performed a higher precision evaluation along the line «(x). In this case we

configured DiffExp with the following options for the unequal-mass family:

{
ChopPrecision -> 600, DivisionOrder -> 4, EpsilonOrder -> 4,
ExpansionOrder -> 110, RadiusOfConvergence -> 10, UseMobius -> True,

UsePade -> True, WorkingPrecision -> 1400

¥

It took a bit under four hours to obtain the results along (z). The error reported
by DiffExp was of order 1078, Upon cross-checking the results along an independent
contour, like before, we found a maximum difference of order 107%'. Note that after the
expansions are computed, it is almost instantaneous to evaluate the integrals anywhere
along the line between z = 1/2 and = = 50, since this simply amounts to plugging
numbers into the Padé approximants. For example, evaluating orders 0 to 4 in € of
all basis integrals from the Padé approximants, in the point v(10), takes about half a
second. As a numerical example, we provide 55 digits after the decimal point of the
coefficients in the € expansion of the integral By; in the point (50,2,3/2,4/3,1):

BY =0
BY = 5.1972521136965043170129578538563652405618939122389078645
+ i 6.8755169535390207501370685645538902299559024551830956594
B = —17.9580108112094060899523361698928478948780687053899075733
+ i 31.7436703633693090908402932299011971913508950649494231047
B = —121.5101152068177565203392807541216084962830772908306370668
— i 40.7690762360202766453775999917172226537428258529145754746
B} = 125.6113388023605534745593764004798958232118632681257073923
— i 229.9200257172388589952062757571215176834471783495112755027  (5.81)
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Note that it is considerably faster to reach the point (50,2,3/2,4/3,1) if we move
from the infinite momentum limit to the point (50,1,1,1,1), and from there to the
point (50,2,3/2,4/3,1), instead of moving along the line v(x). The total time to reach
(50,2,3/2,4/3,1) from the infinite momentum limit is then around 23 minutes, at an
estimated precision of 10~7°. If we repeat the computation at a lower expansion order,

we manage to achieve an estimated precision of 10734 in 6 minutes.

We performed a cross-check of the results against pySecDec [75] in a few points, for
which we obtained full agreement every time within the errors reported by pySecDec.
To give a specific example, we ran pySecDec on the integral IPXa% in the point
(50,2,3/2,4/3,1) up to order €. (Note that our precanonical basis integrals were
computed up to order €?, but the basis definition contains an overall factor of €.) We

configured the integrator with the following options:
use_Qmc (verbosity=2,minn=10%%7 ,maxeval=1,transform='korobov2')

It took about 54 minutes to obtain the results, with an error of order 10~!? for the

e3-coefficient. We also ran pySecDec with the following options:
use_Qmc (verbosity=2,minn=10%*6,maxeval=1,transform="'korobov2"')

In this case the computation took about 6 minutes to complete, with an error of 10~

for the e3-coefficient.

From the above it seems clear that the expansion method performs significantly faster.
Firstly, pySecDec utilized all four CPU cores (and all eight threads), to perform the
computation. Secondly, the program was used to compute a single integral. On the
other hand, using DiffExp we obtained results for all eleven master integrals in the top

sector, on a single CPU core, and with about three times as many digits.

5.4.3 Other examples

We have tested DiffExp on the planar two-loop five-point one-mass integral families of
Ref. [47], taking the differential equations and boundary conditions from the ancillary
files of the paper. The paper provides high-precision boundary conditions at seven
points in phase-space, accurate up to at least 128 digits. Among other checks, we
transported the numerical results for family "zzz" from phase-space point one to phase-
space point two at a precision of at least 128 digits, finding full agreement. The
computation took about 2 hours and 15 minutes to complete. We also transported the

results at a lower expansion order from phase-space point one to phase-space point
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six, which yielded a maximum error of order 10~%?%, and which took a bit under half
an hour to complete. The integral families of Ref. [47] can be computed with the
notebook 5pPlanariMass.nb in the Examples folder shipped with DiffExp.

Furthermore, we have tested DiffExp on the two-loop five-point non-planar massless
integrals of Ref. [48], using the differential equations from the ancillary files of that
paper. The ancillary files of the paper provide numerical results at two points in phase-
space at a precision of at least 50 digits. We cross-checked these results by transporting
the results from one point to the other using DiffExp, finding agreement of at least
50 digits. The transportation of the results took a bit under five minutes to complete.
The integrals of Ref. [48] can be computed with the notebook 5pNonPlanar.nb in the
Examples folder shipped with DiffExp.



Chapter 6

Non-planar master integrals for
Higgs 4+ jet production at NLO

6.1 Introduction

In this chapter, we will discuss the computation of the non-planar master integrals
relevant for Higgs plus jet production in QCD at next-to-leading order (NLO) with full
heavy quark mass dependence. The dominant production mechanism of the Higgs boson
at the Large Hadron Collider is through gluon fusion. The Higgs boson does not couple
directly to gluons, and the interaction is mediated by a heavy quark loop. Therefore,
the leading order contributions are computed from one loop Feynman diagrams, while
the NLO contributions are computed from two loop diagrams. In the full theory (which
includes dependence on all the quark flavours) Higgs production in association with
one jet, and the Higgs pr distribution, are known only at leading order [161, 162]. At
NLO they have been computed in Ref. [163] through sector decomposition techniques
by including only the dependence on the top quark mass and neglecting the bottom
quark mass. The full NLO computation, where quark mass effects are included for all

flavours, has not yet been performed.

Most literature has focused on the Higgs Effective Field Theory (HEFT), where the
top quark is assumed to be infinitely heavy, and where the loop-mediated Higgs-gluon
coupling is replaced by a tree level effective coupling, which decreases the loop order
of the integrals by one. The HEFT can be applied when the jet or Higgs transverse
momenta (pr) are smaller than the top quark mass, pr < m, [164, 165]. The inclusive

corrections to Higgs production have been computed in the HEFT at next-to-next-to
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leading order (NNLO) in Refs. [166-168], and at N3LO in Refs. [31, 169]. Furthermore,
the fully differential corrections to Higgs plus jet production have been computed in
the HEFT at NNLO in Refs. [170-172]. The HEFT is not a good approximation
when the jet or Higgs transverse momenta are of the order or larger than the top
mass, i.e. pr = m;. However, in many new physics models deviations from Standard
Model predictions show up in the high pr region [173-187], which are due to additional
couplings of the Higgs to particles not predicted by the Standard Model. Thus, to
study these effects, it is important to compute the NLO Higgs plus jet corrections in
the full theory. In addition, it would be beneficial to have an approach that is more
efficient than the sector decomposition based calculation in Ref. [163], and to have an
independent cross-check of those results which include also the bottom quark mass

contributions.

In Ref. [19], a first step was made towards the full theory NLO computation by some of
my collaborators. In this paper the analytic computation of all planar master integrals
relevant for the process was performed. The planar integrals fit in four families, which
were labeled by A, B, C and D. For families B, C and D a canonical dlog-basis was
derived for the differential equations. For family A, the highest sectors involve elliptic
integrals. For the remaining sectors of family A, a canonical dlog-basis was derived
as well. The integral families/sectors for which a canonical dlog-basis was derived
were called ‘polylogarithmic’. However, it should be noted that these integrals may not
evaluate to polylogarithms at all orders in €, because their alphabet contains numerous
non-simultaneously rationalizable square roots. (See also the discussion at the bottom
of Section 3.2.2 of this thesis.)

The polylogarithmic sectors were solved up to weight two in terms of combinations
of logarithms and dilogarithms, while weights three and four were written as one-fold
integrals over combinations of the weight two result. The integrals in the elliptic
sectors of family A were written in terms of at most three-fold integrals over the
polylogarithmic sectors with additional elliptic integration kernels. The representations
for the integrals obtained this way still contain some practical limitations. Firstly, the
results are only computed in the Euclidean region, and the analytic continuation to the
physical region was not performed. Secondly, the numerical evaluation of the remaining
integrations is still somewhat inefficient for phenomenological purposes. These issues
were solved in Ref. [40], which introduced a series expansion method that could be used
to solve the integrals directly from the differential equations along one-dimensional

contours in phase-space, without requiring an intermediate representation in terms of
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multiple polylogarithms or integrals thereof. Note that these series expansion methods

were discussed in Chapter 5 of this thesis.

In this rest of this chapter we discuss the computation of the two remaining non-
planar families of integrals, which we completed in Refs [2, 3]. These integral families
were labeled F and G in Ref. [19], and we follow that convention. We performed
the computation of these integral families in a similar manner to Refs. [19, 40]. In
particular, for both families F and G we found a canonical dlog-basis for the sectors
which are not associated with elliptic maximal cuts. Like in Ref. [19], we will call these
integral sectors ‘polylogarithmic’, although they may not evaluate to polylogarithms

at all orders in e.

For Family F, we will derive a minimal alphabet of dlog’s for the polylogarithmic
sectors. In addition, we will find explicit solutions for the polylogarithmic sectors at
weight two in a subset of the Euclidean region, in terms of logarithms and dilogarithms.
We will then write the weight three and four solutions of the polylogarithmic sectors
in terms of one-fold integrals over combinations of the weight two results, in a similar
manner to what was done in Ref. [19]. We will also solve the complete family of
integrals, including the elliptic sectors, using series expansion methods. For Family G
we will only consider series expansion methods, and we will forgo the polylogarithmic

solutions in terms of logarithms and dilogarithms.

The text in the rest of this chapter is largely adapted from Refs. [2, 3].

6.2 Definitions of the families

; ) P i
D3 ki —p3 ky — p3 ]/1/ ky ky — py /

ky+pL+py

2N\ F1— k2t ps
1
ki+p ki — ko —po ki+p1+p2 k1 — ko
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Fig. 6.1 Family F. Fig. 6.2 Family G.

ky 1 ki+p, Y06

In this section, we define the two non-planar integral families relevant for Higgs plus
jet production at next-to-leading order with full heavy quark mass dependence. For

both families, the indices a4, ..., a; are non-negative, and the indices ag and ag are
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non-positive. The external momenta satisfy p? = p3 = p2 = 0, and we parametrize the

kinematics by:

s=(m —I—p2)2, t=(; +P3)27
UE(]?2+P3)2, p4 (p1+p2+p3) =s+t+u, (6.1)

while we denote the quark mass by m?. The integral family F is defined by

I 27}36 // deldeZ NS—as Ng—ag (6 2)
ala2a3a405a6a7a8a9 ~ 7Td/2 2 Plal P2(12 Pg?’ P£4 ng) PgG P7a7 9 .
where vz = —I"(1) is the Euler-Mascheroni constant, and where
Py = —ki, Py=—(kr —ps)”, Pr=m?— (k) — ky — pa)*
Py=— (ki +p)°, Ps=m?— (ks —ps)®, Ny=m?—k3, (6.3)

Py=m® = (ky+p1+p2)’, Po=m>—(ky—ks), No=m®— (k= kz — p1 — )’

The family contains 73 master integrals. The IBP reductions were performed at an
early stage using the program Fire [67, 144, 188, 189], and later we also performed
the reductions with the program Kira [68, 159, 160]. We consider the choice of basis
given in Appendix A.1, for which the integrals are labeled by By, ..., Brs.

The differential equations of By, ..., Bgs are in canonical form. It can be shown by
explicit computation that the maximal cuts of the integrals Ipi1111100 and Ii11111100
evaluate to elliptic integrals [2, 18, 107]. The choice of basis of Bgg, . .., Brs has been
made such that at most two integrals are coupled together in the homogeneous part
of the differential equations. In particular, integrals Bgg and Bg; are coupled, and

integrals B7g and B7; are coupled.

The integral family G is defined by

I _ 27E6 // deldez NS—asNg—ag (6 4)
a1a2a3a4a5a6a7a80a9 Z7Td/2 2 P1a1 P2az Pél?’ PZ4 P5as Péle P7a7 ) :
where
2 2 2 2 2
P =—(ki— k)", Py=m?—(ky —p3)”, Pr=m?— (k1 +pi+p2)°,
Py=m?— (ky+p1+p2)°, Ps=m?—k2, Ny =m? — k2,

— (k1 — ko +p3)2 ) Ps =m? — (k +p2)2 , No=— (k1 — ks —p1)2 . (6.5)
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The family contains 84 master integrals. The IBP reductions were performed using
Kira. We consider the choice of basis given in Appendix A.2, for which the integrals
are labeled by By, ..., Bgs. Note that we have used the same letters I and B for both
integral families F and G. In the following sections, it will be clear from context which

integral family we are referring to.

The differential equations of By, ..., B7; are in canonical form. It can be shown by
explicit computation that the maximal cuts of the integrals Ipi1111100 and Ii10111100
evaluate to elliptic integrals [3, 19]. Therefore, the solutions of the basis integrals
Bro, ..., Bgy are expected to involve elliptic integrals. The maximal cuts of By, . .., Bss
do not evaluate to elliptic integrals, but their differential equations nonetheless couple
to the sectors made up out of integrals By, ..., B7s and Brg, ..., Brg. The choice of
basis was made so that the homogeneous differential equations of at most two integrals
are coupled. In particular, integrals By, and Brs are coupled, and integrals B7g and

B9 are coupled.

6.3 Polylogarithmic sectors of Family F

In this section we discuss the analytic computation of the polylogarithmic master
integrals of family F up to weight two. We will integrate them in terms of manifestly
real valued logarithms and dilogarithms in a subregion R of the Euclidean region,
where the canonical basis integrals and the alphabet are real valued. The weight three
and four expressions will be obtained as one-fold integrals over the weight two result.
In Section 6.5, we will obtain high precision numerical results for all integrals of family
F and G and in the physical region, by using the expansion methods of Chapter 5.
Therefore, the analytic solutions obtained here serve partly as a proof of concept, and
partly as a means to compare a fully analytic integration to a computation using series

expansion methods.

6.3.1 Finding an independent symmetrized alphabet

Starting from the canonical basis in Appendix A, we derived the differential equations
for the polylogarithmic sectors with respect to each kinematic invariant and with
respect to the quark mass. Afterwards, we computed the corresponding matrix A
in the manner of Eq. (3.27). The form of A that is found in this manner contains
many linearly dependent combinations of logarithms. In this section, we discuss how

to reduce these logarithms to a linearly independent set. We will use the term ‘letter’
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to refer to the arguments of the logarithms, and ‘alphabet’ to a set of such arguments.
However, when we speak about linear (in-)dependence of a set of letters we refer to the
linear (in-)dependence of the logarithms of the letters. For example, if A®®mPle = {q b},

then we let Span@./éle’“’hmple = Spang{log a, log b}.

We will seck to express A in terms of a linearly independent alphabet for which the
letters have a symmetric form with respect to the square roots (in the manner of Eq.
(6.6).) As a first step we enumerate the irreducible factors of the arguments of the
logarithms that appear in A. An alphabet consisting of these letters spans the space of
logarithms in A, but is still overcomplete. Let us denote this overcomplete set by A°°.
We may obtain a linearly independent basis of Spang.A°® by starting with an empty
set ) = A and iteratively adding to AP a letter from A° that is independent of
the ones already contained in A, After adding a letter to AP we remove from A
the elements that are contained in Span@Aidp. For simplicity we let each choice of new

letter be the one that is of smallest (notational) size in A°C.

After iterating this procedure we are left with a linearly independent alphabet A4, such
that all elements of A lie in SpanQAidp. Next we seek to find an alphabet whose letters
are manifestly symmetric under changing signs of their square roots. In particular, we

seek to write the algebraic letters in the form

a+ Alg
a—Alg’

(6.6)

where a is some rational function, and Alg denotes a product of square roots, and
inverses of square roots. Changing a sign of a square root in Alg sends the letter to its
reciprocal, and hence the logarithm of the letter to its negative. Note that there is the
freedom to combine the square roots in Alg together, but we typically prefer to split

up the roots in terms of irreducible factors.

To find an alphabet A®™ spanning the elements of A, and in which all algebraic letters
are symmetric of the form of Eq. (6.6), we had to consider two special cases of letters
with algebraic arguments. The first case consists of letters of the type log (a 4+ b Alg),
which for simplicity we denote by log (a + by/c), since the following arguments go
through in the same way for a combination of square roots or a single square root.
One may substitute letters of this type in terms of symmetric ones by considering the
following relation, obtained from multiplying by the conjugate:
a/b++/c

log (a % by/c) = ; [i log <M> +log (a® — b%)] (mod imr) . (6.7)
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If the term a? — b?c contains irreducible factors that are linearly independent of the

original alphabet, we add these to the alphabet as well.

The next case consists of letters of the form (a 4 b\/c + d\/e), where y/c and /e may
again denote a combination of square roots. Multiplying by the conjugate with respect
to the first square root, i.e. (a — by/c + dy/e), leads to the following relation,

log (a + by/c + dv/e) = ;llog [(a+b\/5+d\/é) (a—b\fc+d\/é)}
+ log (a Fhyves dﬁ) ] (mod i) . (6.8)

a—by/c+dye

Furthermore, multiplying the fraction by the term 1 = (a + by/c — d\/e) / (a + by/c — dy/e),
composed of the conjugate with respect to the second square root, yields the rela-

tion:
log (Ztgﬁijﬁ) = log {(a—l—b\/z—i-d\/é) (a—l—b\/E—d\/E)] (6.9)
—log{(a—b\/Ede\/E) (a+b\/5—d\/g)] (mod i) .

After expanding the products of conjugate terms, their algebraic dependence is captured

in a single term of the sum. For example,
(a+bye — dve) (a+bye+dye) = a® + bc — d’e + 2aby/c. (6.10)

Such terms can be dealt with in the same manner as Eq. (6.7). Putting everything

together leads to the final relation,

L a? + b%c — d%e + 2aby/c

log (a Vet df) Z <a2 + b%c — d%e — 2aby/c
Ly, (@b et adye/e 6.11)
4 — b2c — d%e — 2bd\/cy/e '
} o —b?c+ d*e + 2ad+/e
Ty — b?c + d?e — 2ad /e
1 4 2 2 2 2 )2 :
4log<a bc+d ) (bc—de)) (mod i) .

It can be verified that the letters on the right-hand side are in fact sufficient to rewrite
every term of the form log (+a £ by/c & d\/e), where the plus and minus signs may

differ from each other.
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At this point the alphabet A%™ consists of linearly independent letters with manifest
symmetry properties under changing the sign of any square root, and the alphabet
covers the entries of A, i.e. %pan@{[&ij} C SpangA¥™. The alphabet is still larger
than necessary when Spang{A;;} is a proper subspace. In this case some letters only

appear in fixed combinations in {A;;}.

