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The Catlin Multitype of Sums of Squares Domains

Nicholas Aidoo

Abstract

Given a sum of squares domain of finite D’Angelo 1-type at the origin, the model
resulting from the computation of the Catlin multitype of such a domain at the origin
is shown to likewise be a sum of squares domain. Based on this result, a partial
normalization of the defining function of a sum of squares domain is obtained. Under
the same finite type assumption, the Catlin multitype is also shown to be an invariant
of the ideal of holomorphic functions defining the domain. These results are proven
using Martin Kolai’s algorithm for the computation of the Catlin multitype defined in
[22]. For a sum of squares domain, the Kolai algorithm is restated in terms of ideals
of holomorphic functions.

A commutative-algebraic way of characterizing the rank of the Levi determinant of
a sum of squares domain is also presented.

In the Kolar algorithm for the computation of the Catlin multitype, polynomial
transformations are required at every step to minimize the number of variables ap-
pearing in the leading polynomial. The polynomial transformations in the algorithm
applied to a sum of squares domain are characterized by relating them to elementary
row and column operations on the Levi matrix.

Using this characterization of the polynomial transformations and the restatement
of the Kolar algorithm in terms of ideals of holomorphic functions, an algorithm that
connects nicely the notion of simplifying the Jacobian module associated to a sum of
squares domain with elementary row operations on the complex Jacobian matrix of the
same domain is devised. By employing this algorithm, the polynomial transformations
needed in the Kolar algorithm for the computation of the Catlin multitype are explicitly
constructed.
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Chapter 1

Introduction

Over the years, the 0-Neumann problem has motivated a lot of work in several complex
variables. Solving the central partial differential equation in several complex variables,
the O-problem, leads to a boundary value problem known as the O-Neumann problem.
While this boundary value problem is elliptic when the data is supported in the interior
of the domain, its boundary conditions are non-elliptic. As a result, the study of
subellipticity only needs to be done on the boundary of the domain.

Kohn in [18] and [19] solved the d-Neumann problem in the strongly pseudoconvex
case, and subsequently, Hormander used weighted estimates in [14] to solve the problem
in the more general case of a weakly pseudoconvex domain. Already in the strongly
pseudoconvex case, Kohn had shown that the gain in the degree of differentiability of
the solution was exactly % This prompted the obvious question: When is subellipticity
of the 0-Neumann problem satisfied at all? In his Acta paper [21], J.J. Kohn tackled
the question of subellipticity by introducing the notion of subelliptic multipliers and
as well as an algorithm to generate these multipliers. He also established that for a
pseudoconvex domain with real-analytic boundary, there is an equivalence between the
subellipticity of the 9-Neumann problem for (p, ¢) forms at a point of the domain and
the property that the maximum order of contact of ¢-dimensional complex-analytic
varieties with the boundary of the domain at the same point is finite. He proved this
equivalence via the termination of his algorithm, which amounts to the statement that
the constant unity function is a subelliptic multiplier.

Two important developments followed. The first was D’Angelo’s work on the order
of contact of complex-analytic varieties with the boundary of the domain, which is now
commonly known as the D’Angelo type and is a boundary invariant. The second de-
velopment was Catlin’s work in the 80’s in [5], [6], and [7] showing that the equivalence
of the subellipticity of -Neumann problem with finite D’Angelo type holds for any
pseudoconvex domain with smooth boundary and not just in the real-analytic case as
Kohn had shown. He showed that the subelliptic gain ¢ in the 0-Neumann problem
on (p,q) forms must satisfy ¢ < m, where A,(M,p) is the D’Angelo type. He
achieved this without going through the Kohn algorithm. In the process of proving
this equivalence, Catlin introduced another boundary invariant called the multitype
in [6]. The multitype gives a refined measure of the vanishing order of the defining
function of the domain by assigning a weight to each coordinate direction. The entries
of the multitype m,,_,11 are always bounded above by the D’Angelo ¢-type, and so for
a pseudoconvex domain of finite D’Angelo ¢-type, there is always a finite number of

level sets of the multitype in some neighborhood.



The multitype is difficult to compute in general, but it has several interesting prop-
erties. In order to compute it and also establish its properties, Catlin introduced
another weight known as the commutator multitype. In the pseudoconvex case, the
commutator multitype and the multitype equal each other. In [6] Catlin proved this
equality by considering polynomial models of a domain consisting of just the terms
from the Taylor expansion of the defining function that have weight 1 with respect to
the multitype.

An essential ingredient of Kohn’s argument in [21] that the subellipticity of the
0-Neumann problem for (p,q) forms is equivalent to finite D’Angelo g-type for real-
analytic pseudoconvex domains is the Diederich-Fornaess Theorem. As proven by
Diederich and Forngess in [12], if there is a real-analytic variety of holomorphic di-
mension ¢ in the boundary of a real-analytic pseudoconvex domain, then in any neigh-
borhood of a point on that variety, there exists a complex variety of dimension ¢ lying
in the boundary of the domain. This result was generalized to smooth pseudoconvex
domains by Bedford and Forneess in [2] in 1981. Therefore, it was known even before
Catlin’s work in the 80’s that the existence of submanifolds of holomorphic dimension
¢ in the boundary of the domain was an obstruction to subellipticity of the -Neumann
problem. In [6] Catlin sought to stratify the boundary of the domain in such a way as
to be able to rule out the existence of such submanifolds of holomorphic dimension q.
The level sets of his invariant, the multitype, precisely give this stratification as Catlin
proved that each level set of the multitype sits in a submanifold of the boundary of the
domain of holomorphic dimension at most ¢ — 1.

In [24], A. Nicoara used this stratification in order to give a constructive proof
for the termination of the Kohn algorithm in the real-analytic pseudoconvex case
as opposed to Kohn’s indirect proof in [21]. This prompted a question posed by
D’Angelo to A. Nicoara: In the simplest possible case of a domain given by sum
of squares of holomorphic functions, how does the stratification look like? We seek to
answer D’Angelo’s question by finding out how the entries of the multitype relate to
the algebraic-geometric behavior of the ideal of holomorphic functions in the sum of
squares.

The goal of this thesis is to introduce some important preparatory tools and tech-
niques necessary for answering D’Angelo’s question on the multitype level set stratifi-
cation of sums of squares domains. We will focus here on the multitype computations
for such domains. Our main tool is an algorithm devised by M. Koldf in [22] for the
computation of the Catlin multitype when it has finite entries. In order to ensure this
condition is satisfied, we will assume finite D’ Angelo 1-type throughout since the latter
bounds from above the last entry of the multitype; see [6].

Domains defined by sums of squares of holomorphic functions constitute a very
important class in the field of several complex variables as they connect in a very natural
way complex analysis with algebraic geometry. This class of domains was introduced
by J.J. Kohn in his Acta paper [21] under the term special domains. In [10] and [11],
D’Angelo studied the local geometry of real hypersurfaces by assigning to every point on
the hypersurface an associated family of ideals of holomorphic functions and exploring
various invariants in commutative algebra and algebraic geometry. He established
a close connection between the geometry of sums of squares domains and complex
algebraic geometry. Further work by Y.-T. Siu in [26] and [27] on sums of squares
domains introduced new approaches for generating multipliers for general systems of
partial differential equations. Owing to his initial work on sums of squares domains,



Y.-T. Siu gave an extension of the special domain approach to real analytic and smooth
cases. S.-Y. Kim and D. Zaitsev in [17] proposed a new class of geometric invariants
called the jet vanishing orders and used them to establish a new selection algorithm
in the Kohn’s construction of subelliptic multipliers of sums of squares domains in
dimension 3. Also, in a recent paper by the same authors [16], they provide a solution
to the effectiveness problem in Kohn’s algorithm for generating multipliers for domains
including those defined by sums of squares of holomorphic functions in all dimensions.
Other important results pertaining to sums of squares domains can be found in [8], [9],
[13], [15], and [23].

Owing to the connection between the associated family of ideals of holomorphic
functions and the geometry of sums of squares domains, a natural question is whether
or not the multitype could be computed from the corresponding ideals of holomorphic
functions. An answer to this question is provided in this thesis. More specifically,
we show that the multitype of a sum of squares domain can be computed from the
related ideal of holomorphic functions by restating the Kolar algorithm at the level of
ideals. Besides the fact that working with ideals aligns better with complex algebraic
geometry, this restatement also reduces significantly the amount of work involved in
computing the Catlin multitype for sums of squares domains.

A sum of squares domain 2 C C"*! is one whose boundary defining function r(z)
is given by

N
T‘(Z) :2R6(2n+1)+Z|fj(21,...,2n+1)|2, (11)

j=1
where f;(z1,...,2,41) for all j, 1 < j < N, are holomorphic functions vanishing

at the origin in C"*'. We shall denote by M C C"*! the hypersurface defined by
{zeC" | r(z)=0}.
The model hypersurface associated to M at the origin is given by

My ={z€C"" | H(z,2) = 0}, (1.2)

the zero locus of the homogeneous polynomial H(z, Z) consisting of all monomials from
the Taylor expansion of the defining function that have weight 1 with respect to the
multitype weight. We refer to H(z, z) as the model polynomial.

N
H(z,2) = 2Re(zn1) + 3 |hi(z1, - 2%, (1.3)
j=1
where h; is a polynomial consisting of all terms from the Taylor expansion of f; of
weight 1/2 with respect to the multitype at the origin, j = 1,..., N. Note that the
model hypersurface My = {z € C"*' | H(z,z) = 0} is a decoupled sum of squares
domain since variable z,.; has weight 1, so no h; can depend on it. By Catlin’s results
in [6], My has the same multitype at the origin as the original domain. Therefore,
with respect to all multitype computations, sums of squares domains behave as if they
were decoupled.

In [22] Kolar characterizes by weight the polynomial transformations that do not
modify the multitype and devises an approximation algorithm yielding a weight and
a partial model polynomial at each step of the algorithm. He calls the partial model
polynomial the leading polynomial. At the conclusion of each step, a polynomial



transformation that does not modify the multitype is supposed to be applied so that
the partial model polynomial depends on the minimum number of variables. When
all entries of the multitype are finite, this approximation algorithm terminates at the
multitype itself. The Kolatr algorithm could fail to terminate when there is at least one
infinite entry in the multitype. An example of this type will be provided in the thesis.

Even though the polynomial transformations that do not modify the multitype in
the Kolaf algorithm play a significant role in the computation process, there is no tech-
nique in [22] to construct them. We go further by providing an explicit approach that
characterizes and constructs these polynomial transformations in the Kolar algorithm
for a sum of squares domain. We establish a correspondence between such a polynomial
transformation and some defined sequence of elementary row and column operations
on the Levi matrix of a sum of squares domain. We refer to this sequence as the row
reduction algorithm. The termination of the row reduction algorithm at each step of
the Kolar algorithm indicates that the partial model polynomial produced depends
on the minimum number of variables. The algorithm naturally relates the notion of
Jacobian module of a sum of squares domain to elementary row operations performed
on the complex Jacobian matrix of the same domain.

The thesis is structured in the following manner: Chapter 2 defines the Catlin
multitype and provides a thorough description of the Kolar algorithm as introduced
in [22] for the computation of the multitype at the origin. We give an example to
demonstrate that the Kolar algorithm does not always terminate if there exists at
least one infinite entry of the multitype. Chapter 3 characterizes the rank of the Levi
determinant of a sum of squares domain by describing it in a commutative-algebraic
way.

Chapter 4 presents a key lemma for the characterization of the multitype entries of
the sum of squares domain. Specifically, we establish the fact that each multitype entry
can be realized by the modulus square of some monomial. Using the characterization
of such monomials, we show that the model of a sum of squares domain is likewise
a sum of squares domain. As an application, we produce a partial normalization of
the defining function of a sum of squares domain of finite D’Angelo 1-type at the
origin when the rank of its Levi matrix is nonzero. We also show in this chapter that
the multitype of a sum of squares domain is an invariant of the ideal of holomorphic
functions defining the domain under the assumption of finite D’Angelo 1-type at the
origin. This answers positively a question posed to the author by D. Zaitsev. In
the same chapter, a modified version of the Kolar algorithm in terms of ideals of
holomorphic polynomials is provided.

The polynomial transformations in the Kolar algorithm for the computation of the
multitype of sums of squares domains are characterized in chapter 5. This characteri-
zation is achieved through row and column operations performed on the Levi matrix of
the sum of squares domain. Using the restatement of the Kolatr algorithm in terms of
ideals of holomorphic polynomials in chapter 4, we translate the row-column operations
on the Levi matrix of a sum of squares domain into row operations on the complex
Jacobian matrix of the same domain. We then explicitly construct the allowable poly-
nomial transformations in the Kolar algorithm via a much simpler algorithm that relies
on the notions of gradient ideal and Jacobian module.

Finally, in chapter 6 we summarize the entire thesis and outline further work that
the author hopes to do subsequently.



Chapter 2

Catlin Multitype and the Kolar
Algorithm

In this chapter, we describe the Catlin multitype and the Kolar algorithm for the
computation of the multitype at the origin in [22]. The notion of weights, distinguished
weights, and the multitype were introduced by D. Catlin in [6].

2.1 Preliminaries

In this section, we give some definitions and also state without proofs some theorems
pertinent to our discussions in subsequent chapters. The definition of subellipticity of
the 0-Neumann problem is only provided here for completeness given the topics covered
in the introduction.

Definition 2.1.1. Let 2 be a domain in C". Let p be a point on the boundary 0f2
of . We say that the d-Neumann problem satisfies the subelliptic estimates on (p, q)
forms at the point p if there exists a neighborhood U of p and the constants £ > 0 and
C' > 0 such that

llelllZe < C(11oell” + 1107l * + llell*) (2.1)

for all ¢ € DP9 (U), where DP9 (U) is the space of (p,q) forms ¢ € Dom(9*) such
that 77 € C°(U N Q) for all components ;; of ¢ and |||¢|||..v is the local Sobolev
norm of order € on U. The constant ¢ is referred to as the order of the subelliptic
estimate.

Before we give the next definition, we recall the notion of a parameterized holomor-
phic curve as well as its order. A nonconstant holomorphic mapping

YU —C", (2.2)
where U is an open set of C is called a parameterized holomorphic curve. We now let
¥ (C,0) = (C,0)

be the germ of a parameterized holomorphic curve. We define the order of ¢ at 0 to
be the greatest integer k for which all derivatives of order strictly less than k vanish at
0. Denoted by v(1)), the order of the parameterized holomorphic curve is sometimes
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referred to as the multiplicity. The multiplicity of ¢ = (¢4, ...,%,) will then be given
precisely by v(¢) = min;<;<,{v(¥;)}. The definition below comes from [11]:

Definition 2.1.2. Let (M, p) be the germ at p of a smooth real hypersurface in C".
Let r be a local defining function for M near p. The maximum order of contact of
1-dimensional complex-analytic varieties with M at p is given by

s - S

The D’Angelo 1-type, denoted by A;(M, p), is said to be finite if the quantity in (2.3)
is finite.

(2.3)

Definition 2.1.3. The maximum order of contact of ¢g-dimensional complex analytic
varieties with a smooth real hypersurface M at a point p is given by

Ay(M.p) = inf {A&(MNPp)}, (2.4)

where P is a complex affine subspace of dimension n — ¢ 4+ 1 passing through p. Thus,
the infimum is taken over all choices of P. The D’Angelo g-type A,(M,p), is finite if
(2.4) is finite.

We state Theorems 2.1.1 and 2.1.2 from [10] without proofs. These theorems give
the results that the D’Angelo type is finitely determined and that the set of points of
finite type is an open subset of the boundary of the domain. Let M}, be the hypersurface
defined by the Taylor polynomial of the defining function r of M to the k-th order at a
point p. We denote by A,(My, p), the D’Angelo type of the hypersurface My, defined
by this Taylor polynomial.

Theorem 2.1.1. Let M be a real hypersurface of C* and let p € M be a point. The
following are equivalent:

i. Ay(M,p) is finite.
ii. There is an integer ko, such that if k > ko then Ay(My,p) = Ay(M,p) is finite.

iii. There is an integer kg, such that for k > ko, we have Ay(My,p) < k.

Remark 2.1.1. The integer ko can be taken to be the ceiling of A,(M,p), which we
will denote by [A,(M,p)].

Theorem 2.1.2. Let M C C™ be a smooth real hypersurface. Let py be a point of
finite type. Then there is a neighborhood U,, of po such that if p lies in Up,

Ag(M,p) < 2(8g(M, po))" .
In particular, the set of points of finite type is an open subset of M.

J. J. Kohn introduced the notion of type of a point on a pseudoconvex hypersurface
in C? in [20]. In [4] Thomas Bloom and Tan Graham generalized Kohn’s notion to C"
and gave a geometric characterization of type of points on real hypersurfaces in C".
Here is the definition given by Bloom and Graham: Let A be a real C* hypersurface
defined in an open subset U C C" with defining function r. Let .%, for kK > 0 an integer,
be the module, over C*(U), of vector fields generated by the tangential holomorphic
vector fields to NV, their conjugates, and commutators of order less than or equal to k
of such vector fields.



Definition 2.1.4. A point p € N is of type m if (9r(p), F(p)) = 0 for all F € %,
while (9r(p), F(p)) # 0 for some F € Z,,.

Here we denote the contractions between a cotangent vector and a tangent vector
by <, > We shall refer to the type at a point p as defined above as the Bloom-Graham

type.

2.2 Computation of the Catlin Multitype

As stated in the introduction, D. Catlin in [6] devised another boundary invariant
called the commutator multitype to compute the multitype on the boundary of a
pseudoconvex domain since the latter cannot be computed directly from its definition.
Subsequently, M. Kolaf in [22] also devised an algorithm for the computation of the
Catlin multitype on a general smooth hypersurface (not necessarily pseudoconvex)
when all its entries are finite.

We now present some definitions we use in the thesis following the set-up of Kolar
n [22] and then describe some of the tools that M. Kolar introduced. Let M be a
hypersurface in C**! and p € M be a Levi degenerate point. We will assume that
p is a point of finite D’Angelo 1-type. Let (z,w) be local holomorphic coordinates
centered at the point p, where w = u + v is the complex non-tangential variable and

the complex tangential variables are in the n-tuple z = (21,. .., 2,) with 2z = zy + Yy
Throughout this thesis, we will compute and define weights by considering only the
complex tangential variables zq,. .., 2z, as in [22].

Definition 2.2.1. A weight A = (u1,..., 1) is an n-tuple of rational numbers with
0<pu; < % satisfying:

Lopy > pjpr for 1 <j <n—1;

ii. For each ¢, either yu; = 0 or there exists a sequence of nonnegative integers
ai, . ..,a; satisfying a; > 0 such that

t
ZCLJ',LLJ‘ =1.
j=1

Let A be a weight. If a = (ay, ..., a,) is a multiindex, then we define the weighted

length of o by
ala =D ayuy.
j=1

Alsoif a = (g, ...,a,) and & = (4q, . .., &,) are multiindices then the weighted length
of the pair («, &) is defined by

n

(o, @) |a =Y (0 + ay)py.

Jj=1

!'is said to be of weighted degree & if

Definition 2.2.2. A monomial A,42%2%u
k= 1+ |(a, &)]a.

7



Similarly, we define the weighted order of the differential operator D*D%D' to equal
to k1= 1+ |(a, &)|5, where
al

, and D!'=—

Hlel _ olel
D i

Da = = =

D20t - 020 972 ... 9zbn
A polynomial P(z, Z,u) is said to be A-homogeneous of weighted degree k if it is a sum
of monomials of weighted degree &.

We shall set the variable w as well as the variables u and v to have a weight of one.

Definition 2.2.3. A weight A = (p1,. .., it,) is said to be distinguished if there exist
local holomorphic coordinates (z,w) mapping p to the origin such that the boundary-
defining equation for M in the new coordinates is of the form

v=P(z,z)+oa(1), (2.5)

where P(z,Z) is a A-homogeneous polynomial of weighted degree 1 without plurihar-
monic terms and o, (1) denotes a smooth function whose derivatives of weighted order
less than or equal to 1 vanish at zero.

We order the weights lexicographically. This means that for the pair of weights
Ay = (pay ooy i) and Ay = (py, ..o, ), Ay > Ay if for some ¢, p; = ,u; for j <t and

e > fuy.

Definition 2.2.4. Let M be a hypersurface in C*™!, and let p € M. Let A* =
(1, ..., pn) be the greatest lower bound with respect to the lexicographic ordering of
all the distinguished weights at p. The multitype .# at p is defined to be the n-tuple
(ma,...,my), where m; = oo if p; = 0 and m; = i if p1; # 0. We call the multitype
A at p finite, if the last entry m,, < oc.