Indeed, we found at this stage an alphabet A%™ that contains 75 letters, while the rank
of the vector space spanned by the entries of the canonical matrix {A;;} is equal to
69. To reduce the alphabet to 69 independent letters, we sorted {A;;} by (notational)
complexity and picked out the first 69 independent entries. We could identify that 12
letters of A%™ only appear together in pairs of two in these entries. Combining these
pairs into 6 letters yields the final alphabet A which is written out fully in Appendix
B.1.

Note that letters lgs, lga, lgs, lo7, ls and lgg of family F result from combining pairs
of letters of A%Y™. Each pair contains the same square roots, so that the algebraic
dependence of the ‘combined’ letters is still symmetric: changing the sign of a square
root sends the letter to its reciprocal, and hence changes the overall sign of its

logarithm.

6.3.2 A manifestly real region

It is convenient to work in a kinematic region in which the integrals are real-valued
and free of branch cuts. Such a region can be found for the integrals of family F by
requiring that their second Symanzik polynomial is positive in the whole integration
domain, i.e. F > 0. A subregion satisfying this condition can be found by requiring
that the coefficients of the monomials in the Feynman parameters are positive definite.
Furthermore, it is sufficient to consider the scalar integral with maximal number of

propagators. We therefore consider the following region
E: m?>0 & pi<2m® & pi—4m? <t <0 & —2m*+pi—t <s<2m?®, (6.12)

which we refer to as the Euclidean region. The canonical basis integrals may be
complex-valued in the Euclidean region as they are algebraic combinations of Feynman
integrals, and the square roots in the prefactors may be evaluated at negative argument.
The alphabet also contains these square roots, and we seek to work in a region where

the letters are manifestly real-valued as well.
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In Appendix A.1 we label 15 square roots whose radicands are irreducible polynomials.
These roots appear in the canonical basis and the alphabet of the polylogarithmic
sectors, and are given explicitly in Eq. (A.3). As the roots only appear in certain
fixed combinations, they may be combined together into just 10 roots. We decided to
keep them separated. The letters are real-valued when the ratios of roots which they
contain are real-valued. To find a region where this is the case for all letters, let us
first decompose the phase space into 2! regions 7@0.1
the radicands of the 15 roots in Eq. (A.3),

...o15, depending on the signs of

- 2
Rig..+: —pi >0 & —s>0 & ... & (pi) (—pi + 54+ t) — 4m?st >0
. 2
R_t 4+ —pi <0 & —-s5>0 & ... & (pi) (—p?1 + 5+ t) — 4m?2st >0
7~€_7_7.__7_ : —pZ <0 & —s5<0 & ... & (pi)z (—pi + s+ t) —4m?st < 0.

(6.13)

Next, we filter out regions where (some of) the letters are complex valued. For example,
consider the letter

1+ V4m2—s

_ V=
by = e (6.14)

Vs

Looking at the ratio of two roots in the letter, we see that the letter is real-valued if

and only if
(4m*—s>0 & —s>0) || (m*~-s<0 & —s<0), (6.15)

since the kinematic invariants and masses are real-valued, and with any other assignment
of signs to the radicands the ratio evaluates to an imaginary number. Hence, we filter
out all the regions with (o9, 07) = (+—) or (02,07) = (—+).

After selecting all regions where the alphabet is manifestly real-valued, we consider their
intersection with the Euclidean region. Just one region has a non-empty intersection,
which is the one where all the radicands are non-negative: R = R, . NE. In this
region the canonical basis is real-valued as well. After simplifying, we find that the

region is specified by the following constraints,

s+t)— st
Am?

2
<p; <

4m? —4mZs + st + 12
R t§—4m2,s§—4m2,[<3§t, m msjs+ I
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4m? t) — st —4Am?t + s% + st
pos D Zst AW S S| e (6.16)
4m? s

6.3.3 Polylogarithmic solutions at weight two

The solutions of a canonical form system of differential equations may be written order
by order in € in terms of Chen iterated integrals. Because our family of integrals has
multiple square roots that cannot be simultaneously rationalized through a variable
change, it is not clear that the iterated integrals can be rewritten in terms of multiple
polylogarithms. (See also the discussion at the bottom of Section 3.2.2.). In the
following section, we will perform the explicit integration of the polylogarithmic sectors
at weight two in terms of a basis of manifestly real-valued logarithms and dilogarithms.
The results will be obtained in the region R defined in the previous section, where the

canonical basis integrals and the letters are real-valued.

It is useful to first consider the symbol of the canonical basis integrals, and to integrate
the differential equations up to terms that lie in the kernel of the symbol, which will
be referred to as ‘integrating the symbol’. Terms in the kernel of the symbols may
be fixed afterwards by imposing that our solutions satisfy the system of differential
equations, and by fixing overall transcendental constant from boundary conditions. In
the following, we will use the notation B to refer to the integrals in the polylogarithmic
sectors of family F, i.e. integrals B; to Bgs. Let us expand the basis integrals in € as
B =33 ,B®ck. The symbol of the i-th basis integral at order k is given by:

s(BY) =Y s (B ) 0 Ay, (6.17)
J

as we already saw in Section 3.2.2. Note that the leading order of the canonical integrals

B is constant and hence equal to the leading order of the boundary term given in

Eq. (6.33).

At weight two, i.e. order €2, some canonical integrals are identically zero. Furthermore,
the symbols of the remaining 40 nonzero integrals can be expressed in terms of the

symbols of basis integrals
{1,2,3,4,5,6,7,8,9,10,11, 12, 16, 20, 23, 26, 33, 35, 38, 40, 49} . (6.18)

By considering permutations of py, ps, p3 the number of independent symbols can be

reduced even further, decreasing the number of integrals that need to be studied. We



6.3 Polylogarithmic sectors of Family F 135

aim to integrate the symbol by writing a sufficiently general ansatz of logarithms and
dilogarithms with undetermined prefactors, in the spirit of the Duhr-Gangl-Rhodes
method of Ref. [134]. We then equate the symbol of the ansatz with the symbol of
the individual master integrals and solve the resulting linear system. This can be
done unambiguously since we express the symbol in terms of the linearly independent
alphabet of Appendix B.1. We pick the basis of logarithms and dilogarithms in the
ansatz such that they are manifestly real-valued in the region R. Thus we require
the arguments of the dilogarithms to lie in the range (—oo, 1] for all of R, while we
require the arguments of the logarithms to be positive. This also guarantees that no
branch-cuts will be crossed, such that the final expressions will be valid in at least the
region R. If one moves outside of R the basis functions may cross spurious branch

cuts, which leads to incorrect results.

We denote the set of letters that appear at weight two by A,. In the region R the

signs of these letters are completely fixed in the following way,

lh >0, <0, I3<0, lI4<0, I5<0, Ilg<0, l;<0, Ilg<0,
log >0, l10>0, 117 >0, l13>0, s <0, lyg <0, loy <0, lg>0,
log <0, I39 >0, lygo>0, ly3>0, Iy >0, lyg>0, lug>0, ly9 >0,
Is3 >0, l50 >0, Ils5 >0, l56 >0, lgo>0, Ilsg >0. (6.19)

For the logarithmic terms in the ansatz we therefore consider products of the type
log(+£l;) log(£l;) with [;,1; € As, where a minus may be included to fix a positive sign
for the argument. Furthermore, we include dilogarithms with the following arguments

in the ansatz,

Lis (£1;1;) , Lis (:I:Z) ,Liy <:tllll]> for 1;,1; € Ay U {ls3, l3s, a1 }, (6.20)
where we filter out dilogarithms whose argument does not lie between (—oo, 1] in the
region R. We included the spurious letters l33, l33 and [4; in the ansatz, which do not
appear in the symbol at weight two, but are necessary for the ansatz to be sufficiently
general. We identified these letters by using direct integration methods, outlined at
the end of this section. Without knowledge of these spurious letters, we could have

proceeded with an ansatz that includes all letters in A.

After equating the symbol of the ansatz with the symbol of the canonical integrals,

and solving the resulting system of equations, the following products of logarithms
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survive,

log® (Iy) , log® (—Ls) , log® (=las) log® (—la6)

log® (=la7) log? (I2s) log (I1)log (—14) , log (—13) log (—l25) ,
log (—=ls)log (—los5) , log(—ls)log(—lzs) , log(—l2)log(—lo7r) , log(—ls)log(—la7) ,
log (—l7)log (=la7) , log(—ls)log (—la7) , log(—las)log (—lo7) , log(—ls)log(lzs)
log (I9) log (I2s) log (—la7) log (l2s) ,  log(—las)log (ls3) ,  log (—la6)log (las) ,
log (Iag) log (lsg) ,  log(las)log (ls5) ,  log(—las)log (Is6) ,  log (—la7)log (lo) ,
log (—la7) log (l61) - (6.21)

Furthermore, the following dilogarithms are contained in the final result,

Lis (1) Lis (—2£) . Lia (%), Lis (—£) . Liz (=),
Liy é ’ Liy 1251127) , Liz % ’ Lip (lzﬁllz7) ’ Lip %) !
Liy é ’ Li, _é , Lip _1271128>’ Li, _%)’ Lis 1271129 ’
Liy % ! Liy _é , Lip lzsllas ’ Lip %) ) Lip l251l33 ’ (6 22)
Liy % ’ Liy 1271133 , Lip (% ’ Li, <_é) ’ Lis l251lSS> ’ |
Liy % ’ Liy 1271138 , Li (% ! Liz <_l281l38) , Liz _%) ’

1261141) ’ Liz (%) ’ Liy <127ll41) ’ Li (%) ’

. 1 .
L12 E_l‘“) s L12

(1 ; _@)
L12 logla1 ) ’ L12 lg1

We still have to fix terms that lie in the kernel of the symbol. At weight two these are
transcendental constants and terms that have the form of a transcendental number
times a logarithm, such as imlog(l;) or log(2)log(l;). Since the canonical basis is
real-valued in R, it is already guaranteed there will be no contributions of the form
imlog(...). Furthermore, if terms of the type log(2) log(l;) were missing in the solutions
that we determined at the symbol level, they would not satisfy the system of differential
equations. However, we find that our solutions already satisfy the differential equations
without adding such terms, so that only additive transcendental constants are left
undetermined. Note that to check if our weight two solutions satisfy the differential
equations, we first need to derive the basis integrals at weight 1, which can be done in

a similar manner as described here for the weight two case.

Next, we fix the overall transcendental constants from boundary conditions. In Section
6.4.1, we will compute boundary conditions in the heavy mass limit given in Eq. (6.32).
However, it is not directly possible to use the heavy mass limit to fix the constants
of our polylogarithmic solutions, because the limit lies outside of region R where our

solutions are valid. Using the series expansion method of Chapter 5, which we will
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apply in Section 6.5 of this chapter, we can transport the heavy mass limit at high
numerical precision to a regular point in R, and use this to fix the remaining constants
of our solution. We find in this way that some integrals carry additive constants

proportional to 72. The final result is provided in Appendix B.2.

Lastly, we note that the weight two integration of the symbol may also be performed by
direct integration methods. Firstly, note that the most complicated Feynman integrals
appearing in the list of integrals in Eq. (6.18) have five propagators, but at weight two
we only need to compute them at order 1/e because they carry a prefactor proportional
to €3 in the canonical basis. Setting up the Feynman parametrization for these integrals,
and regularizing them using analytic regularization, we find that they are linearly
reducible at order 1/e and can be computed algorithmically by direct integration, for
example using HyperInt. All other Feynman integrals appearing in the basis elements
of Eq. (6.18) may also be computed using direct integration up to the required order
in €. The resulting solutions are then given in terms of multiple polylogarithms. The
resulting expressions are generally larger than those obtained from a suitable ansatz,
but they can be used to identify the spurious letters needed for the ansatz, such as the
letters I3, [3s and Iy in Eq. (6.20).

6.3.4 One-fold integrals for weights 3 and 4

For weights three and four, we will use the approach of Ref. [190] (see also Appendix
E of [19]) to represent the results in terms of one-fold integrals. The approach works

as follows. Firstly, it is clear that
/dé:é@u»—éwm»:e/dAé, (6.23)
2l 0l

where 7 : [0,1] — C* is some path in the phase space of (s,t,m? p?). Order-by-order

in €, we may write

E@@u»:/dAﬁFU+§@@m». (6.24)

~

Since the polylogarithmic sectors were integrated up to weight two, we directly obtain
the weight three expression as a one-fold integral over the weight two expression. By
performing integration by parts, it is also possible to write the i-th order as a one-fold

integral over the (i — 2)-th order result:

BO(y(1)) = [ABY]

7(0)

"~ [ AdBEY 1 BO((0)). (6.25)
;
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= / (A((1))dA — AdA) B2 + [AL1{ B (1(0) + BY(4(0))

where [A]zgé; = A(v(1)) — A(y(0)). In this way one may obtain the weight 4 result
as a one-fold integral, without needing an analytic expression of the basis integrals at

weight three.

For the base point of the integration we pick the point
(s,t,m? p3) = (=4, —4,1,-12) =~ (6.26)

at which we may obtain high precision results by transporting the boundary conditions
in Eq. (6.33), which are valid in the heavy mass limit in Eq. (6.32), using the series
expansion method discussed in Chapter 5. We note that the diagonal entries of A at
positions 38,40, 42,45 and 49 are divergent in the point r®. However, we may read
off from the canonical basis that these integrals are identically zero in 7%, so that the
term [A]%é;é(i*”('y(O)) in Eq. (6.25) is well-defined.

Lastly, let us explicitly define a path v with basepoint 7™, some endpoint in R, and
which lies fully inside region R. A simple choice would be a straight line, but R is
not convex. To ensure that 7 lies fully in R, we consider a path that moves along a
straight line in the s,¢ and m? direction, but averages the p3-coordinate between the
upper and lower bounds in Eq. (6.16). We work this out in detail next.

Let us assume that s < ¢, so that the bounds on p? in region R are given by

2 _
5 E4m(s+t) Stﬁpﬁg

—4m?s + st + 12
Pdown 4m2 =

¢ = Pup-

(6.27)

Defining a path for s > ¢ can be done in the same manner, if we change to the
corresponding upper bound. Let us assume the endpoint of the path ~ is given by
(s',t',m? p?) € R. Next, write p? as a combination of the upper and lower bounds

evaluated at (s',t',m'?),

pf = yp{?p + (1 - y)pgown ) (628)
which yields

t/ (4m/2(8/ + t/ _ pﬁf) _ s/t/)
S (16m™ — ()?)

Y = (6.29)
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Next, consider the following straight line path in the phase space of (s, t,m?),
YN = A, mP) 4 (1= \) (=4, —4,1). (6.30)
We may then define the integration path by

7 A (00,095, (0P) + (1= 9o (VP V) (6.31)

where pﬁp(y(:g)(/\)) indicates the upper bound of p? evaluated at the point given
by 7 ()), and similarly for pZ,..(7®())). By construction v has the endpoint
(s',t',m? p?) at A =1, and lies inside R for all A € [0, 1].

6.4 Boundary terms

In this section we discuss the computation of boundary terms for families F' and G.

The boundary terms will be obtained in the heavy mass limit, given by:
(s,t,pr,m*) — (xs,xt, xp:, m?), (6.32)

where x | 0. We will assume the limit is approached from the Euclidean region. The
boundary terms will be computed using the method of expansion by regions in the

parametric representation, which was discussed in Section 3.3.

6.4.1 Family F

First we present the results. For the polylogarithmic sectors, the boundary terms are

quite simple. We have that:
: __ _2yge 2 2\ —2¢
lim By = e T(1 4 €)*(m”) ™,

. —e 3 2vge (,,2) € _ (e T 6)2
]

limB;, =0 fori=3,...,65. (6.33)
z—0

In the elliptic sectors, all but the last integral are identically zero in the heavy mass

limit. In particular, we have

limB; =0 for:=66,...,72,
z—0

2 21( )2
. _ —e [ —pitas+t\ T(—e)T(e)

lim Bry ~ 2 [ e*e®=¢ (m?) " (1)~ [ L4 . 6.34
i Brg ~ X (e e (m ) (—t) <—p421 25+t T'(—2¢) ( )
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We will work out the computation of the last boundary term Br3 as an illustrative

example. This basis integral is given explicitly by

4s
Liagpiii-1,-1+hi111,1,1,0-2

Byy = te! <11,1,1,1,1,1,1,2,0 +t

1
+Z (43 +t— pi) (Ligia1a,1,-10 + I1,1,1,1,1,1,1,0,—1))

All the Feynman integrals that appear in Byg lie in the same sector, but with different
numerators. We consider the Feynman parametrization of the integrals, and obtain the
regions for the expansion by regions in the heavy mass limit using the Mathematica

package asy. We find that there are two regions, given by:

Rl - {07070)0707070}7

6.36
Ry, ={0,0,1,0,1,1,1}. (6.36)

Thus, in the region R; we do not rescale the Feynman parameters, while in the region
Ry, we let a; — xay; for i € {3,5,6,7}. The asymptotic limit of the integrals therefore

takes the form:

: (1) —e—17(2)
glg% Latiatiene ~Hii1111,00 T2 Lii1111,00,00 0

for (01,09) € {(—=2,0),(—1,0),(—1,-1),(0,—1),(0,—2)}, (6.37)

where the superscripts denote the contributions of both regions respectively. In other
words, for the integrals with superscripts the kinematics has been rescaled in the
manner of Eq. (6.32), the Feynman parameters are rescaled according to Eq. (6.36),

and the overall dependence on x has been explicitly factored out of the integrand.

Note that we are only interested in the leading behaviour in x near ¢ = 0. Rescaling the
prefactors in Eq. (6.35), and plugging in the results of Eq. (6.37) yields the following

asymptotic limit Brs:

A 4825152%’5961:10)1 1,—-1,—1 (2),(x=0) (2),(z=0)
. —€ _ syt L, Ly, L, — 1, = AT=
lim By ~ €' pi—2s—t +i (ILLLLLLL—2,0 + 11,171717171,1701—2)

(6.38)

There are three surviving contributions, which lie in region two. Since we are only

interested in the leading terms in x, we can put = 0 in the integrals

2),(x=0
1,—2,0 5 IH 5,1,1,)1,1,0,—2 . (6.39)
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The integrations can be performed by picking a suitable integration order and integrating
one Feynman parameter at a time, while keeping full dependence on the dimensional

regulator €.! The Symanzik polynomials of the integrals are

U1(,21),’1(,x1,:1?%,1,o,0 = (o1 + g + ay) (g + a5 + o + a7) (6.40)
FEE=0 00 = (a1 + as + au) (a3 + a5 + ag + a7)* m? — asay (as + a5 + ag + az) t.

There is a factorization of the Feynman parameters 1,2,4 and 3,5,6,7, which indicates
that the integrations may be simplified by the use of the Cheng-Wu theorem (see Eq
(2.12).) In particular, we can use the Cheng-Wu theorem to introduce the constraint
as + as + ag + ay = 1, and then we can integrate out ag in a trivial manner by letting
az — 1 —as5—ag—ay. This way the dependence on ag, s, ag, vy completely disappears

from the Symanzik polynomials. The integrations are then trivially performed:

1 l—a7 rl—ag—ar 1
/ / / dOé5 dOéﬁ dOé7 = —=. (641)
0 Jo 0 6

We are left with:

)

_ 1 00
If%:gfljlo,)l,l,—Z 0= EF(QE + 1)e*7ee ( 11 /0 d@z‘) l8(€ + 1)(2e + 1) (m?)? F 2y
ie{1,2,4}

—22e+1)(3e—1) (a1 + 2 + ) (2 (a1 + ag + ay)m? — a2a4t> F 2y
—8(e + 1)(2¢ + D)mPagagt F 273U — 2(2¢ + 1)m? (g + ag + ag) F 223!

+2(e4 1) (26 + D222 F 273U 4 (3¢ — 2)(3e — 1) (o 4 ag + ay)® F 271y 3
(6.42)

where U and F are shorthands for the Symanzik polynomials of Eq. (6.40), with
the replacement a3 — 1—as—ag—ay. There are still three non-trivial integrations to
perform. We find that integrating out any of the remaining three parameters leads
to hypergeometric o F;’s, which complicates the integration of the last two variables.
We may circumvent the appearance of 5 F}’s and simplify the integration by making

the integrand projective and by using a suitable application of the Cheng-Wu theorem.

"'We found that some of the integrations converge in disjoint domains of €. In situations without a
domain of €, where all parts of an integral are convergent, one usually considers each part in its own
domain of convergence from which it can analytically be continued to a desired common final domain
after an evaluation. To be on the safe side, we could proceed with an auxiliary analytical regularization,
and assign the third propagator the exponent 3, which serves as an additional regulator. After
computing the integrals we then take the limit v3 — 1. We confirmed that performing the integration
with an auxiliary regulator leads to the same result as without. In the remaining discussion, we do
not include the auxiliary regulator for brevity.
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We projectivize the integrand by letting a; — «;/ag for i = 1,2,4, and adding an
overall factor ag?. Next, we use the Cheng-Wu theorem to introduce the constraint
a1 + as + a4 = 1, and we integrate out oy by letting ay — 1 — as — ay. This leaves us
with:

o 1 . 1 1—ay o) o —2e—3
I 20 = 5T+ e [day [ day [ dag lag ! (osm?® — asaut)
X (a§m4(e +3) (e + 4) + 2masagm®t(e — 2)(€ + 4) + ajaft?(e — 3)(e — 2)>] - (6.43)

In the following, we will analytically continue the results in e after each integration,
so we will not report the conditions on e that are necessary for the integrations to

converge. We integrate ag from 0 to co, which yields the expression:

_ s 1 1—ay
Iﬁ:g,l_,lo,)l,l,—z,o = M <m2> (=)~ el(e)? </0 d@4/0 dov 0426104461> :

(6.44)
The remaining integrations yield the expression:
1 1—ay F(—e)2
d / dagoy oy = ————— . 6.45
/0 I R 2¢0(—2e) (6.45)
The final result is given by:
_ _ - —e ['(—€)?T(e)?
2),(z=0 2),(z=0 2),(z=0 Ce— €
15,2,5,1,1,)1,1,72,0 = 15,2,5,1,1,)1,1,71,71 = Ig%g ,1,)1,1,0,72 = - (m2) (_t) te?re W
(6.46)

Plugging these expressions into Eq. (6.38) yields the boundary term of B3, stated in
Eq. (6.34). We used the assumption ¢ < 0 during the integration to avoid branch cuts,
and we may analytically continue the expression to the physical region by using the
Feynman prescription, which tells us to interpret ¢ as having an infinitesimally small

positive imaginary part.

The remaining boundary terms may be computed using the same approach as was
followed here for the most complicated sector. Although we found that all basis
integrals except for By, Bs, and By3 are zero, showing this requires the computation of

numerous integrals which cancel with each other at the end.
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6.4.2 Family G

We consider again boundary conditions in the heavy mass limit in Eq. (6.32). The
final result is given by:

lim By = e*"T(1 + €)*(m?) >,

z—0

limB; =0 fori=2,...,84. (6.47)
z—0

We note that the homogeneous solution of the differential equation satisfied by Brg is
proportional to x as we expand around the heavy mass limit, and hence we are not
able to determine the boundary constant for Bzg directly from Eq. (6.47). It may be
verified that Brg is also zero at order z!' as we expand around the heavy mass limit,
and hence the constant multiplying the homogeneous solution may be put to zero for

this integral.

6.5 Numerical results

In this section we present explicit results that were obtained using the expansion
method described in Chapter 5. We have performed a new run of the expansions using
the Mathematica package DiffExp (discussed in Section 5.3), compared to Refs. [2, 3],
for which different private implementations of the expansion method were used. We
follow the overall setup of Ref. [3] in the following. Note that in Ref. [2] results for
family F were only obtained for a single line, while here we presented three-dimensional
plots for all integrals of family F. For both families F and G, the basis integrals in
the elliptic sectors have been chosen such that at most two integrals are coupled
together.

Specifically, we used DiffExp to compute the integrals of families F and G in 10000
points covering the physical region given below, for both the top and bottom quark

corrections. We consider the following physical region:
s>0, t<0, s+t—pi>0. (6.48)

We may map this region to the unit square by using the following parametrization:

2
-1
s=M t:P4Z(Z )

. - (6.49)
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(,z) = (0,1) (,z)=(1,1)

1/(n+1)

e e ———————] -s:4m2

o)

(I,z) = (0,0) (,z) = (1,0)

Fig. 6.3 Depiction of lines along which we produce samples in the physical region in
the case of the top quark. The black lines 0 — (1/(n+1),n/(n+1)) = (1/(n+1),1/(n + 1))
are computed first to obtain boundary values for n horizontal lines, depicted in grey.
The horizontal lines are themselves used to produce n evenly spaced samples, denoted
by blue dots. The particle production threshold s = 4m? is depicted by a dashed red
line. Depicted is the case with n = 10. The actual plots are produced with n = 100.

We will use the scaling relation in Eq. (2.3) to put the quark mass equal to one, so
that the value for p? is given by m?%/ mi where mpy denotes the mass of the Higgs
particle, and where m, denotes the mass of the internal quark. For the top quark, we
approximate the ratio by p2 = 13/25, while for the bottom quark we consider the ratio
p3 = 323761/361.

For the case of the top quark, the particle production threshold s = 4m? corresponds
to z = 13/100, while for the case of the bottom quark it lies outside the physical
region of Eq. (6.48). For the sake of the presentation of the plots, we use a Mébius
transformation for the case of the top quark to map z = 13/100 to 1/2 while keeping
z=0and z =1 fixed. Thus, we consider the following parametrizations of the physical

regions of the top and bottom quark contributions:

o sT—T4r STI(z—1) , 13
top (1, 2): : ST T t_T7 P1= 55
323761 3237610(2—1) , 323761
bottom (I,2),: s= TIPRL = 6L TR (6.50)

To produce plots in these regions we seek to compute n? evenly spaced points on the

unit square for all basis integrals. We will let n = 100, so that we obtain 10000 points in
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total. We explain next how we obtained results in these points. For convenience we use
the notation a — b to denote a line, we denote coordinates in the physical regions by
pairs ([, z), and we denote the heavy mass limit by 0. The following discussion applies

to both the top and bottom region, given their respective set of (I, z)-coordinates.

First we move from the heavy mass limit to the point (1/(n+1),n/(n+1)). Then, we
continue by moving along a vertical line (1/(n+1),n/(n+1)) = (1/(n+1),1/(n+1)).
This vertical line may be used to obtain values at the points (1/(n + 1),y/(n + 1))
for y = 1,...,n. We may then consider n horizontal lines (1/(n + 1),z/(n + 1)) —
(n/(n+1),z/(n+1)) for x = 1,...,n, to obtain values at the points (z/(n+1),y/(n+1)),
forx,y = 1,...,n. The situation is depicted in Fig. 6.3, for the case where n = 10.

Note that as [ and z range from zero to one, we travel across the full physical region
defined in Eq. (6.48). For the plots we let n = 100, and therefore the variables [ and z
range from 1/101 to 100/101. Thus, in the plots a small part of the physical region is
cut off at the boundary. In terms of the variables s and ¢, the plotted regions are given

by:

1387 8713 52 100 13 s
op: [ <s< =) (25 o hs <t - ) (6.51)
2500 25 101 101 2525 101
32699861 32699861 32376100 100 323761 s
bottom: [———— <s< 7 — s<t< - 2 ).
36100 361 36461 101 36461 101

We performed the expansions using DiffExp with the option UsePade set to true,
the option DivisionOrder set to 3, the option AccuracyGoal set to 20, and the
option SegmentationStrategy set to "Default", i.e. the predivision strategy. Three-
dimensional plots for the basis integrals in the top sectors of family F and G are
provided in Figs. 6.4, 6.5, 6.6 and 6.7.

Next, we give an example of the timing. We computed the results on a laptop equipped
with a core i7-6700HQ processor, and we ran four lines at the same time, using the four
available CPU cores. For family G configured with the top mass, it took about 19.5
hours to obtain all 10000 samples. This puts the average sampling time per integral

at
19.5 hour/(10000 * 84) = 0.08 second. (6.52)

The estimated error of the results is of order 1073, The timing is orders of magnitude
better than sector decomposition based approaches. Some explicit comparisons of

timings are given in Refs. [2, 40].



146 Non-planar master integrals for Higgs + jet production at NLO

Cross-checks

Numerous cross-checks of the results were performed in Refs. [2, 3]. The results were
obtained here through the Mathematica package DiffExp. We compared the results for
families F and G in a number of points with the results that were obtained in Refs.
[2, 3], finding full agreement. In those references, the results were in addition cross-
checked against FIESTA [74, 191-193] and pySecDec [75] in a number of points, and in
the case of the bottom quark contributions of family G against a private code [194] for
the numerical evaluation of multiloop integrals in momentum space using the loop tree
duality [195] (for related work on the loop tree duality see also [196-199].)
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Re( /716 BSY), (top mass) Im( y/ri6 B5}), (top mass)

Re(B%), (top mass) Im(B52), (top mass)

Re(B), (top mass) Im(B%9), (top mass)

Fig. 6.4 Plots of integrals Bri, Bry, and Byz of family F at order € in the physical
region of the top using the parametrization of Eq. (6.50).
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Re( B‘;;)), (bottom mass) Im(B‘y‘?), (bottommass)

Re(B(#}), (bottom mass)

1.0 1.0

Re(B53), (bottommass) Im(B%), (bottom mass)

Fig. 6.5 Plots of integrals By;, Bys, and Bys of family F at order € in the physical
region of the bottom using the parametrization of Eq. (6.50).
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Fig. 6.6 Plots of integrals Bgs, Bss, and Bgy of family G at order e* in the physical
region of the top using the parametrization of Eq. (6.50).
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Fig. 6.7 Plots of integrals Bgs, Bgs, and Bgy of family G at order €* in the physical
region of the bottom using the parametrization of Eq. (6.50).



Chapter 7

Diagrammatic coaction of the

equal-mass sunrise family

7.1 Introduction

In this chapter we will discuss the derivation of the diagrammatic coaction of the
equal-mass sunrise family, which is the first example of the diagrammatic coaction in
the elliptic case. This work is part of a larger effort to understand the diagrammatic
coaction in the elliptic case, in collaboration with the authors of Refs. [49, 50] and
with R. Gonzo.

We will start by giving a brief history and overview of the diagrammatic coaction. It
is known that the coefficients of Feynman integrals in the Laurent expansion in the
dimensional regulator e are periods [200]. In the simplest formulation, periods are
complex numbers defined by integrals of algebraic functions over domains defined by
inequalities between algebraic functions [201]. There is a variety of modern mathe-
matical literature that studies periods, typically in the language of so-called motivic
periods (see e.g. Refs. [202, 203] for an overview.) Very loosely, these are formal
pairings between integration contours and integrands which satisfy the main properties
of integrals such as linearity with respect to the integration contour and the integrand,
and equivalence of periods related by variable transforms. Motivic periods have a
natural homomorphism to the complex numbers, which maps motivic periods onto the
integrals which they represent. There exists a motivic coaction which acts on motivic
periods, and through which identities and relations between motivic periods can be

derived. For example, the coproduct (Eq. (2.54)) of multiple polylogarithms can be
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defined by lifting MPLs to periods of so-called mixed Tate motives, and acting with
the motivic coaction [115]. Similarly, the multiple zeta values have motivic versions,
and one can show that these are graded by weight and may be decomposed into a
particular basis [120]. These properties are only established at a conjectural level for

multiple zeta values themselves.

Although the coefficients in € in the Laurent expansion of Feynman integrals are periods,
this is not the case for a Feynman integral in closed-form which retains full dependence
on the dimensional regulator. The diagrammatic coaction conjecture states that there
is nonetheless a coaction operator acting on (families of) Feynman integrals and their
so-called cuts, and that this coaction operator may be represented diagrammatically.
Furthermore, the conjecture states that if the Feynman integrals are expanded in
¢, the diagrammatic coaction operator reduces to the (motivic) coaction operator
acting on the individual € coefficients. In particular, when the Feynman integrals are
expressible in terms of multiple polylogarithms, the diagrammatic coaction operator
should reduce at the level of the coefficients to the coaction of multiple polylogarithms
(see Eq. (2.59).) The diagrammatic coaction conjecture was originally formulated
at one loop in Refs. [49, 50], and the diagrammatic coaction has been derived for
a number of two-loop examples which evaluate to multiple polylogarithms in Ref.
[53]. A hope is that the study of the diagrammatic coaction will provide a deeper
understanding into the mathematical structure of Feynman integrals. Furthermore, the
diagrammatic coaction has already inspired novel mathematical results. For example,
many Feynman integrals evaluate to hypergeometric functions in closed-form in €, and
insights from the diagrammatic coaction have been used to conjecture a coaction on
certain hypergeometric functions in Ref. [52]. A mathematically rigorous version of
the coaction was afterwards proven to exist for Lauricella hypergeometric functions in
Ref. [204].

Let us briefly overview cut Feynman integrals, which are an essential component of
the diagrammatic coaction. Cut Feynman integrals are Feynman integrals for which a
subset of the propagators are put on-shell. Their study has a long history, of which
we highlight a few aspects next. Cuts show up in the study of the discontinuities of
amplitudes and Feynman integrals [205-209]. For example, it follows from the optical
theorem that the discontinuity of an amplitude in a given momentum channel can be
computed by summing the cuts of the amplitude in the channel. Furthermore, Feynman
integrals and amplitudes can be written as integrals over their discontinuity across a

branch cut, which are called dispersion relations. Such relations were first studied for
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amplitudes by using the unitarity of the S-matrix [206], and were also shown to exist for
individual Feynman integrals using the so-called largest time equation [205, 207-209].
Methods that reconstruct amplitudes from cuts are known as unitarity methods. It
was shown in Refs. [210, 211] how cuts can be used to reconstruct amplitudes from
on-shell tree level data. The use of generalized unitarity cuts (see e.g. [210, 212-215])
has been shown to be particularly powerful for this purpose. Another modern use of
cuts is the method of reverse unitarity [167], in which phase-space integrals for the
computation of cross-sections are written as cuts of loop integrals. This approach
allows one to compute cross-sections in a manner that is almost completely analogous

to the computation of Feynman integrals.

Often cuts are considered with an additional theta function in the definition, which
restrict the flow of energy of the loop momenta. In this chapter, we will consider
cuts that do not include these theta functions. This is sufficient for the purposes
of the diagrammatic coaction. Furthermore, we will compute the cuts in Euclidean
conventions, where the propagators are of the form 1/(¢*> + m?), before moving to
Minkowskian conventions. Cutting a propagator can then be thought of as performing

the replacement:

1

proa— — 8(¢° +m?), (7.1)

where the Euclidean momentum ¢ satisfies ¢> > 0, and where we will take the squared
mass to be negative, i.e. m? < 0, in order to have support on the delta function. In
practice, we will not explicitly work with delta functions, but instead take residues of

the integrand, which has (loosely spoken) the same effect [216].

Next, we will summarize some of the main results relating to the diagrammatic coaction.
Consider a one loop Feynman diagram G, with internal edges (propagators) Eg. We
assign to the diagram G the scalar Feynman integral I5, which has all propagators
raised to power one. Furthermore, let Co be the operator that cuts the propagators
C € Eg. We will draw cut propagators by intersecting them with a dotted red line. In
terms of the Feynman integrals, the cutting procedure can be thought of as replacing the
cut propagators by delta functions (more on this in Section 7.2.3.) The diagrammatic

coaction operator A is conjectured to be the following at one-loop:

0£CCEg e€Eq\C

A (IG) = Z ]GC X (Cch + ac Z Ccefg) s (72)
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where G¢ denotes the subgraph of G which has the propagators that do not lie in C

contracted, and where we have that:

acz{

The entries on the right-hand side of the tensor product are considered modulo .

if |C] is odd,

if |C] is even.

(7.3)

O N

The integrals I are normalized in a special way. In particular, they are multiplied
by the reciprocal of their maximal cut, and the dimension of the integrals is chosen

according to:

(7.4)

g N +1—2¢ for N+ 1 even,
B N +2—2¢ for N+ 1 odd,

where N + 1 denotes the number of external legs. The integrals defined in this way
are pure. This means that if the coefficients in the ¢ expansion of the integrals are
expressed in terms of multiple polylogarithms, the multiple polylogarithms appear in
Q-linear combinations of equal weight, and the weight increases by one for each order

in e.