The next theorem from [6] clarifies the relationship between the multitype and the
D’Angelo type for a pseudoconvex domain:

Theorem 2.2.1. (Catlin). Let Q C C"™! be a pseudoconvex domain smooth boundary.
Let py € b2 be a boundary point. If M (po) = (ma,...,my) is the multitype at py, then
foreachq=1,...,n, my11-q < A0, po), where A, (82, po) is the D’Angelo g-type at
Po-

For the purposes of this thesis, we shall assume finite D’Angelo 1-type at every
point p € M, since by Theorem 2.2.1, this assumption ensures that all the entries of
the multitype are finite, which is the exact setting in which the Kolar algorithm works.

For a weight A, we say the local coordinates on M at p are A-adapted if M is
described locally to have the form in (2.5), where P is A-homogeneous. We shall
refer to A*-adapted coordinates as the multitype coordinates given such that P is
A*-homogeneous.

Let 75, 7 = 1,..., ¢, be the length of the j-th constant piece of the multitype weight
given such that ¢ is the number of distinct entries in the multitype. Let Y 7_, v = k;,
then we have

/’Ll:“':ulﬂ>/’Lk1+1:“.:1uk2>.“:/’1/k671>/'ch71+1:.“:/’l/n7

8



where n = k.. We define a monotone sequence of weights Ay, ..., A. which are ordered
lexicographically as follows. A; is a constant n-tuple (uq,...,p;) and A, = A* is the
multitype weight. We then define the weight A; = (M,...,M) for 1 < j < ¢, by
)\f = p; for i < kj—; and )x{ = g, 41 for i > k; 1. Note that this construction yields
a finite sequence of weights even if A* has some infinite entries.

Definition 2.2.5. Let A = (A,...,\,) be a weight and
W=w+g(z1,...,2p,w) and Z; = z; + f;(z1, ..., 2, ),

for 1 < j < n, be a holomorphic change of variables. We say that this transformation
is:

i. A-homogeneous if f; is a A-homogeneous polynomial of weighted degree A; and
g is a A-homogeneous polynomial of weighted degree 1,

ii. A-superhomogeneous if f; has a Taylor expansion consisting of monomials that
have weighted degree > A; and g consists of terms of weighted degree > 1,

ili. A-subhomogeneous if the Taylor expansion of f; consists of terms of weighted
degree < \; and g consists of weighted degree < 1.

Definition 2.2.6. Fix A*-adapted local coordinates. The leading polynomial P is
defined as

P(z,z) = Z Coaz“Z% (2.6)

|(,@)[px=1

The polynomial defined in (2.6) is exactly the polynomial that only retains the
terms of weight 1. Put differently, it is a A*-homogeneous polynomial of weighted
degree 1 with no pluriharmonic terms, where A* is the multitype weight. Following
Kol4r in [22], we will also denote by leading polynomial the polynomial consisting of all
terms of weight 1 with respect to each intermediate weight A; in the Kolaf algorithm.

Theorem 2.2.2. (Kolar). A biholomorphic transformation takes A*-adapted coordi-
nates into N*-adapted coordinates if and only if this transformation is A*-superhomogeneous.

We will apply this theorem below in order to give a thorough explanation of the
Kolar algorithm for the computation of the multitype under the assumption that all
its entries are finite.

2.2.1 The Kolair Algorithm

The algorithm consists of a finite number of steps that terminate at the multitype
weight. In other words, it is an approximation algorithm that generates a partial
model polynomial and an intermediate weight at every step. Most importantly, the
polynomial transformations that do not affect the multitype are characterized by weight
at every step of the Kolar algorithm.

The algorithm starts by considering local holomorphic coordinates in which the leading
polynomial in the variables z and Z contains no pluriharmonic terms. The degree of
the lowest order monomial in this polynomial is then equal to the Bloom-Graham type



of M at p as defined in [4]. This gives the first multitype component my; see [6].
By our assumption 1 < m; < +oo. Let m; = t, and set Ay = (p1,...,11). We
then consider all Aj-homogeneous transformations and choose one that will make the
leading polynomial P, to be independent of the largest number of variables. We denote
this number by d;. For such coordinates, we get the defining function of M to be of
the form

v = Pl(zlv . '7and17217 s 7and1> + Ql(zv’z) + O('U/),

where P; is Aj-homogeneous of weighted degree 1 and @ is o, (1). Note that due to
the equal weights in Ay, all Aj-homogeneous transformations are linear. We use the
result that for any weight A which is smaller than A; with respect to the lexicographic
ordering A-adapted coordinates are also Aj-adapted coordinates. We thus have that
1 ="+ = lp—d, and p,—q,+1 < p1. We define the following important tools:

Let
Q1(z,2) = Z C’;dzazd.
[(e,8)]a, >1

We define

n—di
O, = {(a,d) ‘ C’é’& # 0 and Z(ai+di),ui < 1},

i=1
For every (v,%) € Oy,
A\ 1— Z?;ldl (i + i)
Wl (77 '7) - n ~ .
Zi:nfdﬁrl (’Yz + 71)
We define the next weight Ay by letting

(2.7)

/\? = (ar’g)aéél Wi(a, &)
for 5 > n — d;, and /\? = pp for j < n —dy;. We then complete the second step by
letting P, be the new leading polynomial corresponding to the weight Ay. P, depends
on more than n — d; variables.

We proceed by induction. At the j-th step, for j > 2, using coordinates from
the previous step, we consider all A;_;-homogeneous transformations and choose one
that makes the leading polynomial P;_; to be independent of the largest number of
variables. We fix such coordinates, and let d;_; be the largest number of variables,
which do not show up in P;_; after this change of variables. By Theorem 2.2.2, the
transformations taking A;_;-adapted coordinates into A;_;-adapted coordinates are
always A;_j;-superhomogeneous. The number of multitype entries that are added at
each step of the computation depends on the difference (d;_o—d;_1). Hence we consider
two cases at this step:

CASE 1: Assume that d;_5 > d;_;. Also recall that for any weight A that is smaller than
Aj_; with respect to the lexicographic ordering, A-adapted coordinates are also
A;_j-adapted. This implies that we get (d;j_o — d;—1) multitype entries

_ _ _ -1
/’Ln—d]'_2+1 _— = /’Ln—dj—l - )\n—dj,2+1
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and let )\g = p; for i <n —d;_s. To obtain )\{ for j > n —d;_;, we consider

U= Pj—l(zb B 7Zn—d]-_17 217 s 72n—dj_1) + Qj—1<z7 2) + 0(“)7

where Q;_1 is oa,_,(1) and P;_; is A;_;-homogeneous of weighted degree 1. We
define Q;_1, ©;_1, and W;_; in a similar way as in step two. Thus,

_ 1—1 —A&
Qj-1(2,2) = E C’id 2%Z°,
(@d)ln, ,>1

and also

n—d;_1

0, 1= (a,&)]CJ 2 #0 and Z (o + a)pi < 1

=1
For every (1,4) € 8;_1,
n—d,_ ~
D

Z?:n—dj,1+l (’Y’L + ,S/Z) ‘

So for the remaining multitype entries of A; we let

Wj—l(’%’?) = (28)

N = max W i(a,d),

(Oé,d)eej,1

fori >n— dj—l-

CASE 2: Assume that d;_; = d; 5. T here are zero multitype entries computed in this case
and so we only determine A] for j > n — d;_; using (2.8). This completes the
j-th step of the computation.

The process terminates after a finite number of steps to give all the entries of the
multitype weight A*. It is clear that case 1 advances the process. We just need to show
that the number of times case 2 occurs where no multitype entries are determined can
only happen finitely many times. We claim case 2 can take place at most (%ﬂ”‘di—ﬁl
times, where [ —| is the ceiling for the rational number u_ Indeed, it comes down to
the number of dlfferent values that (2.8) can have. The upper bound for the numerator
is given by [ =" dj-1 as the p; entries are decreasing, whereas the upper bound for
the denommator is given by (u—n}

Example 1. Let the defining function of a smooth real hypersurface M C C°
near a point 0 be given by

r=2Re(z) + |21 — 22+ 23)° + |27 — 27 + |22 ]%

Using the Kolar algorithm we proceed as follows: The Bloom-Graham type is 2, which

implies that 1 = 3 and Ay = (3,1,1). Thus, P, = |z |*+|2|* —2Re(2122) = |21 — 2%

We consider all Al homogeneous transformation and choose
21 = 2] — %9, and 2]' = Zj,

11



for 7 = 2,3,4, to obtain a leading polynomial P; independent of the variables z and
23. We write r in the new variables and ignore ~ when no confusion arises.

r=2Re(z4) + |21 + 237 + 2] + 22120 + |25)° and P, = |z]* with d; = 2.
We then get Q1 to be the sum

Q1 = |Z§|2 + 2Re(z12§) + |z:f|2 + 4Re(zf§122) + 4|21z2]2 + |z§|2.

We compute W; and find the maximum number is given by max(WW;) = ;11. Hence
Ay = (%, i, }l) and Py = |z; + 22|?>. We consider all Ay-homogeneous transformations

and see that
Z1 :zl+z§ and Z; = z;

for j = 2,3,4 makes the leading polynomial independent of the largest number of
variables, namely 25 and z3. So in the new variables, we get that

r=2Re(zs) + |21]* + |27 + 22125 + 25 + 22120 — 220257 + |25]* and Py = |z |?

Qo =|23* + 4|21 22)% + 4Re(222,73) + | 252 + 2Re(2123) + 4Re(212523) + 4]2120|* + 4Re(272,2,)
+ 8Re(212271 %)) + 4Re(2321%2) + 4| 2022 | — 4Re(222,27) — 8Re(2125 2272 )
— 4Re(237273) — SRe(21227273) + |25|°.

We compute W5 and select the maximum, which is %, and so A3 = (%, %, %) Here,

no Az-homogeneous transformation can make P3; to be independent of any variables.
Thus,

Py = |21|* + 4|zp23|* with d3 = 0.

Example 2. Let the defining function of a smooth real hypersurface M c C°
near a point 0 be given by

r=2Re(zs) + |21 + 22 + 2125 + 25 + 25|

Clearly, there exists at least one variety lying in M. For instance, the varieties ¢(t) =
(t,—t,0,0,0) and ¢(t) = (0,0, —t%,,0) both lie in M, and so the D’Angelo 1-type is
infinite. Now, using the Kolafr algorithm, we proceed as follows:

r = 2Re(z5) + |21 + 20 + 2125 + 25 + 25
= 2Re(zs5) + |21)* + |22|* + 2Re(212) + |2123)% + 2Re(212123) + 2Re(222123) + | 25|
+ 2Re(2175) + 2Re(2273) + 2Re(212375) + |25 + 2Re(2125) + 2Re(2225)
+ 2Re(212325) + 2Re(2520).

The Bloom-Graham type is 2, which implies that p; = % and A; = (%,%, %,%)

Hence P, = |2z1)? + |22]? + 2Re(2122) = |21 + 22/*. We consider all A;-homogeneous
transformation and choose

51 :Zl+22, and 5]' = Zj,

12



for all j = 2,3,4,5 to obtain a leading polynomial independent of the variables zo, 23,
and z4. So we write r in the new variables and ignore ~ when no confusion arises.

r=2Re(z5) + |21 + 2125 — 2025 + 25 + 25|* and P, = |z |* with d; = 3.

Q1 = |z123]> + 2Re(212123) + | 2023 |* — 2Re(212273) — 2Re(21z§222§) + |25
+ 2Re(2125) + 2Re(212375) — 2Re(202525) + | 28] + 2Re(2125) + 2Re(z2525)
— 2Re(222325) + 2Re(23525).
We compute W, and find the maximum number: max(W;) = max{+, & L L 11 -1

679107 127 16 6
Hence Ay = (3,1, 1 1), We consider all Ay-homogeneous transformations and show

2767676
that
= —ZQZ§+Z§ and Z; = z; for j =2,3,4,5
makes the leading polynomial independent of the largest number of variables, namely
29, 23, and z4. So in the new variables, we get that

r=2Re(z5) + |21 + 2125 + 2023 — 25 + 20|* and Py = |z |* with dy = 3.

Qo = |2122> 4+ 2Re(212122) + | 2023 |* + 2Re(212273) + 2Re(2122 5,23 ) + |25]* — 2Re(212))
— 2Re(212573) — 2Re(202325) + |28]* + 2Re(2125) + 2Re(212225} 4 2Re(2p2525)
— 2Re(2529).
1

By computing W, we get that the maximum number: max(Ws;) = max{ﬁ, I 159 ﬁ, 1—6} =

% Hence A3 = (2, 110, 110, 110) Considering all Az-homogeneous transformations, we

show that
1= —1—222§ — zg and z; = z; for j =2,3,4,5

makes the leading polynomial independent of the largest number of variables, namely
29, 23, and z4. So in the new variables, we get that
r=2Re(zs) + |21 + 2125 — 2025 + 24 + 257 and Py = |z|* with d3 = 3.
Q3 |2123|2 + 2R6(21212§) + |ZQZ3|2 - 2R€(212223) - 2Re(2123222§) + ‘Z§|2
+ 2Re(217) + 2Re(212325) — 2Re(222527) + | 25| + 2Re(2120) + 2Re(212375)
— 2Re(225725) + 2Re(2129).

We compute W3 and find that the maximum number is max(W3) = . Thus, Ay =

12°
(;, 112, 112, 12) We consider all Aj;-homogeneous transformations and choose

21 =2z + Z4 and 2]‘ = Zj,

for 7 = 2, 3,4, 5, which makes the leading polynomial independent of the largest number
of variables 2o, z3, and z4. So in the new variables, we get that

r=2Re(z5) + |21 + 2125 — 2525 — 225 + 21> and P, = ||* with dy = 3.
By further computations, we get the following:

max(W,) = &

14
formations, we choose

and so As = (3,15, 13, 13). By considering all As-homogencous trans-

2=z — zzzg + zg and Z; = zj,

for 7 = 2,3,4,5 since it makes the leading polynomial independent of the largest
number of variables, namely 25, z3, and z4. We now list the following without providing
the details:

13



i. We now have r = 2Re( |21 + 2122 + 2028 — 2§ — 2228]2, hence Ps = |z,

%) +
max(15) = g and do = (1 . ).

ii. Among the Ag-homogeneous transformations, we choose: 2z, = z; — 2324 and
Z; = z; for j =2,3,4,5 and write r = 2Re(z5) + |21 + 2125 + 2525 + 2025 — 23)%,
Ps = |z1)?, max(Wﬁ) Land A7 = (5, 55, 15 15)-

27187187 18
iii. Among the A;-homogeneous transformations, we choose: Z; = z; + 2225 — 2§ and

Zj =z for j =2,3,4,5 and write r = 2Re(z5) + )21 + 2125 — 20230 + 231 — 232012,
P7 = ||, max(W7) = 55 and As = (3, 555 35+ 30)-

27207 207 20

It is obvious from the above calculations that the procedure fails to terminate. Con-
tinuing the above process yields the result that at the v-th step,

1 oA (L1 1 1
- —_ n — _
2w+2) " \22w 2 20 +2) 2w+ 2) )

where v > 3. From the above computation, we see that there are no multitype entries
produced by the algorithm after the first step and that d; = 3 for all 7 > 1. This implies
that we have an infinite sequence of weights {A,};>2 converging to the multitype weight

= (1/2,0,0,0). We should also note for this example that the leading polynomial
P; is a sum of squares for each Aj-homogeneous transformation chosen with j > 1.

14



Chapter 3

Characterizing the Rank of the
Levi Determinant

In this chapter, we shall give a commutative-algebraic way of characterizing the rank of
the Levi form, which should be very helpful in understanding the behavior of domains
given by sums of squares of holomorphic functions.

We shall give the following elementary definitions in order to aid the reader to
understand the concepts presented in this section. The reader is directed to [1] for
additional details.

Definition 3.0.1. A ring R is called a local ring if it has a unique maximal ideal m.

Definition 3.0.2. Let J; be ideals of R for j > 1. A ring R is called a Noetherian
ring if it satisfies the following equivalent statements:

i. Every ideal in R is finitely generated;
ii. Every non empty set of ideals in R has a maximal element;

iii. For every increasing chain of ideals J; C J5 C --- there exists an integer m such
that
Jm=73; forall j >m+1,

namely all increasing chains of ideals in a Noetherian ring R stabilize.

Definitions 3.0.3, 3.0.4, and 3.0.5 below are given as in [1].

Definition 3.0.3. Let p; for 7 > 0 be prime ideals in a ring R. We define a chain of
prime ideals of R to be a finite strictly increasing sequence pg C --- C p;; the length of
the chain here is [.

We define the dimension of a Noetherian ring R to be the supremum of the lengths
of all chains of prime ideals in R.

Definition 3.0.4. Let R be a Noetherian local ring of dimension d, and let m be its
maximal ideal, where £ = R/m is its corresponding residue field. We call R a regular
local Ting if it satisfies the following equivalent statements:

i. m can be generated by d elements;
ii. dimg(m/m?) = d.
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From the above definition, it is clear that local rings of non-singular points of a
variety are regular local rings. This implies that geometrically a regular local ring
corresponds to a regular point of a variety.

Definition 3.0.5. Let R be a local Noetherian ring with dimension d. A system of
parameters is a system {z1,...,x,s} which generates an ideal that is primary to the
maximal ideal m. We call the system {x1,...,z4} a reqular system of parameters if it
generates the maximal ideal.

We will now define the notion of a germ. Let p € C" be given. Let f : U — C and
g : V — C be two holomorphic functions defined on open sets U and V satisfying that
p € U and p € V. We say that f and g are equivalent at a point p if there exists some
neighborhood W C U NV of p such that f|lw = g|lw. Clearly, the relation defined
here is an equivalence relation. We refer to the equivalence class as the germ at p of a
holomorphic function in C™.

Definition 3.0.6. The ring of germs at p of holomorphic functions in C”, denoted by
nOp, is the set of germs of holomorphic functions at p equipped with the structure of
a ring.

The ring ,O, can be denoted by ,,O or simply O if the point p is the origin. The
ring ,O, is a regular local ring of dimension n.

The following lemma constitutes our first step towards finding a commutative-
algebraic way of understanding the rank of the Levi form for a sum of squares domain.

Lemma 3.0.1. Let M C C" be a sum of squares domain whose defining function is

given as
N
r= QRe(Zn+1) + Z ‘fj(zlv ce 72”)‘27
j=1
where fi,..., fn are holomorphic functions near the origin. Assume that each of the

generators f; has vanishing order at least 1. Without loss of generality, we order these
generators by vanishing order at the origin, that is, vo(f1) < --- < wvo(fn). Then

rk(Ag) = rk (J(f) < #(f),

where #(f) is the number of generators with vanishing order 1, rk()\;) is the rank of
the Levi from at 0, and vk (J(f)) is the rank of the complex Jacobian matriz (J(f)). In
particular, the rank of the Levi from at 0 equals the number of generators with linearly
independent linear parts.

Proof. Suppose all the generators have vanishing order at least 2 or simply vo(f1) > 2.
Then rk(J) is zero, which clearly equals the number of f/s with rank of order 1. The
interesting case is when at least one of the holomorphic functions has vanishing order
one. Let g for 1 < ¢ < N be the greatest integer such that vy(f,) = 1, then #(f) = ¢.
This means that we now have a set 2l of N generators, where the first ¢ generators
have non-zero linear parts. We now construct a new set B of ordered generators as
follows: The last N — ¢ elements of set 2 become the last N — ¢ generators of set B.

The first generator in set 2 becomes the first element of set 8. Pick the second
element of set 2 and check whether its linear part and the linear part of the first
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generator are linearly independent. If the two linear parts are linearly independent
then the second generator of set 2 becomes the second element of set B; otherwise, it
becomes the ¢-th element in set 8. Consider the j-th element in set 2 for 2 < j < ¢.
If its linear part and the linear parts of the elements in the first ¢ positions in set B
are linearly independent, then we place it in the first empty position counting from the
left of set B; otherwise, we place it in the first empty position counting from the right
of set B. The process will eventually terminate since there are only ¢ number of steps
in this procedure.

In the end, we will get k generators from the sum of squares whose linear parts are
linearly independent where k = g or k < q. Since the Levi form on M near the origin

is given by the expression
N
N O fr Ofx
(Aij) = (kz:; 2z, 8_z]> ;

it follows that the ranks of (\;) and rk (J(f)) are equal and equal to k, which is the

]
rank of the complex Jacobian.