Let us present a simple example of Eq. (7.2), by considering the massive bubble

integral. Its diagrammatic coaction is given by:

22 =) €2 :
e e ! e
e €
+ + L + L ®
2 2 '
e e

(7.5)
In Ref. [216], a single class of parametric integrals was derived which contains all

one-loop integrals and their cuts. This allows one to write the diagrammatic coaction

formula in the following notation [51]:
A(/WG): > [weeo [ wo (7.6)
Y 0£CCE¢q ol atel

where wg is the integrand of the Feynman integral associated with the graph G, where

wea, is the integrand of the Feynman integral which has the propagators that are not



7.1 Introduction 155

in the set C' contracted (i.e. raised to power zero), where ~ is the integration contour
of the uncut integral, and where y¢ = I'c + ac Ycep\c L'ce, and ac = 1/2 for |C| odd
and 0 otherwise. The contour I'c cuts the propagators C', by circling around these
propagators. In particular, it computes the residues of the propagators C', which has
(loosely spoken) the same effect as replacing the propagators by delta functions and
integrating these out. We can make these statements more precise by defining the
cuts as multivariate Leray residues, for which we can explicitly define the integration
contours [216]. In this chapter, we will follow a slightly more informal treatment, and

so we will not discuss this further.

The formula in Eq. (7.6) is suggestive of a generalization, which was made in Refs.
[52, 217]. In those references a so-called master formula was conjectured for a coaction

acting on integrals, which is given by:

A(Lw)z%:cij[{wi@)/yw. (7.7)

In this formula, we consider a basis of integration contours {v;}, and a basis of
integrands {w;}, of the homology group and the cohomology group associated with
the integral on the lefthand side. We can think of the integrands {w,} as the master
integrals of a family of Feynman integrals. The matrix ¢;; in Eq. (7.7) is constructed by
computing intersection numbers [52], and we will not discuss it further here. Instead,
we will use an older formulation of the master formula given in Ref. [217], where the
matrix ¢;; is chosen to be equal to the identity, and where the integrands {w;} and

contours {v,} are required to satisfy the following duality condition:

Pu( [ ) =0y (7.8)

In this duality condition, P, is an operator that projects onto semisimple objects, i.e.

those objects on which the coproduct acts as:
Alx)=z®1. (7.9)

For the case of multiple polylogarithms, P, keeps weight zero terms, and powers of
7 or multiple polylogarithms that evaluate to powers of 7. However, the one-loop
cuts which are computed in Ref. [50], and which form the basis of cycles, are defined
modulo 7. Therefore, Eq. (7.8) is effectively a condition on the weight zero part of the

integrals.
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Note that a family of cut Feynman integrals satisfies the same system of differential
equations as the uncut family. This becomes clear if we view a cut integral as being
equal to the uncut integrand integrated over a different contour. Differentiation with
respect to kinematic invariants and masses thus acts on the integrand in the same way
in the cut and uncut case. Furthermore, it is well-known that essentially the same IBP
identities hold for cut integrals as for uncut integrals (see e.g. Refs. [91, 108]). The
main difference between the cut and uncut case, from the viewpoint of IBP relations,
is that in the cut case the integrals which do not contain the cut propagators vanish
(because their residue vanishes.) In the differential equations method, we can give such
master integrals the boundary term zero. Suppose that we choose the master integrals
such that they satisfy a canonical system of differential equations. If we consider the

period matrix P;; = f’Yj w;, we have that:
dP = edAP, (7.10)

for some matrix dA. Next, let us rescale the integration contours (i.e. the columns of
P), such that the € expansion of each column starts at finite order, and such that the
leading orders are constants in Q. We will see in the case of the equal-mass sunrise
that this can be done by rescaling the integration contours by factors of € and im (see

Eq. (7.86).) We may then expand the period matrix in € according to:

o0
P =3 PUe¢. (7.11)
i=0
If we choose a basis of integration contours such that P is invertible, we may perform

a change of basis of the integrands and/or integration contours such that:
PO =1, (7.12)

where 1 is the identity matrix. If we work modulo 7, the condition in Eq. (7.8) is then
satisfied. The diagrammatic coaction can then be written down from Eq. (7.7) with

Cij = 61]

The rest of this chapter is structured as follows. In Section 7.2 we set up conventions
for the equal-mass sunrise family, and derive its Baikov parametrization. Furthermore,
we will define the cut integral families. In Section 7.3 we will discuss the differential
equations of the equal-mass sunrise family. In Section 7.4, we will derive boundary
conditions for the cut integral families in closed form in € in special kinematic limits.

In Section 7.5 we will use the expansion method of Chapter 5 to transport all boundary
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conditions towards the point p?> = 0. By considering a symmetrized form of the
canonical basis of Ref. [143], we are able to express all the integrals at this point
in terms of transcendental constants of polylogarithmic type. To do this, we fit the
numerical results obtained from the expansion method to a basis of numerical constants
through the PSLQ algorithm [218]. (Note that this has some similarity to the approach
of Ref. [151], where elliptic master integrals are also considered near special kinematic
points through the use of expansion methods and the PSLQ algorithm.) Lastly in
Sections 7.5.1 and 7.5.2, we will derive a basis of independent cuts, we will diagonalize
the period matrix by a change of basis, and we will write down the diagrammatic

coaction.

7.2 The equal-mass sunrise family

7.2.1 Main conventions

In this section we set up of conventions for the equal-mass sunrise family. It is defined

by:

o ) = (5N [ iy b (7.13)
aragaz\D  \yrd/2 ! 2D(111D52D§3 7 |

where v is the Euler-Mascheroni constant, and where the propagators are:

Dlz—kf—i—mQ—i(S, DQZ—(k1+k2>2+m2—i(5,
D3 = —(ky +p)* +m?* —id. (7.14)

We have explicitly written down the infinitesimal 70-prescriptions which are a part of
the Feynman prescription, and which define the default branch of the integrals. Note
that we can absorb these id’s in the squares of the internal masses. We will work in
dimensional regularization and in the dimension d = 2 — 2¢, where the sunrise integral

is both infrared- and ultraviolet-finite.

The internal loop momenta k; and ko are integrated over d-dimensional Minkowski
space. We will consider the Baikov parametrization for the computation of the cuts.
The Baikov parametrization is more easily defined in the Euclidean case (see Section
2.3.) Therefore, we will also consider a Euclidean version of the sunrise family, which

we distinguish by a super- or subscript E. The propagators are then given by:

DY =k +m? —io DY = (ky + ky)* +m? —id
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DE = (ky +p)? +m? — 6, (7.15)

and the loop momenta are integrated over d-dimensional Euclidean space. We keep
the id-prescription in the Euclidean version, because the cuts will be computed in a
region where the squares of the internal masses are taken to be negative, and where
the integrations may cross the propagator singularities. We will use the rule in Eq.
(2.19) to relate the Euclidean and Minkowskian integral families. In particular, we
have that:

Sarasas (P2, m*) = =S¢ 10, (DR, M°) (7.16)

aiazas

where p? = —p2.

7.2.2 Baikov parametrization

Next, let us set up the Baikov parametrization of the sunrise family, using the definitions
from Section 2.3. We consider the Baikov parametrization in a loop-by-loop fashion.

We parametrize the first internal momentum %; by:

37 (51)" (s183 — 83)

NERL) |

where s3 = k? and s4 = ky - ko, and where k3 = s;. We parametrize the second internal

1
€3

APy = dssds, -

(7.17)

momentum ko by:

N |=

A%y = dsydsy

(7.18)

where sy = ko - pg. The formulas contain the following so-called Baikov polynomi-

als:

det e = 5153 — 57, det 27 f2 2 pE = ppS) — 53.
ko k1 ko ke ko pe pE-PE

(7.19)
Combining the above equations, the Baikov parametrization of the Euclidean equal-

mass sunrise family becomes:

€N 2 1-2€(2)\€ —a —a —a
SE s (P2 m?) = (gjﬂ) 712(; EPS)Q | dssdsadssdsi (D)™ (DF) ™ (D)™

M=

1
€ 2 2\ 2 2\ 27
X 81 (pESI — 82) (8183 - S4> ,
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E/ ds1dsyds3ds, Wayanas (PR, M2, 81, 52, 83, 54) 5 (7.20)
Q

where in the second line we absorbed the prefactor inside the integrand, and labeled
the resulting expression by W, aya; (D%, M2, 81, S2, 83, 84), for brevity. In terms of the

integration variables s1, ..., s4, the propagators are given by:
DY = s34+ m? DY =s3+2s4+s +m? Dy =s 428+ ph+m?>. (7.21)

The integration domain () is given by the region where the Baikov polynomials are

positive:
Q: sis3—s57>0, pps;—s3>0. (7.22)

As we are working in Euclidean space, it is natural to assume that p% is real and

positive. The integration region then simplifies to:

Q: s51>0,83>0, —\/pés1 < s <\/phs1, — /5153 < 84 < /5153, (7.23)

which gives us the explicit integration bounds. Note that for the (uncut) integrals
discussed here, we will also assume that m? > 0. The integration domain then doesn’t

cross any branch cuts or singularities of the integrand.

7.2.3 Definitions of the cuts

In this section we define the cut sunrise integral families, by taking residues of the
Baikov parametrization that was derived in Eq. (7.20). This approach of computing
the cuts is inspired by Refs. [22, 105, 106], where the Baikov parametrization was
considered for the computation of maximal cuts. The (uncut) equal-mass sunrise family
has three master integrals, usually chosen to be Sii1, 9211 and Sii9. The set of master
integrals is derived by considering IBP identities, and by using that the integrals are

invariant under permutations of the propagators.

The permutation symmetry is broken once we start cutting propagators. For example,
in the case of the one-line and two-line cuts, there is a freedom on whether to cut the
dotted propagator of S or not. One option for dealing with the broken permutation
symmetry is to consider an additional master integral proportional to Ss;; — S121, which
is nonzero for the case of the one-line and two-line cuts. Another approach, which we

will follow in this chapter, is to explicitly symmetrize the master integrals. Therefore,



160 Diagrammatic coaction of the equal-mass sunrise family

we let:
1
sym 2 2 _ 2 2
wal,az,ag (pE7 m-, s, S2, 83, S4) - 6 Z wad(l)aa(g)aa(g) (pE) m-, s, S2, 53, 84) ) (724)
oES3

where S5 denotes the symmetric group of order three, and where wy, 4,4, Was defined in
Eq. (7.20). We then define the cut integral families by:

E,1-line/, 2 2
Sa1a2a3 (pE7m )

/ dsidsadsy Resg— 2 W™ (7.25)

ai,az,as ?
1-line

SE2line (2 2y = /Q dsyds, Ress4:_s71Re553:_mz LoSym

a1a2a3 ai,a2,a3?”?
2-line
E,3-line,(1,2) /.2 2\ — sym
Sy (pg, m”) = /(1’2) ds, ReSSF;(_m2_p%_51)RGSSF_%RGSSF—W W s as >
3-line
where for brevity we suppressed the variable dependence of w¥?% ... We determine

the integration domain of the cut integrals by intersecting the conditions in Eq. (7.22)
with the on-shell constraints of the cut propagators. We will assume that the square of
the Euclidean external momentum is positive. However, different from before we take
the square of the internal mass to be negative, i.e. we let m? < 0. This way the cut
propagators can be put on-shell while keeping s; and s3 positive, as they should be in

Euclidean conventions. The integration domains of the cut integrals are then given

by:

Q1-line 51 >0, — \/P%é?l <85 < \/p}23817 — —s51m? < sy < \/ —s51m?,

2
Q2-line 0<s < —4m”, — \/p%31 <85 < P%SM
1 2 2 2 2 /
Z(ﬁ—l)ine: b —m _2\/7%<81<pE_m +2 _m2p]237

Qe DB —m® —2/—mp} < 51 < —4m?. (7.26)

Note that we give two integration domains for the maximal cut. This is because the
region defined by the intersection of the on-shell conditions of the propagators with
the region where the Baikov polynomials are positive, splits up into two components,
depending on the region in which we take p%. In particular, we should consider the
)

() when 0 < p% < —m?, and we should consider the domain Q{% _ when

domain @

—m? < pi < —9m?. Note that we also assume m? < 0 like before.

We will restrict to the appropriate region for p4 when computing the boundary terms
of the maximal cuts in Section 7.4. Thereafter, we will drop the conditions, and
transport the boundary conditions to the point p3 = 0. We will find that the two

integration domains of the maximal cuts yield independent cuts, which is in line
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with the observation that the maximal cuts solve the homogeneous component of the

differential equations [18], which are second order in the case of the sunrise.

7.3 Differential equations

In this section we discuss the differential equations of the equal-mass sunrise family.
We will work in Minkowskian conventions, and choose the master integrals Sa11, Si11
and S119. We work in the dimension d = 2 — 2¢, and we will normalize the integrals by
mass dependent prefactors which make them dimensionless. In particular, we use the

scaling relation in Eq. (2.3) to define:

_ Yajagag

Sayazas (T, 1) = (mQ) ’ Sayazas (pQ,mQ) ) (7.27)

Sa1a2(l3 (l’)

where
Yarazas = 2 (d — a1 — a2 — CL3) (728)

is the mass dimension of Sy, 4,4, (P, m?), and where we introduced the massless ratio
x = p*/m?. We will sometimes refer to these integrals as the ‘mass-normalized’ integrals.
Note that the righthand side of Eq. (7.27) always carries a factor (m?)* irrespective of
the choice of propagator exponents. For the cut integrals it is more natural to replace
the factor (m?)% by (—m?)?¢, as we will consider those in the kinematic region m? < 0.
Therefore we will also use the convention

geut (I’) = (mQ) —2taitaztas (_m2)2escut <p27 m2) : (729)

aiazas aiazas

for the cut integrals (where the superscript ‘cut’ generically denotes any of the cut
integral families.) As both choices only differ by an overall phase, the differential
equations are not affected by this change, and we will generally use the notation
Sayazas () in the rest of this section to represent either case. Note as well that the cut

integrals are symmetrized in the manner of Eq. (7.25).

Next, we will consider two choices of basis for the differential equations. First, we
present a precanonical basis, that we will consider for transporting boundary conditions
using the expansion methods of Chapter 5. It is given by:

5211@)
% (1 + 26)5111(%) = (Ao + 6A1)§<J]) s (730)
63110(1‘)
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where
_ (z=3)(=+3) z—3 0 _ 2%4105—27 3(z—3) . 2
(z=9)(z—1z  (z-9)(z—1)z (z=9)(z—1)z  (z—9)(z—1)z (z—9)(z—1)
Ag=| 2 Lo A= -2
0 0 0 0

0
0 0
7

Next, we will discuss the canonical basis defined in Ref. [143], which we will use to
obtain pure boundary conditions at (or near) the boundary point z = 0. Furthermore,
by considering the differential equations in this basis we will be able to solve the cuts in
terms of iterated integrals of modular forms. We will only give the necessary definitions
to define the basis choice, and we will not review modular forms here. We refer the
reader to Refs. [123, 143] for more details. The basis is defined by:

4628110($),
. 62%3111(37)7
E(ZL‘) = [62;% (i;il) 5111(.%') + E;Id/]‘l/ (;Sln(x) — iSQH(ZE)) ’ (732)
w1 1 5
~ o (a: 1 2-9 2) 51“(33)1
where
VRN, .1C) N |13 J — (7.33)
SENGHERVAE SENGHERVAE
and where
_ @ 2 _ (23 — 22) (24 — 21) 2 _ (22 — 21) (24 — 23)
T = (23 — 21) (24 — 22)’ W= (23— 21) (24 — 22) (7.34)
and where
z=—4, zm=—(1+v2)? zm=—-1-v2)} 2 =0. (7.35)

We have suppressed the dependence on x on the left-hand side of the above expressions.
Furthermore, note that K (k) denotes the complete elliptic integral of the first kind,
given by:

K(k) = /0 : — /; sin2(0)d0 (7.36)
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The differential equations in this basis are given by:

5 0 0 0
> A ] 3z2—-10z—9 2n? ]
o B(ilf) = EAI('%')B(‘CE) =€ 0 T 2(z=9)(z—1)z (179)1(9071)11[1% B(‘I) :
T 4,2
P (z+3)* i _ 322-10z—9 (7 37)
87 4872 (xz—9)(z—1)x 2(xz—9)(z—1)z ’

We may also consider the differential equations with respect to 7, in which case
the results can be expressed in terms of iterated integrals of modular forms of the

congruence subgroup

c

I'(6) = {( ¢ Z ) € SIy(Z) : a,d =1 (mod 6), ¢ =0 (mod 6)} : (7.38)

The differential equations are then given by:

0 0
1 0 = -
——B(r)=€¢| 0 —f, 1 B(1), (7.39)
271 OT Is g
4 4 2

where the kernels are:

1 9% (322 —10x —9)

=_—— = —6 (e] + 6ejey — de
2= 5 W e — 1)@~ 9) (6 + 6eres —de3)
fz= L 0 = 36V/3 (63 — %6y — deje2 + 463> (7.40)
T 42 z(z — 1) (z — 9) L 2T )0
Ja= Lﬂl(ﬂﬁ + 3)* = 324e}
576 74 v
where W (x) denotes the Wronskian determinant
W(z) = ¢ (z)¢s(x) — Po()¢(z) = —om (7.41)
— ¥ 2 2 1 _x(x—l)(:c—Q)’ .
where we have Eisenstein series:
e1=Ei (Tix0,Xx1), e2=E1 (27 X0, x1) (7.42)

and where yg and y; denote primitive Dirichlet characters with conductors 1 and 3,

given by:

0, if n=0 mod 3,
Xo(n) =1, xin)=< 1, if n=1 mod3, (7.43)
-1, if n=2 mod 3,
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for n € Z. If we let ¢ = >, then we may write explicitly:
1 oo
Ey(mixox) = g+ 2 (Z Xl(d>) q*. (7.44)
k=1 \ dlk

The solution to Eq. (7.39) is given by Eq. (3.31) (if we move the factor 27i to the
right-hand side.) The iterated integrals take the form:

I(fi, foroo i fiT) = (27”)”/ dr fr (71)/ dra fa (72)---/n_ AT fr (Ta)
(7.45)
where generically fi(7), fo(7), ..., fu(7) are modular forms, and where we have chosen

the cusp 700 as the basepoint of the integration. In the case where the last kernel f,(7)
does not vanish at the cusp we should regulate the basepoint divergence in a similar
manner to multiple polylogarithms (see Ref. [123].) We may also rewrite the iterated

integrals in terms of ¢, which gives:

9 dq a dagy an-1 dg,,
oo fi)= [ Cefim) [T R ) [T T ) (740)

2 Gn

— 1 }
where 7; = 5 Ing;.

7.4 Boundary conditions in special kinematic lim-
its

It is complicated to integrate the parametrizations of the cuts that were given in
Section 7.2.3 for generic values of p% and m?. Therefore, we will tackle the simpler
problem of computing boundary conditions for the cuts in suitable asymptotic limits
near thresholds or pseudo-threshold! in which the integrals simplify considerably. We
may then use the differential equations and the series expansion methods of Chapter
5 to evaluate the cuts at arbitrary kinematic points. A complication in obtaining
the boundary conditions is that there is no ready to use formulation of the method
of expansion by regions in the Baikov parametrization. Nonetheless, we may try to
naively expand the integrands of the cuts in special kinematic limits, perform the
integration, and check whether the result is correct at the end. We found at least one

limit for each cut integral family where this naive expansion gives the correct results.

INote that the cut integrals may have singularities at positions which are pseudo-thresholds for
the uncut integrals.
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The results may be verified by performing a number of non-trivial cross-checks, which

we outline next.

Firstly, we may check the expansion in the given limit by comparing it to a numerical
integration of the unexpanded parametric representation very close to limit point.
Furthermore, using the series expansion methods, we may transport the boundary
conditions to any other kinematic point where we can also compare the results against
a numerical integration of the (unexpanded) parametric representation. Lastly, another
consistency check comes from the differential equations themselves. Typically the
general solution of the differential equations near special kinematic points has a specific
form, and if the boundary conditions have been computed incorrectly one often finds
that they can not be matched to the general solution. In fact, in this way we managed
to spot a number of typos at an early stage of the calculations, in which case the

boundary conditions would not match onto the differential equations.

In the following we will only concern ourselves with computing the undotted master
integrals, and the squared tadpole integrals. In each limit at which we obtain the
boundary conditions, we find that the dotted master integral is fixed from the value of
the undotted one. In the upcoming integrations, we will not write down the conditions
on € that are necessary for the integrations to converge. We will instead follow the

usual approach where we analytically continue in € after each integration.

7.4.1 Maximal cuts

For the maximal cut we have two independent contours, depending on the region of the
external kinematics. We compute S3;i"® along both contours in the following section.
Note that we have S{i*e = () along the maximal cut.

Computation of Sfﬂine’(l)

From Eqns. (7.25) and (7.26) we obtain:

E, 3-line,(1
Sii1 ( )(p%,mQ) =

22e 2evg 2 \€ +24/—m2p2+p2 —m?2 1
ST ) VT dsl[(_4m2_sl) :
wl (% — 6) ~2¢/=m2pd+p} —m?
(51]72};3 — (g +m* + 51)2)76 1
VI =2mpE + 2519 — ph — m — 2m?sy — 52)

X (7.47)
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Introducing the ratio z = p*/m? = —p%/m?, and using Egs. (7.16) and (7.29), we have
that:

ST (@) = —(=m?)2m2Sy W (—am?, m?) . (7.48)

On the first contour, we take 0 < p% < —m?, which is equivalent to 0 < z < 1. To
make the right-hand side of Eq. (7.48) explicitly independent of m?, we have to take
m? out of the integration bounds. We do this by performing a change of variables to a
new integration variable ¢, defined by:

m*(2(t — Dz + (t+ Dz +t+1)

s1(t) = — - . (7.49)

This change of variables maps the integration bounds to 0 and oo, and leaves us
with:

3-line, (1
St ( )(x) = -

2 g (f 4 1)3¢ /oo (20— DVE — (4 Do +3(t + 1))=<3
r(i—¢ o T2t —Dya+ (t+ Dr+i+l
(7.50)

Note that if we expand the integrand in € and integrate term by term, we could express
the results in terms of eMPLs. Instead, we satisfy ourselves here with computing
the maximal cut in the boundary point x = 0, where it is finite, and where we find
that:

3¢ % €2€’YE

S =0) = -2 / At (4 1)%
7w (5 - 6) 0
3767%6267}3

- 2mel’(—2¢) (7:51)

Computation of S

From Eqns. (7.25) and (7.26), we obtain:

line 226 2evg 2\€ —4m?2 1
SiEﬁm ’(1)(p125,m2) __=¢€ (r&) ds, [ (—4m2 _ 51) 3

2 / 2.2
I (% — 6) =24/ —m?pg+pg—m?

(s1% — § (W +m? +51)7)

>< .
VAT =2m2pd + 2s1p3 — ph — mt — 2m?s, — 32] (7.52)
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Like before, we consider the ratio x = p?/m? = —pi/m?, and use Eqns. (7.16) and
(7.29), to obtain:

ST (2) = —(=m?)2*m2Sp3, P (—em?, m?) . (7.53)

We use the change of variables

m2(4t +x — 2y/7 + 1)

t) = — 7.54
() m , (750
to map the integration bounds to 0 and oo. This leaves us with:
3-line,(2) 16e®Eeye 00 (tx +2(t + 2)/r — 3t)~ 2
ST11 ( ) - 2 / dt 1 :
- (%_6) (3427 — )2 /0 t6+a(t+1)—36\/4t+x—2\/5+1

(7.55)

Next, we seek a suitable boundary point where the integration simplifies. Since we are
working in the region 1 < x < 9, one candidate point to consider is the asymptotic

limit z 1 9. Expanding the integrand at leading order and integrating yields:

S3—line,(2) (0 _ fZEM d 3 1)2t
3 i (z) ~ —(9 — 2) tt™z(t+ 1) (7.56)
4nT (5 —¢) 0
336—%6257E(9 —x)7%
_ 7.57
8mel'(—2e) ’ 7o

as r — 9. We cross-checked the result using the strategies described at the start of
this section.

7.4.2 Two-line cuts

Computation of SZline

From Eqns. (7.25) and (7.26), we obtain:

ST 6 ) =

/ s [V A6e(p2) (—Am? — 5,) "7 (phsy — s2) 2
51 /— o 2 )
’ P ml (% - 6) V51 (m? 4+ pg + 51+ 2s2) (7.58)
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We perform the first integration in s, analytically, which yields:

Sﬂ%—line(pé m2) _ /—4m2 d81 l B 4562%8;6*5 (_4m2 . 81)7675
0 VAL (5= €) D(L=e) (m? + pt + 1)
1 4p]2551
g b=« : 7.59
X ol (27 ’ € (m2 +p%+51)2 ( )

To avoid having to do any analytic continuation at this stage, let us consider the region
of the external kinematics where the integration region doesn’t cross the branch cut
of the hypergeometric function. The branch cut of the hypergeometric function lies
along the part of the real line with values greater than one, so that we obtain the
condition:
4p%31
(m? +p? +51)2

<1. (7.60)

Under the additional assumptions p% > 0, m? < 0 and 0 < s; < —4m?, this simplifies
to —p%/9 < m? < 0. In terms of the ratio z = —p%/m?, this condition becomes z > 9.
This leaves two possible candidates for an asymptotic limit in which to compute the
boundary conditions, namely x = 9 and x = co. Expanding the integrand at p% = oo,
keeping the leading term, and integrating, yields:

4¢ e2e’yE 2

P (3-)T0- em/o

(m2 ) —2e €2e'yE

S{Sl,%-line (p}ZE’ m2) ~

= 7.61
AT (e ey
From Eqns. (7.16) and (7.29), we have that:
S%illine(x) _ —(—m2)26m25'ﬂ’12'h“e(—xm27 m2) 7 (762)
and therefore:
2-line 6267E
Slll (,'I') ~ —m as r — 0. (763)

We cross-checked the result using the strategies outlined at the start of Section 7.4.

Computation of SZline

We may perform the computation of the two-line cut double tadpole in two different

ways. The simplest method is to compute it as the square of the cut single tadpole.
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Alternatively, we may proceed with the same loop-by-loop parametrization as before.
The equivalence of the two parametrizations provides a non-trivial cross-check of our

computations. In the first approach we have:

; 1
SF{S_hne(pé, m?) = 3 (cut tadpole)2

‘ _ 2
1 1€ sy € 1
=-|—-—==+—=R s1=—m 5 5
3 < (1 —¢) fal ’ <3%+m2>>

1 e%E (—mQ)_26

3 e (—e)?

(7.64)

In the second approach, we parametrize the loop momenta in the manner of Eqns.

(7.17) and (7.18), take residues by localizing the variables s3 and s4, and obtain:

€ —e—2
SE,2—lme 2 46 2me (p?ﬂ) ( —4m? _81) 2

/ 4m pE51
110 P, m ds;
3 Vi m/5T (5 =) (s1ph — 3

(7.65)
Performing the remaining integrations yields:
) 1 2VEe€ 4\—¢
S ) = L (7.66)

3 '(—e¢)?

The expressions in Eqgs. (7.64) and (7.66) are equal in our kinematic region where
m? < 0. Outside of this kinematic region, they differ by a complex phase. For the

mass-normalized Minkowski space version we lastly find:

6267E

2-line
SllO ( ) 362F(—€)2 (767)

7.4.3 One-line cuts

Computation of Sj;;"™®

We will first consider the Baikov parametrization of the loop formed by the propagators
D, and D, where the propagator D, is cut. In other words, we consider the one-line
cut of a bubble, that we will denote by By (k2, m?). We have that:

F(R) e (VT (mh - s

BEl line k2,m2 _
( 2 ) ﬁF (5 ) /_k2m2 (k% + 254)
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i€ (—m?) ", F) (2, 11— 4,%)
- _ 22 for k2 > —4m?. :
NI or ky > —4m (7.68)

We may unwrap the hypergeometric function by writing out its Euler integral in the

following form:

i abics) = e [ D=9 ) (169)

Furthermore, we change convention to the Minkowski space version of the cut, by

sending k2 to its negative, and adding an overall factor i. We then find:

Bllihne (]{52

EVE —
\/ +y

Next, we include the propagator D3, add the integration on the loop momentum £,

(7.70)

and obtain:

626'YE _m2 —€ + 1 e—1
1_<E)/ dy/ddkg (y ) —;
irl=<I'(—e) Jo (—(k2+p)2+m2)\/—k§\/—k§+ m2y

1+y
(7.71)

SHI™ (0t m?) =

We introduce Feynman parameters to perform the ks integration, which yields:

2e

e (e +1) (— (o1 + ag + ag)
T Vara

(a%mz + aqraem? + aqgazm? + ozfm2y + 4a§m2y + a1a2m2y + 5a1a3m2y + 4a2a3m2y

Gliline (1,2 2y — m?) ood (y +1)* Ooda dando
L ’ oy (y A 1dagdag

—1—e¢
— aqaop® — arasp? — oqonpy — alagpzy) 01— —as—ay). (7.72)

To get a more symmetric form of the integrand, we map all scalar integration parameters
to a 3-simplex. This may be done in the following way. First we use the Cheng-Wu
theorem to change the delta function to d(1 — a), after which we integrate out «g in
a trivial manner. Next, we rename y to ag. Lastly, we projectivize the integrand, by
letting o; — «;/ay. The result is given by:

el

ine e (—m?2) “T(e+1 a, 2 .
Sllll1 (pZamQ) = ( ’/TF()—G) ( ) / [ds } j/— (al + Qo + 014)2

X (o3 4 ay)* Fi7e, (7.73)




7.4 Boundary conditions in special kinematic limits 171

where

F = alaim2 + 4a3aim2 + a%ang + ajasasm? + a%a4m2 + ajasaym? + bogazagm?

2 2.2 2 2 2
+ dosazaym” — apagp” — apaasp” — aroeoyp” — aposoup” . (7.74)

Note that F carries a small negative imaginary part according to the Feynman pre-

scription. We use the following relation to flip the sign of F:

~ —1—e¢

(F —id) '~ = —e™(—m?) """ (:; + i5> : (7.75)

for infinitesimally small positive §. Next, we introduce the ratio z = p?/m? = —p% /m?,
and we will work in the region 2 < 0. We then have that F/m? > 0. We will consider
the asymptotic limit z — —oo, and obtain the boundary conditions using the method

of expansion by regions. There are three regions, given by:
Ry ={0,-1,-1,—-1}, Ry;={0,0,0,0}, R;={0,1,1,1}. (7.76)

Computing the contributions in the given regions, and summing the result yields:

SLI (2) ~ e2EiTeD () (— (_x)pf_zf)(_e) + xeri_@) ’ (7.77)

as r — —oQ.

Computation of S}

The computation of the one-line cut of the double tadpole may be performed in two

different ways. One option is to start from the analog of Eq. (7.71), and to write:

2 e2E (—m?)~°
3 arleD(—e)

Slli)line (mQ)

/OO dy (y + 1)~ / d'ky
0

1
vk
(7.78)

where we included a symmetry factor 2/3 in accordance with Eq. (7.25). We perform
the ko-integration by introducing Feynman parameters and obtain:
B 2 476626’}’]361'71'6 (_mQ)_Qf F(E)

. Sl el -
Sllﬂjllne(WQ) —3 Al (—e /Al [dla} a ’ay 2 (a4 a) !

X/o dyy “(y+1)*"
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62€’YE eiﬂe (_mQ)_Qe F(E)

=— ) 7.79
el'(—e) (7.79)
For the mass-normalized integral, we thus find:
. 2 2evg imsF
Sldine(yy — =2 ¢ 19 (€) (7.80)

3 I(—¢)

The second (and easier) method of computing the one-line cut double tadpole is to

write it as a product of the cut tadpole times the uncut tadpole. In that case we
find:

i 2
St (m?) = g(cut tadpole) - (uncut tadpole)

2 (ieree(—m?)~¢ el 2v—e
=3 <5F(—6) > (—ze (m?) F(e))
_ gGQ'yEeeiwe(_mQ)fZEF(e)

3 el'(—e)

(7.81)

For the mass-normalized Minkowskian version, the expression is in agreement with Eq.

(7.80).

7.4.4 Uncut integrals

We may obtain closed-form boundary conditions for the (uncut) sunrise family in
the limit x — —oo by using the method of expansion by regions. We leave the full

calculation as an exercise to the reader. In the limit x — —oo, the undotted integral is

given by:
St () ~ (7.82)
oy pe oy [3el(—€)*T(e)? oy [ 2D (—€)3T(2¢) 30 (¢)?
oo (Mg ) s e (™) - R
The double tadpole is given by:
5110(:6) = 627E6F(6)2 . (783)

7.5 Results

We have used the expansion methods of Chapter 5, and in particular the Mathematica

package DiffExp, to transport all boundary conditions to the point £ = 0 up to order
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¢?. We did this in the basis given in Eq. (7.30). Thereafter, we changed basis to
the canonical basis given in Eq. (7.32). (We remark that transporting the boundary

conditions may also be directly possible in the canonical basis, using the methods of
Refs. [219, 220].)

Note that in the point x = 0, the canonical basis simplifies to:

4625110
lim B(z) ~ 1V/3e2S1 (x) : (7.84)
\/g (%SQH(LC) — i€(5€ -+ 2)5111(1’))

For the two-line cut and three-line cut on the second contour, the integrals diverge
at x = 0. In those cases we also consider the leading (logarithmic) behaviour, as
x approaches 0 from the positive real axis, to be part of the boundary conditions.
Furthermore, upon transporting the boundary conditions for these cuts, we have to
perform the analytic continuation past the singularities x = 1 and x = 9. Note that we
worked in the region p? < 0 and m? < 0, such that # > 0. Furthermore, note that m?
carries a negative imaginary part. We will therefore cross the singularities by assigning

Z a negative imaginary part, since:

p2 2

s i, (7.85)
for negative m? and negative p?. Note that from the expansion methods we obtain
numerical data at the point z = 0. We may lift the numerical data to pure combinations
of transcendental constants of polylogarithmic type using the PSLQ algorithm. An
ansatz of transcendental constants can be identified by integrating Si11(x) at x = 0
term-by-term in e using HyperInt, and by using the Mathematica package of Ref.
[221] to convert the result into classical polylogarithms. We have to add additional
prefactors proportional to ¢ and € in order to find pure expressions that have weight

zero at order zero in €. These are given by:

- = o 1 =, ..
Buncut(l,) = Buncut($), Bl—hne(:E) = 7Bl—11ne(l,)’
€
éQ-line(l,) = Eé?-line(x) 7 éB-line,(l) (.CC) = Z%B’B-line,(l) ({E) ’
€ €
bvd . 2 = .
B3-hne7(2) (ZL') = lBS-llne7(2) (ZL') ] (786)
€

The resulting boundary conditions at x = 0 are given in Appendix C.1. Using these

boundary conditions, and using Eqns. (7.39) and (3.31), we may solve all the cuts in
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terms of the iterated integrals of modular forms that were defined in Eq. (7.45). We
provide the results up to order €? in Appendix C.2. Orders three and four in e can be

obtained upon request to the author.

7.5.1 Relations between the cuts

Since there are three master integrals, we expect to find two Q-linear relations between
the cut integral families, bringing the number of independent contours down to three
as well. We will consider such relations modulo 7. Therefore, we look for relations of

the form

:'uncut =4 1-line ?2—line
CuncutB + Cl—lineB + C2—1ineB

+ Cs-line,(l)Bg_line’(l) + 03-1ine,(2)33_1ine’(2) =0 (mod ), (7.87)

where ¢ ) € Q, and where not all ¢(_) are zero. Note that both the two-line cuts and
the maximal cuts on the second contour are divergent in the limit x — 0, while the
other families are finite. If there is a relation between the divergent families and the
finite families, we should be able to construct a finite quantity from a combination of
the two-line cut family and the maximal cut family on second contour. By comparing
the coefficients of the logarithms in Bine and 53‘line’(2), we quickly see that the
combination %éz‘line + B is finite. Furthermore, we find that what is left is

proportional to 7, so that:

3 =, =CNT
§B2Jme + BS-hne,(Z) -0 (mod ﬂ-) . (788)

Any remaining non-trivial relations of the type of Eq. (7.87), should thus be between
é‘m‘m, B Iine “and BFine () We may search for such combinations modulo 7 by using
the PSLQ algorithm to find a Q-linear combination of éunc“t, él'line, and 53'11“8’(1),
and any combination of transcendental constants that carry a factor 7. In particular,

we consider the set of independent combinations of the terms
1+iv3
1+iv3) '
up to weight 3, and multiply each element in the set by m. We then give this set to the
PSLQ algorithm. As a result, we find the relation:

- 3= .
pBuncut §Bl-11ne -0 (mod ﬂ-) (790)

7, 10g(2),10g(3), (s, Liy (—z\/§)  Li, (z\/ﬁ)  Li, ( (7.89)
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No additional relations were found using this approach. Thus, we have obtained three
independent sets of cut families, in line with the fact that we have three families
of master integrals. We could have found these relations in an even faster way by
comparing only the leading coefficients of the cuts. Lastly, it is instructive to write out
the linear relations in the basis without the normalizations introduced in Eq. (7.86).
This leads to:

, 3 3 L L

Buncut o 27Bl—1me =0 (mod 7'(') ’ §’i7TBQ_llne + 7_(_QBB—hne,(Q) =0 (mod 71') ) (791)
€

Note that the equation between B2l and B31ine(2) contains explicit factors of im on

the left-hand side, while the right-hand side is defined modulo 7. While this may looks

strange, note that B2 carries an overall 1/ir, and B3 carries an overall 1/72,

so that these powers of iw cancel out.