]

Remark 3.0.1. By our construction, the linear parts from the first k holomorphic
functions will always be linearly independent.

Proposition 3.0.2. Let fi,..., fi for k < N be the generators from the sum of squares
whose linear parts are linearly independent. Let I = (fi,..., fi) be the ideal gener-
ated by fr, -+, fx, and let {f) = (f1,..., fn) be the ideal generated by the generators
fi,-.., fn. There exists a holomorphic change of coordinates such that f; = z; for
j=1,...,k and

V((£) < V@)

Proof. We begin with a list {fi,..., fx} as in the hypothesis and express each of the
k linear parts as 2?21 a;jzj fori=1,...,¢q, and a;; € C. Diagonalizing these k linear
parts we get each f; to be of the form a;z; + C;, where QZ is a function in n variables
such that vo(C;) > 1 and a; # 0 for 1 < ¢ < k. Now let f; = a;z; + C; and choose new
holomorphic coordinates (Zi, ..., Z,) about the origin such that

fi:aizi+0i:£i, fOI‘lSZS/{

We define an (n — k)-dimensional linear subvariety V(J) = {2 | 2, = --- = Z; = 0},
where J = <f1, . ,fk> = (Z1,..., %) . The rank of the Jacobian matrix (5 (O))Z.j is
exactly equal to k. O]

The geometric interpretation of the above proposition is that it constructs the
smallest dimensional coordinate hyperplane containing the zero set of the generators
of the sum of squares. Algebraically, 21, z5,..., 2 form part of a regular system of
parameters at the origin with k& being maximal in the sense that no holomorphic change
of variables can produce a larger number.

Lemma 3.0.3. Let M C C" be a sum of squares domain whose defining function is
given as

N
r = 2Re(z,11) + Z fi(z1, - z)

J=1
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where f;, for 1 < j < N, are holomorphic functions in the neighborhood of the origin.
Assume that we apply the Koldr algorithm in order to compute the multitype at 0 and
that there exists at least one non-zero Levi eigenvalue of the Levi form on M at 0.
Then there exists a Ai-homogeneous transformation such that the number of variables
i the first leading polynomial Py is always the same as the rank of the Levi form on

M.

Proof. We start by ordering the generators from the sum of squares domain M by
vanishing order. Assume that the rank of the Levi form at 0 is k. By Lemma 3.0.1 and
Proposition 3.0.2, we conclude that there exist exactly k£ generators of vanishing order
1 for which the set of their linear parts is linearly independent. Suppose that these k
generators are the first £ holomorphic functions from the sum of squares domain M.

Applying the Kolar algorithm to the sum of squares of the N holomorphic functions
implies that the Bloom-Graham type will be precisely 2 since there are at least £ > 1
generators with vanishing order 1. Let’s assume that there are ¢ generators with
vanishing order 1 for £ < ¢ < n. Since the Bloom-Graham type is 2, the weight
Ay = (1/2,...,1/2), and the first leading polynomial is given by P, = |l >+ - +1,]?,
where [; is the linear part of the generator f; for 1 < j < ¢. Next, we need to consider
all A;-homogeneous transformations and choose one which makes P; to be independent
of the largest number of variables. We know that A;-homogeneous transformations are
always linear. Since we have k linearly independent linear parts, it suffices to show
that there exists at least one linear transformation which makes the total number of
variables in [y, ..., to be exactly k, and no other linear transformation can make the
total number of variables in [y,...,l; to be less than k.

By our setting, evaluating the complex Jacobian matrix at the origin will give
precisely an N by n matrix. This matrix is subdivided into a ¢ by n submatrix of
coefficients of the linear parts, and an N — ¢ by n submatrix with only zero entries
which are obtained as a result of the generators f,11,..., fy, each having a vanishing
order greater than 1 and hence complex partial derivatives that vanish at the origin.

By applying Gaussian’s elimination to the N by n matrix, we get after a finite
number of linear transformations a k by k identity submatrix because there are exactly
k linearly independent linear parts. If we consider the composition of all of these
finitely many linear transformations giving the £ by k identity submatrix, then we can
always choose that as the linear transformation for which the number of variables in
ly,..., 1l is always k.

Hence if the rank of the Levi form at 0 is & for £ > 1, then there is always a
Aj-homogeneous transformation such that the first leading polynomial P; depends on
exactly k variables. O]

From the previous lemma, we see that if we consider a sum of squares domain
such that k£ of the generators have linearly independent linear parts, then the Kolar
algorithm always gives a first leading polynomial, after considering all possible A;-
homogeneous transformations, that is independent of n — k variables. Here n — k is
precisely the dimension of the zero locus of J = (z1,...,2;), whose generators are
exactly the k variables on which the first leading polynomial depends. In fact, the
proof of Lemma 3.0.3 constructs the linear transformation that brings the linear parts
of the first k£ generators to the simplest form, which is zq,.. ., 2.
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Chapter 4

An Ideal Restatement of the Kolar
Algorithm

A major preparatory tool to aid our quest of understanding the stratification by mul-
titype level sets of the boundary of a domain given by a sum of squares of holomorphic
functions is introduced in this chapter. As previously stated, we rely on Kolai’s com-
putation of the multitype in [22] to derive this tool. We seek to effectively interpret our
results both geometrically and algebraically, and so we resort to reducing the problem
to the study of the ideal of the holomorphic functions in the sum. For the transition
to be effective, we need to establish that a natural modification of the Kolar algorithm
still holds at the level of ideals of holomorphic functions.

4.1 Squares of Monomials and the Multitype En-
tries

We will show in this section that the set of monomials that give the maximum W-
value at each step of the Kolafr algorithm always consists of both squares of moduli of
monomials and cross terms. Since the entries in the multitype depend on the maximum
W-values, this will suffice to establish that for each entry of the multitype, there is
always a square that gives the corresponding multitype entry.

The ensuing lemma gives the foundational result we need in order to transition
from the sums of squares case to the case of ideals of holomorphic functions. We will
use parts of this lemma to prove Propositions 4.1.2 and 4.2.1, namely that the model
of a sum of squares is a sum of squares and that the multitype is an invariant of the
ideal of holomorphic functions defining the sum of squares.

Lemma 4.1.1. Let f and g be monomials with non-zero coefficients from the Taylor
expansion of h, where h is a generator from a sum of squares domain in C"*'. Let P,
fort > 1 be the leading polynomial at step t of the Kolar algorithm, and let W; be the
quantity defined in (2.8) computed at the (t + 1)-th step.

A If W[ 1) = Wellgl), then Wi(fg) = Wi(IfI?) = Wi(lgl?).-
B. If Wi(If?) < Willgl?). then Wi(lf?) < Wi(fg) < Wi(lgl?).

C. If Wi(1f]?) cannot be computed, then
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i. Wi(fg) < Willg|?) for any monomial g for which both W;(|g|?) and Wi(fg)
can be computed.

ii. Wi(fg) cannot be computed for any monomial g for which Wi(|g|*) cannot
be computed.

D. If f is such that | f|? is in the leading polynomial P, then

i. For any monomial g for which Wy(|g|?) can be computed, Wi(fg) = Wi(|g|?).

ii. For any monomial g for which Wy(|g|?) cannot be computed, Wy(fg) cannot
be computed as well.

Here Wi(f) := Wi(a, &) where (a, &) is the pair of multiindices corresponding to the
monomial f.

Remark 4.1.1. We shall say the quantity Wi(f) “cannot be computed” if the pair of
multiindices (a, &) corresponding to the monomial f is not an element of ©,. In other
words, Wi(f) cannot be computed if the numerator of the fraction giving Wy(f) is not
positive; see (4.1) below.

Remark 4.1.2. We note here that Wi(fg) and Wi(fg) corresponding to the cross
terms fg and fg respectively are equal.

Proof. Let z1,..., 2. be the variables in the leading polynomial P;, and let the weight
Ay = (f1, -y fes ests - - -5 fn). We begin by recalling that

e Z?:c—l—l(ai +a;)

where (a, &) = (aq,...,qp, 41, ..., 4y) is the multiindex of the monomial whose W; is
being computed.

Let I'; be the set of all non-zero monomials that consist of only variables not in P,
let I'y be the set of all non-zero monomials which consist of variables both in P, as well
as variables not in P;, and let I's be the set of all non-zero monomials which consist
of only variables in P;. If W;(|f|?) can be computed, then f € 'y or f € 'y only. We
will now prove f cannot belong to I's. We assume the opposite, namely that f € I';
and that W;(|f|?) can be computed. The monomial |f|* has weight > 1 with respect
to A, and since f € T3, it follows that the numerator of W;(|f|?) is < 0. Therefore,
W,(|f]?) cannot be computed, which is a contradiction. Without loss of generality, we
now specify to f € I'y or f € I'y for all parts of the lemma pertaining to the case when
Wi(|f]?) can be computed (and similarly for g).

Since f € I'y or f € T'y , we can write f = f; fo where f; and f, are monomials
satisfying f; € I's and fo € ['y. Let f1 = 27" --- 23, where 21, ..., 2. are the variables
in the leading polynomial P,, and f, = szffll 28 for Cp € C. If Wi(|f]?) can be
computed, by our definition of f, the multiindices a and § corresponding to monomials
f1 and f, respectively must satisfy |a| > 0 and || > 0. If |a| = 0, then f € I'y, and if
|a| > 0, then f € I'y. Here |a| = oy + - -+ + a as the rest of the entries are zero, and
18] = Beyr + -+ + B, for the same reason. Now, |f|* = fififofe with |a| = |&| and
18] = 3. Hence

(4.1)

1= (i + &) 53— Zf:l O
Wil f[?) = —— st 2 . 12
(1£1%) 81+ 17| T (4.2)
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Similarly, let g = g19-, where g; € I's and go € I'y. Let v and 7 be the multiindices
corresponding to monomials g; and go respectively. Here g; = 2]"---2J¢ and g =
Cyzlit -+ zin for Cy € C. By a similar computation as carried out above for f,

: — Z?:l i lbi

Wi(lgl?) = 2 ] (4.3)

A. Suppose that W;(|f|*) = Wi(|g|?) and consider

1— Zf:l Qi fby — 2521 Nilbi

Wt g) =
o) B+

_ % =D i Qifli + % =D iy Vikli

|81+ |7
2 2
= |/B|Wt(|f’|6)| 1— ||:||Wt(|g| ) from (4.2) and (4.3) by cross multiplication.
— Wi(fP) = WillgP) by our hypothesis.
(4.4)
B. Suppose that W;(|f[*) < Wi(]g|?). Then from (A.) we get that
5 i Qi T 5 = Dy Vilki
Wt — 2 i=1 2 i=1
) 8T+ 17
2 2
Wi(|g|? Wi(]g)? :
< |6| (|g||ﬁ)| i I:: (|g| ) since Wt(lfP) < Wt(’QP)
= Wlgl*)
Again
o IBIWS1P) + [T Wellgl®)
Wt -
(9) 18]+ |7] (4.6)
> Wi(|f)

since Wi(|f]?) < Wi(|g|*). Thus from (4.5) and (4.6) we obtain

Wil £1%) < Wi(fg) < Wallgl*)-

C. i. Suppose that W;(|f|?) cannot be computed. Then clearly f ¢ I';. We know
that f = fifo and that |a] > 0 and |3| > 0. If W;(|f]?) cannot be computed,
then we get that > 7 (o + G;)p; > 1. Thus > oy > 1/2 since oy = @ for
alli, 1<i<e.

Let g = g1g2, where g; € T's and go € T'y. Wi(]g|?) and W;(fg) can be computed,
and so g cannot belong to I's, which implies the multiindex corresponding to g,
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ii.

11.

must satisfy |7| > 0. Therefore,

3~ Dy Cifti + % — D i1 Vil

Wi(fg) = 2
9 1+ 1]
— % - Z’fil Oél/’b’b + |T| Wt(|g|2) from (4 3)
1Bl + |7
| . . (4.7)
-
< — W, g2 since — — ol <0
EEE +(lg1”) 5 ; p
<Willg?)  since T <1
< Wi(lgl*) since s

From (C.i.) we know that f = fifs ¢ 'y and also that Y 7 a;u; > 1/2 since
a; = &; for all 7, 1 < i < ¢. Similarly, for g = g1 it means that g ¢ T'; and
that >, vip; > 1/2. Thus > 7 (oy +;)p > 1, and so the pair of multiindices
corresponding to the cross term fg is not in the set ©;. Hence the number W;(fg)
cannot be computed.

. i. Suppose that f is such that | f|? is in the leading polynomial P;. Then f € I's,

which implies that f = fifs with |5| = 0, that is, f = Cf; for C' a non-zero
constant. Let g = g1go be any monomial such that W;(|g|?) can be computed.
Clearly, g ¢ T's, and so |7]| > 0 whereas |y| > 0. We know from (4.3) that

1 _ ZC "y
i=1 Vil
Willgf?) = 25

Given that |f|? is a term in P, Y ;_, (o +d&;)p; = 1 since P, is a A;-homogeneous
polynomial of weighted degree 1. Thus > ;_, a;u; = 1/2 since a; = & for all
1, 1 <i<ec. Now

% - Zf:l Qifhi + % - 25:1 Yilki

Wt(f£_7> =

18] + |7

D D N Y e e Y

— 2 Zz—l IU’ 2 21_17N since |/8’ — O
7] (4.8)

1_ ZC . ¢

2 i=1 Vilbi . 1
=+ == —  dince il = =

0 2.0

= Wi(|gl*)

Let ¢ = g1g> be any monomial such that W;(|g|?) cannot be computed. From
(D.i.) we know that )¢ | a;p; = 1/2 and from (C.ii.) we know that Y ;| vip; >
1/2. Thus

C Cc

C
Z(O‘i + Y i = Z(Oéi + Vi) i = % + Z%uz > 1.
i—1

i=1 =1

Hence the pair of multiindices corresponding to the cross term fg does not belong
to the set ©;, and so the number W;(fg) cannot be computed.

]
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Proposition 4.1.2. Let M C C"*! be a hypersurface whose defining function is given

as
N
T(Z) = 2R6(2n+1> + Z |fj(zlu s 7Z’n>|27
j=1
where f1, ..., fn are holomorphic functions near the origin and assume that the D’Angelo

1-type is finite. Then the leading polynomial Py(21,. .., Zn_d,s Z15- - - Zn—d,) Obtained at
step t of the Kolar algorithm, fort > 1, is a sum of squares of holomorphic polynomaials.
In particular, the final leading polynomial P(zy,. .., 2n, 21, . ., Zn) corresponding to the
multitype weight is likewise a sum of squares.

Remark 4.1.3. The model hypersurface is given by the zero locus of the homogeneous
polynomial consisting of all monomaials from the Taylor expansion of the defining func-
tion that have weight 1 with respect to the multitype weight. This lemma shows that
the model of a sum of squares domain is always a sum of squares domain under the
assumption of finite D’Angelo 1-type.

Proof. We order the generators f; by vanishing order. We truncate each generator fj
up to order 8 = [A1(M,0)], the ceiling of the D’Angelo 1-type of M at the origin, and
denote it by f,f . Since a sum of squares domain is pseudoconvex, by Theorem 2.2.1,
no terms of higher order than 5 ought to come into the computation of the multitype.
We order the terms in the truncated generator f]f by vanishing order and also use
the reverse lexicographic orderrng to reorder the monomials with the same combined

degree. Now let fi,; = C;“zl e O‘“ be the i-th monomial in the generator fk after
ordering by vanishing order. Let the number of distinct combined degrees in the Taylor
expansion f,f be ki, and let 7 ; be the number of non-zero monomials with the same
combined degree v, ; in f,f . Thus,

K
1P = |fua + -+ frg|?, where np = an,j-

=1

Here 7, is the total number of monomials with nonzero coefficients in the power series
expansion of the generator fi up to order 5. In the expansion of | f,f |2, we have two
types of terms: squares |fy;|? and cross terms 2Re(fy ;fxi). For simplicity sake, for
each monomial fj; in the generator f,’f , we write the terms from the expansion of | flf |2
into an expression of the form

i—1

| fril® + Z 2Re(fk,jfk,i), (4.9)
j=1

fori=1,2,... nm.

Define P, for t > 1 to be the sum in the leading polynomial P, at step ¢ consisting
of terms from the expansion of |f,f]2 We could have P, j, = 0 for some k, 1 <k < N,
and for some t > 1 if there are no terms from the expansion of | f,f | in the leading
polynomial P; after the t-th step. Thus, P, = Zgzl P, ;. In order to show that the
final leading polynomial F; is a sum of squares, it will suffice to show that each P,
obtained at each step of the Kolar algorithm is a sum of squares. Note that trivially 0

is a sum of squares.
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The Bloom-Graham type is 2v;, where vy := ) Lrllci<rlN{%1} = vy,; since the monomials
from the expansion of each | f,f |? as well as the generators fj, are ordered by vanishing
order. Thus, the leading polynomial P; consists of all terms of combined degree 2v;.
Clearly, P1; # 0, but P, = 0 for every k such that v, > v;. Let k be such that

Py # 0, and denote by mj, > 1 the number of monomials from the Taylor expansion of

f,f that have combined degree v;. By writing the terms from the expansion of | f]f | into
the form given in (4.9), it is easy to see that the first my squares | fi;|* fori =1,...,my
as well as the 772ka cross terms 2Re( fx f;“) for j < 4 all have combined degree 2v;.

Thus
Pip=|fri++ foml’ (4.10)

which is obviously a sum of squares. If d; = 0, then we are done and P; becomes the
leading polynomial with multitype weight A;. On the other hand, if d; = n — ¢ for
¢ < n, then we proceed to the next step.

In the second step, we assume without loss of generality that the W, value of at
least one square in Q; can be computed. Then the maximum W; value exists, which
further implies that some terms from the expansion of | f,f |? for some k will be added to
the leading polynomial P; in order to obtain . P, might be 0 for some k if no terms
from the expansion of | f,f > end up in P, after this step. Obviously, the interesting
case is when P, # 0. Consider k such that P, # 0. Suppose that u; squares from

the expansion of |f|? give the maximum W; value, and let |f|* for I =1,... uy be
these squares. Here ¢; for [ = 1,..., ux is some positive integer between 1 and 7, and
¢ < cqq forl=1,... ur — 1. The argument now splits into two cases:

CASE 1: P =0. By Lemma 4.1.1 part A, we get exactly (?) cross terms 2Re( fy.c. fr.c,);
which give the maximal value for W; and ¢, < ¢; for 1 < e,l < u;. Combining

the u; squares with the (?) cross terms gives

Pk = |frer + -+ frew I (4.11)

CASE 2: Py # 0. Then from Lemma 4.1.1 part Di, we know that for each square | e |2
there are exactly my, cross terms 2Re(fy ; fio) forall j < ¢ and j =1,...,my as
well as [ = 1,..., ug that give the maximal value for W;. We also know from the

first case that there are uk) cross terms 2Re( fy. ¢, fk,cl) that give the maximal

2
value for Wy, and so we obtain the result that

Por=\fea+ -+ fome + froe +- -+ fk,cuk|2- (4.12)

In the (¢ 4 1)-th step, we begin by first assuming that the sum P, for some k is
a sum of squares because if P, = 0 the argument is identical to the one given in
Case 1. Thus let P, be given as Py = | fep, +- -+ b, 2, where vy, is the total

number of squares from the expansion of |f,f|2 in P, after step ¢t with b; < bj1;
for j =1,... v — 1. Let’s assume that the W; value of at least one square in Q)
can be computed. This implies that the maximal value for W; exists. Assume
that sj squares from the expansion of | f,f |> give the maximum W; value, and let
| fr.a,|? for L =1,... 55 be these squares.
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From Lemma 4.1.1 part Di, we know that for each square | fy 4, | there are exactly
vy, cross terms 2Re( fy; fiq,) for all j < a; where j =by,...,b,, and [ =1,... sy,

which give the maximal value for W;. By Lemma 4.1.1 part A, there are (;k)

cross terms 2Re( fx q, f;wl) which give the maximal value for W;, and so we obtain
the result that

2, (4.13)

Piyig = |fepy +-- -+ Jebo, + fiiar T+ fras,

Hence P,1; is a sum of squares. Since the leading polynomial P, at each step
is a sum of the P, ;’s, the leading polynomial at each step and subsequently the
final leading polynomial is a sum of squares.

Since every change of variables that is allowed in the Kolaf algorithm sends each square
to a square and keeps the weight of terms in the leading polynomial P, the same, it
is easy to see that the leading polynomial is still a sum of squares after any change of
variables.

Our assumption of finite D’Angelo 1-type implies that the last entry of the multitype
is bounded, and so all entries of the multitype weight will be finite. This means that
the Kolar algorithm will definitely terminate after a finite number of steps, and so
the above procedure can only occur finitely many times. We conclude therefore that
the final leading polynomial corresponding to the last weight in the procedure, the
multitype weight, is always a sum of squares too.

O

Lemma 4.1.3. Assume that the D’Angelo 1-type of the hypersurface M of a sum of
squares domain at the origin is finite. Let Mg be the model hypersurface of M given

by the defining function
r = 2Re(zn11) + P,

where P is the model polynomial. Then P cannot contain the variable z,. 1.

Proof. Let P be the model polynomial of a sum of squares domain M and assume
that the D’Angelo 1-type of M at the origin is finite. From Proposition 4.1.2 we know
that P is a sum of squares and that every monomial from its expansion is of weighted
degree one with respect to the multitype weight. Now, let’s assume that P depends on
the variable z,,1, whose weight equals 1. Since P is a sum of squares of holomorphic
polynomials which vanish at the origin, every monomial from its expansion cannot be
harmonic. By our assumption, at least one of these non-harmonic monomials depends
on the variable 2,1 and so has a weighted degree strictly greater than one with respect
to the multitype weight. This contradicts the fact that P is a model polynomial. Hence,
P does not depend on the variable z, . O

Armed with Proposition 4.1.2 and Lemma 4.1.3, we can strengthen Catlin’s nor-
malization result from [6] for a sum of squares domain of finite D’ Angelo 1-type. Catlin
proved that the model hypersurface of a pseudoconvex domain whose Levi form has
rank p at the origin has a defining function of the form:

p p
To :2Re(zn+1) + Z |Zk|2 + 2Re (Z Zk:hk(zp-l—la ceey R, 2p+1, . ,Zn)>

k=1 k=1

+ Rpr1(Zpa1s - - o5 20y Zprts - - o5 Zn)
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for hy, ..., hps1 polynomials.

Our normalization result is the following:

Proposition 4.1.4. Let M C C"™! be a hypersurface whose defining function is given

by
N
r=2Re(zui1) + O | il
j=1
where f1,..., fx are holomorphic functions in the neighborhood of the origin. Assume

that the D’Angelo 1-type of M at 0 is finite. Let
ro = 2Re(zp41) + P(2, 2)

be the defining function of the model hypersurface Mgy of M, where P(z, Z) is a polyno-
mial of weighted degree 1 with respect to A*, the multitype weight at the origin. Assume
that the rank of the Levi form of My at 0 is p. There exists a polynomial change of
variables preserving A* such that the new defining function r§ is of the form

p
ry = 2Re(zn11) + Z 12812 + P*(2p11s - - s Zns Zpids - - - 5 Zn)s
k=1

where P*(2p41, ..., Zny Zpt1, - - -5 2n) 1S @ sum of squares of holomorphic polynomials in
the variables zpyq, ..., 2.

Proof. We assume p > 0, else there is nothing to prove. Let A = (ay7)1<ki<n be the
Levi matrix of My, and assume without loss of generality that the first p variables
21,...,%p are the only ones that contribute to the rank of A. Note that due to homo-
geneity all entries in the p x p upper left principal submatrix are complex numbers.
From Proposition 4.1.2 we know that P(z, Z) is a sum of squares, and so the defining
function rq is plurisubharmonic. Thus, M, is pseudoconvex. Therefore, the Levi ma-
trix A of rq is positive semi-definite, and so each principal minor of A is nonnegative.
There exists then a linear transformation that transforms A into a Hermitian matrix
whose p x p upper left principal submatrix is the identity matrix. In fact, this linear
transformation can be taken to be the identity on variables zp;1,...,2,41. As such,
this linear transformation preserves A* by Theorem 2.2.2. Due to Proposition 4.1.2,
after our change of variables, ry has become 7 given by

p
7:0 = 2Re(zn+1) + Z |Zk + gk’2 + P(Zp+17 ey Rny Zp+1) R 7277,)7

k=1
where each gy, is a polynomial in the variables zj11, ..., 2, with vanishing order at least
2 and P(2pt1,-- - 2ns Zpt1s - - -5 Zn) 1S a sum of squares of holomorphic polynomials in

the variables 2,11, .., 2, only. By homogeneity, g; has weight 1/2 for k =1,...,p. To
finish the proof, we make the following change of variables that once again preserves
A* by Theorem 2.2.2: 2z, = 2 for k=1,...,n+1 where 2z =z, + g for k=1,...,p
and z; =z, fork=p+1,...,n+ 1. n

We shall prove another corollary to Proposition 4.1.2, but before we state it, we
consider the following:
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Let M C C"*! be a sum of squares domain given by the defining function

N
r=2Re(z,41) + Z FACTEA I

k=1

where f1,..., fx are holomorphic functions near the origin. Assume that the D’Angelo
1-type is finite at the origin and that [ is the ceiling of the D’Angelo 1-type. We
truncate each holomorphic function fj to the order 8 and let fj; be the i-th monomial
in the power series expansion of each generator f; after ordering by vanishing order.

The ideal corresponding to the defining function r is given as Z = (2,1, fiB e ff,)
We know that the term z,,; has weight 1. Following the original algorithm of Kolar,
we shall ignore the term z,,; and work with the corresponding ideal Z = ( flﬁ s f]'?,)

From Proposition 4.1.2, we know that all leading polynomials produced are sums
of squares. Therefore, any leading polynomial P; can be written in the form

N

v
Pj = ;’;fkﬂi

° (4.14)

where the f;,,’s are the monomials from the generator f,f of weighted degree % with

respect to A;. We will associate to every leading polynomial P; the ideal Zp, given by

V1 UN
I (zfl,ai,...,sz,ai). (w15)
=1 =1

2
. N . . N _ Vg
It is convenient to introduce notation for each square in P;. Let P;; = ’ > 1 froas

Then its associated ideal Zp,, can be expressed as

IPj,k = (ka7ai> = (fkﬂl +"'+fk,avk) (416)
=1

Clearly,
N
Ip, = Ip,. (4.17)
k=1

Recall also that each monomial in every leading polynomial is of weighted degree one
with respect to the corresponding weight. As a result, the weighted degree of any
monomial f,, is exactly one half with respect to the corresponding weight.

Thus, given Zp, , = (fra, + -+ fk’avk), the frq,’s are exactly the monomials from

the generator f,f of weighted degree % with respect to A;.

Set the ideal Z = Zy. For j > 1, the ideals Zp,, Z;, and Zp,, can be described as
follows:

1. Zp, is the ideal whose generators are precisely the terms from the generators of
the ideal I;_; having weighted order exactly % with respect to the weight A;. We
refer to the ideal Zp, as the leading polynomial ideal.
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2. The ideal Z; is the ideal obtained after applying the chosen Aj;-homogeneous
transformation, which makes the generators of Zp, to be independent of the
largest number of variables, to Z;_;. Simply put, /; is the ideal obtained after
changing variables in the ideal I;_;.

3. Ip,, is the principal ideal whose generator is the sum of monomials in the gener-

ator f,f with weighted degree exactly % with respect to the weight A;. The ideal
1

Zp,, is the zero ideal if no monomial in the generator f,’f has weighted degree

with respect to the weight A;.

4.2 The Kolai Algorithm (Ideal Version)

Set the ideal Z = 7, and compute the vanishing order at the origin of Z,, which is the
same as the degree vy of the lowest order monomial in Z;. We define the Bloom-Graham
type as twice the vanishing order of Z,. This gives the first entry of the multitype m,
and so let my = 1/py, where pu; = 214, Set the first weight to be Ay = (pq, ..., p1).

In the second step, consider all Aj-homogeneous transformations, and choose one
that will make the set of all generators of the leading polynomial ideal Zp, to be
independent of the largest number of variables. Denote this number by d;. In the local
coordinates after such a Aj-homogeneous transformation, we obtain that Zp is the
ideal whose generators consist of those monomials in the variables z1, ..., 2z,_4,, which
are of weighted degree 1/2 with respect to A;. Apply the chosen A;-homogeneous
transformation to the ideal Z; to obtain the ideal Z;. The rest of the terms from the
generators in Z;, which are not in Zp,, have weighted degrees strictly greater than %
with respect to A;.

We shall now give a slightly modified version of Koldi’s ©; and W;. If ki =
(o/f’j ... .,af7) is the multiindex of a monomial f; ; from any generator of Z;, which is
not in Zp,, then f; ; is of the form
kg

- 1
and |o™ |y, > =

1 e
Jrj = Ck,jz 5

@1 = {Oék’j

For every a®7 € Oy,

Let
n—di 1
1 k:]
Cy; # 0 and ;Zl ;7 py < 5} :

1 Zn—dl ak,j )

. o v

Wl(ak,]) _ 2 - i=1 szz'
Zi:n—d1+1 Q;

(4.18)
The next weight A, is defined by letting

M = max W;(aF)
akieO,
for i > n —dy, and \? = py for i <n — d;. To complete the second step, we let Zp, be
the second leading polynomial ideal corresponding to the weight A,. The generators
of Zp, depend on more than n — d; variables.
We proceed by induction. At the step ¢, for t > 2, we consider all A;_;-homogeneous
transformations and choose one that makes the generators of the leading polynomial
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ideal Zp, , to be independent of the largest number of variables. Denote this number
by d;_1. Apply this A;_;-homogeneous transformation to the previous ideal Z; 5 in the
(t — 1)-th step to obtain the ideal Z, ;. We know from the Kolaf algorithm that the
number of multitype entries that are added at each step of the computation depends
on the difference (d;—2 — d;—1). We consider two cases:

CASE 1: Assume that d;,_s > d;_;. Again recall that for any weight A that is smaller than
A;_1 with respect to the lexicographic ordering, A-adapted coordinates are also
A;_j-adapted. This implies that we get (d;_s — d;—1) multitype entries

,u’nfdt72+1 == :un*dt—l = )\fzildt,2+1
and let Xl = p; for i < n —d, 5. Here, Zp, , is the ideal whose generators are
sums of monomials in the variables zi,...,2,_4,_, that are A;_;-homogeneous
of weighted degree % To obtain ! for ¢« > n — d;_1, we consider the rest of
the monomials from the generators in Z;_; that are not in Zp,_,. Using these
1

monomials that have weighted degree strictly greater than 5 with respect to

A1, we define ©, 1 and compute W;_; in a similar way as in step two. Such
. _ t—1 ok 3 kJj — k,j k,j
monomials are of the form fy,; = C; 7 2*" for multiindex o™ = (ay”, ..., a;7)

satisfying |75, , > 5. Thus,

O, 1= { o

For every a7 € ©,_,,

n—di_1
; 1
C’,’;le # 0 and Z o, < 5} .
i=1

1 n—di—1 _k,j
5 Zi:l Q™ g

Wt_l(Oék7j) =2 P
Z?:’n—dt_l-i-l ai 7

So for the remaining multitype entries of A;, we let

(4.19)

M= max W,_(a®),
akie0;_q

fori>n— dtfl.

CASE 2: Assume that d;_; = d;_,. There are zero multitype entries computed in this case,
and so we only determine \! for ¢ > n — d,_; using (4.19). This completes the
step t of the algorithm.

We can thus establish a one-to-one correspondence between the leading polynomial
P, for t > 1 and the intermediate ideal Zp, introduced above. Since working with ideals
of holomorphic functions is often easier than with real-valued polynomials, the restate-
ment of the Kolar algorithm simplifies multitype computations for a sum of squares
domain. We work with considerably fewer terms in the case of the ideals as compared
to sums of squares. In particular, for each modulus square of a generator consisting of

. . . . . : . m
m monomials, Kolai’s original algorithm involves working with m squares plus 9
cross terms, whereas this restatement in terms of ideals involves computations for only
m monomials.

We give a corollary to Proposition 4.1.2:
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Corollary 4.2.0.1. Let M C C"™! be a hypersurface whose defining function is given
as

N
r= 2R6(2n+1) + Z ‘fj(zh s 7Zn)‘27

J=1

where f1,..., fn are holomorphic functions near the origin. Assume that the D’Angelo
1-type is finite. Then for £ > 1, each monomial from every generator of the leading
polynomial ideal ZIp, obtained at the (-th step of the Koldr algorithm has weighted
degree % with respect to the weight Ay.

Proof. Let f,’f be the Taylor expansion of the holomorphic function f; to the order £,
where (3 is the ceiling of the D’Angelo 1-type. We order the generators by vanishing
order and let Z = (f7, ..., ff,) Now assume that the vanishing order of the ideal 7
is ¥ > 0. Then the Bloom-Graham type is precisely 2v and the weight puy = % with
A1 = (g,...,5). Thus, Zp, is not the zero ideal.

For every k such that Zp , is not the zero ideal,

IPl,k = (fk,17 R fk,mk)a

where each monomial fj;, for 1 <4 < my, has weighted degree % with respect to the
weight A;. Next, assume that in the second step, the ideal Zp, , is the same as the ideal
Zp,,. We know that the entries corresponding to each variable in the monomial fy ;, for
1 < i < my, are the same in both weights A; and Ay. Therefore, each monomial from
the generator » " fi; has weighted degree % with respect to Ay as well. Assume that
the principal ideal Zp,, is generated by the sum Z:ikl Jri+ Z]k: 1 fhbj. Since the new
sum Zj’“: 1 frp, corresponds to the new weight A,, each monomial fi; has weighted
degree % with respect to Ay. Therefore, every monomial in the generator of the ideal
Zp,, has weighted degree % with respect to As.

Next, we assume that for ¢ > 2
Ip,, = (frar +0-+ fk,auk)a

where each monomial fj ,,, for 1 <17 < v, has weighted degree exactly equal to % with
respect to the weight A,.

Now, assume that at step £ + 1, the ideal Zp, , , is the same as the ideal Zp,,.
Every monomial in the generator of Zp,  , also has weighted degree equal to % with
respect to the weight Ay, because even though A, is not the same as Ay 1, the weight
corresponding to each variable in fmvk is the same in both weights A, and Ay ;.

Next, assume that at step £+ 1 the sum ) 7", fi.5, is added to the sum Y ") fia,,

to obtain the generator of the ideal

IPZ—H,Ic - (fk,a1 +o fk,avk + fk7b1 + -+ fk,buk)-

This implies that each monomial fyp, has weighted degree % with respect to the
weight Ayiq. Again, each monomial fi,, is of weighted degree % with respect to the
weight Ay, since the weight corresponding to each variable in fkﬂ% is the same in both
weights A, and Agyi. Thus, every monomial from the generator of the ideal Zp,, , , has

weighted degree % with respect to the weight Ay ;. O]
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The example that follows is the ideal restatement of the Kolar algorithm applied to
the defining function given in Example 1.

Example 3. Let M C C* be a hypersurface whose defining function is given by
r = 2Re(z4) + |21 — 20 + 257 + |22 — 25 + |52
The associated ideal then becomes
T=(2—20+2,20 — 23, 25) = Ip.

The vanishing order here equals one, and so the Bloom-Graham type is 2, which implies
that p; = 3 and Ay = (3,3, 3). Hence
IP1 = (zl - 22) = IP1,1'

So Zp,, is the zero ideal. We choose a A;-homogeneous transformation which makes
Zp, to be independent of the largest number of variables. Let z; = 2 — 23 and Z; = z;,
j = 2,3,4. We shall ignore ~ where no confusion arises. Thus we get d; = 2

Ip, = (21) =Ip,,.
Applying these variable changes to Z; gives
Ty = (21 + 23,2 + 22129, 23).
From Example 1, we know that the next multitype entry is 1, and so Ay = (3,1, 1)
Ip, = (21 +23),

where Zp,, = Zp, and Ip,, is the zero ideal. Again, we choose a A;-homogeneous
transformation which makes Zp, to be dependent on only the variable z;. Let z; =
21 + 22 and Zj = 2, j = 2,3,4. Again, we ignore the sign ~. Here dy = 2 and

IPQ = (2’1),

where Zp,, = Zp, and Zp,, is the zero ideal. We apply the new coordinates to Z; to
get
Ty = (21,22 + 22125 + 25 + 22120 — 22923, 25).

The multitype entry at this step is %, and Az = (%, %, %) We get that
Tp, = (21, —22023) = (21,22023).

Here Zp,, = (1), and Zp,, = (22273).

No Asz-homogeneous transformation can make Zp, to be independent of any variables
and so dg = 0. Thus, the multitype weight A* = A3 and the final leading polynomial
ideal is

Ip, = (21, 2023).
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Proposition 4.2.1. Let 0 € M C C"! be a hypersurface whose defining function is
given by

N
r(z) = 2Re(zni1) + Y1 fi(z, 2,
j=1
where fi,. .., fx are holomorphic functions near the origin. Let M' C C"*! be another
hypersurface whose defining function is given as

-1 N
u(2) = 2Re(zsn) + Y ISP+ fi = Y hefel + Y 1

j=1 £l j=l+1

for some fized I, where h; is a holomorphic function near the origin for every j =
1,...,N. Assume that the D’Angelo 1-type of M 1is finite at the origin. Then the mul-
titype obtained by applying Koldr algorithm to both r(z) and u(z) is the same provided
that (f1,---, fn) and

<f17"' 7fl*17hlfl - thfc7fl+17"'fN>

c#l
represent the same ideal in the ring O.

Remark 4.2.1. Modifying only one generator at a time makes the bookkeeping in the
computation of the multitype easier to follow.

Remark 4.2.2. Assume that there exist some | such that 1 <1 < N and holomorphic

functions near the origin hy,..., hj_1,hi1,..., hn such that f; = Z hefe. It is clear
c#l

that (f1,---, fn) and (f1, -, fi_1, fix1, - fn) represent the same ideal in O. There-

fore, applying Proposition 4.2.1 with hy = 1 shows that adding in the square |fi|*> or

taking it away makes absolutely no difference as far as the multitype computation goes.

This observation will be crucial in the corollary that follows.

Proof. We will show that the multitype obtained by applying the Kolar algorithm to
both r(z) and u(z) is the same. Let § = [A;(M,0)] be the ceiling of the D’Angelo
1-type of M at the origin. We truncate each generator f; as well as each holomorphic
function hy at the order S and denote them by f,f and hf respectively. Denote by f;
the i-th monomial from the Taylor expansion of f,f after ordering by vanishing order
and reverse lexicographic order for the monomials with the same vanishing order.

By Lemma 4.1.1, we know that each entry of the multitype is realized by a square.
If no square from the expansion of | flﬂ |2 contributes to the entries of the multitype, then
the multitype entries for both defining functions r(z) and u(z) are the same, and there is
nothing to prove. We thus assume that there exists at least one square from the expan-
sion of | fl’B |? that contributes to the entries of the multitype and that no nonzero multi-
ple of that square exists in any of the expansions of | £ |2, ..., | fr 1% |7l | Fal?