7.5.2 Diagrammatic coaction

We saw in the previous sections that three independent cuts are given by the uncut
integral family, and the two maximal cut integral families. Let

LT 72
(’}/17 V25 73) = (P)/uncuta 67273—line,(1)7 ?’73—1ine,(2) ) (792)

be the contours associated to our cuts. Here Yuncut , V3-line,(1) and Ya.line,(2) are given
by the integration contours in Eq. (7.26), where in addition we consider the residue

operations to be part of the contours. Furthermore, let

) sty

1 € E

o) | T ()it i (1ot — 20i) (799
5 (s + o5 — ) will

be the basis of integrands corresponding to Eq. (7.32). Then we have that:

0
P<o>_</ >()_
ij T Wi =
Vi

where the superscript (0) indicates that we are considering the expressions at finite

0

(7.94)

S

i 3
4 4 /g4

S O =

order in e. Next, consider the following change of basis of the integrands / master
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integrals:
- - . - 4 .
W1 = -wi, Wy =2wy, W3=——lwsz— —iws. (7.95)
4 3 3
Explicitly, this works out to:
2 sym
- € W110
w1 2 mi, Sym
- _ 2€% Wi 796
W2 - 2 diy sym + 2¢1 (1, sym 3, sym ( . )
5 307 \dr Wi T ey (pWi1r — pWan
3 .
22 (1 1 5, sym _ 2 2mi sym
€ 3w (:c—l + 5 295) Wi — 3¢ zplwlll}

We then have that:

(0)

We will now use the master formula Eq. (7.7) with ¢;; = 1, to make a conjecture for

the diagrammatic coaction. In particular, we have that:

A(/@):/m@ o+ [ @ [ o+ [ @me [ . (7.98)

The right-hand entries are considered modulo 7, while 7 is kept on the left-hand side.
We have checked the formula for all 7, j = 1,2, 3 by expanding up to weight €*, and by

using the coaction of iterated integrals of modular forms defined in Ref. [30].

We may schematically depict the integrals in the following diagrammatic way:

Can. Can. Can.
Can.  (Cy) Can.  (Cy) Can. 1 (Co)
Can (Co)
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where we added the label ‘Can. to indicate that these integrals correspond to the
canonical basis given in Eq (7.96). In particular, the dotted master integral in the
above picture is really a combination of the undotted and the dotted master integral.
We may then write out Eq. (7.98) in a diagrammatic form. For example, we have
that:

. Can. O ) Can. O ) Can. O |
o O O
. Can. m ) Can. Q ) Can. m ) Can. m ) Can. 5(01)
N O T N A AN
. Can. m ) Can. /%
. Can. m ) Can. O . Can. /;\ . Can. m ) Can. C%
oy T O
) Can. @ ) Can. @ o

Note that by using the relation in Eq. (7.90) we could replace the uncut integrals on
the right-hand side of the tensor product by one-line cuts, so that only cut integrals
appear on the right-hand side. This would be more in line with the presentation of the

diagrammatic coaction in the one-loop case.

In the future, we aim to repeat the calculations for the unequal-mass sunrise fam-

ily.






Chapter 8

Conclusion and outlook

In this thesis, we have developed new methods for the efficient and analytic computation
of Feynman integrals. Feynman integrals are an important subject of study, as their
evaluation forms a bottleneck for the computation of higher order corrections to
processes in the Standard Model. We started this thesis with a general review of
scalar Feynman integrals, and iterated integrals. In particular, we reviewed multiple
polylogarithms and elliptic multiple polylogarithms, in terms of which many Feynman
integrals can be expressed. Thereafter, we reviewed the direct integration method and
the differential equations method, which are methods for obtaining analytic results for

Feynman integrals in terms such functions.

In Chapter 4, we defined linearly reducible elliptic Feynman integrals [1], which are
Feynman integrals associated with elliptic maximal cuts, and which can be written
as one-fold integrals over a polylogarithmic integrand which we called the inner
polylogarithmic part (IPP). The IPP can be identified with a (generalized) Feynman
integral family, which may be solved using the method of differential equations. A
novel aspect of this approach is that it allows for elliptic Feynman integrals to be solved
from differential equations in canonical form which do not involve elliptic integration
kernels, such as in the approach of Refs. [34, 35, 37, 143]. On the other hand, our
representations involve an additional integration parameter which shows up in the
differential equations, and which has to be integrated out at the end. If the Feynman
integrals depend on a single elliptic curve, this last integration can be performed in

terms of elliptic multiple polylogarithms.

Next, we discussed methods for solving Feynman integrals from their differential

equations in terms of one-dimensional series expansions [2—4, 40, 47]. By computing
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series solutions along multiple connected line segments, the method allows us to obtain
high-precision numerical results for Feynman integrals at arbitrary points in phase-
space. The approach outperforms numerical integration methods by several orders
of magnitudes, and can be applied to families of integrals for which fully analytic
computations are currently out of reach. We introduced the novel Mathematica package
DiffExp which provides a general implementation of these series expansion methods.
To develop the package, we provided some novel improvements compared to Refs.
[2, 3, 40]. Firstly, we showed how the integration order of the master integrals can
be read off from the differential equations using basic graph theory. Secondly, we
derived an optimized integration strategy for solving sectors where many integrals are
coupled. Lastly, we worked out explicit formulas for the matching of neighbouring line

segments.

We applied the package DiffExp to a number of examples. Firstly, we considered the
computation of the three-loop unequal-mass banana graph family, which has eleven
coupled integrals in the top sector. Previous applications of the method had only
considered sectors where at most two integral were coupled at the same time. The
unequal-mass banana integrals are at the edge of current analytic methods. Some
results are available in the literature in terms of A-hypergeometric series, which have a
limited range of convergence. By using DiffExp, we are able to obtain high-precision
results at arbitrary points in the physical region. We also applied DiffExp to two
examples in the literature. We cross-checked the numerical results for the planar
two-loop five-point one-mass integral families of Ref. [47], by taking the differential
equations and boundary conditions from the ancillary files of that paper. Similarly,
we cross-checked the numerical results given for the two-loop five-point non-planar
massless integrals of Ref. [48]. We expect that series expansion methods will play an
important role in future phenomenological computations, and that further performance

improvements of the method will be made in the future.

In the next chapter, we presented the computation of all non-planar master integrals
relevant for Higgs plus jet production at next-to-leading order (NLO) with full heavy
quark mass dependence [2, 3]. The planar families were already computed in Ref.
[19, 40]. The NLO corrections to Higgs plus jet production with full heavy quark
mass dependence are important for phenomenological predictions in the region where
the jet or Higgs transverse momenta are of the order or larger than the top mass. A
computation which includes the top quark mass dependence and neglects the bottom

quark has been performed in Ref. [163] using numerical integration methods. The
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analytic computation of the non-planar master integrals presented here, in addition
to the computation of the planar ones in Refs. [19, 40], will make it possible to
compute the NLO corrections for other quark flavours too, and we aim to perform this

computation in the future and to compare the results to Ref. [163].

The non-planar integrals fitted into two integral families, which we labeled by the
letters F' and G. We used the method of differential equations to solve both families
in essentially the same way. First, we found a basis that puts many of the subsectors
in a canonical dlog-form, and we derived a minimal alphabet for these sector. The
alphabet contains multiple non-simultaneously rationalizable square roots, which makes
it unclear if the results can be expressed in terms of multiple polylogarithms at all
orders in €. We showed for family F that we could obtain results at weight two for
these canonical sectors in terms of logarithms and dilogarithms, by integrating the
symbol using a suitable ansatz. The results at orders €3 and €* are then written as
one-fold integrals. The remaining integral sectors are either associated with elliptic
maximal cuts, or coupled to sectors with elliptic maximal cuts, and for those we did
not find a canonical form. However, we showed that all integrals could nonetheless
be efficiently solved using series expansion methods. We illustrated the results by

providing three-dimensional plots of some of the integrals in the top sectors of family
F and G.

In the last chapter of this thesis we considered the diagrammatic coaction of the
equal-mass elliptic sunrise family. The diagrammatic coaction conjecture states that
there is a coaction operator acting on Feynman integrals and their cuts, which can
be depicted diagrammatically by drawing the associated Feynman diagrams. The
diagrammatic coaction is defined in such a way that when the Feynman integrals and
their cuts are expanded in the dimensional regulator ¢, it reduces to the coaction on
the resulting iterated integrals. For example, if the coefficients of the integrals in the e
expansion evaluate to multiple polylogarithms, the diagrammatic coaction agrees with

the coaction of multiple polylogarithms.

One of the main difficulties in setting up the diagrammatic coaction is the computation
of the cut integrals. We defined the cuts in the Baikov parametrization and obtained
closed-form results in kinematic limits where all integrations could be performed.
Making use of the fact that cuts satisfy the same differential equations as uncut
Feynman integrals, we used series expansion methods to transport all boundary
conditions to the same point. By considering the canonical basis derived in Ref. [143],

we could express the cut integrals in terms of iterated integrals of modular forms. By
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using an additional change of basis, we diagonalized the period matrix at leading order
in e. We then used the coaction master formula, that was conjectured in Refs. [52, 217],
to define the diagrammatic coaction. This is the first time that the diagrammatic
coaction has been derived for an integral family that has elliptic maximal cuts. In
the future it would be interesting to extend these results to the unequal-mass family,
which has additional master integrals, and for which additional contours will need to

be considered in the coaction.
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Appendix A

Basis definitions of Higgs + jet

integrals

A.1 Family F

The top sector of family F is depicted in Fig. 6.1. The subsectors are obtained by
contracting propagators of the top sectors. The full integral family consists of 73 master
integrals. The first 65 master integrals can be chosen so that the differential equations
are in a canonical dlog-form. In a slight abuse of terminology, we call these sectors
polylogarithmic sectors, even though it is not clear if these sectors may be solved in
terms of multiple polylogarithms at all orders in the dimensional regulator. We solve
these sectors explicitly in terms of polylogarithms at order €2, in Section 6.3.3. The

basis choice for the polylogarithmic sectors is:

2
Bi = €16,0,0,0,2,0,2,00
2
By = t€"12,0,1,0,0,2,0,0 5
2
By =€ 7’17"610,0,2,0,1,0,2,070,

2
By = 5€711,02,0,0,2,0,00 5

1
2
By = €“rory (1170,2,0,0,2,0,0,0 + I270,2,0,0,1,0,070) )

2
Bg = te’l
6 — 1€ 10,0,2,1,0,0,2,0,0
9 1
B7 = €"r3ry 510,0,2,1,0,0,2,0,0 + I0,0,2,2,0,0,1,0,0 )

_ 2 2
Bg =¢ (—s —t+ p4) 11,0,0,0,2,0,2,0,0 5
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1

2
By = €“rsrig <211,0,0,0,2,0,270,0 + 12,0,0,07170,27070> )

2 2
Bio = € p3l0,0,2,1,02,0,0,0 ;

1
2
By = €"rrg (2107072717072,0,0,0 + 107072’2’0’1’0’0’0) ’

2
By = te"rir61o,1,1,2,2,0,0,00
3
Blg = S€ 11707270,071,1,0,07
By = é* t+pj) 1
=€ —Ss—t+Dpy) 1100021100,
3(,2
Bl5 = € <p4 — t) 10,170,1,2,0,1,0,0 )
) 1
Big = € ryry 510,0,2,1,0,2,0,0,0 + 1002201000 +tlo201,20100) ;

3(,2

Bi;=¢ (p4 - t) 10,0,2,1,0,1,1,0,0 +
3(,2

Big =€ (p4 — S) 11,0,1,0,1,2,0,00 »

2. 2/( 2
Big =¢"m (p4 — s) 11,0,1,0,1,3,0,00 »

2

€°Tr1Te 2 3e 2

B20 = 27 ((p4 - S) _711’071)07112701070 + m 11701170117370’070 -
P — 2s 2

3

2 2 2 2
- 1811,0,2,0,0,2,0,0,0 + (S —pys+m p4) I1,0,2,0,1,2,0,0,0) )

3 (.2
By =€ (p4 - t) 10,0,1,1,1,0,2,0,0 »

2 _2( 2
By = €*m (p4 — t) L0,0,1,1,1,0,3,0,0 »

2

€°Tr1Tg 9 3€ 2

By3 = ——— ((P4 - t) —<5loo1110200 +mo01110300) —
py— 2t 2

3
B Zﬂo,o,m,o,o,z,o,o + (t2 — pit + meZ) 10’0’2’1’1’0’2’0’0) ’

Bay = (s 4+ 1)€’1101,0,1,02,00 -
Bos = (s + t)62m211,0,1,0,1,0,3,0,0 )

2

€“rirg 3 2 3¢
B :< —s—1 I +S+t( X

® T o2t 43 \4 ( £22) hosoznzno + (s 1) (5

2 2\, 2 2
X 11,0,1,0,1,02,00 — M 101,010,300 | + ((5 +t—m )p4 —(s+1) ) Lio1020200 ] -

4 ( 2
Byr =€ (p} =) To1011.1100,
4 ( 2
By =€ (p4 — t) 101,1,1,1,01,00
3/ 2
ng =€ <p4 — t) Tlr610,1,1,1,2,0,1,0,0 )

2 4 2 2 3 2 2
Bso = —2pilo11.1.1.01,00€ + (t +4m” — 3p4) I0,1,0,1,10200€" + M o1.1,1,102006 +
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1
+ (t +4m?* — pi) (—210,0,2,1,0,2,0,0,0 —€l01,1,1,0,2,0,00 — ﬂo,1,1,2,o,2,0,0,0> e+
+ <4m2 —Pz) (—11 2,0,1,0,2 +11 1,0,0,2,0,2 +1€ (t+p2) I0,1,1,1,2,0,1,00%
4 2 0707 707 707 7070 4 07 70707 707 7070 2 4 It b bt A b A )

2
2 € 1 2\2  mp 2 2.2 2
+ to,2,2,1,1,0000 | € + 07— o (26 (5 (p4) Ttpy — 12m7py + 12tm ) 10,0,1,1,1,0,2,007F

+ (4m2 — pi) m? (Pi - t) Lo,0,1,1,1,0,3,0,0 + (t2 —pit+ me?l) To,0,2,1,1,0,2,00—

3

2
€ 2 2 1 2\ 2
— 4ﬂo,1,0,0,2,2,0,0,0)> + PT 3 (t (t +4m” — p4) 10,0,2,2,0,1,0,0,0 + 5 ((p4) —

2 2.2 2
— tpy —4m p; — 4tm ) 10,2,0,0,1,0,2,0,0 | »

4( 2
Bs =€ (p4 - t) T0,0,1,1,1,1,1,0,0
3 (.2
Bsy =€ <p4 — t) r17610,0,2,1,1,1,1,0,0 »

3
Bss = te"rar71i1,1,1,02,0,00

Bsy = té? ((—: ((—1 +2€)111,1,1,0,1,000 + (—4m2 + 5) I1,1,1,1,0,2,0,0,0) - 1071,272»070’070’0) ’

Bss = te*r571011.1.0,1.2.01.00 5

B36 — t€2 (6 ((_1 —+ 25)1171’0717170’17070 + (—4m2 -+ pi — S — t) 1171,071’270’17070) - 10,2,0,1,0,0,2,0,0) )
B37 = 64 (—S —1 +p421) I1,0,1,1,0,1,1,0,0 9

Bsg = 637’27”37”1111,0,2,1,0,1,1,0,0 )

Bsg = 56411,1,0,0,1,1,1,0,0,

Biy = 637“37“57’1311,1,0,0,2,1,1,0,0 )

By = (s+ t)€411,1,1,0,1,1,0,0,0>

3
By = €’rorarinli 01,2000,
m?2s® + 2tm?%s — tpis + t?*m?

S

1
Bys = 5 (—st + 2m2t + 23m2> Lij1,01,2000 +

1 3
3 2 2 2
X 1111021000 )€ + (23m + 2tm* — sp4) S(oZ — o) (ﬂo,l,o,og,z,o,o,o—i—

(pi—2t) \4
3
+ (pi — t) (261071’17071,27070,0 - m210,1,1,0,1,3,0,0,0> + (_t2 + pit - mQPZ) 107171707272707070> +
1 1 3
—|—(< 25 (mQI — —el >+
795 \s <p4 ) 101013000 ~ 5€l101.01.2000
3
+ (32 - pis + m2pi) Li0,2,0,1,2,000 | — 111,0,2,0,0,2,0,0,0 e,

4( 2
By =c¢ <p4 — S) 11,0,1,1,1,0,1,0,0 »
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_ 3
B45 =€ T3T5T13Il,0,1,1,1,0,2,0,07

—2sm? + 2p2m? — tp? /1 3
By = ¢ ( 1 4 ( ((pi — t) <m210,0,1,1,1,0,3,0,0 - EI0,0,1,1,1,0,2,0,0) +

pi — 2t t 2
—2sm? + 2pim? — tp3
t(2s + 2t — p3?)