Next, we claim that if /;(0) = 0, then no square from the expansion of |k} f’|? can
contribute to the entries of the multitype. Indeed, let h;; be the i-th monomial from
the Taylor expansion of hle after ordering by vanishing order and reverse lexicographic
order for the monomials with the same vanishing order. For every monomial f; ; in flﬂ ,

the monomial h;;f; s in hlﬂ ff has greater combined degree than that of f;; for every
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i > 1. As a result, |hy;f;;|* cannot give the Bloom-Graham type since the combined
degree of |f;;|* is strictly less than the combined degree of |hy;f;;|*. Furthermore,
Wi(|hiifij1?) cannot be computed if W;(|f;;]?) gives the maximum Wi-value. By the
same argument, if f; = ZC# gefe, for g withe=1,...,l—1,1+1,..., N holomorphic
functions near the origin, then no square from the expansion of | flﬁ ? can contribute to
the entries of the multitype unless it is the square of the nonzero constant term of some
g. multiplied by a monomial of f, that in itself gives that same multitype entry. Since

we assumed the contrary, f; cannot be written in terms of the other generators. By

our hypothesis, however, (fi,---, fx) and <f1, s S e =32 fehes frs fN>

represent the same ideal in the ring O. Putting these two facts together along with
our assumption that there exists at least one square from the expansion of | ff |2 that
contributes to the entries of the multitype and that no nonzero multiple of that square
exists in any of the expansions of | f[2,..., [f7,]?, |fﬁr1|2, |22, we conclude that
hi(0) # 0. Without loss of generality, assume h; = 1. We shall show that modifying the
function flﬁ in the sum of squares by the sum ), 41 fPh? does not alter the multitype.
We further assume that the sum »_ fPhP # 0. By Lemma 4.1.1, it suffices to focus

on how the omission of some squares of monomials from the term |f — 37 21 h? 7|2
in the defining function u(z) affects our results. We now break our argument into two
cases:

CASE 1: Assume that there exists a monomial m in f{ whose square |m|?> from the ex-
pansion of | fl’B |2 gives the Bloom-Graham type. We consider two subcases here:

i. Assume that m is in the expression fl’8 - " h2 f5. Then no monomial in the
sum ) » hP f? cancels out m. Clearly, the weights obtained at the first step of
the Koldf algorithm are the same for both r(z) and u(z) since |m|*> belongs to

both defining functions.

ii. Assume that m is not in the expression ff -, » h2 5. Hence, m gets cancelled
out in the expression flﬂ — ZC# h2 f% and so does not appear in u(z). Let 1) be
the monomial in the sum ), » h? 5 that cancels out m, and write ¢ = h,; f. ; for
some ¢ # [, where h,; is some monomial in h? and f.; is some monomial in f7.
By our assumption, 1 equals m, and its square |1|? gives the Bloom-Graham type
as well. The monomial h.; cannot have vanishing order 1 or higher; otherwise,
fe; must have combined degree less than that of v, which contradicts the fact
that [¢|? gives the Bloom-Graham type. Thus, h.; = h.1 € C and m = he1 fe;.
Hence, the square |f.;|*> gives the Bloom-Graham type as well. Even though
there is the cancellation in wu(z), the weight obtained at the first step having
applied the Kolar algorithm to r(z) and u(z) is the same. More specifically, the
squares |f. ;> and |m|? appear in the expansions of |f#|? and | flﬁ % respectively.

CASE 2: Assume that there exists a monomial m in flﬁ whose square |m|? from the ex-
pansion of | flﬁ |? gives the maximum W;-value at the (¢ + 1)-th step for ¢ > 1.

i. Assume that m is in the expression ff - > ” h? f2. Then no monomial in the
sum ). h2 5 cancels out m, and so the weights obtained at the (¢ + 1)-th step
are the same for both 7(z) and u(z) since |m|? belongs to both defining functions.
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ii. Assume that m is not in the expression fl’8 =D sl h2 fP. Then m gets cancelled
out by some monomial ¢ in the sum ) 41 fPhE. Let o = hesf.; for some s and j,
where h. s is some monomial in hff and f.; is some monomial in ff. This implies
that m = ¢ and ||? gives the maximal W;-value at step ¢ + 1 as well. Now let’s
assume that h. s ¢ C. Then the combined degree of f,; is less than that of 1.

If Wi(|fe;|?) cannot be computed, then W;(|1)|?) cannot be computed, which
gives a contradiction. Therefore, we assume that W;(]f.;|*) can be computed.

At this point let us recall the definition of I'y, I'y, and I'3 as given in the proof of Lemma
4.1.1. Let I'; be the set of all non-zero monomials that consist of only variables not
in P;, let I'y be the set of all non-zero monomials which consist of variables both in P;
as well as variables not in P;, and let I'3 be the set of all non-zero monomials which
consist of only variables in P,. Also, recall that for any monomial f if W;(|f|*) can be
computed, then f € I'y or f € I'y only. Again, we shall write any monomial f in the
form f = 71 72 where 7, and 7, are monomials satisfying v; € I's and v, € I';. Recall

that . .
_ L=+ d
Z?:n—&-l (ai + &1) ’
where (ay, ..., Qn, dq, ..., &,) is the multiindex of the monomial | f|? whose W is being

computed, r is the number of variables in the leading polynomial P;, and W;(|f|?) is
the Wi-value of the term |f|?.

We shall now consider the number W;(|¢)|?) given that W (] f.;|?) can be computed.
From Lemma 4.1.1, f.; € I'; or I's. Since the monomial h. s can belong to I'y, I'y, or
I'3, we shall consider three subcases below and assume that f.; € I'; or I'y in each case:

Wa(lf1%)

a. Assume that h.s € I'y. Clearly, Wi(|f.;|?) and W(]¥|*) both have the same
numerator and the denominator of W, ([¢)|?) is greater than that of W;(|f.;|?) be-
cause he s € I'1. Thus, Wi(| f.;|?) is greater than W,(|¢)|*), which is a contradiction
to our hypothesis that W;(]1|?) is maximal at step ¢ + 1.

b. Assume that h., € T'y. Here, the numerator of W;(|1)|?) is smaller than the nu-
merator of W(|f.;|?) since h. s contains a monomial in I's. Also, the denominator
of Wy(]1|?) is greater than the denominator of W;(|f.;|?) because h,. s contains
a monomial in T'y. Thus, W(|f.;|?) is greater than W;(]1)|?), which is again a
contradiction.

c. Assume that h. s € I's. Then Wy(]f.;|?) is always greater than W, (|¢|?) for f.; €
I'; or I'y since the denominators of both numbers are equal and the numerator of
Wi (|1]?) is less than that of W,(] f.;|?). This gives a contradiction since W, (|¢)|?)
is maximal at step ¢t + 1.

From cases (a), (b), and (c) we can see that if h., ¢ C, then W;(|1)|?) cannot
be the maximum at step ¢ + 1, and so we have a contradiction to our hypothesis
in all three cases. Hence h., € C and so m = h.f.;. Clearly, W,(|f.;|?) gives
the maximal value at step t + 1, too. This implies that if we apply the Kolar
algorithm to both r(z) and u(z), then the multitype entry at the (¢ + 1)-th step
will be the same for both defining functions. The squares |f.;|* and |m|* appear
in the expansions of |f#|? and | ff |2 respectively. We see that regardless of the
cancellation in u(z), the weight obtained at the (t+1)-th step remains unchanged.
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Clearly, the case when h;(0) # 0 combines the analysis for the cases when h; = 1 and
hi(0) = 0. ]

Corollary 4.2.1.1. Let 0 € M C C"*! be a hypersurface whose defining function is
given by

N
r(z) = 2Re(za1) + Y _|fi(z1,- -z,

j=1
where fi, ..., fx are holomorphic functions near the origin. Let M’ C C*"*! be another
hypersurface whose defining function is given as

S
u(z) = 2Re(zp41) + Z lgi(21, -y 20|

Jj=1

Assume that the D’Angelo 1-type of M s finite at the origin. Then the multitype
obtained by applying the Koldr algorithm to both r(z) and u(z) is the same provided
that (f1,---, fn) and (g1, ,gs) represent the same ideal in the ring O. In other
words, the multitype is an invariant of the ideal (f1,..., fn) of generators.

Proof. Let the ideals associated to the hypersurfaces M and M’ be given by (f) =

(fi,..., fn) and (9) = (g1,...,9s) respectively, and suppose that (f) = (g). By Re-
mark 4.2.2 following the statement of Proposition 4.2.1, we know that adding in the
square of any element of the ideal (fi,..., fxy) does not modify the multitype because
that element can be written in terms of the generators fi,..., fy with coefficients in
O. Since (f1,..., fn) = (g1,...,9s) , each g, is an element of (fy,..., fx) and can be
written in terms of fi,..., fy with coefficients in O. Therefore,

r(z) = 2Re(zn41) + Z 1fi(z1, 0 20)]?

Jj=1

has the same multitype at the origin as

N
r1(z) = 2Re(zp41) + Z 1215 z) P+ gz, 20) )%,

J=1

and inductively, the same multitype at the origin as

N S
TS(Z) = 2Re(zn+1) + Z |f](217 SR Zn)’2 + Z |gk(zl7 s 7Zn>|2'
k=1

j=1
Now, we apply the argument in reverse. Since (gi,...,9s) = (f1,..., fn), each f; is
an element of (g1, ..., gs) and can be written in terms of g, ..., gs with coefficients in

O. Therefore, by Remark 4.2.2,

S
u(z) = 2Re(zn1) + > lge(z1, .- 20)|
k=1

has the same multitype at the origin as

S

ul(z) = QRe(Zn-‘rl) + Z |gk:(Z17 ) ZTL)|2 + |f1(Z17 ) ZTL)|27
k=1
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and inductively, as

S N
rs(2) = 2Re(zi1) + 3 Loz 2+ SO 2
j=1

k=1

We conclude that r(z) and u(z) have the same multitype at the origin, namely that
the multitype is an invariant of the ideal of generators. O
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Chapter 5

Polynomial Transformations in the
Kolar Algorithm

We give an explicit construction of the polynomial transformations that are performed
in the Kolar algorithm in this chapter. To achieve that, we relate polynomial trans-
formations to pairs of row-column operations on the Levi matrix of a sum of squares
domain. We then associate a polynomial transformation to a certain sequence of such
row-column operations.

The following elementary lemma is included for completeness:

Lemma 5.0.1. The composition of A-homogeneous transformations is A-homogeneous.

Proof. Let A be a weight, and let \; be the entry corresponding to the variable z; in

A. Denote by §; and S; the A-homogeneous transformations given by
Z=pi(z1,...,2,) and 2} =pi(Z,...,2})

respectively for 1 < i < n, where each polynomial p¥ for k = 1,2 is of weighted degree

A; with respect to the weight A.
Now consider the transformation S; o Sy given by

Z=pi(p1(21,- - z0)s - pn(21, 0, 20).
From the statements above, we can deduce that each monomial in p¥ is of weighted

degree \; with respect to the weight A. Hence S; 0 Sy is A-homogeneous as well.
O

5.1 Operations on the Levi Matrix

Let z = (21,...,2,) and C|z, 2] be a polynomial ring in the variables z and z over C
the field of complex numbers.

Definitions 5.1.1 and 5.1.2 below are slightly modified versions of those given in [3]
since we are working on the polynomial ring C|[z, z] and strictly with the Levi matrix,
which is Hermitian.

Definition 5.1.1. Let A be an n x n Levi matrix of a sum of squares domain €2 C
C". We say that the following types of operations on the rows (columns) are called
elementary row (column) operations.
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i. Interchanging two rows (columns). Denote by R; <> R; (C; <> C;) the operation
of interchanging the i-th and j-th rows (columns).

ii. Multiplying the elements of one row (column) by a nonzero «a (@) € C. Denote
by aR; (aC;) the operation of multiplying the i-th row (column) by a nonzero
a (@) e C.

iii. Adding to the elements of one row (column) h (h) times the corresponding ele-
ments of a different row (column), where i € C[z]. Denote by R;+hR; (C;+hC;)

the operation of adding to the elements of the j-th row (column) h (h) times the
corresponding elements of the i-th row (column).

Definition 5.1.2. An elementary matrix is a matrix obtained by performing a single
elementary row or column operation on an identity matrix. Thus, we give the following
definitions:

i. E;; the matrix obtained by interchanging the i-th and j-th rows of the identity
matrix and denote by £;; the matrix obtained by interchanging the i-th and j-th
column of the identity matrix. We note that E;; = L.

ii. D;(«) is the matrix obtained by multiplying the i-th row of the identity matrix
by a nonzero a € C and D;(@) is the matrix obtained by multiplying the i-th
column of the identity matrix by a nonzero a.

ili. Let h € Clz]. Then L;;(h) is the matrix obtained from the identity matrix by
adding to the elements of the j-th row h times the corresponding elements of the
i-th row and L@—(i_z) is the matrix obtained from the identity matrix by adding to
the elements of the j-th column h times the corresponding elements of the i-th

column.

The matrices E;j, Ey;, Di(a), Di(@), L;j(h), and Ly(h) are known as elementary matri-
ces. We shall refer to the matrices Eij, Di(v), and Lyj(h) as elementary row matrices
and the matrices Ez, D;(@), and Ly;(h) as elementary column matrices.

By multiplying the Levi matrix A on the left by row elementary matrices, we obtain
the row operations given in definition 5.1.1, and by multiplying on right of the Levi
matrix A by column elementary matrices, we obtain the column operations given in
definition 5.1.1.

For the subsequent lemmas, we shall assume the following:
Let M C C"*! be the boundary of a sum of squares domain defined by {r < 0},
where

N
r= 2Re(zn+1) + Z |f]'(zlv s 7Zn)|2a
j=1
and fi,..., fy are holomorphic functions in the neighborhood of the origin. Let

ro = 2Re(zn41) + P(2, 2)

be the defining function of the model hypersurface Mg of M, where P(z, Z) is a poly-
nomial of weighted degree 1 with respect to the multitype weight at the origin A* of
M. Let A be the n x n Levi matrix of the model My C C*"!, where we ignore the
contribution of the (n + 1) coordinate as the holomorphic functions in the sum of
squares do not depend on it.

38



Lemma 5.1.1. Assume that the D’Angelo 1-type of the hypersurface M at 0 is finite.
Leti € {1,...,n} be fized, and let h € C[z] for z = (z1,..., 2z,) be a nonzero monomial
independent of z;. Let hy denote the derivative of h with respect to the variable z,, which
is O,,h with 1 € {1,...,n} \ {i}. Furthermore, let hy(T) denote hy with every factor of
z; replaced by a factor of T. Performing the elementary row and column operations
Ry — hyR; — Ry and C; — hyC; — C; on the Levi matriz A of ro for all variables z; in
h corresponds to the polynomial transformation

k7
gz:Zz"i_/ hg(T)dT:ZZ+h, 2w:wa0rw7éZ
0

in the sense that the new matriz A obtained after these elementary operations is Her-
mitian and is the Levi matriz of the new defining function of the sum of squares domain
after the change of variables z, — Z, forw=1,...,n+ 1 has taken place.

Remark 5.1.1. The reader should note that while only variables z1, ..., z, play a role
in the behavior of the Levi matriz, C"*t! is the underlying space, so all changes of
variables described in this chapter will take place in C"* and leave z,.1 unchanged.

Proof. Suppose that the defining function 7y of the model hypersurface M, is of the
form

N
ro = 2Re(zn11) + Y |ail*,

t=1

where P(z,2) = SN | |g:]? and g, = Y20 my, is a polynomial consisting of monomials
my,;. From Lemma 4.1.3, it is clear that P(z,Z) cannot depend on the variable z,41.

t,
Let my; = Cyi 1[5, 2?5 with C;; € C. For each ¢ and for ly,ly € {1,...,b}, every
monomial from the expansion of |g;|* can be written as

o n Sl gbl
e s %
M1, M1y = Ct7ll Ct7l2 H 2T
6=1

By writing each term my ™y, for all ¢ in the new coordinates, we obtain P(z, Z) in
the new coordinates. Hence it suffices to show that applying the specified elementary
row and column operations to the Levi matrix of the monomial m,;, 7, corresponds
to the polynomial transformation z; = z; + h; Z, = z, for w #i.

Denote by D the (i, 7, k, u) submatrix of the Levi matrix of the monomial my ;7 ,,
and let D = (dex )e wei jku, Where dez is given by

tl] At
Jtly g L_gb'2

n
J— t,l t,l
_ tii ~tls ot —1za ot Zag -1 Qs
deR - Ct:llct,bae lan 2Zee ZeC 2" 2" | | 2T

=1
d#e,k
Let h = C’szl, e ,zfjs, where C € C, 8 = (b1, .., 5,) isamultiindex, and ay, ..., a5 €
{1,...,n}\ {i}. Now, assume that j, k € {ai,...,a,} with j # k and u ¢ {ai,...,a}.

Perform the elementary operations R,—h,R; — R, and C,— h,C; — C, for all variables
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zg in h on D to get
diz diz — Bjdii di, — hidiz dig
djs — hjdy  dj; — hjdi; — hjdj + |hi*di  djp — hjdig — hadjs + hjhyds;  djg — hidig

diz — hiedyy  dig — hjdy — hadig + hihdy  dyg — hidi — hidig + |hel?din - dia — hidia

dui duj - Bj dui dul_g - Bkdui duﬂ

The matrix above is the Levi matrix for the monomial in the new coordinates

l — l Lly atlo

- = ral ~ abh = abte ag ! by

my, My, = Ot,hot,b (ZZ - h) (ZZ - h) H <5 s o
54

which is obtained after applying the polynomial transformation z; = z; + h; Z, = 2,
for w # i to myy, My y,.

We now prove that the matrix A is Hermitian. Since the matrix A is Hermitian, we
will show that applying the operation R, — h/R; — Ry and Cy, — hyC; — Cy to A gives a
matrix that is Hermitian as well. Let A = (a;7)1<k1<n be the Levi matrix. Apart from
row ¢ and column ¢, there is no change to A, which is Hermitian. Let a,z be an entry
in row ¢. Then the entry a7 is in column ¢ and satisfies the property that a,;z; = a7
Performing the elementary operations Ry — h¢R; — Ry and Cy — hyC; — C, on A gives
a new matrix A with as;, — hea;z in row ¢ and a,; — heag; in column £. Now

age — heaix = Qg — hulig = agg — heay.
Thus, the new matrix A is Hermitian as well. O

Lemma 5.1.2. Assume that the D’Angelo 1-type of the hypersurface M at 0 is finite.
Let i and j with 1 <,5 < n be given. Performing both elementary operations R; <+ R,
and C; <+ C; on the Levi matriz A corresponds to the polynomial transformation

Zj Zi
22-:/ dr = zj; Ej:/ dr =z, Z, =z, for w#1,]
0 0

in the sense that the new matriz A obtained after these elementary operations is Hermi-
tian and is the Levi matriz of the new defining function of the sums of squares domain
after the change of variables z, — z,, forw =1,...,n+ 1 has taken place.
Furthermore, at step e of the Kolar algorithm for all e, the weighted degree with re-
spect to A, of each monomial in P(z, Z) remains unchanged under the above polynomial
transformation, where A, is the corresponding weight at this step of the algorithm.

Proof. Suppose that the defining function ry of the model hypersurface M, is of the
form

N
ro = 2Re(zp41) + Z 9%,

t=1
_ N b . : L :
where P(z,2) = >, o> and ¢, = >_,"; mu, is a polynomial consisting of monomials

t,l
my;. As in the proof of Lemma 5.1.1, let my; = Cy, HgL:l z?‘s . We also know from the
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proof of Lemma 5.1.1 that to obtain our desired result, it suffices to show that applying
the operations R; <+ R; and C; <+ C; on the Levi matrix of the monomial m; 7,
corresponds to the polynomial transformation z; = z;; 2Z; = z;; 2, = 2, for w # 4, j
and ly,ly € {1,2,...,b}.

Let A = (aij)1<ij<n, Where a;; = Zil(ﬁzigt)(@jgt). Then for each ¢, the term of
the form (0.,m4,,)(0z,My,) of the entry a;; for I1,l, € {1,2,...,b;} can be written as

n
t,lq Ltilg Bl atily tly  Atlo
tly o 1—1_a; al G 1 e Qg

— _ ral tl ~t,
(0zmig, )0z 1,) = Crpy Crppe 6572202 27 % Z5

Now, let

At12

t N
]_Cthctlg tll tlQH’Z 9
67_61
where I = 4, j. We shall therefore consider the i, j, k submatrix of the Levi matrix of
the term my,;,m;,, and ignore ¢t when no confusion arises. Thus, the corresponding
1, 7, k submatrix has the following entries:

151 N2

I Ll ll _1
a; —1_&°~-1 -1 Oé] o _&; o —1_&;°—1 ap _&,
z' zZ' B z zZ;7 ozl Z Biyozt ZF 2"z Big
75/1 1 21 dil aiQ — ailfliA?le & 1 a;? 1 aél aﬁf —
i Z; i % Dig Zj Zj J 2k Zj Zi" % Djk
N All ly ll Ao ol g I o
_a,t -1 a —1_ o, —1_&°-1 a; _& ol —1_a&
? . J J k 3 k k

Now, perform the elementary operations R; <+ R; and C; <+ C; on the matrix above
to obtain the matrix

114 Ala 1 Iy 1 sl 1y N lo o Al 1y
Zaj 17,1]_ 1B _&; ,1zaj lfa]. Zai Zak —1 oy lfaj Zak
j j J i j i % ij  *k j i~k J.k
I A2 1 Q1 sl I ~lo 1 A2 I Al
a; —1_a; o _ay . a; —1_&a,°-1 . a; —1_ &, =1 ap &
2 j zj Z BZ,] Z % Bl Z k R % B%k
Iy A2 1 o1 4l2 Al Al1 ly _ 51 A12
a —1_aj oy &y _a.r—1 a -1 a; ap —1_&;°—1
2"z oz B Bie 4t gt Z.k 2" By, 2" Tz DBy

Clearly, the matrix obtained after the elementary row and column operations is Her-
mitian as well. Also, the second matrix is the Levi matrix of the term

l N 1 N
Qg = 2 ot =62

~ - ~ j ~ .
mymy, = 2,7 2 zjlzlem,

where Z; = z;; Z; = 2z;; Zo, = &, for w # 4,j. Now, by including the ¢, which was
ignored in the second matrix, the resultant matrix then becomes the Levi matrix of

the term o
- att _gh2 tll &b NS

5 5 33 373 i t

My, Mg, = 2;° % zjl Z;' B
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We now give a proof of the second part of the lemma, which states: At step e > 1 of
the Kolar algorithm, the weighted degree with respect to A, of each monomial in P(z, 2)
remains unchanged under the polynomial transformation z; = z;; Z; = 2z;; Z, = , for
w # 1, j, where A, is the corresponding weight at this step of the algorithm.