3

+ (752 — pit + m2p2> I0,0,2,1,1,0,2,0,0) — 410,0,2,1,0,0,2,0,0> +

3 3
X (4 (_S —t pi) 00020200+ (5 +1) <2611,0,1,0,170,2,0,0 - m211,0,1,o,170,3,0,0> +

1
+ (—82 — 2ts +pis — t* + tp] — meZ) 1170717072’0727070> + € (t2 + st — pit — 2sm>+

m®s® + tpis — 2m’pis — t (p})* + m* (p1) * + °p
t

2 2
+ 2m P4) Li0,1,1,1,0200 + €
X I1,0,1,1,2,0,1,0,0) )

4/ 2
By =€ <p4 — t) 11,0,1,01,1,1,00 5
3 2
Byg = €'rirg ((S +t— p4> Li0,1,021,1,00 + 811,0,2,0,1,1,1,0,0) ;

3
Bag = €’rorsriala01,0,1,1,1,00

Bso = ;e?’ ((—pj + (2m2 + 54+ t) P — 2m2t) L1,0,1,0,2,1,1,0,0

2 2 2
+ ((Qm — s) Py — 2m t) 11,072,0,1,1,1,0,0) ’
By =€ (2 2) (—e T i—t)1
51 =€ s+ i) (—€l101010200 + M 10101,0300) T €(P1 —1)12010111,-10) »
4
B52 = ste 117171717071,1,0,07
Bsy = te* (—s —t +p}) 1
=3 = t€ S + D3 11,1,0,1,1,1,1,0,0
4 2
By, = te (p4 — S) Li1,1,1,1,1,0,0,0 »
3 2
Bss = te’rirg (—11,1,170,172,070,0 + 214,1,1,1,0,2,0,00 + (p4 - s) 11,1,2,1,1,1,0,0,0) )
4
Bse = t(s +1)e'l111,1,1,0,100
_ 4.3
Bsr = te’rire (—1i0,1,1,10200 + 21110110200 + (s + H)li11,1,201,00) 5
4
Bsg = € r5r1511,0,1,1,1,1,1,00 5

4( 2
Bsg = ¢ <p4 - t) (11,0,1,1,0,1,1,0,0 - I1,0,1,1,1,1,1,—1,0) )

2 —pis+ 12 —tp?

B60 = p2 5 117071,0717171’07064 + (—pi + s+ t) (11,71,1,1,1,1,1,0,0"’_
2
.t /1 1
+ thio1111100) € + 72 <4(B6 + Byo) + 5(38 — Bi3 — B+
2

+ Big + Ba1) — Bag — Byy + By + Bso — B59> )

_ 3 2
Bg1 = €116 ((—S —t +p4) ((=2€)11,0,1,1,1,1,1,00 — 11,0,1,1,1,0200) + sTi02,1,0,1,1,00F
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2
+ (t — p4> I1,0,2,1,1,1,1,71,0) ,
Bgo = € 1
62 = € T2T1411,1,1,0,1,1,1,0,0 »

_ 4 2
B63 =€ <p4 - t) (11,1,1,0,1,1,0,0,0 - I1,1,1,0,1,1,1,0,71) )

t 1
Bey = sliii,-11,11 0,0€4 + (875)11,1,1,071,1,1,0,064 +— ((—B@' — Big) + B+

I s+t \4
1
+ 5(—34 + Blg + 814 — Bgl — BQ4> — B31 —+ B41 — B43 — B50> +
1 2 2 2 4
* 3 Ty ((_5 —ts —2t" + 215]94) 11,0,1,01,1,1,006 + 8363) ;

Bes = 1116 (S (11,1,0,0,2,1,1,0,0 + 2611,1,1,0,1,1,1,0,0 + I1,1,1,0,1,2,0,0,0) + (t - pi) (11,0,1,0,2,1,1,0,0—
€2 (p7 —t) (2sm? + 2tm? — sp3) ri7e
p3 — 2t) (m?s? 4 2tm?s — tpis + t?m?)

— 1111021000+ 111102110-1)) e+ (

3 9 3
X Zt (10,1,0,0,2.2,000 — L0,0,2,1,00200) + <p4 - t) —5610,0,1,1,1,0,2,0,0—1-

21 S I 21
+m~lo0,1,1,1,0,3,00 T 56 0,1,1,0,1,2,0,0,0 — M 10,1,1,0,1,3,0,0,0 | +
2 2 2 2
+ (£ = pit+m*p}) (no2.110200 — 10.1,1022000)) - (A1)

In addition we consider the following choice of basis for the elliptic sectors,

_ 4
Bgs = se 7"210,1,1,1,1,1,1,0,07

A
Ber = €ral 911,111,100,

sttty dy

4 ( 2
Bgg = te (p4 — t) (11,1,1,1,1,1,1,—1,0 - I1,1,1,1,1,1,1,0,—1) )

4
Begg = te (11,1,1,1,1,1,1,—2,0 — L0002+ (11,1,1,1,171,1,—170 - 11’171,171»1,110,—1)) )

_ 44
Brg = te'rg (11,1,1,1,1,1,1,71,0 + I1,1,1,1,1,1,1,0,—1) )

te* (pi —t)?
By = s+t — ) s Ligiiia,1,-1,-1,

4
By =terorsrialii 11,111,005

4s
B3 = t54 11,1,1,1,1,1,1,—2,0 + mll,l,lyll,li,—l,—l -+ 11,171’171’171,0,_2—1—
1 2
+ 1 (43 +t— p4) (L1110 + I1,171,1,1,1,1,0,—1)) . (A.2)
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The terms labeled by r; are square roots, given by:

=y, = VS,
v—t,

T4 = t_pglv

rs =4/s+t—p3, 7’6:\/47712—]9421,
re = vV4m? — s, rs = vV4m? —t,

rs =

(A.3)
ng\/m, T10=\/4m2—p421+5+t7
r11:\/4m2(pi—s—t)+st, T12=\/4m2t+3(P?1—5—t)7
ris = \JAm2s + (g — s — 1), ria = \Am2t(s + t — ) — (2)’ s,
rs = \/—4m2st + (M) (s+t—pd), T16= \/16m2t + (i —t).

The square roots r1, . . ., 715 appear in the polylogarithmic sectors, while 714 appears only

in the elliptic sectors. The square roots have been chosen such that their arguments are
irreducible polynomials (over the real numbers.) In the polylogarithmic basis elements

By, ..., Bgs, the square roots only appear in the combination:
{rire, rar7, 7318, 419, 5710, ToT3T 1L, T2T5T 12, T35, ToT14, T5T 15} - (A4)

These same 10 combinations are sufficient to express all ratios of roots appearing in
the letters as well. However, keeping the roots separated is beneficial in the context of
the expansion method, see Section 5.2.6. In the choice of basis for the elliptic sectors,
roots ry and rg appear separately. Therefore, there are 12 independent combinations
of roots in the full basis.

A.2 Family G

In this section we provide the choice of 84 master integrals for family G. The top
sector of family G is depicted in Fig. 6.1. The subsectors are obtained by contracting
propagators of the top sectors. The first 71 master integrals can be chosen so that
the differential equations are in a canonical dlog-form. Similar to what we did for
family F, we call these sectors polylogarithmic sectors, even though it is not clear if
these sectors may be solved in terms of multiple polylogarithms at all orders in the

dimensional regulator.

We will again use the notation B;, to refer to the canonical integrals, and use the

notation r; to refer to square roots in the basis definition. It is important to note that
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the square roots r; are defined differently than they were for family F. The canonical

basis of the first 71 integrals is given by:

By
B,

2

=€ I0,2,0,0,2,0,0,0,0,
2rorel

= € T727610,2,0,0,2,0,1,0,0 ;
2

=€ 7"17”510,2,0,1,0,2,0,0,0 )

2
= €7511.2.0,0,2,0,0,0,0 »

9 1
= € Talg 511,2,0,0,2,0,0,0,0 + I2,2,0,0,1,0,0,0,0

2
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9 1

= €T3r7 510,2,1,0,0,2,0,0,0 + I0,2,2,0,0,1,0,0,0 )
2/ 2

=€ (py — 5 —1)1100202000;
9 1
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2 2
=€ p410,2,1,0,2,0,0,0,0 )

2

3
=€ 510,2,0,0,1,1,1,0,07

1
2
= €T7rs (10,2,1,0,2,0,0,0,0 + I0,2,2,0,1,0,0,0,0

2
3 = —€ 7"17“27“57"610,2,0,1,2,0,1,0,0,

= 63811,2,0,0,1,1,0,0,0 )

= €t10,2.1,0,0,1,1,0,0
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= e*(p] — 1)10.2,1,0,1,1,0,0,0 »

=€ (s +1)1100201,1,00 »

= 63(3 - pi)IO,Zl,O,l,O,l,O,O )

2 2 2
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_ 2 TTe 2 4 2
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2 2 2 2
+ 4m?(s — p) oz 1010100 + 66(pf — 5021010100 — 3P3l021020000)

= 63(27?1 - 3)11,1,0,1,2,0,0,0,0 )

9 2/ 9
=em”(ps — 5)11,1,01,3.0,000 ;
rir
2 175 2 2 2,2
= — 28 (4m 11,1,0,1,3,0000(P1 — 8) +4m pili20120000 +
(pi — 2s)

2 2
+6¢€(s — p1)11,10.1.20000 — 4P3shi 20120000+
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2
+ 45°T12,0,1,2,0,0,00 — 3811,2,0,0,2,0,0,0,0) ;
372
Bos =€’ (p; — t)10.1.1.1.02,000 »
2 2, 9
BQG =€m (p4 - t)IO,1,1,1,0,3,0,0,0 )

s
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Bog = €(5+1)1110102000 5
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175
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A(m?pi + t(t — p1)) (2m°(p% — ) — pit)
t(pi —2t)
(s +t)(—2m?*p3 + 2m?s + p3t)
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+ Io.2,1,1,02,000 +

+ Ge

1,1,0,1,0,2,0,0,0 T

11,0,0,2,02,0,00 —

11,1,0,2,0,2,000 | >
Byz = e
&3

727610,1,1,1,1,0,2,0,0 5

2 2/, 2 2 2,2 2 2
By =€ (m (P31 —5)To21,1,10200 — 2(2m°py + 2m°s — pys)lo 10210200 +

2 2
+ e(py — s) (510,1,1,1,1,0,2,0,0 - P410,2,1,1,1,0,1,0,0)> ;
_ 3
By = —¢ 7’27'1410,2,1,0,1,1,1,0,07
2 2
Big = —€"rar3ryg (m I0,3,1,0,1,171,0,0 - EI0,2,1,0,171,1,0,0) )

Byg = sé® ((—m2 —pi+ $)10,2,1,0,1,1,1,00 — 1-1,2,1,0,1,1,1,00 + 10,2,0,0,1,1,1,0,0—
— To21,-1,1,1,1,00 + 10.2,1,0,1,1,0,00 + 10,2,1,01,1,1,-1,0) 5
Bso = —€* 1971511 0.0.2.1.1.1.0,0 5
Bs, = —627“27”47“10 (m211,0,0,3,1,1,1,0,0 - 611,0,0,2,1,1,1,0,0) )
Bsy = €’s <—m211,o,0,2,1,1,1,0,o + 10,0,02,1,1,1,00 — L1,0-1,2,1,1,1,00 + 11,0,0,1,1,1,1,0,0+

+ 1100201100 — L002111,-10) ,
Bss = €' Tp111011.00(s +1),
Bsy = 637"17“5 (51071,172,0,1,1,0,0 - ﬂo,2,1,1,0,1,170,0) )
Bss = —637“27“37”910 1,2,1,0,1,1,0,0 5

eyt Ly

1
3 2 2 2 2 2 2
B = 3¢ ((Qm s42m*t — pis)oi1,201,1,00 + (2m7s 4+ 2m*t — p4t)10,271,170,171,070) ;
By, = €2 (2(p? 1 — el
57 = € (p4 + 5) m~10,1,1,1,0,3,0,00 — €10,1,1,1,0,2,0,0,0 ) +
2
+ (s +1) ((0F = 9)lo12101,100 + T002101100F + 1012001100 = To121011,10) »

40 2
Bss = € (p5 — t)11,1,0,1,1,1,0,0,0 »

3 2
Bsg = €’ryr5 ((—p4 + s+ t)11,1,0,2,1,1,0,0,0 + 311,2,0,1,171,0,0,0) )

3
By = —¢ 7’27”47“1012,1,0,1,1,1,0,0,07
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1
Bg, = 563 ((2m2(p?1 —t) +pi(—pi + s+ t)10211000+

1oty

+ (2m®p; — 2m*t — p38)11,2,0,1,1,1,0,0,0) ;

By = —¢€? (—2m2(pi +5)11,1,0,1,0,3,0,00F

2 2
+ 2]94611,1,0,1,0,2,0,0,0 - p4612,1,0,1,1,1,0,71,0 + 25611,1,0,1,0,2,0,0,0 + td2,1,0,1,1,1,0,71,0) )

4 2\2
Bgs = €'li111,1,01,00(5 —D1)°

_ 4
Bgy = 13112€ I1,1,1,1,0,1,1,0,0 )

B

B

B

3m2(p? —s) +t(—2p2+ s+t
65 = € {6( (v ) ( 4 )>11,1,0,1,0,2,0,0,0 +

P2 — 2(s+1t)

L Wi s = )BmA(ph — ) F (=2 + 5 +1))
2(s+t)(p3 —2(s+1))

(2m?(pi — s) — pit)(m*pi — (s + t)(pf — s — 1))

_ 1 )
(s+t)(pi—2(s+1)) 1,1,0,2,0,2,0,0,0
1

- 6e(pi — t)(2m*(s — p3) + pit)]
A(p2 —26)(s + ) { e(py —t)(2m=(s — p3) + Pit)lo11,1,02000F

+ 4m2(pi — t)(2m2(s — pi) + pit)IO,l,l,l,O,B,O,O,O +
+ t(6m*(py — s) + t(4t — 5p3))0.2,1,002,000 —
— 2(m*p} + 1t — p})(2m?(p} — 5) — Pit) 021102000 —

2 2
—et(li10100000 + 111000 + (5 = p)li101,100)+

11,0,0,2,02,0,00 —

1
— [ 2¢t(p? 2t)1 2et(p? — 25 — 1)1
+ €2<8 ) [ et(p; + s+ 2t) 0,1,1,1,0,1,1,0,0 T 2€ (3 S ) 11,1,1,0,1,000 +

+ 2et(s — p3)Li11101,0.0-1 + t(pis — 2m* (s + ) 1,1201,1.00 +

+ t(pit — 2m* (s + t)o2.1.1.01.100 + (s — P 11.1.0.1.2.0,000 —

1

2 2
— 5]947510,2,1,0,2,0,0,0,0 + t710,2,1,0,0,1,1,00 + 5t112,00,1,1,0,00 —

— t(2m*(p] — ) + t(—pi + s+ 1)1 11102000 —
— (m*(p] — s)* + pit(—pi + s+ t)11,171,2,0,1,o,0,0} +

2m?2(s — p?) + p3t
+ m2< ( )R +1)111,01,03000 ¢ »

pi—2(s+1)
66 = —2€*((s — pDIi11,101,0.0-1 + (01 + 6)1o,1,1,1,0,1,1,00)
_ ) 2m?(s +t)
67 = T'1T'5€ l_pﬁ—Q(S—i-t) 1,1,0,1,0,3,0,0,0 —

e ROl At et P
pi—2(s +1) o
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2m?(t — pi) L Bims—t) 3
ot 0,1,1,1,0,3,0,0,0 2% —2(s + 1)) 1,0,0,2,0,2,0,0,0
_2(mPpi +t(t —pi)) P N
pi 9t 0,2,1,1,0,2,0,0,0 2pi 4t 0,2,1,0,0,2,0,0,0
3(s+1)

P—Z — 2(5 n t) 1,1,0,1,0,2,0,0,0 + (8 - pi)(ll,l,l,Q,O,l,0,0,0 + 11,1,1,2,0,1,1,0,—1) +

+ 2t(el11,1,1,01,1,00 +101,21,01.1,00 — L0,2.1,1,01,1,00 + 11,01,2,01,1,00) +

3(pi —t)

10,1,1,1,0,2,0,0,0
pi_Qt s 1,1, 1,U,24,U,U, Y

2
+ pilo1,1.201,1,00 +

4072 2 2
Bgs = ¢ ((p4 —s—=t)h11111-100— (P1—8)(Pi — s —Hli11111000 +
21 t1
+ (p5 —t)1111,01,1,000 + tl11,1,1,01,000 +
+ 5(I0,11,1,1,1,000 — 111,01,1,1,000 — 11.11,1,1,1,0-1,0)) »
472
Beg =€ (p1 —t) (1I11,1,1,1,1,0-1,0 — 11,1,1,0,1,1,0,00)
4
Bry =€ rarizliii,1,1,1,000,

3 2 2
By =¢€’rrs (2€(p4 —s—t)li111,11000+ (P — 5 —t)1111,02000 +

2
+ (pi — hizpa110-10 — 811,2,1,0,1,1,0,0,0) :

In addition, we made the following choice of basis for the elliptic sectors,

Bry = €*s191011.1.1.1.1.00 5
Bz = 64510,1,1,1,1,1,1,0,—1 )
Bry = 638210,2,171,1,1,1,0,07
Brs = €*sr2l0111.1.1.200 5
B = 6457’211,1,0,1,1,1,1,0,07
By = 64811,1,—1,1,1,1,1,0,0,
Brs = €5’12101.1.1,1,00 5

4
Brg =€ 57‘211,1,0,1,2,1,1,0,07

__ 4 2
Bgy =€'s <11,1,1,1,1,1,1,71,0(3 - p4) + I1,1,1,1,1,1,1,72,0) )

L4

2
Bg, = 56 S ((3 - p4)11,1,1,1,1,1,1,0,—1 +thi1110,00 —1,0 + 211,1,1,1,1,1,1,—1,—1) )

4 2
Bgy = € raryri ((p4 - 5)11,1,1,1,171,1,0,0 - I171,1,1,1,1,1,—1,0) )
Bgs = €* Al t1
83 = € T2l (5 - P4) 1,1,1,1,1,1,1,0,—1 —tli111,1,1,1,-1,0)

_ 4
Bgy = —¢ 7’27“37“911,1,1,1,1,1,1,71,0'
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The square roots r; are given by:

r=\/—pi, ry = /=5,

7"3:\/—_t, 7’4:\/m,
7“5:\/m7 7”62\/m7

re = VAm? — 1, rs = /4m? —p + s +t,

rgz\/4m2(p?1—s—t)+st, rloz\/4m2s+t(p?1—s—t),

riy = \/4m2t + pis — s2 — st rig = \/4m2$ (—p3+s+1t) —pit,

T3 = \/—4m23t + pi(s+1t) — p§, Ty = \/m4(—s) +2m2t (—2p3 + s + 2t) — st?,

T = \/m4(—s) +2m2(s+2t) (—pi+s+t)—s(—pi+s+t)? (A.5)
In the basis elements of the polylogarithmic sectors, namely By, ..., By, the 15 roots

only appear in the following 11 combinations:

{7“27"6,7"17“5,?“37'7,7"47”8,7“27"37”9,7“27“47"11,?“37'47“10,7'27”14,7“27"15,7“37"12,7”4?“13} . (A-G)

In the choice of basis for the elliptic sectors, the root ry appears separately. Therefore,

there are 12 independent combinations of roots in the full basis of the family.



Appendix B

Polylogarithmic sectors of Higgs +
jet integral family F

B.1 Alphabet

In this appendix, we give a set of independent letters in which we can express the
d log-forms appearing in the canonical matrix elements of the polylogarithmic sectors
of family F. The full alphabet is given by the following 69 letters:

[, =m?, ly = p3,
I3 =135, Iy =t,
Is=s+t, lg = —4m® +pi,
l; = —s+p?, Ils = —t+p3,
lo=s+t—p?, lip =4m? — s,
lip =4m? —t, liog = 4m* +t — pj,
liz=4m*+s+1t—p3, liy = s> +m?p? — sp2,
lis = t2 + m2p? — tp?, lig = —4m?s — 4m?>t + st + 4m?p?
liy = —s% +4m?*t — st + sp3, lig = 4m?s — st — 1> + tp?
lig = m?s* 4+ 2m?st + m*t? — stp7, log = 8% + 2st + t* + m?p3 — spi — tp7,
log = —4m?2st — 4m>t? + Am>tps + spi,  lop = 4m?st — sp} — tpi + 1S,
las = qu1, los = qu2,
1+ 1+ 2
125:1_77:37 126:1_77237

T2 r3
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Ts
1+ —
lor = m log = 7
—p3 — 1176 -5
10
M G R fyp = A= 29) e
2 (t —pi) — 1479 ’ % (ngl - 25) —TTe
2m? —t  rg
I :(pi—25—2t)+r1r6 - t ™
31 (pi—25—2t)—7”17’6’ 52 2m2_t_@’
t T
11 —
1 + ﬁ T + 176
I3 = # , l3gg = ———,
1 - -
71”27“3 ~ 176
1 2m?s + 2m?*t — tpj
— + — P4 + 7176
l35 = u) 136 = : ’
1 7 2m?s + 2m>t — tp?
= —— —TTe
P T ¢
2s+t—p? 7 r
721)4 + -8 14 22
l37 _ t— 2 1 138 — _ Taols
2stt—p2 16’ - 127
t—pi r 2
r r
14 14
fo — __ ToTs lyo = —317
39 L ZTHE. 40 1 _ 11 0
ToTg r3ry
r 1 T
1+ — St
L — . Tr3Ts Lo = by 715
41_1_7‘13’ 42_]_ rs
r3rs p?; 15
ror r3T
1 4 "2 14 36
[y — 1177 lyy = —L
43 — 1 ToTg 44 — 1 T3Tg
1Ty Ty
L 1+ 2
Lie — — T2T9 Liw — — 210
45 T 46 1 ez
979 2710
1+ 20
_ (st — 2m?%s — 2m?t) + roraryy [ — — TT10
a (st —2m?2s — 2m?2t) — rorsr e 1-— 1576

1710
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lag

lﬁl

l63

le7 =

- (2m2t—2m2s+st+t2—tp3) — raririz

T12
14—
577

ri2

1 - —

rsTy

t+pi T12
— 3 _1_7
t—pi T9Ts

_t+pi T

-
t—pi T9Ts

14 1711

TaT3Te

ST

1—

TaT3Tg

(2m2t—2m2s+st+t>—tp3) + r3rioris

—(@g + r1rar3reriy

)
—gg — T'1T2T3TgT11

—q13 + 117576715

)
—q13 — 717576715

—(q14 + 1727576712

)
—q14 — T1T2T5T6T12

)
)

) )
|

C.I3 6117
- 7"37‘117“14 + 73711714
2 i
—43 —qi7
5 7”37“117“14 5 — T3riiTi4
2 Pi
de q10
( — + 7”37“137”15> ( — T Tarisrs
Px 2
ds q1
—— — 3713715 ——— — 3’13715
pPi 2
Q18 q19
- T Tsrieria ) | ——5 T TsT12r14
2 Py
K 7
( 7"57’127"14) <—2 - 7’57”127’14>
2 Di

l50 -

les =

l66 =

T4T10
1+
_ TsTg

4710 2
1 —

I'sTg

S—i—pi 713
— 5 +
S—p4 URYAS

_S-i—pi 713

2
S — p4 3Ty

—Q2 + 1747679

)
—(2 — T'1T4TeT9

—(q4 + T57T8T13

b
—Q4 — T578713

g+ TaTaTer 1

b
qr — Tir2Ter14

—q15 + T173T5767T13

)
—q15 — 71737576713

—q16 + T1737576713

)
—q16 — 71737576713

qs q9
(—2 + T2T12T15> (— + T2T12T15)
y2 2

( g5 ) ( 99 )
——5 — TIeTiaTis — — T2rialis
Dy 2

G24

(2s +t —p3) (t + pi)

+ r17raTsTeT12

q24

(25 +1t —pi) (t + pi)

)

— ITrarsTeli2

Y
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K
)
[=)

q22
+ ror3TsT11715 —5 + rar3rsriiTis

) <pi
422 7
- 7"27’37"57“117"15) <2 )
27
q23
) <2 + 7"27‘37”57”137’14>
Pi
a2 )

leg =
421 3
o T2T3T'5T13714 5 T T2Tr3TsT13T14
Py

leg =
— I'9T3T5T11715

TN 7 N /N
et S

+ ror3T5T13714

The ¢; are given by the following polynomials:

1 = —2m?p; + 2m?s + pit

G = —4m*p? 4 2m*t — pit + p}

g3 = —8m*pit + 8m?st + 8m*? + pi(—s) — st*
@ = —2m*p2 4+ 4m?s + 2m*t + pit — st — 1?

g5 = 2m*pit + 2m?s*t — pis® — pist + pls

g = 2m2pis + 2m?st* — pist — pit* + pt

qr = 2m?*pis — 2m?pit 4+ 2m?st + 2m*t? + pi(—s)
g = —2m2pis + 2m2pit +2m?%s? + 2m?st — pist
go = 8m?2st + pis? — pis — pit +pb — s° — s%t

quo = 8m?st — pis + pit? — pit + p§ — st? — 3

qu = —2m*pit +m’py +m*t* + pis® + pist — pys

Q12 = —2m*pis + m2p] +m?s? + pist + pit? — pit

i3 = 2m*piis + 2m°pit — 2m*py + 2m’st — pis — pit + Pl

qua = —2m°pis + 2m°pit + 2m’s’ + 2m*st — pis® — pist + pis

G5 = 2mPpls — 2m2pit + 2m>st + 2m>1> — plst — pA> + pit

qi6 = 2m2p?13 + 2m2pit — 2m2pjj + 2m?st — pﬁst - pitz + pit

qur = 2m’pys — 2mpit? + 2m Pyt — 2m7py + 2m?st” + 2m°t — pigst

qis = —8m’pit + 8m®st + 8m*t* + 2pis” + 2pist — 2pys — 5° — 257t — st?

tiy = —Am®plst — AmZp2t® + Am2pit + 2m>s*t + Am>st? + 2m>® — pis® — plst + pls
(oo = —8m?pist + 8m?s*t + 8m?st? — pis® — 2pyst + 2pSs — pit? + 2pSt — p§ — s*t?
G21 = —8m2pz2;5t + 8m?s%t 4+ 8m?2st? — pisz + 2]04215752 + ZpZt?’ - pitQ — 577 — 25t — 1
Goz = 2m°ps” + Ampist — 4m?pls + 2mPpit? — AmPpit + 2m?pi + 2m*s*t* — piis’t

— pyst® + plst
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Qo3 = 2m?pis® — Am2pist® — Ampit® + 2m2pit? 4+ 2m2s*? + dmPst? + 2mtt — pis?t
- pjist2 + pist

Gos = 12m7*pist 4+ 2m?pis® + 10m?pist® — 10m?pyst — 2m*pSs 4 2m?pit® — 4m?pit?
+ 2m2pSt 4+ 2m2s%t? + 2mPstd — 2p2st — Ap2sPt + dpls® — 3p2stt? + 4pisit — 3pSs?
— pist® + pyst? — plst +pis.

The terms labeled by r; are square roots, which are given in Section A.1.

B.2 Polylogarithmic solutions

In this appendix we provide results for the canonical basis integrals of family F up
to weight 2 in terms of logarithms and dilogarithms, valid in the region R defined in
Eq. (6.16), where the results are manifestly real-valued. Note that the basis integrals
are defined in Appendix A.1. Expressions for the integrals at weight 3 and 4 may be
obtained as one-fold integrals over the weight 2 solutions, as described in Section 6.3.4.
Let B =Y, B®Mek. At weight 0 we have:

BY =1, B =1, BY=0 fori=3,...,65. (B.1)

At weight 1 we have:

B = —2log (L) , B = —log(l) —log (—L) , By =log(~lx)

BY = —log (—lys), B = —log(—ly) , BSY = —log (Iss) |

BYY = —log (~ly) , B =log(~lx) , By = —log (—las) ,

By = —log(ls) . Bl = —2log(~l) , BY = —2log (~lxr) , (B.2)

and Bi(l) = 0 for all other ¢+ < 65. Finally, at weight 2 we have

B£2) = CQ + 210g2 (ll)

1 1
By = Jlog” (1) + 5 log? (~14) + log (~11) log (1)

o 1
BYY = G+ 2Lis (I7') + 5 108 (—lor) —log (1) log (~la7) — log (~lg) log (~ L)
BY = —log? (—lys)
2 . -1\ s 7—-1) 20 o _
B = —(, — 6Liy (Is5') — 2Lia (—155') — 2log® (—las) — 2log (1) log (—las)
+ log (—13) log (—l25) + 3log (l10) log (—la5)
Bé2) = — 10g2 (_l26)
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B = —(, — 6Liy (I3 ) — 2Lia (—15 ) — 2log” (—las) — 2log (I1) log (—la)
+ log <—l4) IOg (_126) + 3 log (lll) IOg (_l26)
BE(;Q) = — 10g2 (lgg)
By = —(, — 2Liy (I ) — 6Lia (—159' ) — 2log” (las) —
9 = 2 19 28 19 ( 28 ) 2 10g (lgg) 2 IOg (ll) 10g (lgg)
+ log (lg) IOg (lgg) + 3 lOg (llg) log (lgg)
By = —log? (—lx)
(2 . -1 . -1 2
BiY = —( — 2Liy (=15 ) — 6Liz (1) — 2log® (—lo7) — 2log (1) log (—la7)
+log (—l2) log (—l27) + 3log (—Is) log (—l27)
s 1
By = G+ 2Ly (1) + 5 108 (~l7) = log (~14) log (~lar) — log (~I5) log (~Lz7)
Bj =
B =0
BY =0
. _ (11— 1
B%z) = L12 (l29l271) — ng (l271l291> — IOg (—l27) 10g (—lgg) — 5 10g (—l27) IOg <l54)
BY =0
B =0
@ _ L, o v 1o
B19 = 4 log ( l25) 4 log ( l27)
) _ ) _ (1 1
Bég) = CQ + ng (—l271) — ng <l25l271> — LIQ (l251l271) — 5 10g2 (—l25)
1 1 1
1 log® (—lar) + log (l3) log (=la5) — 2 log (11) log (—la7) — 2 log (—12) log (—la7)

+ log (—l7) log (—127)
By =0

1 1
Bg) = Z 10g2 (_126) — Z logQ (—127)
. _ . _ (11— 1 1
BY;) = G + Lz (157" ) — Liz (laol? ) — Liz (I 157 ) — 5 l0g” (1) — 7 log® (1)
1 1
+ log (l44) IOg (_l26) — 5 IOg (ll) IOg (—l27) — 5 log (—lg) IOg (—l27)

+ log (—ls) log (—l27)
By =0

1 1
BY = 0 log? (Ig) — 0 log? (—la7)

o . _ oy 1 1
B = G+ Lia (—15') — Lip (—lasly') — Liz (—I515) — 7 108" (—lar) — 5 log® (Ias)
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1 1
5 log (11) log (—la7) — 2 log (—l2) log (—la7) + log (—15) log (—127)

+ log (lag) log (I4s)

By =0
B =0
B =0

B?E?)) = ;logz (—l26)

B =0

B =0

BY3) = —( — 6Liy (Is5') — 2Lia (—152') — Lia (laslyr') + Liz (1517 ) — 2l0g” (—las)
— 2log (I1) log (—las) + log (—I3) log (—l25) + log (—14) log (—l25)
— log (—l7) log (—l25) + 3log (l10) log (—l25) + log (—la7) log (—125)
— log (—l27) log (l43)

B — ;logQ (—lar) — log? (—Ias)

B = —( — Lip (—lasly') — 2L (I3 ) — 6Liy (—l3g') + Lip (57135 ) — 210g® (Ias)
— 2log (I1) log (I2s) + log (—l4) log (l2s) — log (—I5) log (ls) + log (l9) log (2s)
+ 3log (I13) log (l2s) + log (—la7) log (I2s) — log (—la7) log (14s)

B = log? (~ly) ~ log? (1)

Bi7 =0

BYY = —ALiy (—l3;') + 2Liy (Iaslsy') + 2L (laslsy' ) — 2Lia (larlsy') + 2Lia (155155
+ 2Ly (I lgg' ) — 2Lz (17 lgg' ) + log® (—las) + log” (—las) — log® (—l7)
— 21log (I49) log (—las) — 21og (—lz6) log (I39) + 21og (—la7) log (I53)

B =0

Biy) = —4Liy (—ly;") + 2Lip (laolyt') — 2Lia (lorlyy' ) + 2Lz (—laslyy’ ) + 2Liz (117" )
— 2L, (12_71l4_11) + 2L, (—12_8114_11> + log? (—lag) — log? (—la7) + log? (I2g)
+ log (I56) log (—lag) + log (I2g) log (I55) + log (—l27) log (I60)

Bii =0

BYy = —ALiy (—l;') + 2Liz (Iaslsy') + 2L (laslsy' ) — 2Lia (larlzy') + 2Lia (155155
+ 2Ly (I lgg' ) — 2Lz (17 lgg' ) + log® (—las) + log” (—las) — log® (—l7)
— 2log (l40) log (—la5) — 21log (—lag) log (I39) + 2log (—la7) log (I53)
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Bg) = ;108;2 (—l25) + ;IOgQ (—l2)

B® =0

By = —4Liy (—15;") + 2Liy (lasly;') — 2Ly (larli') + 2Liy (—lasl') + 2Lia (I35 157"
— 2Ly (I 1y") + 2Ly (g 1) + log” (—la) — log® (—l7) + log” (las)
+ log (I56) log (—la6) + log (I2g) log (I55) + log (—l27) log (Is0)

Bz&? = ;IOgQ (—las) + ;logZ (l2s)

Bif =0

B =0

Biy = —4Liy (—lg') + 2Lip (laslag ) — 2Lia (lrlss’ ) + 2Lz (—laslss’ ) + 2Lz (15554 )
— 2Ly (I l5 ) + 2Lz (—lag lag ) +log” (—las) — log” (—l7) + log” (las)
— 2log (l49) log (—l25) — 21og (l2g) log (I46) + log (—la7) log (Is1)

B =0

BY = ;10g2 (las) — ;108;2 (—lar)

1
B = ~log? (~ls)

2
1
Bé:%)) = B 108;2 (l2s)
1 1
Béi) = 5 10g2 (—l27) — 5 10g2 (—l25)

B} = 4Liy (157" ) — 4Lia (laslyy' ) + 2Lz (laol?' ) — 4Lia (I5'157)
+ 2Liy <12’61[2’71) — 2log? (—lys) + log® (—lag) + 41og (Ls3) log (—la5)
+ 2log (I1) log (—la7) — 21og (—l2) log (—la7) + 21og (—14) log (—la7)
+ 4log (—17) log (—la7) — 2log (—Ig) log (—la7) — 21og (—ls6) log (144)

B — ;logQ (~tar) — 5 log® (1)

BSY = 4Liy (—137") + 2Liy (laslz') — ALip (—laslzr') + 2Liy (I51157) — 4Liy (— 15715
+log? (—lag) — 21log? (Ias) — 21og (lus) log (—lzs) + 2log (I1) log (—la7)
— 2log (—l2) log (—la7) + 2log (—14) log (—la7) + 4log (—I5) log (—la7)
— 2log (—Is) log (—la7) + 4log (l2s) log (l4s)

B =0

B =0

Big =0
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BEY = 20, +4Lip (—157') + 4Lia (I157') — 2Liy (lsly ) — 2Lia (laelr') + 2Lia (—lasly)
— 2Ly (5157 ) — 2Ly (5157 ) + 2Ly (715" ) — log” (—las) — log® (—la)
4 log? (—la7) + log? (log) + 21og (L43) log (—las) + 2log (I1) log (—la7)
—2log (—l3) log (—la7) — 21og (—Is5) log (—la7) — 21og (—1s) log (—l27)
+ 2log (—I7) log (—la7) + 21og (—Ig) log (—la7) + 21og (—la6) log (144)

-2 IOg (ng) log (l48)
By =0
Big =0
B® =0

By = —2G, — 4Liy (—I37') — 4Liy (I57') — 2Lia (lasly' ) + 2Lia (lasls7 ) + 2Lia (—laslsr )
— 2Ly (155157 ) + 2o (log' Iy ) + 2Lz (— 157 lyg' ) — log” (—las) + log” (~1ag)
—log? (—la7) + log? (Ias) + 21log (I43) log (—lzs) — 21og (I1) log (—la7)
+ 2log (—l3) log (—la7) — 21og (—Is5) log (—la7) + 21og (—ls) log (—la7)
+ 2log (—17) log (—la27) — 2log (—Ig) log (—la7) — 21og (—ls6) log (144)
— 2log (log) log (148) (B.3)






Appendix C

Results for cuts of the equal-mass

sunrise

C.1 Boundary conditions

In this appendix we give the boundary conditions of the cuts of the equal-mass sunrise
family in the point x = 0, where p*/m? = z, up to order €*.
for the basis of master integrals defined in Eq. (7.86). Some of the integrals are

(logarithmically) divergent in the limit = | 0. In those cases we include the divergent

The results are given

terms, which are proportional to log(z)* where k is a positive integer. We will use the
shorthand:

L1tV
3_1—?:\/5’

to refer to the cube root of unity. The boundary conditions are then given by:
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C.2 Iterated integrals of modular forms

In this appendix we give all of the cuts of the equal-mass sunrise family solved in terms
of iterated integrals of modular forms, in the basis of Eq. (7.86), and up to order €.
Orders three and four in € can be obtained upon request to the author. Note that the
kernels fo, f3 and fy are defined in Eq. (7.40), and the iterated integrals of modular
forms are defined in Eq. (7.45).
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