Let Ae = (p1, ..., in) be the weight at step e of the Kolar algorithm, and let s for
s =1,...,n be the weight corresponding to the variable z,. We know from the proof of
the first part of this lemma that each monomial from the expansion of P(z, z) is given
by

tlr bl

mt,llmt,lz - Ct,llat,lg H 2?5 256 )
5=1
fort =1,...,N and ly,ls € {1,...,b;}. Hence we will show that the weighted degree
of the monomial my;, ™, with respect to A, remains unchanged under the specified
polynomial transformation. Let 3, ; be the weighted degree of the monomial Bj ;.
Then the weighted degree of my;, M, is given by

t t,l1 ~tlo t,l1 ~t,lo
5l2,l1 + (e 4 a7 ) + (aj +Q; )b (5.1)
Clearly, the monomial in the new coordinates
il _dt',lg a;,ll _atlo

5 ey _ 3% 3% % z% t
men e, = 2" 27 20 % B; ;

has a weighted degree equal to that given in (5.1) since the weights 1; and p; correspond
to the variables z; = Z; and z; = Zz; respectively and g, is the weight corresponding to
the variable z,, w # 1, J. m

The next lemma gives us a more convenient way to perform the elementary row
and column operations when there exists at least one diagonal entry that is nonzero.
This lemma transforms any such diagonal entry into the number 1.

Lemma 5.1.3. Assume that the D’Angelo 1-type of the hypersurface M at 0 is finite.
Let i with 1 <1i < n be given. Assume that the (i,7) entry of the Levi matriz A is a real
number |a|?, a # 0. Performing both elementary operations iRZ- — R; and éCi — C;
on A corresponds to the polynomial transformation

2
Zi:/ adr = oz,  Zp =z for k#£1
0

in the sense that the new matriz A obtained after these elementary operations is Hermi-
tian and is the Levi matriz of the new defining function of the sums of squares domain
after the change of variables z, — Zy for k=1,...,n+ 1 has taken place. As a result
of this change of variables, the (i,7) entry of A equals 1.

Proof. Using the fact that we are working with the model M, we conclude that the
weight corresponding to the variable z; is 1/2 since the (7,7) entry is a nonzero real
number. The defining function ry of the model will therefore contain the sum of the
form Z?Zl |v;2i + fj|%, where f; is a polynomial not depending on the variable z;, ¢ is
a positive integer, and «y; is a nonzero complex number.

For k # i, 1 < k < n, the entries (4,2), (i,k), and (k,2) of the Levi matrix A are

q ) q a B q B a
;WJ’!; ;%a—zkfj, ;%a—zkfj (5.2)
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respectively. Let the real number Y77_, |;[* = |o*.

Performing the operations éRi — R; and ECi — C; gives a matrix A such that for
i # k the entries (i,7), (i,k), and (k,7) are

L, - f]) fg (5.3)

a@

’ o az
=1 =1

respectively.
Now consider the sum contained in rq below:

q q q q
> gz P =D llal + > 2Re(vzf) + > 1P
j=1 j=1 j=1 j=1
q a q
= o[z + Z 2Re(v;zif5) + Z £l
j=1 j=1

Substituting the polynomial transformation Z; = az; into the sum in (5.4) gives the
equation

% Z;

+ f] (5.5)

q q q

15,2 +22Re<2i<%f]~>) =3

Jj=1 Jj=1 Jj=1

Thus, the new defining function after the change of variables 2z, — Zx fork=1,...,n+1

has taken place contains the sum in (5.5). When the Levi form of the new defining
function is computed, its entries (7,2), (i,k), and (k,7) are precisely those in (5.3).

To prove that A is Hermitian, let 4 = (@i3)1<ij<n, and let the i-th row and i-th

column of the matrix A be of the form (a;; az -+ @) and (ay; ay -+ ap)?
respectively. Applying both elementary operations aR; — R; and aC; — C; to A
gives the matrix A whose i-th row and i-th column are of the form (aa; - aa;)
and (@a; --- a@a,;)7 respectively. Clearly, A is Hermitian since aa; = aaj; for
1<75<n. L]

Example 4. Let the defining function of a sum of squares domain M C C® be
given by

r=2Re(z5) + [21° + |22 + 221 + 20 + 252 + 23] + |24

The Levi matrix of the defining function r is given by

5 2 6232, 273
2 2 32374 zs
A=
62224 32224 9]2224)% + 25|23 3222473
223 23 3222475 12312 + 25|z
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Apply lemma 5.1.3 by performing the elementary operations \%Rl — R; and \%Cl —
C1 on the matrix above to get

2 6 =25 2 53
1 7 N 7553
2 2 3727 >3
= Z5Z zZ
\%R1—>R1 NG 3~4 3 ~
5
= A.
1
Lo | 6 L2 2 2, 12 412 2, 3
V5 Pz 3z3za 9|5zl + 25|23 3252425
2 .3 3 225 .3 312 412
NI 3232423 |25 + 2524

By lemma 5.1.3, this corresponds to the polynomial transformation z; = V521 3 =
2z, for k = 2,3,4,5. Let’s denote this transformation by S. Thus, substituting the
change of variable %, = \/bzy; 2, = 2, for k = 2,3,4,5 into r yields 7 given by

ﬁt

+’\/—Zl) + | %2 +‘\/_Z1+22+2324‘ +I2§’2+I2i’2

=2Re(Z5) + |21 + — \/_ \/_

g %2+ 1237 + |25)7,
(5.6)

+‘\/_zz+\/_

where the second line is obtained by gathering terms in the first line of (5.6). Clearly,
the Levi matrix of 7 is the same as the matrix A.

Lemma 5.1.4. Assume that the D’Angelo 1-type of M at 0 is finite. For a given 1,
1 < i < n, assume that the entries in the (i,7), (i,7) and (j,7) positions of the Levi
matriz A are 1,4+ g; and u + g; respectively, where u is a nonzero complex number,
g is a polynomial of order at least 2 not depending on the variable z;, and g; = 0.,g.
Performing both elementary operations R; — uR; — R; and C; — uC; — C; on A
corresponds to the polynomial transformation

zj
,’z}-:zi—i-/ u dT = z; + uz;; Zr =z for k#1
0

in the sense that the new matriz A obtained from A after both elementary operations
R; —uR; = R; and C; — uC; — C; have been performed is Hermitian and is the Levi
matrix of the new defining function of the sums of squares domain after the change of
variables z, — Zj, fork =1,...,n+1 has taken place. The entries (i,7), (i,7) and (j,7)
of A are 1,g, and g; respectively.

Proof. By our assumptions regarding the form of the entries of the Levi matrix A, the
defining function ry can be expressed as

ro = 2Re(2zny1) + |2z + 2Re(z;uz;) + 2Re(z:9) + 7,

where g and v are polynomials not depending on the variable z;. Therefore, for j # k
the 7, j, k submatrix of the Levi matrix A has the following entries:

1 u+g; Gk
U+ gj Vi7 ik
9k Vk7 Vick
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with the notation v.; = 0,,.0z57.
Performing the elementary operations R; — uR; — R; and C; —uC; — Cj on A
gives a new matrix A whose 7, j, k submatrix has entries as follows:

1 J; Tk
9 v~ lul? —ug; —ug;  vE — ugs
Ik V7 — UGk Yk

After the change of variables Z; = 2z; + uz;, Z = 2, for k # i, the defining function 7
has the form

7o = 2Re(Zn11) + |2 + 2Re(Zig) — 2Re(uZ;g) + 7 — [ul*|5*.
The Levi matrix of 7y has the same entries as that of the matrix A.

The fact that A is Hermitian follows in the same manner as in the proof of Lemma
5.1.1 with A, replaced by u.
O

Remark 5.1.2. We remark here that the row and column operations performed on the
matriz A commute.

Example 5. We continue where we left off in example 4. From equation (5.6),
we write the defining function 7 as

7 = 2Re(Z5) + |Z1 + 7324

2324 + 2] + 232 + |23

\/_zg—l—\/_ —1—‘\/_224—\/_

and its Levi matrix A as

2 6 =25 2 23
1 V5 V53 V573
2 25 53
) 7 2 37374 Z3
A= :
6 .2 2 2, |2 4)2 2, =3
JR737a 37371 9|zzza|” + 25]23] 3252475
2 .3 3 525 .3 3)2 412
N2 S 3732473 |25]" + 25]z4]|

ignoring the sign ~ on the variables as no confusion arises. A satisfies the hypothesis
of lemma 5.1.4 and so we perform the elementary operations Ry — \%Rl — Ry to get

1 2 6525 2.3
V5 V5734 V573
6 3222 1.3
Rz*\%FhHRz 0 5 5~3%4 5~3
I3}
_— and
6 —
Jrrazs 323z 92fal? + 25]4) 3222475
2 .3 3 2 3 312 412
N IRE) 3232423 23] + 25]24]

and Cy — %Cl — Cs on the matrix above to get
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1 0 152—4 lgg

V573 V5
0 6 3.2 1.3
CZ*\%CI‘)C2 5 57374 573 2
i3}
=A.
\%232,24 32324 9]2324]% + 25|25 3222473
2 3 1.3 225 .3 3|2 412
573 573 3232473 23] + 25]4]|

By lemma 5.1.4, these elementary operations correspond to the polynomial transfor-
mation 2; = Z; + fzg, Zr = Z for k = 2,3,4,5. Denote this polynomial transformation
by 82

Substituting the change of variables 2, = z; + \[22, Zr = 2 for k = 2,3,4,5 into
T yields 7 given by

Z1 —

>

2
= 2Re(%5) + 232 + |2+ 12512+ |2

—|—‘\/_22—|—\/_

o+ (B + 157+ 5P

»f ¢@+¢*“

— 2Re(Z) + ¢_ +hf@+»f

2+ —

(5.7)

and its Levi matrix is the same as A.

We shall now apply lemma 5.1.3. Thus, we perform the elementary operations
%Rg — Ry and %Cz — Cs on A to get A, which is given by

6525 2 23
1 0 752324 7523
3 525 1 23
£R2—>R2 0 1 V30 Z3 4 V30 Z3 .
v =A
- )
V5 6 .2 3 .2 2, |2 4|2 2, 53
e 2T | Tezgz a3z 9lzzza|” + 25|23 3252425
2 .3 1.3 525 .3 3|2 412
FB Tm% 3252423 | 2317 + 25|24

and we ignore the sign V on the variables. By lemma 5.1.3, the corresponding poly-
nomial transformation is Z, = ﬁgéQ; Zr = Z for k = 1,3,4,5. Denote this polynomial
transformation by &3. Substituting this transformation into 7 yields 7 given by

2
+

2 ]
¥ =2Re(%) + |5 + —=25% Z0 + 2%, + 6]532412 + 1237 4+ 123)2.

2 1
V5 V30
Before we state and prove lemma 5.1.5 below, we shall see how the Kolar algorithm
directly relates to the concept of elementary operations discussed so far by considering
the following: We apply the Kolaf algorithm to the defining function given in example
4 by

r = 2Re(zs) + |21]® + |22|® + 221 + 22 + 252> + |25 + |25

The Bloom-Graham type is 2 and the weight A; = (5,
Py = 221+ 22+ |21 P+ 22? and Q1 = 2Re(221252,) +2Re (2275 24) +| 25 24| 2 +| 25+ |25 .
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Now we choose a Aj-homogeneous transformation that makes P, to be independent
of the largest number of variables. Here we choose the composition of the all the
transformations given in examples 4 and 5 above, which is

2 V6

830820811 21:\/321—{—%22; ZQZ%ZQ; Zk:Zk fOFk’:3,4,5.

Applying this linear change of variables to r gives

2 1 5
Pl = |21|2 + |22|2 and Ql = 2Re (Ezlzg’a) + 2Re (EZQZ:?ZZL) + |Z§Z4|2.
1 l)
7878/

Computing W, for all monomials in Q; gives maxW; = % and so Ay = (

8
Thus,

N

1
29

2
+

, 1 ?
5+ —=£3% Zo+ ——=%3%
1 \/5 3<4 2 \/% 3<4
Lemma 5.1.5. Assume that the D’Angelo 1-type of M at 0 is finite. At step j of the
Kolar algorithm applied to the defining function ro to compute the multitype at 0, let

the leading polynomial P; and leftover polynomial Q; be of the form

1
P, = +5lBAl and Q= |5P+ 5P (53)

Pi=lzi+m+g*+v and Q; =\

respectively, where m is a nonzero monomial of degree at least 2 independent of the
variable z;, g s a polynomial of degree at least 2 independent of the variable z;, and
v as well as X are polynomials independent of the variable z;. Denote the derivative
0,;m # 0 by mj. For a given i, 1 <1 < mn, the elementary operations R; —m;R; — R;
and C; —m; C; — C; performed on the Levi matriz A of ry, for all variables z; in m,
correspond to the polynomaial transformation

%
Zi:zi—i—/ m;(7T) dr =z +m;  Z = 2 for k #1,
0

for any j, where mj(7) = m;(21, ..., 2j—1,T, Zjt1, - - - s Zn) 1S @ MONZETO MONOMIaAL

Furthermore, the new matriz A obtained from A after both elementary operations
R; —m;R; — R; and C; —m;C; — C; have been performed is also Hermitian and is
the Levi matriz of the new defining function of the sums of squares domain after the
change of variables z — Zy for k=1,...,n+ 1 has taken place.

o 67 . oy .
Proof. Let m = Czq* -+ - 24, be a nonzero monomial for some positive integer d, a
nonzero complex constant C, and a; € {1,... n} \ {i}. Also,
Qaq aajfl aaj+1 Qay

— Z ...Zaajilz z
3 o 370 aj—1 ~aj @j+1 ad -
Zaj

By our assumptions regarding P; and Q;, we conclude that the defining function rq is
of the form
ro = 2Re(zpi1) + lzi + m+ gl + 7+ A

The i, j, k submatrix of the Levi matrix A for a; < j, k < ay with j # k is given by

1 m; + g; my + g
mi+g;  Imy+ gl v+ g b
mg + gk b Imi + gel” + Mk + Mk
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with the notation .7 = 0.0z (7), Az = 05.05,(\), ge = 0..9, and b = m;my, + m;gi +
myG; + Gigk + Yrg + Akg-

Perform both elementary operations Ry, — m/R; — Ry and C, — m,C; — C, on A
for all ¢ € {ay, as,...,aq} including ¢ = j, k. The new Levi matrix A, for a; < j, k < aq
with 7 # k, has the 1, 7, k submatrix given by

1 gj Ik
9 NG+t 90+ e+ Ak

9 GiGk + Yy + Ak l9k|* + Yik + Mk

Clearly, for any j € {ay,as,...,aq}, fozj m;(T)dT = m. Substituting the polynomial
transformation z; = z; + fozj m;(T) dr = z; +m; Z, = 2z for { # i into the defining
function ry gives a new defining function 7y of the form

To = 2Re(Zp 1) + 2 + gl + v+ A

Also, the Levi matrix of the new defining function 7y has the same entries as those of
the matrix A.

From the above analysis, we can deduce that if the polynomial g is nonzero, then
we can apply this lemma a finite number of times to get the matrix

1 0 0
0 vrt+XAz  wEtAE
0 g+ Ay Wk + Mk
and the new defining function
ro = 2Re(z,,1) + 12+ 7+ A

Again, the fact that A is Hermitian follows in the same manner as in the proof of
Lemma 5.1.1 with hy replaced by my. O

Example 6. We continue where we left off in example 5. Let the leading
polynomial P; and the leftover polynomial (); obtained from the defining function r
after applying the Kolaf algorithm be given as in equation (5.8)

2 1 1
Py =[5+ =547 + [+ —=232 + g|5354|2 and Q> = [23]* + [2]]*.

V5 V30

We shall apply lemma 5.1.5 since its hypotheses are satisfied. We thus perform the

elementary operations Ry — %Z§Z4R1 — Rz and C3 — \%2%24(31 — C3 on A to get
2 23
1 0 0 N
0 1 272z L3
Rg— % 2224R1—>Rg V30 7374 V/30 3
and
C3—-8222,C1=C 3 .2 91,2, 12 412 3.2, 33
375771 0s 0 =252 =|2524]° + 25| 23] £232473
2 .3 1.3 322 .3 312 412
V5P /3073 5737473 |25]% + 25|24
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perform the elementary operations Ry — 23R1 — Ry and Cy — z301 — C,4 on the
matrix above to get

1 0 0 0
0 1 272z =7z
Ry— 2 z3R1—R4 V307374 V3073 .
V553 _ A
BN =A.
Ca—223C1-Cy 3.2, 91,2, |2 42 3,2, 53
V573 0 5232 = |2324|° + 25|25 252473
1.3 3525 .3 11,32 42
0 7554 5437473 51231 + 2524

Both sets of elementary row operations correspond to the single polynomial transfor-
mation z; = Z; + \/gz;jz4, Zr = 2 for k = 2,3,4,5 by lemma 5.1.5. Substituting this
change of variables into 7 yields 7 given by

i . . . s 1?2, 1.5, : :
= 2Re(Zs) + |41]* + |22 + \/ﬁzg’a + 6|z§’z4\2 + 2312 + |25
whose Levi form is precisely the matrix A.

Decomposing the defining function r into P, and @), shows that the hypothesis of
lemma 5.1.5 is once again satisfied. Therefore, we continue by performing the elemen-
tary operations R3 — \/52—02324R2 — Rz and C3 — ngqug — C3 on A to get

1 0 0 0

0 1 0 L 73
Rg \/—252’4R2~)R3 \/30 3

5 and
03772 z4Co—C3 31,2 2 412 1.2 =3
/3073 0 0 5lzgzul® +25|2] 5732473
1.3 125 .3 11.3]2 412
0 75543 2737473 5123]" + 25]z4]

performing the elementary operations Ry — ﬁzgRQ — Ry and Cy — \%025’02 — C4 on
the matrix above to get

10 0 0
Ry— rZ3R2—>R4 0 1 0 0 :A
s i slz32l” + 25] 23] 3732473

0 0 353747 5|%31* + 25|z

By lemma 5.1.5, these elementary operations correspond to the polynomial transfor-
mation Zy = 25 + %02324; Zr = % for k= 1,3,4,5. Applying this transformation to
the defining function 7 gives a new defining function # as

i = 2Re(35) + |51)? + |%* + 6|z§’z4|2 + 2517 + |25

whose Levi form is precisely the matrix A.
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Remark 5.1.3. From examples 4, 5, and 6, we observe that the elementary opera-
tions not only give the polynomial transformations needed at every step of the Koldr
algorithm to reduce the number of variables in the leading polynomial but also provide
a normalization of the defining function at the end of the procedure. It is instruc-
tive to compare this normalization to the one we obtained in the previous chapter in
Proposition 4.1.4.

5.2 Dependency and Allowable Polynomial Trans-
formations

At every step of the Kolar algorithm, we are required to choose some polynomial
transformation that makes the leading polynomial to be independent of the largest
number of variables. We will construct this polynomial transformation as a composition
of other polynomial transformations. We will refer to each factor of the composition
as an allowable polynomial transformation. We now give the following definitions:

Let P; be the leading polynomial and let (); be the leftover polynomial at step j
of the Kolar algorithm for the computation of the multitype at the origin. Let A be
the Levi matrix corresponding to the sum P; + @;, and let Ap, and Ag; be the Levi
matrix corresponding to P; and @); respectively.

Definition 5.2.1. A polynomial transformation is said to be allowable on P; if it
makes P; to be independent of at least one of the variables contained in it.

Definition 5.2.2. Let i be given, where 1 < ¢ < n. An allowable polynomial trans-
formation on P; with respect to a variable z; is a polynomial change of variables that
makes P; to be independent of the variable z;.

We can apply Lemmas 5.1.3, 5.1.4, and 5.1.5 to obtain allowable polynomial trans-
formations, if they exist. From the hypotheses of these lemmas, we see that they
can be applied only if the Bloom-Graham type of M at the origin is 2. Note that
the Bloom-Graham type of a sum of squares domain at origin is always even. If the
Bloom-Graham type of M at the origin is greater than or equal to 4, however, the
situation is a bit more complicated. Hence we seek a stronger notion that will address
the general case. We seek an answer to the following question: Given the Levi matrix
corresponding to a leading polynomial at some step of the Kolafr algorithm, when can
we obtain an allowable polynomial transformation via the elementary row and column
operations regardless of what the Bloom-Graham type is?

At this point, we will give a more restrictive definition for dependency, which turns
out to be the necessary and sufficient condition for the existence of an allowable poly-
nomial transformation in the Kolai algorithm applied to a sum of squares domain.

Definition 5.2.3. For a given k, denote by R, and Cj the k-th row and the k-th
column of the matrix Ap, respectively. Let # be the set of all rows of the matrix Ap,.

1. The set Z is said to be dependent if at least one of the rows can be written as
a polynomial combination of the other rows. We shall also call an element Ry of
Z dependent if it satisfies the condition:

Rk = Z CM;R[, (59)
iZk
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where oy € C[z], a; # 0 for at least one [, and R; is the [-th row of Ap,.

Remark 5.2.1. Since the matriz Ap; is Hermitian, a similar definition holds for
the k-th column Cy, of Ap, if

n
Cr = Z aCy,
=1
12k

where Cy is the [-th column of Ap,.

2. The set & is said to be independent if none of the rows can be written as a
polynomial combination of the other rows in the more restrictive sense of (5.9).

The proposition that follows provides a general condition for the existence of an
allowable polynomial transformation via the elementary row and column operations
performed on the Levi matrix of a leading polynomial at some step of Kolai’s algorithm.

Proposition 5.2.1. Assume that the D’Angelo 1-type of M at 0 is finite. At step j of
the Koldr algorithm applied to the defining function ro to compute the multitype at 0,
let P; be the leading polynomial and let Q); be the leftover polynomial. Let k be given,
1 <k < n. There exists an allowable polynomial transformation on P; with respect to
the variable 2, if and only if the k-th row of Ap, is dependent.

Remark 5.2.2. The proof of this proposition is constructive in the sense that we will
show that the allowable polynomial transformation on P; arises as a composition of
polynomial transformations corresponding to elementary row and column operations
on Ap,.

Proof. Let k be given, and denote by Ry and C} the k-th row and k-th column of the
matrix Ap, respectively. Suppose that the k-th row of Ap, is dependent. This implies
that 'y must also be dependent since Apj is Hermitian. Hence we can write both Ry,
and CY} respectively as:

Rk = ZﬂlRl and Ck = ZBZCZ, (510)
2 =

where 5! € Clz] for every [, 1 < [ < n. As proven in Proposition 4.1.2, the leading
polynomial P; is a sum of squares, and so we write P; = Y " |¢%|?, where each ¢° is
a nonzero polynomial with vanishing order greater than or equal to 1. Denote by az
the entry in the (k, ) position of the matrix Ap,, for t =1,...,n. Therefore, for k # [
the entries in R and R; are given by

ai=Y ¢id; and ap=» ¢é;, (5.11)
s=1 s=1
and the entries in C), and C; are given by
Mg = Z ¢io, and ay = Z O] (5.12)
s=1 s=1
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o¢*
8zj ’

We will show that there exist some elementary row and column operations that make
Ry to be identically zero and also make every monomial in Ap, to be independent of
the variable z.

To that end, we see from (5.10) that every pair Ry — 3'Ry; Cp — B'C; for which the
polynomial 3’ is nonzero requires corresponding elementary row and column operations
in the exact form expressed in the pair. If 3 = 0 or R; = 0, then no elementary row
or column operation is required. Therefore, assume that 3' is nonzero and that R; is
not idengically zero. Let 8(() be B with each factor of z; replaced by a factor of (.

k

respectively, where ¢} =

Then A'(¢r) d¢, must contain the variable zj, together with all the other variables

0
in 3. Recall that 8! € C|z], so 8! does not depend on any variable z,. Hence we shall
investigate all monomials in A p; containing the variable z;.

We recall at this point that by applying the operator 9,, s, to P;, we obtain in row
Ry, the derivatives of all monomials containing the variable z;. Let aiz be an entry in
row Rj. Now, because R}, is dependent, every monomial u in a7 arises as the product
of a monomial p in B' for some [ with a monomial ¢ in entry a;;. So u = pg, but since u
comes from differentiation by 0., 0s,, P; must contain a monomial m = uzz. If u € C,
then no entries in Ap,, except for those in Ry, contain derivatives from m. If u has
positive vanishing order, then v depends on at least one variable z, or z, for some v.
Since P; is real-valued, it contains both m and m. Therefore, without loss of generality,
we can assume u depends on z,; otherwise, we work with #. Since u depends on z,, the
entry a,; in the v-th row R, contains the monomial 0, 0;,m # 0, which has at least
one factor of z. We seek to eliminate all such monomials containing variable z; from
the matrix Ap,.

Zk

Set 4! = B(¢) dCy, and let v = S°;_ mb® where m!? is a nonzero monomial
containing thg variable z; for all b > 1. We recall from Lemma 5.1.1 that for any
nonzero monomial m in the leading polynomial, if we perform the pair of elementary
operations R, — 9, mR, — R, and C, — 9;, nC, — C,, for all variables z, in m, then

Zv

this pair corresponds to the polynomial transformation z, = 2z, + (0,,m)(T) dr =

ze+m; Z, = z, for w # £, where (0,,m)(7) is 0,,m with each facto? of z, replaced by
a factor of 7.

Now, for each monomial m*®in 4!, b =1, ..., e, we perform the elementary row and
column operations R, — 9, m"**R; — R, and C, — 0;, m'"*C; — C, for every variable
2, in m*®. The composition of all of these polynomial transformations S is given by
% = 2+~ for every [ such that 5! # 0 and 2z, = 2, for all w # [, where 1 <w < n+1.
Note that (5.10) implies that 7' has the same weight as z; in A; because P; only contains
terms of weight 1 with respect to A;, so § is Aj-homogeneous as needed.

After all the elementary row and column operations corresponding to the polyno-
mial transformation & have taken place, the entries in Ry are

n

Gy =Y 6idi =B (D 0i6) = =Y Flaw=0 (5.13)
s=1 =1 s=1

=1

as a consequence of (5.10). A similar argument holds for the entries in Cf, which we

denote by a;l—g, namely (5.10) implies that a,; = 0. Therefore, all entries in the k-th row

tk —
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and column of the matrix Ap, are identically zero after the change of variables § has
been performed. Now, assume that the leading polynomial P; still contains the variable
2z after the given change of variables has been performed on it and some cancellation
occurs. Since the leading polynomial P; is a sum of squares, in the expansion of P;
besides the cross terms, which could possibly cancel each other, we would have at least
two squares of monomials containing z;. From the above discussion, it is clear that
by performing these elementary row and column operations on Ap,, all monomials
containing the variable z; in any of its entries will have been eliminated including
any contribution from those squares. Thus, P; could not possibly have contained the
variable zx, so § is an allowable polynomial transformation with respect to the variable
Ze-

Conversely, suppose that there exists an allowable polynomial transformation on
P; with respect to the variable 2, and let 7 be this polynomial transformation, which
we shall express as:

% =2+, (5.14)

for i = 1,...,n+ 1, where some of the 7' may be zero. We note here that the trans-
formation 7 is a Aj-homogeneous transformation, and so " has the same weight with
respect to A; as z;. Furthermore, we note that any A;-homogeneous transformation can
be written in this form.

We will prove that the k-th row Ry is dependent by showing that it satisfies the
condition given in (5.9). Assume that the variable zj is contained in ~' for some
i€ {l,...,d} with d < n. We know that each Z; corresponds to the row and column
operations

Ry — ’}/;CRZ — R, and Cj — %CZ — Cy (515)

respectively, for i = 1,...,d, where v = 0,,7" # 0. Let P; be the leading polynomial
P; after the polynomial transformation 7 is applied to it. Since Pj does not contain
the variable z;, the entries ﬁkg of R, and iLt,; of C}, of the matrix Apj forallt=1,...,n
are zero entries.

Now, by simply reversing the signs involved in the elementary operations in (5.15),
we can restore Ry and C}, to their previous forms before the transformation 7 was

applied to P;. Hence by performing the elementary row and column operations

Ry +7iR; = Ry and Cp+7.C; — Cy

forall i =1,...,d on the matrix A]sj, the entries in Ry and Cj become
d d
hig =Y ihi and hg =Y Fihe, (5.16)
i=1 i=1

where h;z and hy; are the entries in the i-th row R; and ¢-th column C; respectively.
Finally, we obtain that

hie =Y ykhi and hg = Fihs, (5.17)
=1 i=1
where 74 = 0 for all i =d + 1,...,n. Thus, both R, and C}, are dependent. O
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It is important to note that for any k, if the diagonal (k,k) entry of Ap, is the
only nonzero entry in its k-th row, then the k-th row cannot be dependent, where Ap,
is the Levi matrix of the leading polynomial P;. This statement holds because of the
Hermitian property of Ap, and the fact that we are working with a sum of squares
domain.

Lemma 5.2.2. Let T' be the set of n X n matrices with coefficients in the ring C|z, Z].
Let He T' be Hermitian. For some given ¢ and k, let B be the matriz obtained from H
after the elementary row and column operations Ry + aR; — Ry and C, + aC; — Cy,
for some a € C[z], are performed on it. Then det(B) = det(H).

Proof. Let E be the matrix obtained from H by the elementary row operation Ry +
aR; — Rg. Then B is the matrix obtained from E by the elementary column operation
Cr + aC; — Cy. It is obvious from the properties of the determinant that det(H) =
det(E) and that det(E) = det(B).

O

Lemma 5.2.3. Assume that the D’Angelo 1-type of M at 0 is finite. At step j of the
Koldr algorithm applied to the defining function ro to compute the multitype at 0, let
P; be the leading polynomial and let @Q); be the leftover polynomial.

If the determinant of Ap, is nonzero, then Pj is independent of the largest number
of variables, and no polynomial transformation needs to be performed on it before the
next step in the Kolar algorithm.

Proof. We shall give a proof of the contrapositive of the statement of this lemma, which
states that if there exists an allowable transformation and hence one of the rows of Ap,
is dependent by Proposition 5.2.1, then the determinant of Ap, is zero. Suppose that
X = {Ri,...,Ry,}, the set of all rows of the matrix Ap, is dependent and that none
of the rows is identically equal to zero. Thus for some k, we can write

n

Ry =) R,
=1
17k

where oy € Clz] and R; is the [-th row of Ap,. From the proof of Proposition 5.2.1, we
know that there must exist some elementary row and column operations that transform
Ap, into the matrix Apj whose k-th row and column have all zero entries. Since the
matrix Apj has at least one row with all entries equal to zero, its determinant equals
zero. From Lemma 5.2.2, we know that det(Ap,) = det(Ap,).

Thus, det(Ap,) = 0, which is the result we need. O

Given the way the leading polynomial P; and its Levi matrix Ap, are constructed,
it is possible that P; could be independent of at least one of the variables. If that
is the case, then the determinant of the Levi matrix corresponding to the leading
polynomial P; will always be zero since it will have at least one row that is identically
zero. Therefore, we need a way to determine when a subset of all nonzero rows of Ap,
is independent. To address this situation, we shall consider the following:

Let Ap, = (a;7)1<ii<n be the Levi matrix of the leading polynomial P; at step j of
the Kolai algorithm. Let m be the number of nonzero rows of the matrix Ap,. Denote
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by Ap,, the principal submatrix obtained from Ap, by removing all zero rows and
columns to get precisely m rows and columns, for some m < n. Put differently, Ap,,,
is the submatrix consisting only of all nonzero rows and columns of Ap,. If m = n,
then none of the rows and columns are identically zero.

Also, via the elementary row and column operations, Ap, |, can be transformed into
a leading principal submatrix where the first m rows and columns are the ones that
remain. In this case, Ap,jm = (a;7)1<ii<m-

Let Z = {Ry,...,R,} be the set of all rows of the matrix Ap, and let . =
{Rp,,..., Ry, } be a subset of Z, for b, € {1,...,n}, e = 1,...,m such that each
element R, is not identically zero. Then . is the set of all non zero rows of the
submatrix Ap, .

We can now restate Proposition 5.2.1 and Lemma 5.2.3 as follows:

Proposition 5.2.4. Assume that the D’Angelo 1-type of M at 0 is finite. At step j
of the Koldr algorithm applied to the defining function ro to compute the multitype at
0, let P; be the leading polynomial, and let Q); be the leftover polynomial.

There exists an allowable polynomial transformation on P; with respect to the vari-
able z, via the elementary row and column operations if and only if the k-th row of
Ap,m 18 dependent.

Lemma 5.2.5. Assume that the D’Angelo 1-type of M at 0 is finite. At step j of the
Kolar algorithm applied to the defining function rq to compute the multitype at 0, let
P; be the leading polynomial, and let Q); be the leftover polynomial.

If the determinant of Ap, | is nonzero, then P; is independent of the largest number
of variables, and no polynomial transformation needs to be performed on it before the
next step in the Koldr algorithm.

The proofs of Proposition 5.2.4 and Lemma 5.2.5 are identical to the proofs given
for Proposition 5.2.1 and Lemma 5.2.3 respectively since the latter do not depend on
rows being identically equal to zero. We also note here that the converses of Lemmas
5.2.3 and 5.2.5 do not hold. The reason is that the notion of dependency given in (5.10)
is more restrictive than the standard notion of dependency in linear algebra, so there
might not exist a row that is dependent according to our definition, but the set of rows
may satisfy the standard notion of dependency, in which case the determinant of the
Levi matrix would be identically equal to zero.

Now, the natural question to ask at this point is this: Given a Levi matrix of
a leading polynomial with zero determinant, how can we tell whether or not it has
dependent rows? Also, if there exist dependent rows, how can we identify such rows
in order to determine the allowable polynomial transformations corresponding to these
dependent rows? The answers to these questions lie in the formulation of an algorithm,
which we will describe in the next section.

5.3 Gradient Ideals and Jacobian Modules

From section 5.1 of this chapter, we know that a row (column) operation on the Levi
matrix is performed by a multiplication on the left (right) of the Levi matrix by an
elementary row (column) matrix. The Levi matrix of a sum of squares domain can
always be decomposed as the product of the complex Jacobian matrix of the holo-
morphic functions that generate the domain and its conjugate transpose. Therefore,
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every row operation on the Levi matrix could be performed on the complex Jacobian
matrix, while every column operation on the Levi matrix is performed on the conjugate
transpose of the complex Jacobian matrix. Let A be an n x n Levi matrix of a domain
given by the sum of squares of N holomorphic functions. Then elementary matrices
are n X n matrices, while the complex Jacobian matrix and its conjugate transpose
must be n x N and N X n matrices respectively.

In our study of elementary row and column operations performed on the Levi de-
terminant of a sum of squares domain, one particular property of the Levi matrix of
a square of one of the generators drew our attention: All entries of any given column
(row) have the same anti-holomorphic (holomorphic) parts, and so a study of the re-
lationship between these entries narrows down to a study of the relationship between
their holomorphic (anti-holomorphic) parts. In other words, we expect that the study
of the Levi matrix will be much easier if we transition from the sum of squares to the
underlying ideal of holomorphic functions that generate the domain as we already saw
was the case for the computation of the multitype.

We start with a couple of definitions that we specialize to complex polynomials
since those are the objects that appear in the Kolai algorithm when it is applied to a
sum of squares domain instead of the full holomorphic generators:

Definition 5.3.1. Let h € C[z, ..., z,] be polynomial in the variables 2, ..., z, with
coefficients in C. As in [25], we define the gradient ideal of h as the ideal generated by
the partial derivatives of h :

Oh %> | (5.18)

Lyl = (V1) = (oo 4

Definition 5.3.2. Given the ideal (f) = (f1,...,fn) C Clz1,..., 2], we define the
Jacobian module of f as

af of
Jipn=l=, = 5.19
d(f) [8217 7(92”] ) ( )
where each —g ;: is a vector. J(yy is a module over the polynomial ring Clz, ..., z,).

To every Jacobian module sy, we associate the complex Jacobian matrix J(f) given

by

oh  Ofr .. 9N
321 azl 82’1
JH=1:+ + -~ | (5.20)
oh  9f2 .. Oin
Ozn,  Ozpn Ozn

81- 81’
8_51’... ’%> of the generator f; €

Clz1, ..., 2 of (f), we associate the i-th column of J(f) for 1 < i < n. The reader
should note that row operations on J(f) are precisely operations on the module .

Likewise, to each gradient ideal Zy.q.q(fi) = <

Now, let (f) = (f1,...,fn) C C|z1,..., 2, be the leading polynomial ideal at some
step of the Kolai algorithm. Then we are particularly interested in simplifying the
Jacobian module sy such that it is generated by the minimal number of generators.
Every generator that is eliminated is a linear combination of some partial derivatives
of f with coefficients in Clzy,...,2,]. Since every generator of the Jacobian module
represents a row of the complex Jacobian matrix, every eliminated generator represents
a dependent row in the complex Jacobian matrix. Owing to this connection, from every
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eliminated generator, we can construct a sequence of elementary row operations that
corresponds to the linear combination of some partial derivatives of f as described in
Proposition 5.2.1. Hence we obtain polynomial transformations corresponding to these
row operations.

It is easy to observe this relationship if N = 1. Then reducing the number of gener-
ators of J(y, if possible, reduces the number of nonzero rows of the associated complex
Jacobian matrix. Thus, the minimal number of generators required to generate the
Jacobian module is precisely the number of independent rows of the complex Jaco-
bian matrix, which is the same as the number of variables on which the corresponding
leading polynomial ideal (f) is dependent by Proposition 5.2.1 after the corresponding
change of variables. Hence the number d; at step j of the Kolai algorithm is given
by dj = n — #f, where #f is the minimal number of generators generating the Ja-
cobian module Js), n is the number of variables in the polynomial ring C[z1, ..., 2,],
and d; is the largest number of variables of which the leading polynomial at step j is
independent. This gives an algebraic characterization of the number d; in the Kolar
algorithm.

In the more general case where N > 1, reducing the number of generators of the
Jacobian module implies reducing the generators of all gradient ideals by the same

operations. Thus, %7 for some /, is a generator that is eliminated in the Jacobian
module J s if and only if the generator g—z of the gradient ideal Z,,.4(f;) for all i =
1,..., N is eliminated, namely reduced to 0. Clearly, if there exists at least one gradient

ideal Z,,44( f;) with minimal number of generators equal to n, then the Jacobian module
J(s) cannot have fewer than n generators, i.e. mno reduction via row operations is
possible.

5.3.1 Row Reduction Algorithm

We shall now devise an algorithm that constructs explicitly the polynomial transfor-
mations required at each step of the Kolar algorithm when applied to the complex
Jacobian matrix of the leading polynomial ideal.

The algorithm gives the conditions for characterizing the required elementary row
operations that correspond to the polynomial transformations needed in the Kolar
algorithm. The application of the algorithm to the complex Jacobian matrix corre-
sponding to a given leading polynomial ideal will eliminate all dependent rows, if they
exist, from the complex Jacobian matrix.

Let My C C"™! be the model of a sum of squares domain defined by {ro < 0},
where

N
To = 2Re(zn+1) + Z |fi(21, e ,Zn)|2,
i=1
and fi,..., fy are holomorphic polynomial functions in the neighborhood of the origin.
Let A be the n x n Levi matrix of the model M, where we ignore the contribution
of the (n + 1)** coordinate as the holomorphic polynomials in the sum of squares do
not depend on it by Lemma 4.1.3. For any j > 1, let P; be the leading polynomial
and @; the leftover polynomial at step j of the Kolaf algorithm, and let Jp, be the
corresponding complex Jacobian matrix.

GRADIENT IDEALS: Let P; = Zf\il |h;|?. Then the leading polynomial ideal is given by
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Ip, := (h) = (b, ..., hy) , and the gradient ideal of h; is Tyrqa(hs) = <ggf, - 7gg;>, i —
1,..., N. Note that the complex Jacobian matrix of P; is given by Jp, = J(Zp,) = J(h)
and the Levi matrix Ap, of P; is the product of the complex Jacobian matrix of P;
with its conjugate transpose J*(h) : Ap, = J(h)J*(h). We shall reduce, if possible, the
number of generators of each gradient ideal one at a time and control the changes that
occur in other gradient ideals as a result of these reduction operations. By control, we

mean setting appropriate conditions on the reduction operations used.

STRUCTURE OF THE ALGORITHM: If det Ap, = det (J(h)J*(h)) is nonzero, then no
change of variables is required by Lemma 5.2.3. Thus, assume that det (J(h)J*(h)) = 0.
Then:

Oh; .. Oh;
Oz1) ) Ozn

for any 7. Simplify the gradient ideal Z,,q(h;) such that it consists of the minimal
number of generators, namely if a generator can be expressed as a linear combina-

1. We begin the process by first considering the gradient ideal Z,,,4(h;) = <

tion of the other generators with coefficients in the polynomial ring C[zy, ..., z,]
then it can be eliminated. Assume that at least one such generator can be elim-
inated, i.e.
Oh; ~~_ Oh
= = 5.21
aZk ; Teu aZcu ( )
for some k, ¢, # k, v < n, and 7., a nonzero polynomial in Clzy,...,z,| for

every u. Then perform the following elementary row operations on the complex
Jacobian matrix J(h) :

9Ce.,
8Zg

Rg — Rcu — Rg, (5.22)

for all uw = 1,...,v and for all variables z; in (., = [* ., (t) dt. By Lemma 5.1.1,
the row operations in (5.22) correspond to the polynomial transformation given

by
2k
Zew = Zeu t+ / Ve () dt; 2o = 20, (5.23)
0
for all w # ¢, and for all w = 1,...,v. The generator g’;}: vanishes in Zg,q4q(h;)

after the row operations in (5.22) are performed on J(h). In other words, after
these changes of variables, h; no longer depends on the variable z.

We say row R, is used as a central row in the sequence of row operations and the
generator aazz is used as a central generator in the simplification of the gradient
ideal Z,,44(h;) for all i. We remark here that for all subsequent row operations
performed on the complex Jacobian matrix, the row R., cannot be used as a

central row and gzﬁ cannot be used as a central generator in the simplification
(&2

of any other gradie;lt ideal Zy,4q(h.) for e # i. This condition is imposed due to
Proposition 5.2.1, which is an equivalence. Reusing a central row or a central
generator might reintroduce a variable that has been eliminated from the leading
polynomial.

021 ’ Ozn

2. Next, consider another gradient ideal Z,..q4(hs) = <% %> for s # 1.

o8
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Clearly, the k-th generator of this gradient ideal is

8zk ; %u @ (5.24)

due to the row operations given in (5.22). We simplify the ideal Z,,,q(hs) such
that it has the minimal number of generators while ensuring that the generators
88’15 for u = 1,...,v are not used as central generators in the simplification of
Zyrad(hs). Perform the related row operations.

3. Proceed similarly by considering other gradient ideals different from the previous
ones. Since there are only finitely many gradient ideals and finitely many gener-
ators that generate each of them, the process will terminate after a finite number
of steps.

We will show in the lemma that follows that the polynomial transformation in (5.23)
corresponding to the row operations given in (5.22) is A ;-homogeneous. Thus, we state
the following:

Lemma 5.3.1. Assume that the D’Angelo 1-type of M at 0 is finite. At step j of the
Koldr algorithm for the computation of the multitype at 0, let A; be the weight, P; the
leading polynomial, and Ip, the corresponding leading polynomial ideal. Let Zyyqq(1))
be the gradient ideal of some generator v of the ideal Zp,. Assume that

v

M uz C“a . (5.25)

for some k, where k # ¢,, v <n, and 7., is a nonzero polynomial in Clzy, ..., z,|. Let
Goo = [ 70 (8) .

Then the polynomial transformation given by Z., = 2., +Ce,i 2w = 2o for allw # ¢,
corresponding to the elementary row operations Ry — %CZCZ R., — Ry for all variables
ze 1 G, and for all w = 1,... v performed on the complex Jacobian matriz Jp, s
Aj-homogeneous for allu=1,...,v.

Proof. We start the proof by recalling from Proposition 4.1.2 that the leading poly-
nomial is a sum of squares at every step of the Kolar algorithm. Hence P; is a sum
of squares. Let A; = (Ay,..., \,). Since variables are not ordered in increasing weight
order, we let ¢ : {1,...,n} — {1,...,n} be the bijection ¢ = (¢1,...,®,) such that
the variable z;, 1 <1 <n, has weight A, .

We will show that the term ~,., in the polynomial transformation is of weighted
degree (Ay,, —Ag, )- Let v be the weighted degree of 7., With respect to the weight A;. By
our hypothesis, the weighted degrees of 3 61/’ and W are — X and — Ay, Tespectively

cu

since all generators of the leading polynomlal 1deal ij are of Welghted degree % with
respect to A;. The weighted degree of the right hand side of the expression given in
(5.25) is v + 3 — Ag,, - Hence solving the equation in (5.25) for v gives v = Ay, — Ag, .

Thus, the weighted degree of (., = [;* e, (t) dt is Ay, as required. O

Remark 5.3.1. The polynomial ., cannot depend on the variable z., because if it were
to depend on z.,, then its weighted degree would satisfy v > Ay, , but v = Ay, — Ag,,
which gives a contradiction because Ay, > 0.
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Lemma 5.3.2. Assume that the D’Angelo 1-type of M at 0 is finite. At step j of
the Kolar algorithm for the computation of the multitype at 0, let P; be the leading
polynomial, and let Ip, = (h) C Clzy, ..., z,] be the corresponding leading polynomial
1deal.

If the Row Reduction algorithm is applied to the complex Jacobian matriz J(h), then
every dependent row of J(h) vanishes. In other words, the leading polynomial ideal Zp,

1s independent of the largest number of variables after the Row Reduction algorithm is
applied to J(h).

Proof. From Proposition 4.1.2 the leading polynomial P; is a sum of squares, and so
let P; = Zfil |hi|%. Then the leading polynomial ideal Ip, is (h) = (h1,...,hn), and

let the gradient ideal of each generator h; be Zyqq(h;) = gz, cee gi”

Now, assume that Ry, the k-th row of J(h) is dependent. We will show that the

generator E% of the Jacobian module given by Ju) = g—zfi, e ,%] vanishes after
applying the Row Reduction algorithm on the complex Jacobian matrix J(h). Since Ry,
is dependent, we can write the generator 887}2 as

oh Oh

— = > 5.26

aZk ; eu azcu ( )
for some k, ¢, # k, v < n, and 7., a nonzero polynomial in C[z1, ..., z,] for every w.

Hence every generator Ohy of the gradient ideal Z,,4q(h;) can be written as

8zk Z %u (5.27)

— Cu

for + = 1,..., N and the same polynomial coefficients ~.,. Thus, it suffices to show
that % vanishes at the termination of the algorithm for every ¢ = 1,..., N. Consider
the 1deal Zgrad(h;) for some ¢ € {1,..., N}. If the generator % is zero, then there is
nothing to be done, and so we move to a different gradient ideal. Hence suppose that

gi“ is nonzero. Then at least one of the generators 8‘9 hi is nonzero for some u. Suppose
that ;ZL #0 for allu € {1,...,w} for w < v. Since it satisfies the condition in (5.27),

a@%;‘ R., — Ry, for all variables z, in

Ohe

we perform the elementary row operations Ry, —

Cew = J3F Ve (t) dt and for all u = 1,...,w. This eliminates the term Y . 7,

0z,
from the ideal Zy,4q(h;). The generator of the Jacobian module becomes
oh 2 oh
it . — 5.28
Oz, uzw;rl 5z Cu ( )

after the row operations have been performed on J(h). Note here that the generator
ahe ,for all e # ¢ and uw = 1,...,w cannot be central in any simplification process in

the gradlent ideal Zypqq(he) after the row operations.
Next, consider another gradient ideal Z,,4q4(h.) for e # i. Then its k-th generator
after the reduction operation is

0zk Z%"G Z %"5 (5.29)

u=1 u=w—+1
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If the expression in (5.29) equals zero, then there is nothing left to be done. If the

expression in (5.29) is nonzero, then aazhe # 0 for some u = w+1,...,q with ¢ < v.

aCcu

Perform the elementary row operations R, — Rcu — Ry, for all variables z, in

Cew = Jo" Yeu(t) dt and for all u = w+1,... ¢ to ehmlnate the term 7 ) 7, gzze
where q < v. We follow this process through in each of the distinct gradient 1deal15
until all gradient ideals have been considered. The expression in (5.28) becomes zero
at some point; otherwise, we get a contradiction to Ry being dependent.

]

Example 7. Let the hypersurface M C C® be given by the defining function
r = 2Re(zs) + |(21 + 25 + 2324)% + (22 + 25 + 2320)2 > + | 252 + |25)% + | 232
Let B = 2(21 + 22 + 2324), C = 2(23 + 25 + 2324), and g = 223 + 24. Let the ideal

associated to the domain M be (h) = (21 + 23 + 2324)% + (22 + 23 + 2324)%, 25, 2§, 2%) .
The complex Jacobian matrix is given by

B 0 0 0
C 52 0 0

g(B+C) 0 62 0

#(B+C) 0 0 8]

The Bloom-Graham type is 4 and Ay = (4, 1, 1, 1) with Zp, = (27 + 23) . Clearly, no
changes of variables are required here. Hence max W; = % and Ay = Gp %1, % —) with the
leading polynomial ideal Zp, = ((z1 + 23 4+ 2324)® + (22 + 23 + 2324)%) . The Jacobian

ideal corresponding to Zp, = (h;) is the gradient ideal Z,,44(h1) = (B, C,g(B + C), z3(B + C)) .

Here
Ohy _ (Ohy  Oh oh (0 om
62’3 N 62’1 822 824 N 821 62’2 ’

The ideal Z,44(h1) can be simplified to Zy.qq(f1) = (B,C) . So g—’;ll, and g—}; are central
generators in the simplification of Z,,4q(h1).

Thus, we perform the elementary row operations R3—gR; — Rs and Ry—23R; — R4
on the matrix J(h), where j = 1,2 to obtain

and

B 0 0 0

C 520 0
J(h) = and  Zyqq(h1) = (B,C).
0 —gbz5 6235 0

0 —23525 0 8z

These operations correspond to the polynomial transformation Z; = 2y + 23 + 2324; Zo =
21 + 22 + 23245 Z, = 2, for w # 1,2. Thus, Zp, = (% + 23), and max W, = % The
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weight As = (3,1, 5. 15) - Zr, = (3 + 23, 25) , and max W3 = . The multitype weight
is Ay = (}L, 1L i) , and the final leading polynomial ideal is Zp, = (% + 73, 28, 2%) .

Example 8. Let the hypersurface M C C® be given by the defining function
r = 2Re(zs) + |(21 +iz2 + 23)2* + |(21 + i20 + 24)* 2 + |25)% + |25 %
Let B =2(z +iz9 + 23), C = 2(z; + 129 + 24), and let the ideal associated to the
domain M be (h) = ((21 + 22 + 23)%, (21 + @22 + 24)?, 28, 23) . The complex Jacobian

matrix is given by

B C 0 0
iB iC 625 0

B 0 0 4z

0o C o0 0
The Bloom-Graham type is 4, Zp, = ((z1 + 1422 + 23)%, (21 + @20 + 24)?), and Ay =

(3.1, 5, 3) - The complex Jacobian matrix corresponding to Zp, is given by
B C
1B i
J(hi, hy) =
B 0
0o C

Consider the gradient ideal Zy,.q(h1) = (B, iB, B,0) . Note that

8h1 6h1 ahl ahl
— =i— and — = —,
0729 071 Oz 0z
so its simplification is Z,,4q(h1) = (B) . g—i‘ll is a central generator in the simplification of

Zyrad(h1). We perform the elementary row operations Ro —¢R; — Ry and Rs—R; — Rj
on the matrix J(h). The matrices above become
B C 0 0 B C
0 0 625 0 0 0
J(h) = and  J(hy, hy) =
0 —C 0 423 0 -C
0o C 0 0 0 C

These operations correspond to the polynomial transformation z; = 2y + 129 + 23 :
Zw = 2z, for w # 1, and now B = 2Z; and C' = 2(Z; — Z3 + Z4). Clearly, g—gf cannot be
a central generator in the simplification of Zy,.q(h2). Hence row 1 cannot be a central
row in any subsequent elementary row operations. Consider the next gradient ideal

after the row operations Z,,.q4(h2) = (C,0, —C,C) . Clearly, the generators —C' and C

62



in the third and fourth components respectively can chosen as central generators in
the simplification of the ideal Z,,4q(hs). Thus, we can consider two simplifications of
Zyrad(h2), which are (0,0,0,C) or (0,0,—C,0).

In the first case, we perform the elementary row operations R; — Ry — R; and
R3 + R4 — R3 on the matrix J(h). The matrices become

B 0 0 0 B 0

0 0 625 0 0 0
J(h) = and J(hl, hQ) =

0 0 0 423 0 0

0 C 0 0 0 C

These operations correspond to the polynomial transformation 2, = Z,+ 2, —Z23; 2, = 2,

for w # 4, and now B = 2z; and C' = 224. The leading polynomial ideal Zp, = (2%, 23).

max W; = £, and Ay = (}l, i, %, %) . Again, max Wy = 12, and Az = (1—11, i, %, 1—12) .
In the second case, we perform the elementary row operations Ry + Ry — R; and

R4 + R3 — Ry on the matrix J(h). The matrices become

B 0 0 423 B 0

0 0 623 0 0 0
J(h) = and  J(hy, hy) =

0 —C 0 423 0 —C

0 0 0 423 0 0

These operations correspond to the polynomial transformation 23 = Z3— 2, —24; 2, = Z,
for w # 3, and now B = 2%, and C' = —223. The leading polynomlal ideal Zp, = (23, 23).

max W; = 8,auad Ay = (1 11 l).Agam, max Wy = and A;3 = (1 11 i).

47488 12’ 7478712

Example 9. Let the hypersurface M C C® be given by the defining function
r=2Re(z5) + |(21 + 2224)% + 252 + (21 + 2223)2)* + |29 12 + |30 + |22

Let B = 2(21 + 2224), C = 2(21 + 2223), and let the ideal associated to the domain
M be (h) = ((z1 + 2224)* + 23, (21 + 2223)?, 29, 239, 21%) . The complex Jacobian matrix
is given by

B C 0 0 0

uB+4z5  22C 0 925 0 0

J(h) =
0 222236 0 1023 0
29 B 0 0 0 12z
The Bloom-Graham type is 4, Zp, = (21,27), and Ay = (3,1, 1,1). The maximum
W, = , the leading polynomial ideal Tp, = ((21 + 2224)* + 23, 21) , and Ay = (7, 5, 5. &)
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The maximum Wy = 1=, Zp, = ((21 + 2224)* + 23, (21 + 2225)?), and A3 = (3, 5, 5, 15)-
The complex Jacobian matrix corresponding to Zp, is given by

B C
2B +4z5  23C
J(hi, ho) =
0 2222’30
ZQB 0

Consider the gradient ideal Zy.qq(h1) = (B, z4B + 4z3,0, 22B) . Since 2—2 = 223—2,

its simplification is Zy.qq(h1) = (B, 423). We perform the elementary row operations
Ry — z4R; — Ry and Ry — 23Ry — Ry on the matrix J(h). The matrices above become

B C 0 0 0 B C
423 (25— 2)C 928 0 0 423 (23 — 24)C
J(h) = and J(hl, hg) =
0 22923C 0 1OZ§ 0 0 22923C
0 —25C 0 0 12z 0 —2,C'

These operations correspond to the polynomial transformation z; = 21+ 2924 : Z, = 2o,
for w # 1, and now B = 2z; and C = 2(Z; + Z3(Z2 — Z;)). The generator g—gf cannot
be a central generator in the simplification of Zy.4q(h2), and row 1 cannot be used
as a central row in any subsequent elementary row operations. Consider the next
gradient ideal Zy,.q(he) = (C, (23 — 2,)C,2Z,23C, —Z,C) . Here the generator —Z,C' in
the fourth component is the only central generator in Z,,,4(h2). Thus, g—’zl; = —2233—2,
and its simplification is (C, (23 — 2,)C, —2,C) .

We perform the elementary row operations Rg + 2z3R4 — Rs on the matrix J(h).
The matrices become

B C 0 0 0 B C
4z3 (22— 21)C 925 0 0 4z3 (22 — 24)C
J(h) = and J(hl, hg) =
0 0 0 102] 24z3z;! 0 0
0  —%C 0 0 121 0 —zC

This operation corresponds to the polynomial transformation 24, = z, — 232,; Zo = Zu
for w # 4, and now B = 2% and C' = 2(Z; — %3%4). The leading polynomial ideal

Ip, = (41 + %3, (31 — %224)?) . The maximum W = 55, and Ay = (1,3, 5, 55) -
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Chapter 6

Conclusion and Further Work

In his study of the boundary regularity properties for solutions to the d-Neumann
problem on finite-type domains, D. Catlin introduced an important CR invariant called
the multitype. In its own right, the multitype has been extensively studied over the
years in the field of several complex variables. As our contribution, we sought to
answer a question posed by J.P. D’Angelo to Andreea Nicoara, namely how would the
multitype level set stratification of the boundary look like in the simplest possible case
of a sum of squares domain.

Our aim in this thesis was to introduce some preparatory tools and techniques
necessary for tackling D’Angelo’s question. In our quest for these preparatory tools,
we obtained two crucial results that answer interesting questions pertaining to sums
of squares domains in their own right. The first result shows that the model of a
sum of squares domain is likewise a sum of squares domain. In the second result, the
multitype of a domain given by a sum of squares of holomorphic functions is shown to
be an invariant of the ideal of holomorphic functions defining the domain. Both results
were obtained by relying on an algorithm devised by Martin Kolar for computing the
multitype when it has finite entries. Another interesting development following these
results is our modification of the Kolaf algorithm for computing the multitype of a sum
of squares domain by reformulating it in terms of ideals of holomorphic functions. We
also show how to explicitly construct the polynomial transformations required at every
step in Kolat’s algorithm applied to a sum of squares domain in order to minimize the
number of variables appearing in the leading polynomial.

To better understand the implications of our results, future studies could be focused
on restating and proving the propositions and lemmas in this thesis in a more general
setting by relaxing some of the existing assumptions. More specifically, it should be
possible to relax the assumption of finite D’Angelo 1-type to just having all finite
multitype entries without fundamentally affecting the statements and proofs given
here.

Further research is also needed to answer the question posed by D’Angelo. The
restatement of the Kolar algorithm in terms of ideals of holomorphic functions might
make it easier to solve D’Angelo’s problem since working with ideals aligns better with
complex algebraic geometry. As such, we hope to obtain some commutative-algebraic
invariants of the underlying ideals of holomorphic functions that would enable us to
compute the multitype directly rather than following the Kolai algorithm. Hopefully,
the stratification of the boundary of a sums of squares domain by multitype level sets
could be understood if we succeed to relate the values of the multitype to invariants
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in algebraic geometry or commutative algebra. The characterization of the rank of
the Levi determinant described in chapter three is the first step in this process. Also,
owing to the ideal reformulation of the Kolai algorithm, the geometric significance of
the Kolar algorithm could be fully understood in light of the extensive literature on
the properties of ideals of holomorphic functions. A geometric interpretation of the
Kolar algorithm is most likely to give a much clearer geometric picture in the sum of
squares case, which possesses the nicest algebraic-geometric properties of any smooth
pseudoconvex domain.

Following Catlin’s result that the multitype and the commutator multitype are
equal on pseudoconvex domains, it should also be possible to restate Catlin’s algorithm
for the computation of the commutator multitype of a sum of squares domain in terms
of ideals of holomorphic functions. A natural connection could hopefully be found
between Catlin’s algorithm and Kolai’s when both are restated in terms of ideals. More
specifically, in the sum of squares case, it should be possible to identify and establish a
connection between the polynomial transformations constructed in the Kolar algorithm
and the choice of tangential vector fields needed to obtain the entries in the commutator
multitype.

Another interesting question worth investigating is figuring out whether or not the
Kolar algorithm could be extended to the case where there is at least one infinite entry
in the multitype. As we saw in example 2 in chapter two, the Kolar algorithm in its
current form can fail to terminate if there is at least one entry of the multitype that is
infinite. We know from other examples we have constructed that the Kolar algorithm
can terminate even if the multitype has one or more infinite entries. It would be very
interesting to characterize the most general setting in which the Kolai algorithm can
be used in its current form and how it can be generalized to a procedure that would
work even when some of the multitype entries are infinite.
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